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Abstract
In this study, we construct a Stancu-type generalization of bivariate
Bernstein–Kantorovich operators that reproduce exponential functions. Then, we
investigate some approximation results for these operators. We use test functions to
prove a Korovkin-type convergence theorem. Then, we show the rate of convergence
by the modulus of continuity and give a Voronovskaya-type theorem. We give a
covergence comparison about bivariate Bernstein–Kantorovich–Stancu operators
and their exponential form.
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1 Introduction
The goal of approximation theory is to approximate a target function using straightfor-
ward, computable, and more useful functions. In 1912, Bernstein [1] defined the Bern-
stein operators for every function on the interval [0, 1]. Later, the various generalizations
of Bernstein polynomials were investigated in [2–4].

In addition to classical Bernstein polynomials, there are many studies on two-
dimensional Bernstein polynomials and generalizations, such as [5]. Different types of
Bernstein–Kantorovich operators have been studied in [6–9]. In [10], for n ∈ N, f ∈
L1([0, 1] × [0, 1]) Pop and Farcas constructed two variable Bernstein–Kantorovich-type
operators Kn : L1(S) → C([0, 1] × [0, 1]). For any (x, y) ∈ S, these operators are defined as:

Kn(f ; x, y) = (n + 1)2
n∑

k=0

n–k∑

j=0

pn,k,j(x, y)
∫ j+1

n+1

j
n+1

∫ k+1
n+1

k
n+1

f (t, s) dt ds,

where k, j ≥ 0.
In 2020, the Stancu variant of Bernstein–Kantorovich operators based on the shape pa-

rameter α was introduced [11]. Also, the Stancu variant of well-known operators such
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as Bernstein, Baskakov, and Szász was introduced in [12–19]. The bivariate form of Bern-
stein operators has been also studied in the literature (see, for instance, [20–27] references
therein). One of these extensions is bivariate Bernstein–Kantorovich–Stancu operators.
These operators are defined [28] for the functions f ∈ C(A), A = [0, 1] × [0, 1] as

Kα,β
m,n(f ; x, y)

= (m + β1 + 1)(n + β2 + 1)
m∑

k=0

n∑

l=0

pm,n,k(x, y)
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

f (t, s) dt ds (1)

and

pm,n,k(x, y) =
(

m
k

)(
n
l

)
xk(1 – x)m–kyl(1 – y)n–l,

where s, t ∈ [0, 1] and m, n ∈ N, α = (α1,α2), β = (β1,β2), 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2. In [22],
Aral et al. gave the modification of exponential forms of Bernstein operators as follows

Gnf (x) = Gn(f ; x) =
n∑

k=0

e–αk/ne–αxpn,k
(
an(x)

)
f
(

k
n

)
, x ∈ [0, 1], n ∈N,

where

pn,k
(
an(x)

)
=

(
n
k

)(
an(x)

)k(1 – an(x)
)n–k

and

an(x) =
eαx/n – 1
eα/n – 1

. (2)

They defined the relation of their operators between the classical Bernstein operators as

Gnf (x) = exp α(x)Bn

(
f

expα

; an(x)
)

. (3)

Here, the exponential function is symbolized as expα(x) = eαx, for a real parameter α > 0.
The generalization of Bernstein operators given by Aral et al. [22] is a particular case of
the modification introduced by Morigi and Neamtu in [29].

In 2019, Aral et al. [30] gave the Bernstein–Kantorovich operators that reproduce ex-
ponential functions for n ∈ N and α,β ,μ > 0 and x ∈ [0, 1]. They considered the operator
K̃n : C[0, 1] → [0, 1] for the functions f ∈ C[0, 1] as

K̃n(f ; x) = a′
n+1(n + 1)eμx

n∑

k=0

(
n
k

)(
an+1(x)

)k(1 – an+1(x)
)n–k

∫ k+1
n+1

k
n+1

eμt f (t) dt.

This paper consists of 6 sections. In Sect. 2, we give the definition of generalized bivariate
Bernstein–Kantorovich–Stancu operators and we obtain some auxiliary results. In Sect. 3,
we mention the rate of convergence with the help of the modulus of continuity. In Sect. 4,
we present Voronovskaya-type results. In Sect. 5, we illustrate numerical examples with
graphics. In Sect. 6, we give the conclusions.
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2 Preliminaries
In this article, we construct bivariate Bernstein–Kantorovich–Stancu operators that re-
produce exponential functions.

