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1 Preliminaries
For proceeding smoothly, we recall from [27] some definitions and related results.

A continuous convex function � (t) on [0, � ) is called a Young function if it satisfies

lim
t� 0+

� (t)
t

= 0 and lim
t��

� (t)
t

= � .

For a Young function � (t), its complementary Young function is denoted by � (t).
A function � : [0, � ) � R is said to be star-shaped if � (� t) � �� (t) for all � � [0, 1] and

t � 0. A real function � defined on a set S � Rn is said to be super-additive if s, t � S im-
plies s + t � S and � (s + t) � � (s) + � (t). See [21, Chap. 16] and [23, Sect. 3.4]. Among
convex functions, star-shaped functions, and super-additive functions, the following re-
lations hold true:

1) If � is convex on [0, � ) with � (0) � 0, then � is star-shaped;
2) If � : [0, � ) � R is star-shaped, then � is super-additive.

See [21, pp. 650–651, Section B.9], [24, p. 706], [25, pp. 616–617], or [26, Lemma 2.2].
Therefore, a Young function � (t) is both star-shaped and super-additive.

A Young function � (t) is said to satisfy the � 2-condition, denoted by � � � 2, if there
exist t0 � 0 and C � 1 such that � (2t) � C� (t) for t � t0.

Throughout the paper we shall use the following standard notations:

N = {1, 2, . . .}, N0 = {0, 1, 2, . . .},
�

n
k

�
=

n!
k!(n – |k|)!

,
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k = (k1, k2, . . . , km) � Nm
0 , k! = k1!k2! · · · km!, |k| =

m�

i=1

ki,

x = (x1, x2, . . . , xm) � Rm, xk = xk1
1 xk2

2 · · · xkm
m , |x| =

m�

i=1

xi,

��

k=0

=
��

k1=0

��

k2=0

· · ·
��

km=0

, Dk = Dk1
1 Dk2

2 · · · Dkm
m , Dr

i =
� r

� xr
i
,

and

Rm
0 =

�
x = (x1, x2, . . . , xm) � Rm : 0 � xi < � , 1 � i � m

�

for m � N and r � N.
Let � (t) be a Young function. We define the Orlicz class L� (Rm

0 ) as the collection of all
Lebesgue measurable functions f (x) on Rm

0 for which

� (f , � ) =
�

R
m
0

�
� 		f (x)

	
	
 dx < � .

We also define the Orlicz space L�
� (Rm

0 ) as the set of all Lebesgue measurable functions
f (x) on Rm

0 , such that
�
R

m
0

� (|	 f (x)|) dx < � for some 	 > 0. The Orlicz space is a Banach
space under the Luxemburg norm

	 f 	 (� ) = inf

 >0

�

 : �

�
f



, �
�

� 1



.

The Orlicz norm, an equivalence of the Luxemburg norm on L�
� (Rm

0 ), is given by

	 f 	 � = sup
� (g,� )� 1

	
	
	
	

�

R
m
0

f (x)g(x) dx

	
	
	
	

and satisfies

	 f 	 (� ) � 	 f 	 � � 2	 f 	 (� ). (1)

If � (u) = up

p for 1 < p < � , then the complementary function becomes � (u) = |u|q

q with
1
p + 1

q = 1, and then L�
� (Rm

0 ) = Lp(Rm
0 ). So the Orlicz spaces L�

� (Rm
0 ) are more general than

the classical Lp(Rm
0 ) spaces which are composed of measurable functions f (x) such that

|f (x)|p are integrable.
Throughout this paper we use C to denote a constant independent of n and x, which

may be not necessarily the same in different cases.
For x � Rm

0 , we introduce weight functions

� (x) =
�

x(1 + x)

for m = 1 and

� i(x) =
�

xi
�
1 + |x|
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for m > 1 and 1 � i � m. We also define the weighted Sobolev space

W r,�
�

�
Rm

0



=
�

f � L�
�

�
Rm

0



: Dk f � A.C.loc
� 

Rm

0


, � r

i Dr
i f � L�

�

�
Rm

0

�

,

where |k| � r and



Rm
0 is the interior of Rm

0 .
The modified Peetre K-functionals are defined by

K̄r,�
�
f , tr


� = inf

�

	 f – g	 � + tr
m�

i=1

�
� � r

i Dr
i g

�
�

� + t2r
m�

i=1

�
� Dr

i g
�
�

� : g � W r,�
�

�
Rm

0


�

and

�Kr,�
�
f , tr


� = inf
�
	 f – g	 � + tr max

1� i� m

�
� � r

i Dr
i g

�
�

� : g � W r,�
�

�
Rm

0

 �

for t > 0.
For any vector e � Rm, we write

� r
hef (x) =

�
�

�

� r
i=0

� r
i


(–1)if (x + ihe), x,x + rhe � Rm

0 ,

0, otherwise

for the rth forward difference of a function f in the direction of e. We define the modulus
of smoothness of f � L�

� (Rm
0 ) as

� r,� (f , t)� = sup
0<h� t

m�

i=1

�
� � r

h� iei
f
�
�

� .

2 Motivations and main results
Between the modulus of smoothness and the K-functional there exists the following
equivalent theorems.

Theorem A ([13]) Let f � L�
� (Rm

0 ) and r � N. Then there exist some constants C and t0

such that

� r,� (f , t)�

C
� K̄r,�

�
f , tr


� � C� r,� (f , t)� , 0 < t � t0. (2)

Theorem B ([31]) Let f � L�
� (Rm

0 ) and r � N. Then there exist some constants C and t0

such that

� r,� (f , t)�

C
� �Kr,�

�
f , tr


� � C� r,� (f , t)� , 0 < t � t0. (3)

Let

pn,k(x) =
�

n + k – 1
k

�
xk

(1 + x)n+k , x � [0, � ), n � N.
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The well-known Baskakov operators were defined in [2] as

Bn(f , x) =
��

k=0

pn,k(x)f
�

k
n

�
.

