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1 Introduction

It is known that the difference equations involving quantum calculus play an important
role in modeling many problems in engineering, physics, and mathematics, to obtain fur-
ther information the reader can address the following works [1-3]. In recent years, differ-
ential equations with fractional quantum calculus have been extensively studied by sev-
eral scientific researchers, see, for instance, [4—8]. In this sense, several interesting topics
concerning research for differential equations involving fractional quantum calculus are
devoted to the existence and Ulam-Hyers stability of the solutions [9]. Recently, many
interesting results concerning the existence and Ulam-type stability of solutions for dif-
ferential equations with fractional g-calculus were obtained, see [10-16] and the refer-
ences therein. In [17-19], the existence and uniqueness of solutions were investigated for
sequential differential equations with g-fractional calculus.

We have already seen that chaotic behavior can emerge in a system as simple as a logis-
tic map. In that case the “route to chaos” is called period doubling. In practice, one would
like to understand the route to chaos in systems described by partial differential equations,
such as flow in a randomly stirred fluid. This is, however, very complicated and difficult to
treat either analytically or numerically. Here, we consider an intermediate situation where
the dynamics is described by a single ordinary differential equation, called the Duffing
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equation. The Duffing equation is considered with an important type of differential prob-
lem that has many applications in chaotic phenomena, for more details, we refer to the
articles [20—25]. The classical form of the Duffing problem (DP) [20], can be displayed by

D*w(t) + $D'w(r) = (1) —g(‘L’,W(T)), 1e€Q:=[0,1],6 >0,

under initial values w(0) = dy, D'w(0) = d, dy,d> € R, where ¢ and g are given continuous
functions. Recently, the fractional-type Duffing equation (DE) [26] of the form

CDSw(t) + 8Déw(r) = csin(ot) - bw(t) —aw’(1), T €,

with initial values w(0) = di, D*w(0) = dy, d1,dy e R*, for § >0, 1< ¢ <2, 0<¢ <
1,a,b,c,0 > 0, where °D*, » € {¢, ¢} is the Caputo fractional derivative, has received con-
siderable interest among scientific researchers, see [27-30] and references therein. In [25],
the authors studied the existence and the uniqueness of solutions for sequential FDP with
Caputo-type fractional derivatives of different orders:

“D? D! [“Dw(2)]]
= (1) - 8¢ (zr, “Dw(1))
—g(t,w(1),’D*w(1)) — h(t,w(T), R LI"W(7)), 6>0,T €,
w(0) =dj, CDw(0) = do, rIW(1) =ds, di,dy,ds €R,

forO<pu<e<1,0<c¢,<1,1<e+¢<2,1<¢+c <2, where “D*, € {c,¢,¢}is the
derivative in the sense of Caputo and 1 I" is the Riemann-Liouville integral of order n > 0,
¢, ¥, g, and & are given continuous functions. Also, the authors discussed the fractional
order DIP of the form

“Dw(r) + 8D w(r) = p(1) - g(T,W(T)), TER,8>0,

via initial values w(z,) = wg, D'w(t,) = w1, where D* is the Caputo fractional derivative
of order »z € {¢,¢}, 1 < ¢ <2,0<¢ <1, and t, is an initial value in € [29]. Riaz and Zada
studied coupled FDEs with the help of a Laplace-transform method

CD%w (1) — a1 Dwi (1) = F 1(7, D wy (1), “D*2wy (1)),
ED%2w, (1) — a2 D2 wy (1) = F 2(T, “D2*iwy (1), “D¥*2wy(1)),

CD"wl(O)zlw,t, CD"Wg(O):gw,’j, k=0,1,...,p—1,

whereq; e R,p-1<6;,<p,q-1<9:<q,p,g€Z*,q<p,0<1hi,ohi <1,F;: QxR?> =R,
and ;w} € R, i = 1,2 [31]. They studied the following class of implicit FDE with implicit
integral boundary condition:

CDw(t) = g(r, w(t), *DSw(2)) + [ <’;§3§)'1 F (z,w(%), DS w(z)) dz,

w(0) = [ B2 0z wiz), DI wiz) d,

for v € [0, %], T > 0, where the notation DS is used for the Caputo fractional derivative
oforder0<¢ <1,g,0,F :[0,7] x R2 — R, §, o are real constants greater than zero [32].
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Guo et al. investigated the existence, uniqueness, and at least one solution of the coupled
system of FDEs in the sense of Hadamard derivatives:

HDS w1 (T) + (T, wi(T), uDIwy (1)) =0, 2< ¢ <3,
HD2wy (1) + g(T, wa(7), uD2w1 (1)) =0, 2< 5 <3,

for 1 <t < 7 under the generalized Hadamard fractional integrodifferential boundary
conditions [33].

In this work, we discuss the existence, uniqueness, and Ulam-Hyers and Ulam-—
Hyers—Rassias stability (UHS & UHRS) of solutions for a sequential fractional Duffing
q-differential equation (FDg — DE) involving Riemann-Liouville-type and Caputo-type
fractional g-derivatives given by

REDY[CDY [“Dw(r)]]

= (1) - 8g(t,w(t), “Dyw(t)) - h(z,w(t),rLIgw(T)), §>0,7 €,
w(0) =0, D) [“Djw(1)] =0,
ﬁCD;w(O) = ach;w(y) + ach;w(l),

1

for0< 6,9, A1, y,q<1,1>0,B,a; € R,with  #3 2 | a;, where R'LDZ and CD;, ve{d,r)
are the Riemann-Liouville and Caputo fractional g-derivatives, respectively, g1 1] is the
fractional g-derivative of the Riemann—Liouville type, ¢ : @ — R, and g,#: Q x R2 — R
are given continuous functions.

In Sect. 2, we recall some essential definitions of fractional quantum calculus. Sec-
tions 3 and 4 contain our main results about the existence, uniqueness, UHS, and Ulam—
Hyers—Rassias stability UHRS of the FDg — DE (1), respectively. An application and il-
lustrative example with some needed algorithms for the problem are given in Sect. 5. In

Sect. 6, some conclusions are presented.

2 Fractional quantum calculus
We consider the fractional g-calculus on the specific time scale T, = {0} U {7 : T = 704"},
for n e N 70 € R, 0 < g < 1, and in short we shall denote T, by T. Let x € R. Define

kly = l_q and the g-factorial function (z; — g75)™ b

1, n=0,

n—-1

lo(Kl—qKZ) neN,

(k1 — qic2)™ = (2)

where k1, k3 € R [34, 35]. In particular, x1 = 1, k; = ¢, we obtain

,_.

n—

1-gq)" 1_[ l+1 neN.