Definition 2.1 Let Sμ,ν = {(x, y) ∈R
2; x, y ≥ 0, rμ + rν ≤ 1} ⊂ S for each m, n ∈N and μ,ν >

0. We define Bernstein–Kantorovich–Stancu operators for the functions f ∈ C(Sμ,ν) as

K̃α,β ,μ,ν
m,n (f ; x, y)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

e–μt–νsf (t, s) dt ds, (4)

pm,n,k,l
(
rμ(x), rν(y)

)
=

(
m
k

)(
n
l

)
rμ(x)k(1 – rμ(x)

)m–krν(y)l(1 – rν(y)
)n–l,

where s, t ∈ [0, 1] and m, n ∈ N, and α = (α1,α2), β = (β1,β2), 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2.
Here,

rμ(x) =
eμx/m+β1+1 – 1
eμ/m+β1+1 – 1

, rν(y) =
eνy/n+β2+1 – 1
eν/n+β2+1 – 1

(5)

and so

r′
μ(x) =

μeμx/m+β1+1

(eμ/m+β1+1 – 1)(m + β1 + 1)
, (6)

r′
ν(y) =

νeνy/n+β2+1

(eν/n+β2+1 – 1)(n + β2 + 1)
, (7)

μ,ν > 0 are real parameters and expμ,ν
i,j represents the exponential function defined by

expμ,ν
i,j (t, s) := eiμt+jνs for 0 ≤ i, j ≤ 4.

Lemma 2.1 Let m, n ∈ N and (x, y) ∈ Sμ,ν . The following equalities hold:

K̃α,β ,μ,ν
m,n (1; x, y)

= e
μx–μ(α1+1)

m+β1+1 + νy–ν(α2+1)
n+β2+1 +μx+νy(e

–μ
m+β1+1 – e

μ(x–1)
m+β1+1 + 1

)m

× (
e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n,

K̃α,β ,μ,ν
m,n

(
eμt ; x, y

)

=
μ

(m + β1 + 1)(e
μ

m+β1+1 – 1)
e

μx
m+β1+1 + νy–ν(α2+1)

n+β2+1 +μx+νy

× (
e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n,

K̃α,β ,μ,ν
m,n

(
eνs; x, y

)

=
ν

(n + β2 + 1)(e
ν

n+β2+1 – 1)
e

νy
n+β2+1 + μx–μ(α1+1)

m+β1+1 +μx+νy
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× (
e

–μ
m+β1+1 – e

μ(x–1)
m+β1+1 + 1

)m,

K̃α,β ,μ,ν
m,n

(
e2μt ; x, y

)

= e
μx+μα1+μxm

m+β1+1 + νy–ν(α2+1)
n+β2+1 +μx+νy(e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n,

K̃α,β ,μ,ν
m,n

(
e2νs; x, y

)

= e
μx–μ(α1+1)

m+β1+1 + νy+να2+νyn
n+β2+1 +μx+νy(e

–μ
m+β1+1 – e

μ(x–1)
m+β1+1 + 1

)m,

K̃α,β ,μ,ν
m,n

(
e3μt ; x, y

)

=
e

μ
m+β1+1 + 1

2
e

μx+2μα1
m+β1+1 + νy–ν(α2+1)

n+β2+1 +μx+νy(e
–ν

n+β2+1 – e
ν(y–1)

n+β2+1 + 1
)n

× (
e

μ(x+1)
m+β1+1 – e

μ
m+β1+1 + e

μx
m+β1+1

)m,

K̃α,β ,μ,ν
m,n

(
e4μt ; x, y

)

=
e

2μ
m+β1+1 + e

μ
m+β1+1 + 1

3
e

μx+3μα1
m+β1+1 + νy–ν(α2+1)

n+β2+1 +μx+νy(e
–ν

n+β2+1 – e
ν(y–1)

n+β2+1 + 1
)n

× (
e

μ(x+2)
m+β1+1 + e

μ(x+1)
m+β1+1 – e

μ
m+β1+1 + e

μx
m+β1+1 – e

2μ
m+β1+1

)m,

K̃α,β ,μ,ν
m,n

(
eμt+νs; x, y

)

=
μνe

μx
m+β1+1 + νy

n+β2+1 +μx+νy

(n + β2 + 1)(m + β1 + 1)(e
μ

m+β1+1 – 1)(e
ν

n+β2+1 – 1)
.

