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1 Introduction and preliminaries
Denote by A a class of functions f that contains analytic functionsin D = {¢ € C: |¢| < 1}

and having the Maclaurin series expansion of the form

f(c)=c+) ams”, ceD. (1.1)

m=2

A subclass of A that contains univalent functions in D is denoted by S. The classes
of starlike and convex functions are, respectively, represented by $* and C in . These
are analytically defined for the functions fby the relations Re(cf'(¢)/f(¢)) > 0 and Re(1 +
¢f’(c)/f(c)) > 0 in D, respectively. Let B denote the family of functions w, which are an-
alytic (holomorphic) in D such that w maps zero onto zero and the disk to itself that is
mathematically written as w(0) = 0 and |w| < 1 for ¢ € D. The said function is called a
Schwarz function. Considering functions f and g are both analytic (holomorphic) in D,
then we write mathematically as f < g and read as f is subordinated to g if there exists a
function w that is Schwarz in D such that f(¢) = g(w(¢c)) for ¢ € D. When g is univalent
(one-to-one) and £(0) = g(0), then f(D) C g(D).
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Ma and Minda [12] introduced generalized subclasses of S* and C denoted by S*(W¥)

and C(W), respectively, which are defined as follows:

SH(W) = {fe 4576 \v(g)}
f(s)
and
C(W) := {fe A1+ 6 \Il(g)}.
f'(s)

The analytic and univalent function W satisfies the conditions ¥ (0) = 1 and Re{W’(¢)} >0
in D and ¥ (D) is convex.

Certain generating functions related with well-known numbers have attracted various
authors. These functions are connected with starlike functions. For instance, Sokét [17, 18]
used Fibonacci numbers to introduce a subclass that was strongly starlike. This concept
was further utilized by Dziok et al [7, 8] to study various class of analytic functions. Deniz
[6] studied a class of starlike functions related with Telephone numbers, also see [14]. The
geometry of generating a function for Bell numbers was explored in [4, 9] and a subclass of
starlike functions was introduced. Similar work for Bernoulli numbers was done by Raza
etal. [16].

Recently, Bano et al. [2] introduced the class S} related with Euler numbers defined as

‘o sf(s) 2 En,
S i= fEA-W<SCCh(§)—e§+e_§—§%§ .

The constants E,,, are known as Eulers numbers. These numbers hold the relation E,,,.1 =
0, m=0,1,2,.... The first few Euler numbers are given as Eg = 1, E; = -1, E4 = 5, and
E¢ = —61. These numbers have very close association with Bernoulli, Genocchi, tangent,
and Stirling numbers of two kinds. These are also related with the Euler polynomials and
Riemann zeta function. Due to this relation, Euler numbers are very useful in combina-
torics and number theory, see [1, 10, 13, 21] and references therein.

2 Coefficient bounds and Hankel determinants

The gth Hankel determinant for analytic functions was first given by Pommerenke [15]

and is defined by
A Apsl  oee Apnrg-1
Am+1 Ams2  oen Am+q
Hyu(f) = ) (2.1)
Amrg-1  Am+q -+ Am+2q-2

where m > 1 and g > 1. We see that

Hy(f) = a3 — a3, Hy(f) = azay — a3,

Hs1(f) = 2azasa, — di - a% - d§ﬂ5 + asas (2.2)
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and
Hys(f) = azas — aj. (2.3)
The Hankel determinant H ; (f) is known as a Fekete—Szeg6 functional that is generalized
as a |az — pua?| for u € C. For some recent work on it, we refer the readers to [3, 19, 20].
The class P has great importance in function theory as most of the functions in various
classes can be related with this class. The main tool in this study is to convert the coeffi-
cients for functions in class S} to the class P. We define it with some of its useful results

for our investigation as follows.