1=0

Algorithm 1 in [36] shows MATLAB lines to obtain the g-gamma function. Also, in [37],
one can find that

T — q Ty )
(1 —qu)? =1 ————, o0eR="\Ny, 1,10 €T.
q 1 1_[ - qa+ll-2 \
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Obviously, if 7, = 0, then (1) = 77. The g-Gamma function is expressed by I';(«) =

((ll__q;;i:i), for k e R\ {---,-2,-1,0}, and satisfies I';(k + 1) = [«],I4(x) [34, 37]. The op-
®LDY is the fractional ¢-derivative of Riemann-Liouville type [38, 39], defined by

erator

RLDA [w(z)] = DI [pu 14 [w(r)]], 650,
RLDO[w(r)] = w(v),

where [0] is the smallest integer greater than or equal to 6. The fractional g-derivative of
the Caputo type of order v is given by

Dy w(r)] = oIl PP w(D)]], v>0,
“Di[w(r)] = (1),

while the fractional g-integral of Riemann-Liouville type [38, 39] is defined by

Rl [w(T)] = fo (t —g&)* P
rLIpIW(T)] = w(T).

7 dg, k>0,

We recall the following lemmas [38, 39].

Lemma 2.1 Let «, p > 0 and z be a function defined in [0,1]. Then,
Rl [R‘LI'; [w(r)]] = Rl [w(D)], Dirily [w(r)] = w(2).

Lemma 2.2 Suppose that k > 0, and € is a positive integer. Then, we have

K [Ty€e € K = TK_HJ !
RLI [D [ (f)]] D [RLI [ 'C) ;meW(O)

Lemma 2.3 Let k € R*"\N. Then, the following equality is valid

n-1 l

eI [CDE[w(T)]] = () - Z T 1)quW(O)
q

such that n is the smallest integer greater than or equal to k.

In discrete fractional g-calculus, the fractional Riemann—Liouville-type g-integral of the
function w is obtained by [36]

q(G)

’ o-1) W(n)
/O(T_qn)( l)rq(a)d qu!_ll qo+k+11 qu)'

By using [36, Algorithm 2], one can calculate this type of g-integral.

Lemma 2.4 For k € R, and p > -1, we have R‘LI’;[r(p)] = FI‘(%;PD

obtain R‘ng[l] = %r(").

w*2) If p = 0, we can
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In order to study the problem (1), we need the following space B = {w : w&“Djjw €
C(R2)}, endowed with the norm

Wiz = lwll + | “Dkw] = sup|w(r)| + sup|“Diw()].
TeR TeQ

Then, it is well known that (B, ||.|| ) is a Banach space. Now, we consider the Ulam-stability
type for the sequential FDg — DP (1).

Definition 2.5 The FDg — DE (1) is stable in the
+ UH sense if there exists a real number Xg+ ;+ > 0 such that for each w > 0 and for each
solution w of the inequality

|R'LDZ[CD2 [CD;v'v(r)]] - [go(r) —-48gi(r) - h:f,(r)]| <w, TEL, (3)

there exists a solution w of the FDg — DE (1) with [|W — wl|g < g+ yxw, where
g5 () = g(z,W(r), “Diw(r)) and /i (t) = h(z, W(t), R LW (7));

+ UHR sense with respect to p € C(2,R,) if there exists a real number Xg+ 5+ > 0 such
that for each @ > 0 and for each solution w of the inequality

[RDE[CD? [CDA(n)]] - [0(r) - 8 () — i (0)]| < S opl(c), @)
for T € €, there exists a solution w of the FDg — DE (1) with
W —wllg < Zg prp(T).

Remark2.1 Afunctionw € C(£2) is a solution of the inequality (3) iff there exists a function
p: Q2 — R (which depends on w) such that |p(t)| < w, for each 7 € 2, and

RLD?[CDY [CDAW(T)]1] = 8gi() + (1) — (1) + p(), T €.

3 Existence of solution for FDq - DP
In this section, we prove the existence and uniqueness of a solution of problem (1). First,
we state the following key lemma.

Lemma 3.1 Suppose thatv € C(Q2). Then, the FDg — DPP

R‘LDZ [CDZ [CD;w(r)]] =v(7), T€Q,
w(0)=0,  “DJ[D;w(1)] =0, ®)
,BCDQW(O) = achgw(y) + achgw(l),

for0<0,9,A,q <1, admits the following solution

1

w(T) = TO0+h) /(; (r —fI’?)me_l)V(ﬂ)qul (6)
q

.[9+z7+k—1

1
- | (=g v()d
Fq(ﬂ+9+/\)/0 (1 =gn)*“v(n)dygn

Page 5 of 28
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+ o /y(y — )@ Dy don
(B- Y2, a)Ty(h+ DT(0 +9) Jo a

T
o3

1
T B— Y )T+ D06 + 0) /0 (=)

@+0-Dy(n) dyn

(a2y0+0—1 + Otg)‘L')"

ST 0+ )BT )T (A + 1)

1
f (L= aqn® ) dn,
0

such that B # ay + as.

Proof Using Lemma 2.2, we can write
[CDZ [CD;w(r)]] = R.LIZV(T) + b(f’lr, b, eR. (7)

Next, applying Lemma 2.3, we obtain

['4(0) L0+9-1

by, bieRi=1,2. 8
I, +9) Ton Ore R ®)

“Diw(t) = LI v(T) + by

Now, applying the operator R.LI; to both sides of equation (8), we obtain

bll"q(e).[9+19+)»—l b;
+
Ly +0+A) Fy(h+1)

w(r) = R,ngm"*v(r) + + b3, 9)

here b; € R, i = 1,2, 3. By using the boundary conditions w(0) = 0 and [CDZ [CDgw(l)]] =0,
we obtain

bg =0, & bl = —R.LIZV(l)o (10)

Now, by applying conditions (3) and (10), we have

1
by= ——F—— |:Oll(R.L10H9V(V)) +aa(rLI0 (1))
(B =3y e) ! ’
T4(6) 9491 o
- * I’'v(1)].
I,6+0) (011)’ +a2)R.L qV( )
Hence, we obtain Eq. (6). a

Using Lemma 3.1, we introduce an operator Z : B— B as follows

1 T
2= g b - ) g0 =)

t0+17+k—1 1
BV /0 (1 —gm) (o) - 8¢5 (n) — () dgn
g
B Y )T, DT,(6 + 9)

Y
x /0 (v = qm) () = 85 (n) - K () g
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o
e > )T+ D6 +0)

1
< /O (L= )@Y (o) - 8g2,(n) — () dgn

0+9-1

(a2y +as)th

T (B-X2 )T+ DT,(0 + )

1
X./O 1 - g (o) - 8g(n) - k() dgn.

Before stating and proving the main results, we impose the following hypotheses:
(H;) The functions g and % are continuous over Q x R? and ¢ is continuous over Q.