Proof By taking f (t, s) = 1 in (4), we obtain

K̃α,β ,μ,ν
m,n (1; x, y)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

e–μt–νs dt ds,

= e
μx–μ(α1+1)

m+β1+1 + νy–ν(α2+1)
n+β2+1 +μx+νy(e

–μ
m+β1+1 – e

μ(x–1)
m+β1+1 + 1

)m(
e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n.

By taking f (t, s) = eμt in (4), we achieve

K̃α,β ,μ,ν
m,n

(
eμt ; x, y

)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

e–νs dt ds,

=
μ

(m + β1 + 1)(e
μ

m+β1+1 – 1)
e

μx
(m+β1+1) + νy–ν(α2+1)

(n+β2+1) +μx+νy(e
–ν

(n+β2+1) – e
ν(y–1)

(n+β2+1) + 1
)n.
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By taking f (t, s) = e2μt in (4), we obtain

K̃α,β ,μ,ν
m,n

(
e2μt ; x, y

)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

eμt–νs dt ds,

= e
μx+μα1+μxm

m+β1+1 + νy–ν(α2+1)
n+β2+1 +μx+νy(e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n.

By taking f (t, s) = e3μt in (4), we have

K̃α,β ,μ,ν
m,n

(
e3μt ; x, y

)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+a2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

e2μt–νs dt ds,

=
e

μ
m+β1+1 + 1

2
e

μx
m+β1+1 + νy

n+β2+1 + 2μα1
m+β1+1 – ν(α2+1)

n+β2+1
(
e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n

× (
e

μ(x+1)
m+β1+1 – e

μ
m+β1+1 + e

μx
m+β1+1

)m.

By taking f (t, s) = e4μt in (4), we obtain

K̃α,β ,μ,ν
n

(
e4μt ; x, y

)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

e3μt–νs dt ds,

=
e

2μ
m+β1+1 + e

μ
m+β1+1 + 1

3
e

μx
m+β1+1 + νy

n+β2+1 + 3μα1
m+β1+1 – ν(α2+1)

n+β2+1
(
e

–ν
n+β2+1 – e

ν(y–1)
n+β2+1 + 1

)n

× (
e

μ(x+2)
m+β1+1 + e

μ(x+1)
m+β1+1 – e

μ
m+β1+1 + e

μx
m+β1+1 – e

2μ
m+β1+1

)m.

By taking f (t, s) = eμt+νs in (4), we obtain

K̃α,β ,μ,ν
n

(
eμt+νs; x, y

)

= r′
μ(x)r′

ν(y)(m + β1 + 1)(n + β2 + 1)eμx+νy
m∑

k=0

n∑

l=0

pm,n,k,l
(
rμ(x), rν(y)

)

×
∫ l+α2+1

n+β2+1

l+α2
n+β2+1

∫ k+α1+1
m+β1+1

k+α1
m+β1+1

dt ds,



Su et al. Journal of Inequalities and Applications          (2024) 2024:6 Page 6 of 13

=
μνe

μx
m+β1+1 + νy

n+β2+1 +μx+νy

(n + β2 + 1)(m + β1 + 1)(e
μ

m+β1+1 –1)(e
ν

n+β2+1 –1)
.

Other results can be obtained in a similar way. �

Theorem 2.1 Let α,β ∈ (0,∞). Then, we have

lim
n→∞ K̃α,β ,μ,ν

m,n
(
expμ,ν

i,j ; x, y
)

= expμ,ν
i,j (x, y)

for (i, j) ∈ {(0, 0), (1, 0), (0, 1), (2, 0), (0, 2)}.