Let P represent the class of analytic functions p of the form

P(s) =1+ gms™. (2.4)

m=1

Lemma 2.1 [11] Let p € P and be of the form (2.4). Then,

22 =q; +p(4-43),

45 =} + 200 (4= @) - a1 (4- ) p* + 24~ a}) (1= (1))}
for some p and n such that |p| <1 and |n| < 1.
Lemma 2.2 [12] Let p € P be given by (2.4). Then,

|42 - vai| <2 - v|qi]
forO<v <
Lemma 2.3 [5]. LetD:={p € C:|p| <1}, andfor], K, L eR, let

Y(J,K,L) :=max{|[J + Kp + Lp*| + 1~ |p|*: p € D}. (2.5)
IfJL > 0, then

UI+IKI+IL], K] =2(1-IL]),

2
L+ 1+ giqmy KT <2(1=|L]).

YU,K,L) =

IfJL <0, then

2
1Vl + 35, ~4LL™2-1) <K> A K] <2(1 - |L]),
YULK,L) =1 +|)] + 4(%2@ K2 <min{4(1 + |L|)%, —-4JL(L™2 - 1)}.

R(J,K,L), otherwise,
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where

Ul + K] - ILI, ILI(IK] +41]1) < VK],
RU,K,L)=31+|]| + w), JK| < |LI(K| - 4l]]),
ILI+ ]/ 1~ ﬁ’ otherwise.

Theorem 2.4 Let f € S} and be of the form (1.1). Then,

2 1
;o aal < 2—~/§ jas| < 2.

N

a =0, las| <
These bounds are sharp.

Proof Let f € Sf. Then, by using the definition of subordination, we can write

sf(s)
o " sec h(w(2)), (2.6)

where w € B. Let p € P. Then, we can write

1+ w(2)
1-w(2)

p(z) = =l+qz+ @+, (2.7)

Now, using (2.6) and (2.7) and comparing the coefficients, we obtain

1 1 1
a; =0, as = 16q1, as=-T Mgz + ﬁql (2.8)
and
-7, 1 3 1 29)
as=—q; — — — -— .
5 384‘11 32‘12 32‘12"]1 16%‘13

(i) The bound for as follows by applying well-known coefficient bounds for class P. This
bound is sharp for the function

B Ssech(t)-1 1 1
fl(g)-gexp</0 ; dt) ¢ - 4; + 12g +- (2.10)

(ii) For the bound on a4, we write

Using Lemma 2.2, we obtain

2
las| < 2[2— %:|

Since the class S} is rotationally invariant, we take g := g3, so that 0 < g < 2. Hence,

2

a[, q
- L
|“4|—12[ 2}
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Let

2
UREC [2— %]

Then, it is easy to see that W(g) < /3. For the sharpness, consider ¢, = 2+/3 and go(¢) =

1-¢?
il such that

=27

qo(s) -1 ¢(3s—+/3)

wols) = q(g)+1 —3+43¢c

It is easy to see that wy(0) = 0 and |wy(¢)| < 1. Hence, the function

fo(g):gexp(/;%dt) R (2.11)

is in class Sf. Here, a4 = %ﬁ
(iii) For the bound on as, using the inequalities from Lemma 2.1, we can write

as = 3;4[v1(q,p)+vz(q, )],

where p,n €D, and

vi(g,p) = 24" + 64* (4 - %) > - 3p* (4 - %),
va(g,p) = ~12q(4~ ¢°) (1 - p*).

Letting ¢ := |p|, and u := ||, we have
las| < @(‘Ul q,p ‘ + ‘Uz(%p)‘u)
<J(q,t,u),

where

J(q,t,u) (]1 q,t) +jo(q, D)), (2.12)

" 384

with

j1(g,t) := 24" + 64° (4 - qz)t2 + 3¢ (4 - q2)2,
jo(q,t) = 12q(4 - ¢*) (1 - 7).

Now, we have to find the maximum value in S: [0,2] x [0,1] x [0,1]. We determine the
maximum value of the function J(g, ¢, #) in the interior of S on the edges and vertices of S.

L. First, we consider the interior points of S. Differentiating (2.12) with respect to u and
after some simplifications, we obtain

f(gt.u) q(4-q)A-1")

2.13
ou 32 ( )
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Since equation (2.13) is independent of u, we have no maximum value in (0,2) x (0,1) x
0,1).
I1. Next, we discuss the optimum value in the interior of six faces of S.