(Hy) There exist constant @; > 0 such that for all T € Q and w;,v; € R?, i = 1,2, we have
lg(z, w1, w2) = g(7,v1,v2)| < 1 (Jwy = vi| + [wz — va) (11)
and
|h(t, w1, w2) = h(T,v1,v2)| < @a(lwi = V1| + [wa = val). (12)
(H3) There exist positive constants Nj, i = 1,2, 3 such that for all 7 € Q and w,v € R,
gt w,v)| <Ny, |h(z,w,v)| <Ny, |(7)| < Ns.

For the sake of convenience, we introduce the following quantities:

1 1
Ny i= 13
VI, 040 +a+1)  T,0+0+ 00, (13)
lata |y + a3
1B =32 T, + )T, (0 + 9 +1)
o |y 7+ 71 + o
1B~ 37, il Ty + DT (0 + 9)[6],
1 1
Rz = +
F0+0%+x-—p+1) T 0+0+1—-w)y(0+6+1)[0],
. la |77 + |ots |
T, =+ 1)|B =32 il Ty(h + )T,(0 + 9 +1)
0+09-1

| [y + |os

* T =+ 1) =2, il Ty + DT, (0 + 9)[0],

Theorem 3.2 Assume that (H,) and (H,) hold and that

(b1 + @)Ty(n + 1) + @ 1

A= < s 14
Fq(n + 1) Nl + Nz ( )

where R, i = 1,2, are given by (13), then the FDq — DP (1) has a unique solution.

Page 7 of 28
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Proof Let us define A = max{A;:i=1,2,3}, where A, are finite numbers given by

Aq = suplg(7,0,0)], As = sup|h(,0,0)|,
TeN TeN

Setting real number r such that

r> (R +R)A0 + 2)|:1 - (N7 + N2)<8w1 + wy +

A3 = sup|e(7)|.
e

(2}

_— 15
Cy(n+1) (15)

)]

we show that ZB, C B,, where B, = {w € B: |w| g <r}. For w € B, and by (H;), we obtain

lg2(0)] = [g(z, w(@), “Dyw(r)|

(16)

< |g(z, w(2), “Dhw(r)) - g(7,0,0)| + |¢(7,0,0)|

<o (|w(r)| + [“Dhw(r)]) + Ay < |[wls + A Smyr + A
and

|1 (7)| = |h(1:,w(1'),R.LIZw(1:))|
< |h(r,w(r),R,LIgz(t)) —h(z,0, O)| + |h(r,0, O)|

< @y (|w(@)| + [rLliw(z)|) + A,

1
<o\ Iwllp+ =——= ||W||> + Ay
( Fq(’l +1)

[ 1
<wy| 1+

lwllg + Az < ZUZ|:1 +
] Fq('] +1)

1
Ly(n+1)

]r+A

By Egs. (16) and (17), we obtain

| Zw(t)| < sup
TER

« /0 (v = g&) 7| (p(€) - g () — () d,

1
{Fq(9+z9+k)

T9+L9+A—1

"T,0+0+2)

1
y /0 (1 - )| (p(E) - g (8) — I, (6)) | dyg

laa|T*
+
1B - Y1, aulTy( + DT, (6 + )

Y
X fo (v — &) V| (&) - g7 (8) - K €))| gk

los| T2
+
1B =2, ailT,(h + DT,(0 + )

1
x /0 (1 - )| (p(€) - 85, (€) - K (E)) | dy6
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(a2y0+19—1 + Olg)‘l,')"

¥ 1B =32 ailT,(h + )T, (0 + )

1
x /0 (1-g&) "V |(p&) - 85 (&) - ML) dqs},

which implies that

1 1
T,O0+0+a+1) T 0+0+100],

[ Zwll S(

lora |y @) + o3 |
+
B-Y1, ai|Tg(h+ 1)Ty(0 + 0 + 1)

. loa |+ + s )
1B -7, ailT,(h + )T, (0 +9)[6],

X [<6w1 + @y + Fq(zf;i 1))r+ A + 2):|

=8| (s — 2 )i A0 +2)
= 1|:< w1+w2+rq(n+1))r+ + :|

Also, we have

1
C
Dt Z < -
[*Dg2w(0)]| < fgg{rq(e O+ h—p)

X /0 (v = g&)O" V| (&) - g5 (&) - B (E)) | dyt
.L.0+19+)»—;1,—1

+
L@ +0+A—w)Ty(d+6+A)

1
< /0 (1 - g€)OD| ((&) - 82(8) - i (6)) | 4,6

g | T
+
T, =+ )8 =7, T (h + DT,(0 + )

Y
x /0 (y = ) () - 85 (€) — L €)) g

lag| T H
+
T, =+ DI =Y 2 ailT,(0 + DT(0 +9)

1
x /0 (1 - )| () = S%(E) — g (6)) | d,

(loay 771 + Jars )T+

* T, =+ DB =2 oi|T, (0 + DT,(0 +9)

1
x /O (1-q€)Y + !(w(s)—ag;(s>—ha<§))\dqé}~

This implies that

1
L0+ +r-—p+1)

Dz = (

Page 9 of 28
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1
T, 010+ 0,0+ 6+ 06,

|otaly 7 + Jats|

+
T, —pu+1)|B -7 T (h+ DT,(0 + 9 + 1)

|O{2|y9+19—1

N + || )
T, =+ D)|B =2 ai|T, (0 + DT, (0 + 9)[6],

5 @ A6 +2)
X|:( w1+w2+rq(n+1))r+ + :|

—N[(Sw + Wy + o2 )r+A(9+2)]
=Ry 1 2 T+ 1) .

In consequence, we obtain

2005 = [Zw)] + [DF 2w

§(N1+N2)(8w1+w2+ >r+(N1+N2)A(0+2)§r,

)
Fy(n+1)
which means that ZB, C B,. For w,v € B, and for each 7 € 2, we have

1
20 - 2v(0)| < sup o

x /0 (v = g&) 0D |3g () — g (8)| + I (E) — HE(E)]) dg

t0+19+k—u—1

+
a0 +0 +A—p)g(®+6+21)

1
x /0 (1= )00 (5]g5(8) - g (€)] + | E) - B (E)]) dy

oo | T
+
1B =2, aiIT,(h + DT,(0 + )

Y
x /0 (v =€)V (8]g2(E) - g (€)] + |Ie®) — 1)) dgé

las|T*
.
18— Y% ailTy(h + DT, (6 + )

1
0

x / (1= g&) D (5g5(6) - g (©)] + [I(&) — 2 (6)]) dy

0+9-1 A=t

. (loaly + las|)T
0=+ 1)(B =30, )T 0+ )T, (0 +0)