Proof Hereby, by choosing the test functions expμ,ν
i,j (t, s) := eiμt+jνs for

(i, j) ∈ {(0, 0), (1, 0), (0, 1)}, we obtain that

lim
m,n→∞ K̃α,β ,μ,ν

m,n (1; x, y) = 1, (8)

lim
m,n→∞ K̃α,β ,μ,ν

m,n
(
eμt ; x, y

)
= eμx, (9)

lim
m,n→∞ K̃α,β ,μ,ν

m,n
(
eνs; x, y

)
= eνy. (10)

By choosing (i, j) = (2, 0) and (i, j) = (0, 2), in (4), respectively, we obtain

lim
m,n→∞ K̃α,β ,μ,ν

m,n
(
e2μt + e2νs; x, y

)
= e2μx + e2νy. (11)�

Theorem 2.2 Let μ,ν ∈ (0,∞) and f ∈ C(Sμ,ν), then K̃α,β ,μ,ν
m,n (f ; x, y) converges to f uni-

formly.

Proof Applying the Korovkin theorem, and from (8), (9), (10), and (11),

lim
m,n→∞

∥∥K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

∥∥ C(Sμ,ν ) = 0,

where (i, j) ∈ {(0, 0), (1, 0), (0, 1), (2, 0), (0, 2)}, we obtain the desired result. �

Lemma 2.2 For any (x, y) ∈ Sμ,ν , we obtain the limits of the central moments as follows:

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m (1; x, y) – 1
)

= –μ2x(x – 1) + μ(2x + xβ1 – α1 – 1)

+ ν
(
2y + νy + β2y – α2 – 1 – νy2), (12)

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
((

eμt – eμx); x, y
))

=
μ

2
eμx(1 + 2α1 – 2x(1 + μ + β1) + 2μx2), (13)

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
((

eμt – eμx)2; x, y
))

= –μ2e2μxx(x – 1), (14)

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
((

eμt – eμx)(eνs – eνy); x, y
))

= 0, (15)

lim
m→∞ m2(K̃α,β ,μ,ν

m,m
((

eμt – eμx)4); x, y
)
) = 0, (16)

lim
m→∞ m2(K̃α,β ,μ,ν

m,m
((

eνs – eνy)4); x, y
)
) = 0. (17)
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3 Rate of convergence
The modulus of continuity ω(f , δ) for two-dimensional functions is given as follows:

ω(f , δ) = sup
{∣∣f (x, y) – f (t, s)

∣∣ : (t, s) ∈ S,
√

(t – x)2 + (s – y)2 ≤ δ
}

.

Theorem 3.1 Let f ∈ C(Sμ,ν). The following inequality holds

∣∣K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

∣∣ ≤
(

1 +
1
μ2 +

1
ν2

)
ω(f , δ),

where

δ2 =
(
e

μx
m+β1+1 + νy

n+β2+1 +μx+νy)
[(

e
μ(α1+xm)
m+β1+1 – ν(α2+1)

n+β2+1 – 2
eμx– ν(α2+1)

n+β2+1 μ

(m + β1 + 1)(e
μ

m+β1+1 – 1)

+
(
eμx + eνy)e

–μ(α1+1)
m+β1+1 – ν(α2+1)

n+β2+1
(
e

–μ
(m+β1+1) – e

μ(x–1)
(m+β1+1) + 1

)m
)(

e
–ν

(n+β2+1) – e
ν(y–1)

(n+β2+1) + 1
)n

+
(

e
ν(α2+yn)
n+β2+1 – μ(α1+1)

m+β1+1 – 2
eνy– μ(α1+1)

m+β1+1 ν

(n + β2 + 1)(e
ν

n+β2+1 – 1)

)(
e

–μ
(m+β1+1) – e

μ(x–1)
(m+β1+1) + 1

)m
]

.

Proof From the definition of the modulus of continuity, we have

∣∣K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

∣∣ ≤
(

1 +
K̃α,β ,μ,ν

m,n ((t – x)2 + (s – y)2; x, y)
δ2

)
ω(f , δ).

By using the Mean Value Theorem, we obtain

∣∣K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

∣∣

≤
{

1 +
(

1
μ2 +

1
ν2

)
K̃α,β ,μ,ν

m,n ((eμt – eμx)2 + (eνs – eνy)2; x, y)
δ2

}
ω(f , δ).