On the face g =0, J(g, ¢, u) reduces to

2
k1 (6, 1) = J(0, £, 1) = % Lue(). (2.14)

The function k; has no maxima in (0, 1) x (0, 1) since

8/(1 t
—=—#0, te(0,1).
5 ~a7? (0,1)

On g =2, J(q,t, u) takes the form
1
J(2,t,u) = o t, ue(0,1). (2.15)

On ¢ =0, J(q,t,u) can be written as

4 )
T, 01) = kalqo ) 1= 2L IZZ(ZL N c©02ue ) (2.16)

This implies function «, has maxima (0,2) x (0, 1), since

dky  q(d—q*)
— =—— 0, € (0,2).
™ 3 70, q€(0,2)

On ¢ =1, J(q,t,u) reduces to

4

- 48
k3(q,u):=7J(q,1,u) = i

i 102 (2.17)

There is no critical point for the function «3 in (0,2) x (0, 1), since

3K3 q3
— =——0, €(0,2).
g~ 9% 70, q€(0,2)

On u =0, J(g,t, u) reduces to

la.t) = 5z (20" + 64 (4= )2 + 324~ )’).

Therefore,

Iy 12g°(4—q°)t + 6t(4 — ¢°)
g 384

and

Iy 2q° - 3q°t>
a 9%

Page 6 of 18
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By implementing numerical methods, we see that the system 22 = 0 and ‘%“ =0 has no

g
solution in (0,2) x (0,1).
On u = 1, the function (g, £, u) takes the form
1
Kks5(q,t) = 81 [3£%(4 - q2)2 + (6478 + 12 — 12q£%) (4 - ¢°) +24*].
Similarly, on the face u = 0, the system of equations %5 =0and Bsts = 0 has no solution in

0,2) x (0,1).

III. Now, we investigate the maximum of J(gq, ¢, u) on the edges of S. From (2.16), we
obtain J(g,0,0) =: s1(q) = ¢*/192. Since s}(q) > 0 for [0,2]. Therefore, s, is increasing in
[0,2] and hence a maximum is achieved at g = 2. Therefore,

1
~ 0.08333.

Also, from (2.16) at u = 1, we write J(g,0, 1) := s5(q) = (¢* — 64° + 244)/192, since s, = 0 for
q = 1.388684545 in [0,2]. Thus,

J(g,0,1) < 0.1092672897.
Putting g = 0 in (2.16), we have
J(0,0,u) = 0.

. . . . —_ 4+
Since (2.17) isindependent of £, we obtain J (¢, 1, 1) = J(g, 1,0) = s3(q) := ’138448

0 for [0,2], s3(q) is decreasing in [0, 2] and hence a maximum is achieved at g = 0. Thus,

.Since s3(q) <

1

J(g,1,1) =](g,1,0) < g 01250,

Putting g = 0 in (2.17), we obtain
1

J0,1,4) < & ~0.1250.

Equation (2.15) is independent of variables # and ¢. Thus,
1

J(2,£,0)=J(2,£1)=](2,0,u) =J(2,1,u) = I ~0.0833, t,uecl0,1].
As equation (2.14) is independent of the variable u, we have J(0,£,0) = J(0,t,1) = s4(¢£) :=
£%/8. Since s} (¢) > 0 for [0, 1], s4(2) is increasing in [0, 1] and hence a maximum is achieved

att = 1. Thus,

](O,lf,O):](O,t,l) =<

0| =

The bound for |as| is sharp for the function

Ssech(t?) -1 1
fg(g)zgexp</ %dt):g—§g5+~--. (2.18)
0

This completes the result. d
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Theorem 2.5 Let f € S} be given by (1.1). Then,

The result is sharp.