These operators can be used to approximate any function f defined on [0, � ). For f �

Lp[0, � ) and 1 � p < � , the Baskakov–Durrmeyer operators were defined in [17] as

Vn,1(f , x) =
��

k=0

pn,k(x)(n – 1)
� �

0
pn,k(t)f (t) dt, x � [0, � ).

For a function f defined on Rm
0 , the multivariate Baskakov operators were defined in [5]

as

Bn,m(f ,x) =
��

k=0

f
�

k
n

�
pn,k(x),

where

pn,k(x) =
�

n + |k| – 1
k

�
xk

(1 + |x|)n+|k|
.

The multivariate Baskakov–Durrmeyer operators were defined in [4] as

Vn,m(f ,x) =
��

k=0

pn,k(x)Qn,k,m(f ), f � Lp
�
Rm

0


,

where

Qn,k,m(f ) =

�
R

m
0

pn,k(u)f (u) du
�
R

m
0

pn,k(u) du
=

m�

k=1

(n – k)
�

R
m
0

pn,k(u)f (u) du.

There are many approximation results about one variable operator of the Baskakov type
in C[0, � ) or Lp[0, � ), see [1, 2, 7–9, 15, 17–19, 29, 30]. But there are few approxima-
tion results about multivariate Baskakov type operators (see [4, 5, 13, 22]) or multivariate
Durrmeyer type operators (see [3, 20]).

In the paper [4], Cao and An obtained the strong direct inequality

�
� Vn,m(f ) – f

�
�

p � C
�

� 2,�

�
f ,

1
�

n

�

p
+

1
n

	 f 	 p

�

in Lp(Rm
0 ). In [10–12, 14–16], we obtained approximation properties for positive and linear

operators in Orlicz space. In particular, we acquired the direct theorem of multivariate
Baskakov–Kantorovich operators in Orlicz space in [13].

In this paper, we will discover not only the direct theorem, but also the weak type inverse
theorem for the multivariate Baskakov–Durrmeyer operators Vn,m(f ,x).

Our main results can be stated in the following two theorems.
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Theorem 1 (Direct theorem) Let f � L�
� (Rm

0 ), � � � 2, and n > m for n, m � N. Then

�
� Vn,m(f ) – f

�
�

� � C
�

� 2,�

�
f ,

1
�

n

�

�
+

	 f 	 �

n

�
.

Theorem 2 (Weak type inverse theorem) Let f � L�
� (Rm

0 ) and n > m for n, m � N. Then

� 2,�

�
f ,

1
n

�

�
�

C
n

n�

k=1

�
� Vk,m(f ) – f

�
�

� .

Remark 1 Theorem 1 is a generalization of [4, Theorem 2.2].

3 Proof of direct theorem
In order to prove the direct theorem, we need several lemmas.

Lemma 1 Let f � L�
� (Rm

0 ) and n > m for n, m � N. Then

�
� Vn,m(f )

�
�

� � 2	 f 	 � .

Proof Employing the decomposition formula

Vn,m(f ,x) =
��

k1=0

pn,k1 (x1)(n – 1)
� �

0
pn,k1 (u1) du1

×
��

k2=0

pn+k1,k2

�
x2

1 + x1

�
(n – 2)

� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
��

km=0

pn+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�
(n – m)

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�
f (u1, . . . , um) dum (4)

and Jensen’s inequality, we obtain

�
� Vn,m(f )

�
�

(� ) = inf

 >0

�


 :
�

R
m
0

�

�
1



	
	
	
	
	

��

k1=0

pn,k1 (x1)(n – 1)
� �

0
pn,k1 (u1) du1

×
��

k2=0

pn+k1,k2

�
x2

1 + x1

�
(n – 2)

� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
��

km=0

pn+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�
(n – m)

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�

× f (u1, . . . , um) dum

	
	
	
	
	

�

dx � 1

�
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� inf

 >0

�


 :
�

R
m
0

��

k1=0

pn,k1 (x1)
��

k2=0

pn+k1,k2

�
x2

1 + x1

�
· · ·

×
��

km=0

pn+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�

× �

� m�

k=1

(n – k)
� �

0
pn,k1 (u1) du1

� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�
|f (u1, u2, . . . , um)|



dum

�

dx � 1

�

= inf

 >0

�


 :
��

k1=0

� �

0
pn,k1 (x1)(1 + x1) dx1

��

k2=0

� �

0
pn+k1,k2

�
x2

1 + x1

�
(1 + x1

+ x2) d
�

x2

1 + x1

�
· · ·

��

km–1=0

� �

0
pn+

� m–2
� =1 k� ,km–1

�
xm–1

1 +
� m–2

k=1 xk

�

×

�

1 +
m–1�

k=1

xk

�

d
�

xm–1

1 +
� m–2

k=1 xk

�

×
��

km=0

� �

0
pn+

� m–1
� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�
d
�

xm

1 +
� m–1

� =1 x�

�

× �

� m�

k=1

(n – k)
� �

0
pn,k1 (u1) du1

� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�
|f (u1, u2, . . . , um)|



dum

�

� 1

�

= inf

 >0

�


 :
��

k1=0

��

k2=0

· · ·
��

km=0

1
� m

� =1(n – � )
�

� m�

� =1

(n – � )
� �

0
pn,k1 (u1) du1

×
� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�

×
|f (u1, u2, . . . , um)|



dum

�

� 1

�

= inf

 >0

�


 :
��

k1=0

· · ·
��

km=0

1
� m

� =1(n – � )
�

� m�

� =1

(n – � )
� �

0
pn,k1 (u1)(1 + u1) du1

×
� �

0
pn+k1,k2

�
u2

1 + u1

�
(1 + u1 + u2) d

�
u2

1 + u1

�
· · ·

� �

0

�

1 +
m–1�

k=1

uk

�

× pn+
� m–2

� =1 k� ,km–1

�
um–1

1 +
� m–2

� =1 u�

�
d
�

um–1

1 +
� m–2

� =1 u�

�

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�

×
|f (u1, u2, . . . , um)|



d
�

um

1 +
� m–1

� =1 u�

� �

� 1

�
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� inf

 >0

�


 :
��

k1=0

· · ·
��

km=0

1
(n – 1) · · · (n – m – 1)

