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1 Preliminaries
For proceeding smoothly, we recall from [27] some definitions and related results.
A continuous convex function ®(¢) on [0, 00) is called a Young function if it satisfies
lim %:0 and lim w:oo
t—>0+t t—oo [
For a Young function ®(¢), its complementary Young function is denoted by W(z).
A function ¢ : [0,00) — R is said to be star-shaped if ¢(vt) < ve(t) for all v € [0,1] and
t > 0. A real function ¢ defined on a set S C R” is said to be super-additive if s, € S im-
plies s + £ € S and ¢(s + ) > ¢(s) + ¢(£). See [21, Chap. 16] and [23, Sect. 3.4]. Among
convex functions, star-shaped functions, and super-additive functions, the following re-
lations hold true:
1) If ¢ is convex on [0, 00) with ¢(0) < 0, then ¢ is star-shaped;
2) If ¢ :[0,00) — R is star-shaped, then ¢ is super-additive.
See [21, pp. 650-651, Section B.9], [24, p. 706], [25, pp. 616—617], or [26, Lemma 2.2].
Therefore, a Young function ®(¢) is both star-shaped and super-additive.
A Young function ®(t) is said to satisfy the A,-condition, denoted by ® € A,, if there
exist £p > 0 and C > 1 such that ®(2¢) < C®(¢) for ¢ > &o.
Throughout the paper we shall use the following standard notations:

N={L2..}, Ng={0,1,2,..} o) = ko
={1,2,...}, 0=10L,2,...5, k) K-k
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m
k=(kiky .. k) NG, Ki=kathole- okl K=Y K,
i=1
m
ki k:
X = (x1,%2,...,%,) € R", xklelxzz---xfﬂm, x| =in,
i=1

oo oo o0 o0 ar
Z:ZZZ, DklefD]ZQ.--Dfnm, D::ﬁ’

k=0  k1=0ky=0 kim=0 i

and
Ry = {x:(xl,xz,...,xm)eRm:Ofxi<oo,1sifm}

formeNandreN.
Let ®(¢) be a Young function. We define the Orlicz class Ly, (R{) as the collection of all
Lebesgue measurable functions f(x) on Rj’ for which

o(f, ®) = /]RW‘ @ (|f(x)|) dx < oo.

We also define the Orlicz space L} (Ry) as the set of all Lebesgue measurable functions
f(x) on Ry, such that fRS" D(Jaf(x)]) dx < oo for some « > 0. The Orlicz space is a Banach
space under the Luxemburg norm

I1f 1l @) =1§g{k=p(§,¢) < 1}.

The Orlicz norm, an equivalence of the Luxemburg norm on L} (Rf"), is given by

flle = sup (X)g(X)dX‘
p(gW)<11JRY
and satisfies
Il < Iflle < 2[1f Il (). (1)

If ®(u) = %p for 1 < p < 0o, then the complementary function becomes ¥ () = % with
}7 + %1 =1, and then L} (RY") = L,(R{'). So the Orlicz spaces Ly, (Rf') are more general than
the classical L,(R{') spaces which are composed of measurable functions f(x) such that
[fX)|? are integrable.

Throughout this paper we use C to denote a constant independent of # and x, which
may be not necessarily the same in different cases.

For x € R{', we introduce weight functions

(%) = x(1 +x)

for m =1 and

@i(x) = /x:(1 + |x])
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for m > 1 and 1 <i < m. We also define the weighted Sobolev space
WoP(Ry) = {f € Ly (RY) : D*f € A.C.loc(RY), ¢/ Dif € Ly (Ry)},

where |k| < r and R{ is the interior of R{'.
The modified Peetre K-functionals are defined by

Koy(fot)g = inf! I —gllo+ 2> |¢iDigll, + £ > | Digl,:g € W;""(RS”)}

i=1 i=1

and
Ko (f8') g =inf{If ~gllo + ¢ max o Dig]l, :¢ € W (Ry)]

forz>0.
For any vector e € R™, we write

Yo ()Dif(x + ihe), x,x+rhe € R,

0, otherwise

Ajef () =

for the rth forward difference of a function f in the direction of e. We define the modulus
of smoothness of f € L}, (Rf") as

m
wr,(p(f’ t)(l) = sup ZH Ali:lw,'eif”(b'
0<h<t i-1

2 Motivations and main results
Between the modulus of smoothness and the K-functional there exists the following

equivalent theorems.