Proof Since
2
Hyo(f) = azas — a,

now using (2.8), we obtain

1
|Hop(f)] = ﬁ|41|4-

Now, using well-known coefficient bounds for class P, we obtain the required result. The
function f; given in (2.10) that gives a sharp result. O

Theorem 2.6 Let f € S} be given by (1.1). Then,

-3115 671
+
164,268 657,072

~/1342.

|Hs,1(f)| <
This inequality is sharp.

Proof Using (2.8)—(2.9) in (2.2), we obtain

3 1

H;,(f) = asas - ﬂi —as = ml/h (2.19)

where
¥ = -134% + 404} q> + 14443 q3 - 1844143

As we see that the functional H3;(f) and the class S} are rotationally invariant, we may
take g := q1, such that g € [0,2]. Then, by using Lemma 2.1 and after some computations
we may write

¥ = -3¢ - @ (4— %) (184 - 104°) 0* + 724° (4 - ¢°) (L - o),

where p and 7 satisfy the relation |p| <1, |n| < 1.

First, we consider the case when g = 2. Then, || = 192, therefore from (2.19) we obtain
|Hs1(f)| = 1—;2. Next, we assume that g = 0, then || = 0. Now, suppose that g € (0,2) and
using the well-known triangle inequality, we obtain

W] <724°(4 - 4°)®U,K, L),
where

®(,K,L)=|J+Kp+Lp*|+1-|pl>, peD,
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3 2
with J = Tq_qz), K=0and L= 7(183%;0‘”, then clearly

_ q°(184-104%)

JL = >0, forgqge(0,2).

1728(4-q%) —
Also,

K-2(1-|L|) = % 50 ge(0,2),

so that K > 2(1 — |L|), and applying Lemma 2.3, we can have
V1 <72¢°(4~q*) (V1 + K| + IL]) = g(9),
where
2(q) = 13¢° - 2244 + 7364°. (2.20)

Clearly, g’'(g) = 0 hasroots at g; = 0 and ¢; = 32—9\/ 2184 —394/1342. Also, g"(gq2) ~ —2328.5,
and so

-3,189,760 171,776
- - V1342,
max ¥ (q) = ¥ (q2) s T 16

which from (2.19) gives the required result.
2
For the sharpness, consider ¢, = %\/ 2184 — 394/1342 and qo(g) = % such that

_qo(s) -1 ¢(v/2184 -394/1342 + 39¢)

Cqo(6)+ 1 394 ./2184 - 39/1342¢

wo(s)

It is easy to see that wy(0) = 0 and |wy(s)| < 1. Hence, the function

fo(s) = gexp(/(;g % dt) —c+ (%L + %6\/1342))g3

1
— ——(~17 + /1342)y/ 2184 — 394/1342¢*

4563
9701 79
7 V1342 )5 4 -
¥ (36,504 " 9126 )g *

is in class Sf. Now, after simplifications, we see that

3115 671

H. = - V1342.
210 = 64268 ~ 657,072
Hence, the required result is obtained. d

Theorem 2.7 Let f € S} and be of the form (1.1). Then,

The result is sharp.
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Proof Using (2.8)—(2.9) in (2.3), we obtain

1
18,432

Hy5(f) = azas — aj = v, (2.21)

where

Y= —11% + Zoqlqz + 72q1q3 - 924142

As we see that the functional Hy3(f) and the class S} are rotationally invariant, we may
take g := q1, such that g € [0,2]. Then, by using Lemma 2.1 and after some computations

we may write
¥ =-64°—q"(4-q°) (92 - 5¢°) p> + 364" (4 - ¢°) (1 - | o),

where p and 7 satisfy the relation |p| <1, || < 1.