Here, if we choose

δ2 = K̃α,β ,μ,ν
m,n

((
eμt – eμx)2 +

(
eνs – eνy)2; x, y

)
,

we have

∣∣K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

∣∣ ≤
(

1 +
1
μ2 +

1
ν2

)
ω(f , δ). �

4 Voronovskaya-type theorem
In this section, we mention a Voronovskaya-type theorem for the K̃α,β ,μ,ν

m,n (f ; x, y). Let the
inverse of the exponential function for the first variable t be denoted by logν

μ and the in-
verse of the exponential function for the second variable s be shown as logμ

ν .

Theorem 4.1 Let f ∈ C(Sμ,ν). We have

lim
m→∞ m

(
K̃α,β ,μ,ν

m,n (f ; x, y) – f (x, y)
)
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= f (x, y)
(
–μ2(x – 1)x + μ(2x + xβ1 – α1 – 1)

+ 2ν(2y + νy + β2y) + 2ν
(
–α2 – 1 – νy2))

+
∂f (x, y)

∂x
(
1 + α1 – 2(1 + μ + β1)x + 2μx2)

+
∂f (x, y)

∂y
(
1 + 2α2 – 2(1 + ν + β2)y + 2νy2)

+
1
2

{(
–

∂2f (x, y)
∂x2 + μ

∂f (x, y)
∂x

)
2x(x – 1) +

(
–

∂2f (x, y)
∂y2 + ν

∂f (x, y)
∂y

)
2y(y – 1)

}

uniformly in (x, y) ∈ Sμ,ν .

Proof From Taylor’s expansion for (x, y) ∈ Sμ,ν , we have

f (t, s) = f (x, y) +
(
eμt – eμx)

[
∂

∂x
f
(
logν

μ, .
)]∣∣∣∣

(eμx ,eνy)

+
(
eνs – eνy)

[
∂

∂y
f
(
., logμ

ν

)]∣∣∣∣
(eμx ,eνy)

+
1
2

{(
eμt – eμx)2

[
∂2

∂x2 f
(
logν

μ, .
)]∣∣∣∣

(eμx ,eνy)

+
(
eνs – eνy)2

[
∂2

∂y2 f
(
., logμ

ν

)]∣∣∣∣
(eμx ,eνy)

+ 2
(
eμt – eμx)(eνs – eνy)

[
∂2

∂y∂x
f
(
logν

μ, logμ
ν

)]∣∣∣∣
(eμx ,eνy)

}

+ R(f , t, s; x, y)
((

eμt – eμx)2 +
(
eνs – eνy)2), (18)

where R(f , t, s; x, y) → 0 as (t, s) → (x, y).
By applying the operator K̃α,β ,μ,ν

m,n (.; x, y) to both sides of (18), we write

K̃α,β ,μ,ν
m,n (f ; x, y) – f (x, y)

= f (x, y)
(
K̃α,β ,μ,ν

m,n (1; x, y) – 1
)

+ K̃α,β ,μ,ν
m,n

((
eμt – eμx); x, y

)[ ∂

∂x
f
(
logν

μ, .
)]∣∣∣∣

(eμx ,eνy)

+ K̃α,β ,μ,ν
m,n

((
eνs – eνy); x, y

)[ ∂

∂y
f
(
., logμ

ν

)]∣∣∣∣
(eμx ,eνy)

+
1
2

{
K̃α,β ,μ,ν

m,n
((

eμt – eμx)2; x, y
)[ ∂2

∂x2 f
(
logν

μ, .
)]∣∣∣∣

(eμx ,eνy)

+ 2K̃α,β ,μ,ν
m,n

((
eμt – eμx)(eνs – eνy); x, y

)[ ∂2

∂y∂x
f
(
logν

μ, logμ
ν

)]∣∣∣∣
(eμx ,eνy)

+ K̃α,β ,μ,ν
m,n

((
eνs – eνy)2; x, y

)[ ∂2

∂y2 f
(
., logμ

ν

)]∣∣∣∣
(eμx ,eνy)

}

+ K̃α,β ,μ,ν
m,n

(
R(f , t, s; x, y)

((
eμt – eμx)2 +

(
eνs – eνy)2); x, y

)
. (19)
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Hence, we have the following derivatives:

[
∂f (logν

μ, .)
∂x

]∣∣∣∣
(eμx ,eνy)