Theorem A ([13]) Let f € Ly (Ry") and r € N. Then there exist some constants C and ty
such that

ro(frDo -
% SKoy(fit)y < Conylf,t)o, 0<t <t 2)

Theorem B ([31]) Let f € L (RY') and r € N. Then there exist some constants C and ty

such that
rort ~
% <Ky(fit')y < Cory(f.)e, 0<t<to. 3)
Let
n+k-1 Xk
Pn,k(x): ( k )W’ X € [0,00),}’IEN.
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The well-known Baskakov operators were defined in [2] as

Bo(f,) = an,kuy(g).
k=0

These operators can be used to approximate any function f defined on [0, 00). For f €

L,[0,00) and 1 < p < 0o, the Baskakov—Durrmeyer operators were defined in [17] as

Vaalfd) = Y pus@on=1) [ puatef@de, xe [0,00)
k=0 0

For a function f defined on R, the multivariate Baskakov operators were defined in [5]

as

> k
Bn,m(fyx) = Zf(;)[’n,k(x))
k=0

where

) = n+lkl-1 xk
P\ k) @y

The multivariate Baskakov—Durrmeyer operators were defined in [4] as

Vn,m(f’x) = an,k(x)Qn,k,m(f)’ f € LP<R:)")’

k=0
where
f]RB" Puk)f(u)du ™
Quim(f) = W = g(l’l - k) ./]R(V)” Prk(U)f(u)du.

There are many approximation results about one variable operator of the Baskakov type
in C[0,00) or L,[0,00), see [1, 2, 7-9, 15, 17-19, 29, 30]. But there are few approxima-
tion results about multivariate Baskakov type operators (see [4, 5, 13, 22]) or multivariate
Durrmeyer type operators (see [3, 20]).

In the paper [4], Cao and An obtained the strong direct inequality

Vo) 1], = C (wz,w (f, %)p ; %Ilfllp>

in L,(R{"). In [10-12, 14—16], we obtained approximation properties for positive and linear
operators in Orlicz space. In particular, we acquired the direct theorem of multivariate
Baskakov—Kantorovich operators in Orlicz space in [13].

In this paper, we will discover not only the direct theorem, but also the weak type inverse
theorem for the multivariate Baskakov—Durrmeyer operators V., (f,X).

Our main results can be stated in the following two theorems.
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Theorem 1 (Direct theorem) Letf € Ly (Ry), W € Ay, and n > m for n,m € N. Then

Vit ~£1, < c<% <f, %)@ ) WJG})'

Theorem 2 (Weak type inverse theorem) Let f € L} (RY') and n > m for n,m € N. Then

1

C n
W24 <f, —) <-— Z” Viem(f) _f”cI)'
n/e n k=1

Remark 1 Theorem 1 is a generalization of [4, Theorem 2.2].

3 Proof of direct theorem

In order to prove the direct theorem, we need several lemmas.

Lemma 1 Letf € L (R') and n > m for n,m € N. Then

Vi) o < 21f Il

Proof Employing the decomposition formula

Vilf )= 3 oty )= 1) f P 1) ity

k1=0

) Xy 00
X Zprukl,kz ( 1+x )(Vl - 2) / Prky i ( 1
P 1 0
o0
X
X Pyt ek ( >(” ~m)

k=0 ] 1+Zz 1 %e

125
dLl2
u

00
X A pm_zzn:—ll kpokm <ﬁ)f(u1; I3 Mm) dum (4‘)

and Jensen’s inequality, we obtain

1 00
Vo) o mf{ /m‘b(x
0 k1=0
o) Uy
szm—klkz ( _2) Prky ko Tbtl st2

oo
X an+27‘—_llké’km<1+zl ; xg)(n_m)

km=0

00
Um
X _m
,/O pn+zi1k[km<1+261 Me)

=

()0 -1) /0 " s 1) it

X f(11, ... U) dityy

Page 5 of 22
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Slflg{ / ankl(M)ZPwklkz(l x) .