� �

0
pn–m+1,k1 (u1) du1

× (n + k1 – m + 1)
� �

0
pn+k1–m+2,k2

�
u2

1 + u1

�
d
�

u2

1 + u1

�
· · ·

×

�

n – 1 +
m–1�

� =1

k�

� � �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�

× �
�

|f (u1, u2, . . . , um)|



�
d
�

um

1 +
� m–1

� =1 u�

�
� 1

�

= inf

 >0

�


 :
��

k1=0

· · ·
��

km=0

n + k1 – m + 1
n – 1

n + k1 + k2 – m + 2
n – 2

· · ·

×
n +

� m–1
� =1 k� – 1

n – m + 1

� �

0
pn–m+1,k1 (u1) du1

� �

0
pn+k1–m+2,k2

�
u2

1 + u1

�

× d
�

u2

1 + u1

�
· · ·

� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�

× �
�

|f (u1, u2, . . . , um)|



�
d
�

um

1 +
� m–1

� =1 u�

�
� 1

�

= inf

 >0

�

 :

� �

0
du1

� �

0
du2 · · ·

� �

0
�

�
|f (u1, u2, . . . , um)|




�
dum � 1




= 	 f 	 (� ).

By the double Inequality (1), we complete the proof of Lemma 1. �

Lemma 2 Let f � L�
� (R2

0), � � � 2, and n > 2. Then

�
� Vn,2(f ) – f

�
�

� �
C
n

�

	 f 	 � +
2�

i=1

�
� � 2

i D2
i f

�
�

�

�

.

Proof Let

z =
x2

1 + x1
and gu1 (t) = f

�
u1, (1 + u1)t




for 0 � t < � . Utilizing the decomposition formula

Vn,2(f ,x) =
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1) du1

×
��

k2=0

pn+k1,k2

�
x2

1 + x1

�
(n + k1 – 1)

×
� �

0
pn+k1,k2

�
u2

1 + u1

�
f
�

u1, (1 + u1)
u2

1 + u1

�
d
�

u2

1 + u1

�
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yields

Vn,2(f ,x) – f (x) =
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

�
Vn+k1,1(gu1 , z)

– gu1 (z)


du1 + V �

n,1
�
h(·), x1



– h(x1), (5)

where

h(u1) = h(u1,x) � f
�

u1,
(1 + u1)x2

1 + x1

�
, 0 � u1 < � ,

the notation � means “define”, and

V �
n,1(g, x) =

��

i=0

pn,i(x)(n – 2)
� �

0
pn–1,i(t)g(t) dt.

Now we start out to estimate

J1 =
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

�
Vn+k1,1(gu1 , z) – gu1 (z)



du1.

From [17], we obtain

	
	Vn,1(f , x) – f (x)

	
	 �

C
n

� 		f (x)
	
	 +

	
	 � 2(x)f ��(x)

	
	� . (6)

From the Inequality (6), Jensen’s inequality, and the convexity of � (t), it follows

� �

0

� �

0
�

�
1



|J1|
�

dx1 dx2

=
� �

0

� �

0
�

�
1



	
	
	
	
	

��

k1=0

pn,k1 (x1)(n – 2)

×
� �

0
pn–1,k1 (u1)

�
Vn+k1,1(gu1 , z) – gu1 (z)



du1

	
	
	
	
	

�

dx1 dx2

�
� �

0

� �

0

��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

× �
�

1



	
	Vn+k1,1(gu1 , z) – gu1 (z)

	
	
�

du1 dx1 dx2

�
� �

0

� �

0

��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

× �
�

C

 (n + k1)

� 		gu1 (z)
	
	 +

	
	 � 2(z)g ��

u1 (z)
	
	 


�
du1 dx1 dx2

=
��

k1=0

� �

0
pn,k1 (x1)(1 + x1) dx1(n – 2)

� �

0
pn–1,k1 (u1) du1
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×
� �

0
�

�
C


 (n + k1)
� 		gu1 (z)

	
	 +

	
	� 2(z)g ��

u1 (z)
	
	


�
dz

=
��

k1=0

n + k1 – 1
n – 1

� �

0
pn–1,k1 (u1) du1

×
� �

0
�

�
C


 (n + k1)
� 		gu1 (z)

	
	 +

	
	� 2(z)g ��

u1 (z)
	
	


�
dz

�
��

k1=0

� �

0
pn–1,k1 (u1) du1

×
� �

0
�

�
C(n + k1 – 1)


 (n – 1)(n + k1)
� 		gu1 (z)

	
	 +

	
	� 2(z)g ��

u1 (z)
	
	


�
dz

�
��

k1=0

� �

0
pn–1,k1 (u1) du1

� �

0
�

�
C
n


� 		gu1 (z)
	
	 +

	
	� 2(z)g ��

u1 (z)
	
	 


�
dz

=
� �

0
du1

� �

0
�

�
C
n


� 		gu1 (z)
	
	 +

	
	� 2(z)g ��

u1 (z)
	
	 


�
dz

�
1
2

� �

0
du1

� �

0
�

�
C
n


	
	gu1 (z)

	
	
�

dz

+
1
2

� �

0
du1

� �

0
�

�
C
n


	
	 � 2(z)g ��

u1 (z)
	
	
�

dz.