=
e–μx

μ

∂f (x, y)
∂x

,

[
∂2f (logν

μ, .)
∂x2

]∣∣∣∣
(eμx ,eνy)

= e–2μx
(

1
μ2

∂2f (x, y)
∂x2 –

1
μ

∂f (x, y)
∂x

)
,

[
∂2f (logν

μ, logμ
ν )

∂y∂x

]∣∣∣∣
(eμx ,eνy)

=
e–(μx+νy)

μν

∂f (x, y)
∂y∂x

(20)

and by substituting (20) into (19) and then by taking the limit we obtain

lim
m→∞ m

(
K̃α,β ,μ,ν

m,n (f ; x, y) – f (x, y)
)

= f (x, y) lim
m→∞ m

(
K̃α,β ,μ,ν

m,m (1; x, y) – 1
)

+
e–μx

μ

∂f (x, y)
∂x

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
((

eμt – eμx); x, y
))

+
e–νy

ν

∂f (x, y)
∂y

lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
((

eνs – eνy); x, y
))

+
1
2

{
e–2μx

(
1
μ2

∂2f (x, y)
∂x2 –

1
μ

∂f (x, y)
∂x

)
lim

m→∞ m
(
K̃α,β ,μ,ν

m,m
((

eμt – eμx)2; x, y
))

+
2

μν
e–(μx+νy) ∂f (x, y)

∂y∂x
lim

m→∞ m
(
K̃α,β ,μ,ν

m,m
((

eμt – eμx)(eνs – eνy); x, y
))

+ e–2νy
(

1
ν2

∂2f (x, y)
∂y2 –

1
ν

∂f (x, y)
∂y

)
lim

m→∞ m
(
K̃α,β ,μ,ν

m,m
((

eνs – eνy)2; x, y
))}

+ lim
m→∞ m

(
K̃α,β ,μ,ν

m,m
(
R(f , t, s; x, y)

((
eμt – eμx)2 +

(
eνs – eνy)2); x, y

))
.

By using equalities (12)–(17), we obtain

lim
m→∞ m

(
K̃α,β ,μ,ν

m,n (f ; x, y) – f (x, y)
)

= f (x, y)
(
–μ2(x – 1)x + μ(2x + xβ1 – α1 – 1)

+ ν
(
2y + νy + β2y – α2 – 1 – νy2)) +

∂f (x, y)
∂x

(
1
2

+ α1 – (1 + μ + β1)x + μx2
)

+
∂f (x, y)

∂y

(
1
2

+ α2 – (1 + ν + β2)y + νy2
)

+
1
2

{(
–

∂2f (x, y)
∂x2 + μ

∂f (x, y)
∂x

)
x(x – 1)

+
(

–
∂2f (x, y)

∂y2 + ν
∂f (x, y)

∂y

)
y(y – 1)

}

+ lim
m→∞ m(K̃α,β ,μ,ν

m,m
(
R(f , t, s; x, y)

(
eμt – eμx)2; x, y

)

+ lim
m→∞ m(K̃α,β ,μ,ν

m,m
(
R(f , t, s; x, y)

(
eνs – eνy)2; x, y

)
. (21)

When we apply the Cauchy–Schwarz inequality to (21), we obtain

mK̃α,β ,μ,ν
m,m

(
R(t, s; x, y)

((
eμt – eμx)2 : x, y

)
+ mK̃α,β ,μ,ν

m,m
(
R(t, s; x, y)

(
eνs – eνy)2); x, y

)
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≤
√

K̃α,β ,μ,ν
m,m

(
R2(t, s; x, y)

)(√
m2K̃α,β ,μ,ν

m,m
((

eμt – eμx
)4; x, y

)

+
√

m2K̃α,β ,μ,ν
m,m

((
eνs – eνy

)4; x, y
))

.

Since R(t, s; x, y) → 0 as (t, s) → (x, y),

lim
m→∞ K̃α,β ,μ,ν

m,m
(
R(t, s; x, y); x, y

)
= 0

is verified uniformly in C(Sμ,ν). By using (16) and (17), we achieve the desired result. �

5 Graphical and numerical analysis
In this section, we give a graphical and numerical analysis of K̃α,β ,μ,ν

m,n (f ; x, y) operators that
illustrate the modeling of the approximation for the function f .