1
x /0 (1-g5)77V(8]gn(§) - g5 ()] + [, (6) - hy(5)]) dg }

Using (H,), we obtain

1 1
G+9+a+1) T 0+0+n0],

|20 - 20| = (Fq(

Page 10 of 28
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N lora |y @) + s
1B =37 T (h+ DT, + 0 +1)
. lota |y ? 771+ Jass| )
1B =32 aiTy(h + )T, (6 + 9)[6],
y I:(Sfm + l?z)(l;‘?qiﬂl; 1)+ wzi| W —vlls
q
(b1 + @) y(n + 1) + @2

=R Iw=vls.
Ly(n+1)

Hence,

(b1 + @)Ty(n + 1) + @

Zw)-Z <N —v|z.
[Zw) - ZW)| <%y m e D) lw—vlis
On the other hand, for each 7 € , we have
|“Dk Zw(z) - Dl Zv(7)|
- 1
sup —M
=l 09+ A—p)
x [ e-ae) I slg ) - i)
0
O+ +A—pu-1

T

+ | 15,(8) - B3(8)]) gk + T 0+ +h— )T (0 +6 +2)

1
y /0 (1= ) (5|g2(8) - g (6)] + [t (6) - ()

|ora | T+
+
T, =+ DI =2 ol T, (0 + DT,(0 +9)

Y
X /0 (y — g€) D (5g5(8) - g2 (6)] + I (6) — i (6)]) dy

g | M
+
T, -+ 1B =7 ailT,(h + DT,(0 + )

1
< fo (1= )7 (3]g(6) - g2 (5)] + | €) - 2(E)]) dy

(laaly 771 + Jas )T

T, -+ 1)IB -2 ;T (0 + T, (0 + V)

1
x /0 (1-q&) 07V (8|gr &) — g (&) + | M2 (&) —ht@)\)dqs}.

Thanks to (H;), we have

D200 - D20 = (75
FgO@+0+r—p+1)

1

Lg0+0+x—u)C (0 +0+A)[0],

(18)

Page 11 of 28
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s laa |y 77 + a3
T, =+ 1B =Y 2 i Ty(h + (0 + 9 +1)
lota |y ?*7 + s
* C,(h—p+ D)= 7 il T (h + 1)T,(6 + ﬁ)[e]q)

(b1 + @)y + 1) +

1+ 1) lw—vls
(b1 + )Ty + 1) + wy
=8y lw—vls.
ryn+1)
Therefore,
. by + )Ty (n + 1) + @
|°DE Z(w) - DL Z(W) || < Ny 1 2w = vlls. (19)
Fy(n+1)
Then, thanks to Egs. (18) and (19), we conclude that
by + )Ty (n + 1) + @
[ Z2w) = 20| = (R + Rp)——1 2 |lw = vil5.

Ly(n+1)

By (14), we see that Z is a contractive operator. Consequently, by the Banach fixed-point
theorem, Z has a fixed point that is a solution of (1). |

Now, we prove the existence of a solution for the FDg — DP (1) by applying the following
lemma.

Lemma 3.3 ([40]) Let S be a Banach space. Assume that Z : S — S is a completely contin-
uous operator and that the set B={w € S :w = Z(w), 0 < ¢ < 1}, is bounded. Then, Z has
a fixed point in S.

Theorem 3.4 If conditions (H,) and (Hs) are satisfied, then the FDg — DP (1) has at least
one solution.

Proof By the continuity of functions g, 4, and ¢, the operator Z is continuous. Now, we
show that the operator Z is completely continuous. First, we show that Z maps bounded
sets of B into bounded sets of B. Let us take 0 > 0 and B, = {w € B: ||w|g < ¢}. Then, for

all w € B, we have

1 1
IZwll < ( +
L@+ +r+1) T,0+9+1)0]

lora |y ) + |
+
1B 2 T (h+ )T (0 + 9 +1)

loa |y 77 + |

’ 1B =32, aiT,(h + )T, (6 + 9)[6],

= NI(ANI +N2 +N3)

)(ANl + Nz + Ng)

and

1
L0+ +r-—p+1)

Dy 2] = (
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1
T, 010+ 0,0+ 6+ 06,

0+v

. ool + ot
T, —pu+1)|B -7 T (h+ DT,(0 + 9 + 1)
N laa |y + g )
T, =+ D)|B =2 ai|T, (0 + DT, (0 + 9)[6],

X (ANl +N2 +N3) = Nz(ANl +N2 +N3).

From the above inequalities, it follows that the operator Z is uniformly bounded. Next,
we show that Z is equicontinuous. Let w € B, and 11, 75 € 2, with 71 < 75, we have

1

O+ +A
——— ([(T7 — T
1“q(9+19+x+1)[(2 )

2wt - 2wt =

O+0+1-1 _ _O0+0+Ar-1 |
1 2

O+ +A O+ +A |T T
+|T -7 +
ke 7] T,0 +6+1)0],

(leal ey + |73 — o}

1B -2, ailTy(h+ DT4(6 + 0 +1)

(loaly® " + las))lzi - 73|

1B =37 ailT,(h + 1)0,(6 + 9)[6],

)(ANI +N2 +N3)

and

|“Dl Zw(zy) - “D Zw(T)|

- [(7:2 _ T1)9+19+A_M + |T§+ﬂ+k—u _ T19+0+A—,4|]
N FgO@+0+r—p+1)

0+9+A—p—1 0+9+A—p—1
T = =

TT0+0 +h— )T (0 +6 + WA,

(loaly®*” + lasl)lmy ™ = 7"

T -+ 1)|B =32 ;T (h + T, (0 + 0+)
(loraly "1 + o)l ™" =7y

T, =+ DI =2 ai|Ty(h + 1T,(0 + 19))

X (AN1 +N2 +N3),

which imply that || Zw(z;) — Zw(t1)|lz — 0, as 172 — 71. Combining these results and us-
ing the Arzela—Ascoli theorem, we conclude that Z is a completely continuous operator.
Finally, it will be verified that the set I, defined by [T = {w e B: w = §2Z(w), 0 < § < 1},
is bounded. Let w € I, then w = £ Z(w). For all 7 € Q, we have w(r) = § Zw(t). Then, by
(H3), we obtain

Wil <&R1(AN; + Na + N3), ”CDZW” <ER(AN; + Np + N3). (20)
It follows from Inequality (20) that

Iwlls = llwll + | “Dhw]
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< E(R1 +R2)(AN; + Ny + N3)

< (Nl + Nz)(ANl + N, +N3).

Consequently, |w||z < co. This shows that the set IT is bounded. Thanks to previous re-
sults, and by Lemma 3.3, we deduce that Z has at least one fixed point, which is a solution
of problem (1). O

4 Ulam-stability of FDg - DP
In this part, the Ulam stability of the FDg — DIP (1) will be discussed.

Theorem 4.1 Suppose that conditions (Hy) and (H) are valid. In addition, it is assumed
that

A= @@+ a)Ty(n+ 1) + @y < (x): Ty 0 + 9 + 1+ )T, (n + 1), (21)
then the FDq — DP (1) is UH stable.