On the other hand, by definition, we can deduce

� 2(t)g ��
u1 (t) = t(1 + t)(1 + u1)2D2

2f
�
u1, (1 + u1)t



=

�
� 2

2D2
2f


�
u1, (1 + u1)t




and

� �

0

� �

0
�

�
1



|J1|
�

dx1 dx2

�
1
2

� �

0

du1

1 + u1

� �

0
�

�
C
n


	
	
	
	f

�
u1,

(1 + u1)x2

1 + x1

� 	
	
	
	

�
d
�

(1 + u1)x2

1 + x1

�

+
1
2

� �

0

du1

1 + u1

� �

0
�

�
C
n


	
	
	
	
�
� 2

2D2
2f



�

u1,
(1 + u1)x2

1 + x1

� 	
	
	
	

�
d
�

(1 + u1)x2

1 + x1

�

�
1
2

� �

0
du1

� �

0
�

�
C
n


	
	f (u1, u2)

	
	
�

du2

+
1
2

� �

0
du1

� �

0
�

�
C
n


	
	� � 2

2D2
2f



(u1, u2)

	
	
�

du2.

(7)

To estimate the second term J2 = V �
n,1(h(·), x1) – h(x1), we use a similar method as esti-

mating (6) and acquire

	
	V �

n,1(f , x) – f (x)
	
	 �

C
n

� 		f (x)
	
	 +

	
	 � 2(x)f ��(x)

	
	� . (8)
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By the Inequality (8) and the convexity of � (t), we arrive at

�

R
2
0

�
�

1



|J2|
�

dx =
� �

0

� �

0
�

�
1



	
	V �

n,1
�
h(·), x1



– h(x1)

	
	
�

dx1 dx2

�
� �

0

� �

0
� (

C
n


� 		h(x1)
	
	 +

	
	� 2(x1)h��(x1)

	
	
 dx1 dx2

�
1
2

� �

0

� �

0
�

�
C
n


	
	h(x1)

	
	
�

dx1 dx2

+
1
2

� �

0

� �

0
�

�
C
n


	
	 � 2(x1)h��(x1)

	
	
�

dx1 dx2.

When denoting � 12(x) = � 21(x) � � x1x2, D2
12 = � 2

� x1� x2
, and D2

21 = � 2

� x2� x1
, we can write

	
	� 2(u)h��(u)

	
	 =

	
	
	
	u(1 + u)

�
D2

1f +
x2

1 + x1
D2

12f +
x2

1 + x1
D2

21f

+
x2

2
(1 + x1)2 D2

22f
 �

u, (1 + u)
x2

1 + x1

� 	
	
	
	

=
	
	
	
	

�
1 + x1

1 + x1 + x2
� 2

1D2
1f + � 2

12D2
12f + � 2

21D2
21f

+
u

1 + u
x2

1 + x1 + x2
� 2

2D2
2f

��
u, (1 + u)

x2

1 + x1

� 	
	
	
	 .

By virtue of the facts that � 12(x) is not bigger than � 1(x) or � 2(x) and that

	
	D2

12f (x)
	
	 � sup

� 	
	D2

1f (x)
	
	 ,

	
	D2

2f (x)
	
	�

in [6, Lemma 2.1], we obtain

�

R
2
0

�
�

C

 n

�
� 2	

	h��
	
	 , x1



�

dx �
�

R
2
0

�

�
C

 n

2�

i=1

	
	� � 2

i D2
i f



(x)

	
	

�

dx

and

�

R
2
0

�
�

1



|J2|
�

dx �
1
2

�

R
2
0

�
�

C

 n

	
	f (x)

	
	
�

dx

+
1
2

�

R
2
0

�

�
C

 n

2�

i=1

	
	� � 2

i D2
i f



(x)

	
	

�

dx.

Combining the above inequality with (5) and (7) and paying attention to computation
formulas of norm and the double Inequality (1) yield

�
� Vn,2(f ) – f

�
�

� � 	 J1	 � + 	 J2	 � �
C
n

�

	 f 	 � +
2�

i=1

�
� � 2

i D2
i f

�
�

�

�

.

The proof of Lemma 2 is complete. �
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Proof of Theorem 1 Our proof is based on induction on the dimension m and on a decom-
position for the Baskakov–Durrmeyer operator.

For m � 1, the proof of Theorem 1 follows from combining Lemmas 1 and 2 with the
estimates

�
� Vn,m(f ) – f

�
�

� � C

�
�

�
	 f 	 � , f � L�

� (Rm
0 ),

1
n

� m
i=1 	 � 2

i D2
i f 	 � + 	 f 	 � , f � W 2,�

� (Rm
0 ).

(9)

The first estimate in (9) can be derived from Lemma 1. By Lemma 2, the second estimate
in (9) is valid for m = 1, 2. If the second estimate in (9) is valid for m = r � 2, that is

�
� Vn,r(f ) – f

�
�

� �
C
n

r�

i=1

�
� � 2

i D2
i f

�
�

� + 	 f 	 � , (10)

then we have to further verify its validity for m = r + 1.
Let

x� = (x2, x3, . . . , xr+1), x =
�
x1,x� 


� Rr+1
0 ,

k� = (k2, k3, . . . kr+1), k =
�
k1,x� 


� Nr+1
0 ,

z =
x�

1 + x1
=

�
x2

1 + x1
, . . . ,

xr+1

1 + x1

�
= (z1, . . . , zr),

t � =
u�

1 + u1
=

�
u2

1 + u1
, . . . ,

ur+1

1 + u1

�
= (t1, . . . , tr).