Example 5.1 Let f (x, y) = cos(x+1) cos(y+1)
ex+y+5 for x, y ∈ [0.1, 0.9]. In Fig. 1, we show the graphs of

K̃α,β ,μ,ν
m,n (f ; x, y) operators for fixed α1 = α2 = β1 = β2 = 1, the various values of μ = ν ∈

{1, 2, 3} and m = n ∈ {70, 80, 90}.

Figure 1 Graphs of K̃α,β ,μ,ν
m,n (f ; x, y) operators for α1 = α2 = β1 = β2 = 1 and for the various values of μ and ν

Table 1 Error table for fixed μ = ν ∈ {1, 2, 3} with different values of α and β

μ = ν α1 = α2 β1 = β2 ‖̃Kα,β ,μ,ν
70,70 (f ) – f‖ ‖̃Kα,β ,μ,ν

80,80 (f ) – f‖ ‖̃Kα,β ,μ,ν
90,90 (f ) – f‖

1 1 1 0.00015218 0.00013448 0.00012046
2 1 1 0.00014441 0.00016100 0.00018188
3 1 1 0.00020645 0.00018297 0.00016428
1 10 10 0.00016428 0.00071263 0.00066243
1 100 100 0.00046861 0.00042362 0.00038641
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We calculate the maximum errors of ‖K̃α,β ,μ,ν
m,n (f ) – f ‖ for the function f (x, y) =

cos(x+1) cos(y+1)
ex+y+5 by choosing x = y ∈ [0.1, 0.9] and step size h = 0.1 in Table 1 for m = n ∈

{70, 80, 90}.

Example 5.2 Let f (x, y) = ex+y. We give in Fig. 2 the graphs for K̃5,10,0.9,0.9
70,70 (f ; x, y),

K̃10,20,0.9,0.9
70,70 (f ; x, y), and K̃25,50,0.9,0.9

70,70 (f ; x, y) for x = y ∈ [0.1, 0.9].

We calculate the maximum errors of ‖K̃α,β ,μ,ν
m,n (f ) – f ‖ for the function f (x, y) = ex+y by

choosing x = y ∈ [0.1, 0.9], μ = ν = 1 and step size h = 0.1 in Table 2 for m = n ∈ {70, 80, 90}.
In Table 3, by choosing f (x, y) = ex+y, we give the comparison of K̃α,β

m,n(f ; x, y) and our new
bivariate Bernstein–Kantorovich–Stancu operators K̃α,β ,μ,ν

m,n (f ; x, y).

Figure 2 Graphs of K̃α,β ,μ,ν
m,n (f ; x, y) operators form = n = 70 and different values of α , β , μ, and ν

Table 2 Error table for fixed μ = ν = 1 with different values of α and β

α1 = α2 = β1 = β2 ‖̃Kα,β ,1,1
70,70 (f ) – f‖ ‖̃Kα,β ,1,1

80,80 (f ) – f‖ ‖̃Kα,β ,1,1
90,90 (f ) – f‖

1 0.0342 0.0300 0.0267
10 0.0642 0.0567 0.0507
100 0.0484 0.0434 0.0394
1000 0.0364 0.0322 0.0288
10000 0.0344 0.0302 0.0269

Table 3 Comparison of K̃α,β ,1,1
90,90 (f ; x, y) and K̃α,β

90,90(f ; x, y) for different values of α and β

α1 = α2 β1 = β2 ‖̃Kα,β ,1,1
90,90 (f ) – f‖ ‖̃Kα,β

90,90(f ) – f‖
1 5 0.0520 0.1970
5 10 0.0507 0.2709
10 10 0.0507 0.7197
10 100 0.0394 1.6340
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6 Conclusion
In this work, we construct the exponential bivariate Bernstein–Kantorovich–Stancu op-
erators. Then, we calculate the rate of convergence with the modulus of continuity of the
functions defined on C(Sμ,ν). Also, we give the Voronovskaya-type theorem. Finally, the
error tables of the exponential bivariate Berntein–Kantorovich operators are given for dif-
ferent values of m, n,μ,ν,α, and β .
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