Proof Suppose that w € B is a solution (3) and w € B is a unique solution of the problem

R'LDz[CDZ [CDgw(r)]] +8gE(T) +Hi(r) —p(r) =0, 1€,
w(0) = W(0), ‘D [“D}w(1)] = °D) [‘D)w(1)], (22)
CDjlw(O) = CD;W(O), CDﬁ}w(y) = CDfIW(y), CDj]w(l) = CD;W(I).

Thanks to Lemma 3.1, we have

Fq(e)tamﬂ—lbl . kaz
Ly +60+A) Fy(r+1)

w(t) = rLIy " vy (T) + +bs,

for b; € R, i = 1,2, 3, where vy, (1) = ¢(t) — 8¢5 () — I, (1), for T € Q. By integration of the
inequality (3), we obtain

r (9).[9+19+)»—1 ‘L')‘
W(t) = Il v (1) - =L L b, - b,
" (7) —raly ™ vale) T,@+6+x) ' T,+1)2 73
< w 0+ +A < w .
TTO0+9+1+1) TTO0+9+1+1)

Then, for any 7 € 2, we obtain

Fq(e).’:9+1}+k—l
L (@ +0+A)

/

W(z) -w(o)| = ‘V'V(T) - oLy v (o)

.K)L

’ / 0+ +
= mbg = bg + R.LIq )L[Vv’v(f) - Vw(f)]

rq(@).’:mﬂﬂ—l ,

= 1
- [y +6+A)

W(t) = roL)" g (T) -

A

T / / +U0+
- m% —bs| + ’R‘LIZ I () = v (D)
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w
< @@
Tr,e+9+a+1)

+ W/ (r —qé) ©+3+3-1) ’gw - g (&) ‘dqg

@+9+1-1) * *
W/ (v - g) DB (€) - )| d .

Now, using (H,), we obtain

. w (b1 + @) Ty(n + 1) +
lw-wlp =< + W —wll5.
L0+ +xr+1) Tyn+1Ty(0+0+1+1)
Then, we have
Sy + C,n+1)+ -1
W —wlls < Qw+ﬂ+x+n—(wllm)4" )+ @2 ® = Spjeoo.
Ly(n+1)
Hence, the FDg — DIP (1) is stable in the UH sense. a

Theorem 4.2 Suppose that conditions (H;), (H,), and Eq. (21) are valid. Suppose there
exists x, > 0 such that

9+19+A 1)
7@:575/X1_% 'p(€) 4§ = 1pp(0), (23)

where p € C(Q2,R,) is nondecreasing. Then, the FDg — DP (1) is UHR stable.
Proof Let w € B be a solution of the inequality (4). Applying Remark 2.1, we can obtain

r (8).’:9+29+A—1 , .L.)\

D010 T,00+1)

%h%mﬂ?mWAﬂ— b, - b,

w ‘ _ O+ +1-1)
S e I /0 (v - gt) p(€) d,.

Let us denote by w € B the unique solution of the problem (22). Then, we have

Fq(@)r9+0+k—1bl ‘E)”bz
my,(T) + + + b3,
L (0 +0+A) ry(A+1)

W(‘L’) — R.LIZ+19+}\,

here b; € R, i =1,2,3. Then,

19+19+A
R.L

\ﬂﬂ—WUﬂfkﬂﬂ— vy (T)

.0 O+ +1-1 r
_ LylO)e V- p b,
F®+6+A) Cy(h+ 1) 2

+m/(; ( —QE)(9+§+A_1)|VW(T)—Vw(T)|dqf

w ‘ e\ (049 +A-1)
T Tyl R A O

Page 15 of 28
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S T
VI /0 (t —g&) "]k (€) - g (§)| dyk

; i _ O+ +A=1) | 7,% ok
* Fq(9+l9+k)/0 (r - 48) 15, (8) = 3 (5)] gt

Hence, by (H>) and (23), we obtain

, (b1 + w)y(n + 1) +
[W(t) = w(t)| < wxpp(T) + T OE,6 0+ 7) W — w5

Then, we have

(w1 + @)+ 1)+, 7"
— E * ok ,
Ty +1)T4(6 + 9 + 1) wp(t) = Zgr > 0p(7)

W —wlz < Xp[l -
for T € Q. Hence, the FDg — DIP (1) is stable in the UHR sense. a
5 Numerical results

5.1 Anillustrative example
Example 5.1 Based on the problem (1), we consider the following FDg — DP

RL exl;(l) c @ i exp(1)
1p, ¥ €D, (€D w(r)]] + Y2
1
( Iw(z)| arctan(CD;W(f)))
5077 2+72)(1+]w(z)]) 50y/m(2+72)
¢
25(exp(1) +2(IW )+2) (24')
M nea g
25(exp(1))T 242 3472 T
£
w(0) =0, .’ [CD5 w(1)] =0,
3
Zexp CD5 (0) = ‘[CDSW( )+ Sm7CDq5W(1),

forteQ2=[0,1],q€ {%, %, g} € (0,1), and the following g-fractional inequalities

exp(1) L 3
®ip, 2 (€D, [Dw(n)]]

Int+2 exp(1) , .
- ( 3472 - 252 gW(T) - hw(f)) <w (25)
and
R.LD [CD [CDSW(T)]]
Int +2 W .
- ( 3+12 252 v () - hw(r)) = wp(7), (26)
where

w(z)| arctan(CD i w(t))

&lr)= 50/7(2 + £2)(1 + [w(7))) * 5072+ 12)

Page 16 of 28
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[w(T)| arctan(R‘Lqu‘ w(t))

I (t) = 2 2.0 °
45(exp(1))"*2(Iw(r)| +2)  45(exp(1))*+?

Clearly 6 = 1exp(1) € (0,1), ¥ = @ €(0,1), 1 = 2 €(0,1), 8 = 555 /exp(1) > 0, p(7) =

252

3+%(lnr+2),te§2,u:ie(O,l),n:%iO,andy:%6(0,1),/3:%;—‘3"(1)E}R,(xlzge

R, ay = % € R, with 8 #«; + 3. Condition (H;) holds because g, / are continuous over

Q x R? and ¢ is continuous over . Also, for T €  and w;,v; € R?, i = 1,2, we have

|g(TrW11W2) —g(T,V1,V2)|
_ ‘ lw1(7)] , arctan(wz(v))
50/ (2 + t2)(1 + |wi(T)]) 507 (2 + 12)
l (o) | arctan(v(r)) )‘
50/ (2 + t2)(1 + |vi(r)]) 50¢/m(2+12)

- 1 (‘ wi()l (7))l
T 502+ t2) \[1+ wi(r)] 1+ |vi(7)]

+ |arctan(wz(t)) - arctan(vz(t)) |>

B U

50/ (2 + T2)
1

S e

50/ (2 + 72)