We claim that the decomposition formula

Vn,r+1(f ,x) =
��

k1=0

pn,k1 (x1)(n – 1)
� �

0
pn,k1 (u1) du1

×
��

k� =0

pn+k1,k�

�
x�

1 + x1

�
(n – 2) · · · (n – r – 1)

×
�

R
r
0

pn+k1,k�

�
u�

1 + u1

�
f
�
u1,u� 


du�

=
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1) du1

��

k� =0

pn+k1,k�

�
x�

1 + x1

�

×
(n – 3) · · · (n – r – 1)

(n – 2 + k1) · · · (n + k1 – r)
(n + k1 – 1)(n – 2 + k1) · · · (n + k1 – r)

×
�

R
r
0

pn+k1,k�

�
u�

1 + u1

�
f
�

u1, (1 + u1)
u�

1 + u1

�
d
�

u�

1 + u1

�

�
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1) du1

��

k� =0

pn+k1,k� (z)(n + k1 – 1) · · ·
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× (n + k1 – r)
�

R
r
0

pn+k1,k�
�
t � 


f
�
u1, (1 + u1)t � 


dt �

=
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)Vn+k1,r

�
gu1 (·),z



du1

is valid, where gu1 (t) = f (u1, (1 + u1)t) for 0 � t < � . From the above formula, it follows
that

Vn,r+1(f ,x) – f (x) �
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

×
�
Vn+k1,r

�
gu1 (·),z



– gu1 (z)

�
du1

+ V �
n,1

�
h(·), x1



– h(x1)

� T1 + T2,

(11)

where

h(u1) � h(x1,x) � f
�

u1, (1 + u1)
x�

1 + x1

�
, 0 � u1 < � .

By the inequality

�

R
r
0

�
�

1



	
	Vn,r(f ,x) – f (x)

	
	
�

dx

�
�

R
r
0

�

�
C
n


r�

i=1

	
	� � 2

i D2
i f



(x)

	
	

�

dx +
�

R
r
0

�
�

C
n


	
	f (x)

	
	
�

dx,

which can be obtained from (10) and Jensen’s inequality, we arrive at

�

R
r+1
0

�
�

1



|T1|
�

dx =
�

R
r+1
0

�

�
1



	
	
	
	
	

��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

×
�
Vn+k1,r

�
gu1 (·),z



– gu1 (z)

�
du1

	
	
	
	
	

�

dx

�
�

R
r+1
0

��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1)

× �
�

1



	
	Vn+k1,r

�
gu1 (·),z



– gu1 (z)

	
	
�

du1 dx

=
��

k1=0

� �

0
pn,k1 (x1)(1 + x1) dx1(n – 2)

� �

0
pn–1,k1 (u1) du1

×
�

R
r
0

�
�

1



	
	Vn+k1,r

�
gu1 (·),z



– gu1 (z)

	
	
�

dz

=
��

k1=0

n + k1 – 1
n – 1

� �

0
pn–1,k1 (u1) du1
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×
�

R
r
0

�
�

1



	
	Vn+k1,r

�
gu1 (·),z



– gu1 (z)

	
	
�

dz

�
��

k1=0

� �

0
pn–1,k1 (u1) du1

×
�

R
r
0

�
�

n + k1 – 1

 (n – 1)

	
	Vn+k1,r

�
gu1 (·),z



– gu1 (z)

	
	
�

dz

�
��

k1=0

� �

0
pn–1,k1 (u1) du1

×

! �

R
r
0

�

�
C
n


r�

i=1

	
	� � 2

i D2
i gu1



(z)

	
	

�

dz

+
�

R
r
0

�
�

C
n


	
	gu1 (z)

	
	
�

dz

"

.

On the other hand, by definition, we can deduce

� 2
i (x)D2

i gu1 (x) = xi
�
1 + |x|



(1 + u1)2D2

i+1f
�
u1, (1 + u1)x




=
�
� 2

i+1D2
i+1f


�
u1, (1 + u1)x



.

As a result, we obtain

�

R
r+1
0

�
�

1



|T1|
�

dx

�
� �

0

��

k1=0

pn–1,k1 (u1) du1

! �

R
r
0

�

�
C
n


r+1�

i=1

×
	
	� � 2

i D2
i f


�
u1, (1 + u1)z


 		

�

dz +
�

R
r
0

�
�

C
n


	
	f

�
u1, (1 + u1)z


 		
�

dz

"

�
� �

0
du1

�

R
r
0

�

�
C
n


r+1�

i=1

	
	 � � 2

i D2
i f


�
u1, (1 + u1)z


 		

�

d
�
(1 + u1)z




+
� �

0
du1

�

R
r
0

�
�

C
n


	
	f

�
u1, (1 + u1)z


 		
�

d
�
(1 + u1)z



(12)

=
�

R
r+1
0

�

�
C
n


r+1�

i=1

	
	� � 2

i D2
i f



(u)

	
	

�

du +
�

R
r+1
0

�
�

C
n


	
	f (u)

	
	
�

du.

By the Inequality (8) and the convexity of � (t), we acquire

�

R
r+1
0

�
�

1



|T2|
�

dx =
�

R
r+1
0

�
�

1



	
	V �

n,1
�
h(·), x1



– h(x1)

	
	
�

dx

�
�

R
r+1
0

�
�

C
n


� 		h(x1)
	
	 + � 2(x1)

	
	h��(x1)

	
	


�
dx.
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Denoting � ij(x) = � xixj for 1 � i < j � r + 1 and D2
ij = � 2

� xi� xj
, we have

� 2(u)h��(u) = u(1 + u)

!

D2
1f +

r+1�

i=2

xi

1 + x1
D2

1if +
r+1�

i=2

xi

1 + x1
D2

i1f

+
r+1�

i=2

r+1�

j=2

xixj

(1 + x1)2 D2
ijf

" �
u,

(1 + u)x�

1 + x1

�

=

�
1 + x1

1 + |x|
� 2

1D2
1f +

r+1�

i=2

� 2
1iD

2
1if +

r+1�

i=2

� 2
i1D2

i1f

+
r+1�

i=2

u
1 + u

xi

1 + |x|
� 2

i D2
i f +

r+1�

i,j=2,i
=j

u
1 + u

� 2
ijD

2
ijf

� �
u,

(1 + u)x�

1 + x1

�
.