First, we consider the case when g = 0. Then, || = 0, therefore from (2.21) we obtain
|Ha3(f)| = 0. Next, we assume that g = 2, then [/ = 384 and |Hy;3(f)| = z5. Now, suppose
that g € (0,2) and using the well-known triangle inequality, we obtain

l¥| <364°(4-q°)®(,K,L),
where

O(,K,L)=|J+Kp+Lp*|+1-|pl>, peD,

with J = K Oand L = M , then clearly
2 2
q-(92-5q")
L=————->0, fi €(0,2).
= iea—gp > forac©
Now,

36g(1-|L|) = (54 +46)(2—q) <0 g€ (0,2).
Thus, we conclude that |[K| > 2(1 — |L|) and applying Lemma 2.3, we can have
W1 <364°(4—q*) (71 + K| + L) = g(g),
where
g(q) = ¢°(11q* - 1124 + 368).
Clearly, g'(q) = 2q(4 — q*)(92 — 33¢%) > 0 for q € (0, 2), therefore
max g(q) = g(2) = 384,

which from (2.21) gives the result. It is sharp for f; given in (2.10). Hence, the required
result is obtained. O
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3 Inverse coefficients
For a function f that is univalent, its inverse function f~! is defined on some disc |w| <
1/4 < ro(f), having a series expansion of the form

frw)=w+Bow? + Bsw® + - - . (3.1)

Next, note that since f(f~1(w)) = w, using (3.1) it follows that

By = —a, (3.2)
Bs =243 —as, (3.3)
By =5asa3 — 5013 — dy, (3.4)
Bs = 14@% — 2161361% + 6dqa4 + Sag —as. (3.5)

Now, using (2.8) in the above relations, we can write

B, =0 B = L By 1 1 (3.6)
2 =0, 3= 16q1, Q1Q2 24q 8
23 1 3
Bs=—g* 2 gt + —aq1qs. 3.7
57 768N T 32T ?,2‘12‘1“16““‘"3 (37)

Theorem 3.1 Let f € S and be of the form (1.1). Then,

1 1 1,

By =0, B3| < —, B,
|Bs| | 3|_4 = 092~ 51

Proof (i) The bound for Bs follows by applying well-known coefficient bounds for class
‘P. Sharpness can be found by f; given in (2.10). Here, a; = 0, a3 = ’ZI. Now, B3 = 2a3 — a3
implies B3 = i.

(ii) For the bound on By, we write

q1 qi
By= i)
4 12[’12 2}

Using Lemma 2.2, we obtain

91
B 2-4
| 4|_12|: 2:|

Since the class S} is rotationally invariant, we take g := g1, so that 0 < g < 2. Hence,

2
Bal<-Lia-L]|
12 2

Let

q 7
f(Q)—E[Z—E]‘

Then, f(gq) < 22 /3. For the sharpness, consider the function f, given by (2.11). Here, a, =
0,as= —1—12, a, = «/_ 3. Since By = 5a,a3 — 5a2 —ay, By = 2—7\/§
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(iii) Using Lemma 2.1 in (3.7), we obtain

23, 1 3 1 1

Bez gt s — 2 2 b —gias = ——, 3.8
57 7eg 1t 3302 T 3y gD = SggV (38)

where
Y= 23q‘1L + 24q§ - 72q2q% +484195.

As we see that the functional Bs and the class S} are rotationally invariant, we may take
q := q1, such that g € [0,2]. Then, by using Lemma 2.1 and after some computations we

may write
¥ =5¢"+6(4-q")(4-37°) p* + 249 (4~ 4*) (1 = |pI*)n,

where p and 7 satisfy the relation |p| <1, |n| <1.

First, we consider the case when g = 0. Then, || = 96/p2|, and from (3.8) we obtain
|Bs| < 1/8. Next, we assume that g = 2, then || = 80 and |Bs| = %. Now, suppose that
q € (0,2) and using the well-known triangle inequality, we obtain

¥l <249(4-¢*)20,K, L),
where

O(,K,L)=|J+Kp+Lp*|+1-|pl>, peD,

with J = ﬁiﬂ)’ K=0and L = (4;—3:2), then clearly
54%(4 — 34> 2
]L:q(if)zo, forqe(O,—].
96(4 - q%) V3
Now,

4q(1-|Ll) = (g +2)(3q - 2).