(Iwi(D)] = V()] + [wa(r) = va(2)])

(Iwg = vil + lwa = val)
and

|h(f, Wi, WZ) - h(T:VI’V2)|

_ ‘ [wi(7)] . arctan(wo(7))
25(exp(1))”*2(lwi(1)] +2)  25(exp(1))7*+?
_< vi(7)| , arctan(va(7)) )‘
25(exp(1))7™+2(|vi(t)] +2)  25(exp(1))7*+2
1
) ‘25(exp(1)>f2+2

[wi(7)]
[wi(z)] +2

+ arctan (wz(r)) |

- <% + arctan(vz(t)))}
- (‘ [wi(7)] _ [vi(7)]
“\Iwi(@)+2 ()] +2

+ |arctan(wz(r)) - arctan(vz(r)) ‘)

1

< —— (|[W1 = V1| + [Wy =V .
_25(exp(1))f2+2(| 1= Vil +wa = Vval)

Hence, by choosing @ = ﬁ, wy = m, condition (H>), inequalities (11) and (12)

hold. Now, we consider three cases for g € {13—0, %, %}, in FDg — DP (24). By employing (13),

Page 17 of 28
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we find that

1 1

N1 =
LTI, 0 +a+1)  T,0+09+A)0],

loa |y + o

1B -2, aiTy(h+ )I,(0 + 9 +1)

0+v-1

N laa |y + |ag|
1B =31 ailTy(h + DT, (6 + 9)[0],
1 1

+
Lg(=52 + B+ §+1) m—“‘;(” R e

q

exp \/T |M|

1Y2(3)7E

+
|2€);l;(1) 5f+3s1n7|rq( )F (eXP (1) @ + 1)

F 1) sl

+
| 2e);[?)’(1) 5ﬁ+3 sin7 |Fq( )1—~ ( @)[exg(l) ]q

|oo

1.9774, ¢
~ 111928, ¢
01926, q

(=]

Ol NI—= =

’
’

and

1
FO0+%+x-p+1)
1
Lg0+0+x—pw)y(d+6+4)[0],

Ry =

loa |y + o

T, =+ 1B =32 T, (A + D0 + 9 +1)
0+9-1

||y + |os

T, - +1)1B -2 a,|T,(0 + )T, (0 + 0)[0],

—_

(58 gt + 3 1>Fq<“" Dl

3Z)(2) 5 gt 4 psinz

q( )|Zexp 1) 5f+3$1n7lr (8 )Fq(eXP(l \/;_'_1)

1+@-1 |Siﬂ|

+
Fq(g_o)lhxp() 5ﬁ+3sln7qu( )F (exp(l JG—)[exg(l)

3
1.3979, ¢g-= 10’

~ 1
~ 40.7761, g-= 5

_ 8

0.1104, g-= 3

lq

Page 18 of 28
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Table 1 Numerical results of I'g(@ + 9 + A +1), Tg(@ + 0 + A1), TgA + 1), Tg(@ + 9 + 1), ['4(0 + D),
Fq(0+19+k—u+1),Fq(Q+19+A—u),1"q(9—u+1),and&1,&2ofIE‘Dq—]D)]P’(M)thhq:%

3

n gqg= 70

Le@+9+1+1) [q@+ 9 +A) Lo +1) L@ +9+1) Ir'y@+9) Ny
1 16644 13700 1.7954 14432 14704 19579
2 16265 13527 18267 14170 14750 19714
3 16155 13477 1.8360 14093 14763 19756
4 16122 13461 18388 14070 14767 19768
5 16112 13457 1.8396 14064 14768 19772
6 16109 13456 18398 14062 1.4769 19773
7 16108 13455 1.8399 1.4061 14769 19773
8 16108 13455 1.8399 14061 14769
9 16108 13455 1.8400 14061 14769 19774
10 16108 13455 1.8400 14061 14769 19774
n Co@+9+A-pu+1) L@+ +A-p) Cq@-p+1) Ry
1 15583 13689 26131 13817
2 15252 13587 27022 13928
3 15156 13557 27286 13964
4 15127 13548 27365 13974
5 15118 13546 27389 13978
6 15116 1.3545 2739
7 15115 13545 27398 13979
8 15115 13545 27399 13979
9 15115 13545 27399 13979
10 15115 13545 27399 13979

One can see these results in Tables 1, 2, 3, and 4. We can see graphical representation of
®; and R, for three cases of g in Fig. 1. Curves la and 1b show well that as g approaches
1, the values of ¥; and 8, decrease harmoniously. Similarly, Tables 1, 2, and 3 show the
10, é, 5 respectively, and the interesting thing is
that when g approaches 1, we reach a constant value up to 4 decimal places in the number

values of 81 and R, for three cases of g =

of steps higher than n.
It is found that A; = sup, g |g(7,0,0)| =0, Ay = sup,.q |4(r,0,0)| =0,

Int+2 1

Ag,:sup|g0(t |—sup 3172 "2

and so A =max{A;:i=1,2,3} = % From inequality (14), we remark that

(b1 + @)Ty(n + 1) +

A=
Ly(n+1)
0.0094, ¢q=3, 02963, q=1, )
>~ 10.0083, g-=31, 05079, gq=1, = S
0.0061, ¢q=3. 33008, ¢q=3%,

According to Table 4, the calculations performed are consistent with our analysis and
analytical proofs. Figure 2 shows this for the FDg — DP (24) with three cases of g. Curves
2a, 2b, and 2c show well that as g approaches 1, the value of A, Eq. (14) holds, but its rate of
change increases with the increase of g. Similarly, Table 4 shows the values of A for three
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Table 2 Numerical results of I'g(@ + & + A +1), Tg(@ + 0 + ), Tg(A + 1), Tg(@ + 9 + 1), ['4(0 + D),
TqO@+0 +A-p+1), g0+ +A-u), Tg - w+1),and Ry, Ry of FDg - DP (24) with g = §