Recalling that � ij(x) is not bigger than � i(x) or � j(x), and using the fact

	
	D2

ijf (x)
	
	 � sup

1� i� r+1

	
	D2

i f (x)
	
	

in [6, Lemma 2.1], we obtain

�

R
r+1
0

�
�

1



|T2|
�

dx �
1
2

�

R
r+1
0

�
�

C
n


	
	f (x)

	
	
�

dx

+
�

R
r+1
0

�

�
C
n


r+1�

i=1

	
	� � 2

i D2
i f



(x)

	
	

�

dx.
(13)

Combining the Inequalities (11), (12), and (13) and paying attention to computation of
norm and the Inequality (1), we obtain the second estimate of (9) for any m � 2.

For g � W 2,�
� (Rm

0 ), using (2), (9), and Lemma 1 gives

�
� Vn,m(f ) – f

�
�

� �
�
� Vn,m(f ) – Vn,m(g)

�
�

� +
�
� Vn,m(g) – g

�
�

� + 	 f – g	 �

� C	 f – g	 � +
C
n

�

	 g	 � +
m�

i=1

�
� � 2

i D2
i g

�
�

� +
1
n

m�

i=1

�
� D2

i g
�
�

�

�

� C

�

	 f – g	 � +
1
n

m�

i=1

�
� � 2

i D2
i g

�
�

� +
1
n2

m�

i=1

�
� D2

i g
�
�

�

�

+
C
n

	 f 	 �

� C
�
� 2,�

�
f ,

1
n1/2

�

�
+

1
n

	 f 	 �

 
.

The proof of Theorem 1 is complete. �

4 Proof of inverse theorem
In order to prove the inverse theorem, we need several lemmas.

Lemma 3 Let f � W 2,�
� (Rm

0 ) and n > m for n, m � N. Then

�
� � 2

i D2
i Vn,m(f )

�
�

(� ) �
�
� � 2

i D2
i f

�
�

(� ), i = 1, 2, . . . , m.
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Proof By straight computation, we have

	
	� 2(x)V ��

n,1(f , x)
	
	 =

	
	
	
	
	
� 2(x)

��

k=0

(n – 1)p��
n,k(x)

� �

0
pn,k(t)f (t) dt

	
	
	
	
	

=

	
	
	
	
	
� 2(x)

2�

i=0

��

k=i

(n – 1)
(n + k – 1)!
k!(n – 1)!

�
2
i

�
�
Dixk 


×
�
D2–i(1 + x)–n–k 
 � �

0
pn,k(t)f (t) dt

	
	
	
	
	

=

	
	
	
	
	

��

k=0

(n – 1)
(n + k + 1)(k + 1)

(k + 2)(n + k)
pn,k+1(x)

� �

0
pn,k+1(t)� 2(t)f ��(t) dt

	
	
	
	
	

�
��

k=0

(n – 1)pn,k+1(x)
� �

0
pn,k+1(t)� 2(t)

	
	f ��(t)

	
	 dt,

where (n+k+1)(k+1)
(k+2)(n+k) � 1 for k � 0 and n � N. Using Jensen’s inequality, we derive

� �

0
�

�
1



	
	� 2(x)V ��

n,1(f , x)
	
	
�

dx �
� �

0
�

�
1



� 2(t)
	
	f ��(t)

	
	
�

dt. (14)

Let

gu� (t) = f

�

u1, u2, . . . , um–1,

�

1 +
m–1�

k=1

uk

�

t

�

, 0 � t < �

and z = xm
1+

� m–1
� =1 x�

. Then, by the Inequality (4) and for m > 1, we have

Vn,m(f ,x) =
��

k1=0

pn,k1 (x1)(n – 1)
� �

0
pn,k1 (u1) du1

��

k2=0

pn+k1,k2

�
x2

1 + x1

�

× (n – 2)
� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
��

km=0

pn+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�
(n – m)

×
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

�
f (u1, . . . , um) dum

=
��

k1=0

pn,k1 (x1)(n – 1)
� �

0
pn,k1 (u1) du1

��

k2=0

pn+k1,k2

�
x2

1 + x1

�
(n – 2)

×
� �

0
pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

��

km=0

pn+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

� =1 x�

�

× (n – m)
� �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

� =1 u�

� �

1 +
m–1�

k=1

uk

�
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× f

�

u1, . . . , um–1,

�

1 +
m–1�

k=1

uk

�
um

1 +
� m–1

� =1 u�

�

d
�

um

1 +
� m–1

� =1 u�

�

=
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1) du1

��

k2=0

pn+k1,k2

�
x2

1 + x1

�
(n – 3)

×
� �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
��

km–1=0

pn+
� m–2

� =1 k� ,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
(n – m)

×
� �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�
dum–1

×
��

km=0

pn+
� m–1

� =1 k� ,km
(z)

�

n – 1 +
m–1�

� =1

k�

�

×
� �

0
pn+

� m–1
� =1 k� ,km

(t)f

�

u1, . . . , um–1,

�

1 +
m–1�

k=1

uk

�

t

�

dt

=
��

k1=0

pn,k1 (x1)(n – 2)
� �

0
pn–1,k1 (u1) du1

��

k2=0

pn+k1,k2

�
x2

1 + x1

�

× (n – 3)
� �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
��

km–1=0

pn+
� m–2

� =1 k� ,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
(n – m)

×
� �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�
Vn+

� m–1
� =1 k� ,1(gu� , z) dum–1. (15)

Using the Inequalities (14), (15), and Jensen’s inequality, we see that

�

R
m
0

�
�

1



	
	 � 2

m(x)D2
mVn,m(f ,x)

	
	