Here, we have two cases: 4g(1 - |L|) < 0 for g € (0, %] and 4¢(1 - |L]) > O for (%, %]. Thus,
we conclude that |K| > 2(1 - |L|) for q € (0, 2] and applying Lemma 2.3, we can have

V1 < 249(4-q*) (V] + K| + IL]) = &1(q),

where
21(q) = 234" - 964> + 96).

Clearly, g1(q) = 4q(234> — 48) < 0 for (0, %], therefore,
max g1(q) = £1(0) = 96,

which from (3.8) gives the required result.
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For the case (%, %], we see that 4¢(1 — |L]) > 0 and |K| > 2(1 — |L|) and applying
Lemma 2.3, we can have

2 2 _
lW| <24q(4-¢q )(1 + ||+ a1 |L|)> =2(q),
where
&(q) = 5q"* - 244° + 967). (3.9)

We see that g5 (g) = 204> — 724> + 96 > 0, therefore,

2

maxgx(q) = g <—>

80 12843
=—+
V3

9

~ 82.789 < 96.

Lastly, we consider the case when g € (%, 2). Then, JL < 0. Now,

—4JL(L*-1) = 5437~ 2)(34 +2) >0, g€ (%,2).

24(34% - 4)
Also,
2 (3g-2)%(q+2) ( 2 )
41+ L) =222 50, ge|—=,2).
(+1L) 7’ 7\

This shows that K2 < min{4(1 + |L|)?, -4JL(L~2 — 1)}. Now, applying Lemma 2.3, we can
have

2

K
v 524q(4—q2)<1+|1|+ 1

m) =g(q),

where g, is given by (3.9). The result is sharp for the function f, given in (2.18). We see
thata, =0,a3=0,a4 =0, a5 = —é. Now, using (3.5), we have |Bs| = %. Hence, the required
result is obtained. O

Theorem 3.2 Let f € S} be given by (1.1). Then,

1
—1 —
|H2'2(f )| < 16

This result is sharp.

Proof Since
Ha(f™') = ByBs — B3,

Now, using (3.6), we obtain

1
|H2,2(f_1) | = 256 lq1|*.
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Now, using well-known coefficient bounds for class P, we obtain the required result. This
result is sharp for the function f; given in (2.10). O

Theorem 3.3 Let f € S} be given by (1.1). Then,

|H1 (F1)] < L 77+ 29v58).

~ 15,552

Proof Using (3.6)—(3.7) in (2.2), we obtain

1
Hs,(f') =B3Bs — By — B = AL (3.10)

where

¥ = —q + 1041 g2 + 364393 — 464,43

As we see that the functional Hs;(f!) and the class S; are rotationally invariant, we may
take g := q1, such that g € [0,2]. Then, by using Lemma 2.1 and after some computations

we may write

2

3
v = 5616 - %(4—612)(92— 50°)p* +184° (4 - ¢°) (1 - |p*)n,

where p and 5 satisfy the relation |p| <1, |n] < 1.

First, we consider the case when ¢ = 0. Then, |{| = 0. Next, we assume that g = 2, then
|| = 96, therefore, from (3.10) we obtain |Hs, (f™!)| = 9—16. Now, suppose that g € (0,2) and
using the well-known triangle inequality, we obtain

Y| <184°(4-4°)®(,K, L),
where
O(,K,L)=|J+Kp+Lp*| +1-|p|>, peD,

with J = #;2), K=0andL = _(92;5'12), then clearly,

36q
2 2
q*(92 - 59°)
L =-1 2" 0, f 0,2).
=g <& forac©2)
Now,
. 1 4%(46 — 59)(46 + 59)
—4JL(L72-1)=—— 0, ge<(0,2
JL( T 92 — 542 <0 €02
and
5q +46)(q -2
2(1_|C|):M<0, 7€(0,2).

18g
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This shows that —4JL(L™2-1) < K2 A|K| < 2(1—-|L|) and K? < min{4(1+|L|)?,-4JL(L72-1)}
do not hold. We also see that

B 7*(92 - 54°)
ILI(IK] +41]1) = o@s 1249 >0 qe€(0,2)
and
3 7*(92 - 54°)
ILI(IK| - 41]]) = “9@s - 1249 124%) <0 g€(0,2).