1

n q=3
L@ +9+1+1) L,@+9+21) Lo +1) r,@+9+1) r'y,0+9) bl

1 28428 19971 24929 22164 20510 1.1087

2 26015 1.9154 26121 20773 20696 1.1497

3 24936 1.8780 26690 20144 20783 11710

9 2.3945 1.8431 2.7233 1.9562 2.0866 1.1924

10 2.3938 1.8429 2.7237 1.9558 2.0867 1.1926

1 2.3934 1.8427 2.7239 1.9556 2.0867 1.1927

12 2.3932 1.8427 2.7240 1.9554 2.0867 1.1927

13 2.3931 1.8426 2.7241 1.9554 2.0867 1.1927

14 23930 18426 27241 1.9554 2.0867

15 2.3930 1.8426 2.7241 1.9554 2.0867 1.1928

16 2.3930 1.8426 2.7241 1.9553 2.0867 1.1928

17 2.3930 1.8426 2.7241 1.9553 2.0867 1.1928

n Cq@+0 +A-p+1) Cg@+9 +A-p) Cq@-p+1) R

1 2.5368 1.9488 36511 06997
23418 1.9037 3.9742 0.7367

3 2.2542 1.8829 4.1309 0.7561

1 21726 1.8631 4.2842 0.7760

12 21725 1.8631 42845 0.7761

13 21724 1.8631 42846 0.7761

14 21724 1.8630 42847 0.7761

15 21724 1.8630 4.2847 0.7761

16 21723 1.8630 4.2848 0.7761

17 21723 1.8630 4.2848 0.7761

casesof g = %, %, g, respectively, and the interesting thing is that when g approaches 1, we

reach a constant value up to 4 decimal places in the number of steps higher than #. Set-
ting real number r such that » > 5.8553, 3.3620, 0.5098, whenever g = 13—0, %, g, respectively.
Therefore, the FDg — DP (24) satisfies all conditions of Theorem 3.2 and so problem (24)
has a unique solution. In the other hand, condition (H3) holds, because there exists N; > 0,

i =1,2,3 such that

[wi(7)] arctan(wo (7))

gt v = ‘som(l Fwi@)  50/7 21 )

< ! ( QI + ‘arctan(wz(t))’)
T 50/ (2 + 2) \|1 + |wi(7)]
2w +1
= - =:Nlr
50/7 (2 + 72)
w1 ()] arctan(wo (7))
e i) <| nt )
25(exp(1))""*2(lwi(7)| +2)  25(exp(1))™*
1 [wi(7)l
< 25(exp(1))’2+2( lwi(2)] + 2 + ’arctan(wz(r))o
2w +1

J S —
~ 25(exp(1))7+2
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Table 3 Numerical results of I'g(@ + 0 + A +1), Tg(@ + 0 + A1), TgA + 1), Tg(@ + 9 + 1), ['4(0 + D),
LCa@+0 +A-pu+1),Tq@+0 +A-pu), Tg@ - +1),and Ry, R; of FDg - DIP (24) with g = %
n q=12

Le@+9+1+1) [q@+ 9 +A) Lo +1) L@ +9+1) Ir'y@+9) Ny
1 67.0460 154708 74364 26.5870 84220 0.0832
2 484129 13.5941 8.3916 214361 8.6345 0.0938
3 38.0888 12.3894 9.1229 18.3336 8.7868 0.1038
71 11.8035 8.0386 13.1855 8.7147 9.5062 0.1925
72 11.8032 8.0385 13.1856 8.7146 9.5063 0.1926
73 11.8028 8.0384 13.1857 8.7144 9.5063 0.1926
79 11.8016 8.0381 13.1861 8.7138 9.5063 0.1926
80 11.8014 8.0381 13.1862 8.7138 9.5064 0.1926
81 11.8013 8.0380 13.1862 8.7137 9.5064 0.1926
93 11.8006 8.0379 13.1864 8.7134 9.5064 0.1926
94 11.8005 8.0379 13.1865 8.7133 9.5064 0.1926
95 11.8005 8.0378 13.1865 8.7133 9.5064 0.1926
96 11.8005 8.0378 13.1865 8.7133 9.5064 0.1926
n Co@+9+A-pu+1) L@+ +A-p) ry@-p+1) N
1 45.0140 11.5522 84748 0.0287
2 33.9505 10.7796 104335 0.0363
3 276133 10.2616 12,0231 0.0435
65 10.1749 8.1827 22.2055 0.1103
66 10.1744 8.1826 22.2062 0.1104
67 10.1739 8.1825 22.2067 0.1104
82 10.1709 8.1820 222106 0.1104
83 10.1708 8.1819 22.2107 0.1104
94 10.1704 8.1819 222112 0.1104
95 10.1704 8.1819 222113 0.1104
96 10.1703 8.1819 222113 0.1104
97 10.1703 8.1819 222113 0.1104

and |¢(7)] = | 2| < % =: N3. Hence Theorem 3.4 implies that the FDg — DP (24) has at

least one solution. Also, according to the numerical results in Table 5, we have

3472

0.0128,
=~ 1 0.0156,
0.0500,

2.1845,
< 1 4.4660,
96.7859,

Qo R

Qo R

1l Il
Sl

0|00 N —

-
©loo NI- Slw

A= + @)Cy(n+1) + @

~T 0+ +1+1),(n+1).
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Table 4 Numerical results of ﬁ' I'y(n +1), A, and suitable r of FDg - DP (24) with g = % in
Example 5.1
n MWW LCom+1) A r>
9=
1 02994 13701 0.0094 57907
2 02972 13602 00094 58352
3 02966 13574 00094 5.8492
4 02964 13565 00094 58534
5 02963 13562 00094 58547
6 02963 13562 00094 58551
7 02963 13561 0.0094 58552
8 02963 13561 00094
9 02963 13561 0.0094 58553
9=5
05530 19486 00082 3.0831
05301 19053 00083 32186
3 05189 18853 00083 32894
10 05080 18664 00083 33614
1 05080 1.8664 00083 33617
12 05079 1.8663 00083 33619
13 05079 18663 00083 33619
14 05079 18663 00083
15 05079 18663 00083 33620
9=
1 89368 11.4057 0.0059 0.1881
2 7.6865 106748 0.0059 02187
3 6.7896 101838 0.0060 02476
10 43214 88257 0.0060 03892
1 41818 8.7441 0.0061 04022
12 40643 86747 0.0061 04139
75 33010 82022 0.0061 05097
76 33009 82022 0.0061
77 33009 82022 0.0061 05098
78 33009 82021 0.0061 05098
79 3.3008 82021 0.0061 05098

Hence, the inequality (21) in Theorem 4.1 holds for all g € (0,1) and so Theorem 4.1 im-
plies that the FDg — DIP (24) is UH stable with

0.62450, =3,
[W-wlz<{04193w, gq=1, t ~Zppw, (©>0).
0.0848w, q=3,

We can see graphical representations of UH stable X, ;+ with three cases of g in Fig. 3.