�

dx

�
� �

0

��

k1=0

pn,k1 (x1) dx1(n – 2)
� �

0
pn–1,k1 (u1) du1

×
� �

0

��

k2=0

pn+k1,k2

�
x2

1 + x1

�
dx2(n – 2 + k1)

� �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km–1=0

pn+
� m–2

� =1 k� ,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
dxm–1

×

�

n – 2 +
m–2�

� =1

k�

� � �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�
dum–1

×
� �

0
�

�
(n – 3)(n – 4) · · · (n – m)(1 +

� m–1
k=1 xk)2


 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +
� m–2

� =1 k� )
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× � 2
m(z)

	
	V ��

n+
� m–1

� =1 k� ,1(gu� , z)
	
	
� �

1 +
m–1�

k=1

xk

�

dz

�
� �

0

��

k1=0

pn–1,k1 (x1) dx1(n – 2)
� �

0
pn–1,k1 (u1) du1

� �

0

��

k2=0

(n – 2

+ k1)pn+k1–1,k2

�
x2

1 + x1

�
d
�

x2

1 + x1

� � �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km–1=0

pn+
� m–2

� =1 k� –1,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
d
�

xm–1

1 +
� m–2

k=1 xk

�

×

�

n – 2 +
m–2�

� =1

k�

� � �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�

×
n +

� m–2
� =1 k� – 1

n – 1
dum–1

� �

0

��

km=0

pn+
� m–1

� =1 k� ,km+1(z) dz

×
� �

0
�

�
(n – 3)(n – 4) · · · (n – m)


 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +
� m–2

� =1 k� )

× � 2(t)
	
	g ��

u� (t)
	
	
� �

n – 1 +
m–1�

� =1

k�

�

pn+
� m–1

� =1 k� ,km+1(t) dt

=
� �

0

��

k1=0

pn,k1 (u1) du1

� �

0

��

k2=0

pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km–1=0

n +
� m–2

� =1 k� – 1
n +

� m–1
� =1 k�

pn+
� m–2

� =1 k� ,km–1

�
um–1

1 +
� m–2

� =1 u�

�
dum–1

×
� �

0

��

km=0

pn+
� m–1

� =1 k� ,km+1

�
um

1 +
� m–1

k=1 uk

�

× �
�

(n – 3)(n – 4) · · · (n – m)

 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +

� m–2
� =1 k� )

× � 2
m(u1, u2, . . . , um)

	
	
	
	

� 2

� u2
m

f (u1, u2, . . . , um)
	
	
	
	

�
dum

�
�

R
m
0

�
�

1



� 2
m(u)

	
	D2

mf (u)
	
	
�

du.

Hence, from the computation formula of the form, it follows that

�
� � 2

mD2
mVn,m(f )

�
�

(� ) �
�
� � 2

mD2
m(f )

�
�

(� ).

Similarly, we can prove the same results for i = 1, 2, . . . , m – 1. The proof of Lemma 3 is
thus complete. �

Lemma 4 Let f � L�
� (Rm

0 ) and n > m for n, m � N. Then

�
� � 2

i D2
i Vn,m(f )

�
�

(� ) � 4n	 f 	 (� ), i = 1, 2, . . . , m.
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Proof By straight calculation, for m = 1, we have

	
	� 2(x)V ��

n,1(f , x)
	
	 =

	
	
	
	
	
� 2(x)

��

k=0

(n – 1)p��
n,k(x)

� �

0
pn,k(t)f (t) dt

	
	
	
	
	

=

	
	
	
	
	

2�

i=0

��

k=i

� 2(x)(n – 1)
(n + k – 1)!
k!(n – 1)!

�
2
i

�

×
�
Dixk 
�

D2–i(1 + x)–n–k 
 � �

0
pn,k(t)f (t) dt

	
	
	
	
	

=

	
	
	
	
	

n – 1
� 2(x)

��

k=0

pn,k(x)
�
(nx – k)2 – k(2x + 1)

+ nx2� � �

0
pn,k(t)f (t) dt

	
	
	
	
	

�
n – 1
� 2(x)

��

k=0

pn,k(x)
�
(nx – k)2 + k(2x + 3)

+ nx2� � �

0
pn,k(t)

	
	f (t)

	
	 dt

� 4n(n – 1)
��

k=0


 n,k(x)
� �

0
pn,k(t)

	
	f (t)

	
	 dt, (16)

where


 n,k(x) =
pn,k(x)[(nx – k)2 + k(2x + 3) + nx2]

4n� 2(x)
.

Moreover, we can verify that

��

k=0


 n,k(x) = 1 and
� �

0

 n,k(x) dx =

1
2

�
1
n

+
1

n – 1

�

for n � 2. By the Inequalities (4) and (16), for m > 1, we have

�

R
m
0

�
�

1



	
	 � 2

m(x)D2
mVn,m(f ,x)

	
	
�

dx

=
� �

0

��

k1=0

pn,k1 (x1) dx1(n – 2)
� �

0
pn–1,k1 (u1) du1

×
� �

0

��

k2=0

pn+k1,k2

�
x2

1 + x1

�
dx2(n – 2 + k1)

×
� �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km–1=0

pn+
� m–2

� =1 k� ,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
dxm–1
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×

�

n – 2 +
m–2�

� =1

k�

� � �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�
dum–1

×
� �

0
�

�
(n – 3)(n – 4) · · · (n – m)(1 +

� m–1
k=1 xk)2


 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +
� m–2

� =1 k� )

× � 2(z)
	
	V ��

n+
� m–1

� =1 k� ,1(gu� , z)
	