We conclude that |L|(|K]| +4|J]) £ /K| and [JK| % [L|(|K|-4|]|). Applying Lemma 2.3, we
can have

2

304 2 _KY
lv| < 184°(4 q)(|L|+|I| 1 4]L> =g(q),

where
2(q) =44*(¢* - 144 + 46).

Clearly, g5(q) = 0 has roots at ¢; = 0 and ¢ = %\/ 42 — 34/58. Also, g5 (q2) ~ —518.6, and so

max (@) = viay) - 1252 4 364 /e
RV = VAR = T Ty NS
which from (3.10) gives the required result. O

Theorem 3.4 Let f € S} and be of the form (1.1). Then,

5

[Faa ()] = 75

This inequality is sharp.

Proof Using (3.6)—(3.7) in (2.3), we obtain

_ 1
Hys(f") =B3Bs — B} = AT (3.11)

where
¥ = 5¢° + 404} q, + 14445 g3 — 1844743

As we see that the functional H,3(f™!) and the class S; is rotationally invariant, we may
take g := ¢, such that g € [0,2]. Then, by using Lemma 2.1 and after some computations

we may write
¥ =15¢°-24° (4~ 4*)(92 - 5¢°) p* + 724" (4~ 4°) (1 - | o),

where p and 7 satisfy the relation |[p| <1, || < 1.
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First, we consider the case when ¢ = 0. Then, |{| = 0. Next, we assume that g = 2, then
|| = 960, therefore, from (3.11) we obtain |Hy3(f!)| = %. Now, suppose that g € (0,2)
and using the well-known triangle inequality, we obtain

v <724 (4- ") @, K, L),
where

O(,K,L)=|J+Kp+Lp*|+1-|pl>, peD,

3 2
with J = %ﬁq%, K=0andL = —(93;511 ), then clearly

_ —5¢%(92 - 5¢°)

JL = 864 ) <0, forge(0,2).
Now,
~ 5¢(46 + 5q)(46 — 5q)
—4JL(L7*-1)=- ,2
JL( ) 2160025 <0 4€02)
and
5q(46 + 5q)(2 —
2(1_|L|):_w0 g€ (0,2).

Thus, we see that |K| £ 2(1 — |L|). We also note that K £ min{4(1 + |L|)*, —4JL(L™> - 1)}.

Also,
5¢*(92 - 547)
LI(IK| +4)f|) = 2222721 7, 0,2
ILI(IK| +41]1) 216 g0 g€(0,2)
and
5¢%(92 — 5¢%)
ILI(K| - 4l)) =—2L22220 0 (o, 4€(0,2).

216(4 - ¢%)

Thus, |L|(|K| +4|/]) £ JK| and |JK| % |L|(IK| - 4|J]). Now, applying Lemma 2.3, we can
have

2

34 2 _KN
Y| <72q°(4 q)(|L|+|J| 1 4]L> =2(q),

where
a(q) = ¢* (114" - 2244" + 736).
Clearly, g;(q) = 2q75q* — 4484 + 736) > 0 for g € (0,2), therefore

max g4(q) = g4(2) = 960,
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which from (3.11) gives the result. The result is sharp for f; given in (2.10). Here, a; = 0,
zlw B, =0, and
%. Lastly, by using (3.11), we have the required result. O

as = —i, a4 =0, and as = ﬁ Now, using (3.2)—(3.5), we have B, =0, B3 =
Bs

4 Conclusion

We have found sharp coefficient results and sharp Hankel determinants of orders two and
three for starlike functions related with Euler numbers. We have obtained the fifth coef-
ficient by using the results of Libera and Zlotkiewicz [11]. This approach can be utilized
for the investigations of fifth coefficients bound for various classes of univalent functions.
Furthermore, we have obtained the bounds on H; 3(f) and H;5(f) by using the results of
Choi et al [5]. This approach is useful for obtaining these kind of results for functions
whose second coefficients are zero.
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