Let p(7) = t%g, then

1 /‘t 15exp(D+5v11-12 /3
(t—g&)" @ ETdE
Fq(lsexpu);gmus) o
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Figure 1 Graphical representation of 8y and &, for g € {5, 5. 5} In Example 5.1
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Figure 2 Graphical representation of A and NWlNZ forg e {%, % g} in Example 5.1
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Table 5 Numerical results of A = B+ @) [gn+ 1)+, () Tg@+3 + A+ 1) +1),and
UH stable Eg« p+ of FDg - DP (24) with g € {35, 3, 8} in Example 5.1
n 9= 1 9=73 q=3
A () PO A () DI A () DI
1 0.0129 2.2803 0.6042 0.0160 5.5396 0.3528 0.0674 764.7056 0.0149
2 0.0128 22125 06184 0.0158 49566 0.3856 0.0634 516.8007 0.0207
3 0.0128 2.1928 0.6226 0.0157 47011 04024 0.0608 387.8897 0.0263
4 0.0128 2.1870 0.6239 0.0156 45811 04108 0.0588 311.0775 0.0316
5 0.0128 2.1852 0.6243 0.0156 45230 04151 0.0574 261.0760 0.0366
6 0.0128 2.1847 0.6244 0.0156 44943 04172 0.0562 2264491 0.0413
7 00128 21845 [06245| 00156 44801 04183 00553 2013523 00456
8 00128 21845 06245 00156 44731 04188 00545 1825200 00495
10 0.0128 2.1845 0.6245 0.0156 44678 04192 0.0534 156.5566 0.0564
11 00128 21845 06245 00156 44669 | 04193| 00529 1473789  0.059%
12 00128 21845 06245 00156 44664 04193 00526 1399099 00620
13 00128 21845 06245 00156 44662 04193 00522 1337573 00644
14 00128 21845 06245 00156 44661 04193 00520 1286372 00666
15 0.0128 2.1845 0.6245 0.0156 4.4660 04193 0.0517 124.3393 0.0685
16 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0515 120.7051 0.0703
42 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0501 97.7327 0.0841
43 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 97.6267 0.0842
44 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 97.5327 0.0842
45 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 97.4493 0.0843
65 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.8484 0.0847
66 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.8415 0.0847
67 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.8353 0.0848
68 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.8298 0.0848
117 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.7860 0.0848
118 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.7859 0.0848
119 0.0128 2.1845 0.6245 0.0156 44660 04193 0.0500 96.7859 0.0848
0.7
06 [
4=3/10
=112
05 q=8/9

04r

Py

03 -
(0w + @) Ty (n+ 1) + w2

T,(0+9+A+1) - oD
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02r
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Figure 3 Graphical representation of UH stable Xy« for g € {%, % g} in Example 5.1
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Table 6 Numerical results of T'g(p + 1), here p(t) = T, x,, and UHR stable Eg« p+ of FDg - DP
(24)withg € {%, % %} in Example 5.1

nooa=5 =3 =5

Co(o+1) Xp P Co(o+1) Xp g Lyp+1) Xp X e
1 1.4983 0.9002 0.9064 2.0868 0.7341 0.7371 81718 0.1219 0.1219
2 1.5056 0.9257 0.9321 21162 0.8135 0.8170 8.4905 0.1754 0.1755
3 1.5078 0.9333 0.9399 21301 0.8542 0.8580 8.7209 0.2290 0.2291
4 1.5084 0.9356 0.9422 2.1368 0.8749 0.8788 8.8974 0.2811 02813
5 1.5086 0.9363 0.9429 2.1401 0.8852 0.8892 9.0373 0.3309 03310
6 1.5087 0.9365 0.9431 21417 0.8905 0.8945 9.1510 03777 03779
7 1.5087 0.9366 0.9432 21425 0.8931 0.8971 9.2449 04213 04216
8 1.5087 0.9366 0.9432 2.1429 0.8944 0.8984 9.3235 04617 0.4619
9 1.5087 0.9366 0.9432 21431 0.8950 0.8991 9.3899 0.4987 0.4990
10 1.5087 0.9366 0.9432 2.1432 0.8953 0.8994 9.4466 0.5325 0.5329
1 1.5087 0.9366 0.9432 2.1433 0.8955 0.8996 9.4951 0.5634 0.5637
12 1.5087 0.9366 0.9432 21433 0.8956 0.8997 9.5370 05913 05917
13 1.5087 0.9366 0.9432 2.1433 0.8956 0.8997 9.5732 0.6166 0.6170
66 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8348 0.8330 0.8337
67 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8349 0.8331 0.8337
68 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8349 0.8331 0.8338
69 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8350 0.8332 0.8338
70 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8350 0.8332 0.8338
71 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8350 0.8332 0.8339
72 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8350 0.8333 0.8339
73 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8351 0.8333 0.8339
74 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8351 0.8333 0.8339
75 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8351 0.8333 0.8340
76 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8351 0.8333 0.8340
77 1.5087 0.9366 0.9432 2.1433 0.8957 0.8997 9.8352 0.8334 0.8340
78 1.5087 0.9366 0.9432 21433 0.8957 0.8997 9.8352 0.8334 0.8340

Table 6 shows these results. Then, the condition (23) is satisfied with p(z) = t 7 and

V3+2 15exp(1) + 5¢/11 + 15¢/3 +48\ "
XP:F"( 2 )[Fq< 30 )}

It follows from Theorem 4.2 that FDg — DIP (24) is UHR stable with

09432, q=73,
. 1 ﬁ
[W-wlp<108997, g=3 ¢*xwt?2, (0>0),7€.
0.8347, g=3%,

One can see graphical representations of UHR stable X+ ;+ with three cases of g in Fig. 4.
5.2 An application: a Duffing-type oscillator

As is known, the equation of motion of a Duffing oscillator under initial conditions is
normally written

W (1) + 0q W (1) + Xow(T) + xzw(1) = Fy cos o, (27)

w(0) = r1, w'(0) = ry, where o, 71, 75 are real constants, w” + ayw is a simple harmonic os-
cillator with angular frequency /o, c;w’ is a small damping, czw? is a small nonlinearity,
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Figure 4 Graphical representation of UHR stable 1

Tgep forge {35, 5,8} in Example 5.1
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and Fj cos w7 is a small periodic forcing term with angular frequency w. In this work, the

differential equation (27) is rearranged to FDg — DIP as follows:

R'LDZ [CDZ [CDgw(r)]]

=p(t)— (Sg(r,w(t), CDZW(T)) - h(t,w(r), R‘LIZW('C))

= Fycoswt — oqw (1) — oow(T) — asw (1),
for § >0, t € Q:=[0,2]. Hence, ¢(t) = Fy cos wt,

Sg(r,w(r),CDgw(r)) = o w (1),

(7, w(t), RLIIW(T)) = 0w(T) + xaw’(T),

with u =1, 7 =0, § = &1, and &y, x3 # 0. It is obvious that Theorems 3.2, 3.4, and 4.1
confirm the existence of the solution and its stability.

6 Conclusion

The FDg — DP has been investigated in this work in detail. The investigation of this par-
ticular equation provides us with a powerful tool in modeling most scientific phenomena
without the need to remove most parameters that have an essential role in the physical
interpretation of the studied phenomena. FDg — DP (1) has been studied on a time scale
under some BCs. An application that describes the motion of a particle in the plane has
been provided to support our results’ validity and applicability in fields of physics and

engineering.
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