	
� �

1 +
m–1�

k=1

xk

�

dz

�
� �

0

��

k1=0

pn–1,k1 (x1) dx1(n – 2)
� �

0
pn–1,k1 (u1) du1

×
� �

0

��

k2=0

pn+k1–1,k2

�
x2

1 + x1

�
(n – 2 + k1) d

�
x2

1 + x1

�

×
� �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

� �

0

�

n – 2 +
m–2�

� =1

k�

�

×
��

km–1=0

pn+
� m–2

� =1 k� –1,km–1

�
xm–1

1 +
� m–2

k=1 xk

�
d
�

xm–1

1 +
� m–2

k=1 xk

�

×
� �

0
pn+

� m–2
� =1 k� –1,km–1

�
um–1

1 +
� m–2

� =1 u�

�
n +

� m–2
� =1 k� – 1

n – 1
dum–1

×
� �

0
�

�
4(n – 3)(n – 4) · · · (n – m)(n +

� m–1
� =1 k� )(n – 1 +

� m–1
� =1 k� )


 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +
� m–2

� =1 k� )

×
��

km=0


 n+
� m–1

� =1 k� ,km
(z)

� �

0
pn+

� m–1
� =1 k� ,km

(t)
	
	gu� (t)

	
	 dt

�

dz

�
� �

0

��

k1=0

pn–1,k1 (x1) dx1(n – 2)
� �

0
pn–1,k1 (u1) du1

� �

0

��

k2=0

(n – 2

+ k1)pn+k1–1,k2

�
x2

1 + x1

�
d
�

x2

1 + x1

� � �

0
pn+k1–1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km=0

n +
� m–2

� =1 k� – 1
n – 1


 n+
� m–1

� =1 k� ,km
(z) dz

×

�

n – 1 +
m–1�

� =1

k�

� � �

0
pn+

� m–1
� =1 k� ,km

(t)

× �
�

4(n – 3)(n – 4) · · · (n – m)(n +
� m–1

� =1 k� )

 (n – 2 + k1)(n – 2 + k1 + k2) · · · (n – 2 +

� m–2
� =1 k� )

	
	gu� (t)

	
	
�

dt

=
� �

0

��

k1=0

pn,k1 (u1) du1

� �

0

��

k2=0

pn+k1,k2

�
u2

1 + u1

�
du2 · · ·

×
� �

0

��

km–1=0

pn+
� m–2

� =1 k� ,km–1

�
um–1

1 +
� m–2

� =1 u�

�
n +

� m–2
� =1 k� – 1

n +
� m–1

� =1 k�
dum–1

×
� �

0

��

km=0


 n+
� m–1

� =1 k� ,km

�
xm

1 +
� m–1

k=1 xk

�
d
�

xm

1 +
� m–1

k=1 xk

�
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×

�

n – 1 +
m–1�

� =1

k�

� � �

0
pn+

� m–1
� =1 k� ,km

�
um

1 +
� m–1

k=1 uk

�

× �
�

4(n – 3)(n – 4) · · · (n – m)(n +
� m–1

� =1 k� )

 (n – 2 + k1) · · · (n – 2 +

� m–2
� =1 k� )

	
	f (u1, . . . , um)

	
	
�

dum

�
� �

0
du1

� �

0
du2 · · ·

� �

0
�

�
4n



	
	f (u1, . . . , um)

	
	
�

dum

=
�

R
m
0

�
�

4n



	
	f (u)

	
	
�

du.

Hence, from the computation formula of the form, it follows that

�
� � 2

mD2
mVn,m(f )

�
�

(� ) � 4n	 f 	 (� ).

Similarly, we can prove the same results for i = 1, 2, . . . , m – 1. The proof of Lemma 4 is
thus complete. �

Proof of Theorem 2 Let

vn =
1
n

�
� � 2

i D2
i Vn,m(f )

�
�

(� ), i = 1, 2, . . . , m

and

� k = 4
�
� Vk,m(f ) – f

�
�

(� ).

It is obvious that v1 = 0. From Lemmas 3 and 4, it follows that

vn �
1
n

�
� � 2

i D2
i Vn,m

�
Vk,m(f )


 ��
(� ) +

1
n

�
� � 2

i D2
i Vn,m

�
Vk,m(f ) – f


 ��
(� )

�
1
n

�
� � 2

i D2
i Vk,m(f )

�
�

(� ) + 4
�
� Vk,m(f ) – f

�
�

(� )

=
k
n

vk + � k .

By [28, Lemma 2.1], we acquire vn � C
n

� n
k=1 � k . Therefore,

�
� � 2

i D2
i Vk,m(f )

�
�

(� ) � C
n�

k=1

�
� Vk,m(f ) – f

�
�

(� ).

Using the double Inequality (1), we obtain

�
� � 2

i D2
i Vk,m(f )

�
�

� � C
n�

k=1

�
� Vk,m(f ) – f

�
�

� .

For n � 2, there exists s � N such that n
2 � s � n and

�
� Vs,m(f ) – f

�
�

� �
�
� Vk,m(f ) – f

�
�

� ,
n
2

� k � n.
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Accordingly, we have

�
� Vs,m(f ) – f

�
�

� �
2
n

�

n
2 � k� n

�
� Vk,m(f ) – f

�
�

� �
2
n

n�

k=1

�
� Vk,m(f ) – f

�
�

� .

Hence, by the definition of the K–functional, we deduce

�K2,�

�
f ,

1
n

�
�

�
� Vs,m(f ) – f

�
�

� +
1
n

max
1� i� m

�
� � 2

i D2
i Vs,m(f )

�
�

�

�
C
n

n�

k=1

�
� Vk,m(f ) – f

�
�

� .

Finally, using (3), we finish the proof of Theorem 2. �

5 Conclusions
In this paper, using the equivalent theorem between the modified K-functional and mod-
ulus of smoothness, employing a decomposition technique, and considering some prop-
erties of multivariate Baskakov–Durrmeyer operators in the form of Lemmas 1, 2, 3,
and 4, we obtained a direct theorem and weak type inverse theorem in the Orlicz spaces
f � L�

� (Rm
0 ).
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