RS k=0

o0
Xm
x Z Pyt kg km ( )

k=0 1+ Ze 1 e

" u
><<I><]_[n k)/ pnkl(m)dm/() Pn+k1k2(1 2u>duz---

k

> /Oop L ( U ) lf(ult M2r ,Mm du
0 ”"‘Zlé:l kg kim 1+ Zznz—ll up m

:}\Eg[ Z/ Py ®1)(1 + %1 dmZ/ Pn+k1k2<1+ )
Xm-1
+x2)d<1+xl) Z / anrZ/lklkml(l"'Zklxk)
m—-1 x
m—1
X |1+ Xk ( >
< kXI: ) 1+ 30
D N P (es= =)
k=00 Pre il ke 1+ Ze 1 e 1+ ZTQI Xe
P ﬁ(n k)/oo (1) du /oc 2 ) du
L o Pnjq U1 1 o Pk ke 1+u1 2

Uny [f (1, 2, .oy )|
X pn+zz'1;11 ke km ( 1+ ZZ ] u{) 1 dum =< 1

/
=i§£[ ZZ Zl_[q” 0 (“(n 6)/ P (1) duy
/

1+x;

k1=0 ko=0

(wria) e [ pesninn (rrgm)
X k,k —_— u... _—
P\ Ty )27 Jy Pmeii bk 1+ 300 e

% If(uI:MZ)r‘:nxum)ldum) 51}

00 Uy Uy 00 m-1
X —— (1 + 4y +uy)d 1+ u
/0 Pn+k1,k2(1+ul)( 1+ Ua) (1+u1> /0 X:: X

X p ( Um-1 )d( Um-1 )
H+Z[1kgkm1 1+Z€1Me 1+Zelue

X -
o pn+zé 1 kg km 1 + Zl B Me

8 [f(ul,uz,...,um)ld< Uy, )) <1}
A 1+Ze N
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[od] o] 1 00
<inf{A: _ d
—lflo{ > Z(n—l)---(n—m—l)/o Pr-mi1 i (1) duy
k1=0 k=0
o0
Uy Uy
x (n+ky —m+1) / Puskiomszin | ——— ) d
0 1+u; 1+
m-1 u
x|[n-1+ ke / p kk<7m>
(1800 [ sz (52

X©(V(u11u2!'-'rum)|>d( U )51}
A 1+ZEI Up

:inf[ Z Zn+k1 m+1n+k1+k2—m+2 N

2>0 n-2
k1=0 k=0
-1
n+y i ke—=1 o Uy
X pn—m+1,k1 (Ml) dbl1 pn+k1—m+2,k2
n—-m+1 0 0 1+u;

<o) e ()

-
1+u 0 Pt ke 1+ 7w

q>(lf(u1’u2”"’um)|)d( U )Sl

A 1+ 3000 e
o0 o0 o0

=inf{1:/ du1/ duz.../ Q(M>dum§1}
>0 0 0 0 A

= f o)

By the double Inequality (1), we complete the proof of Lemma 1. O

Lemma?2 Letf € L} (R3), U € Ay, and n > 2. Then

2
| Via ) = £ 4 < %(ufncb i ZHw?D?fH@)-

i=1

Proof Let

X2
z= Tea and g, (¢) =f(u1,(1 : ul)t)

for 0 <t < oco. Utilizing the decomposition formula
S 00
Via(FsX) = Y P (1) (1 - 2) f Pr-1jq (1) duy
k1=0 0
XZPVHklkz( >(”+k1_1)

0o
U U Uy
X e —— ,(1+ d
/0 pn+k1‘k2<l+1/l1)j<u1( u1)1+u1) (1+M1)
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yields

Vn,Z(frx) —f(X) = an,kl (xl)(n - 2)L Pn-1,k; (ul)(Verl,l(gulrz)

k1=0

- gy (2) duy + Vi3 (B(),%1) = hi(x1),

where

(1 + ul)xz

h(u1) = h(uqg,x) éf(ul, ), 0<u; <00,

1+x1

. A
the notation = means “define”, and

o %)
Vi@n) =3 puio)n—2) / Prri(Ogt)dt.
i=0 0
Now we start out to estimate

Bo= 2P 0)0=2) [ s (0 Vit €2 - 80 (2)

k1=0
From [17], we obtain
C
n

[Via(f,0) = f@)| < —[|f )] + [¢*C)f ") ]-

From the Inequality (6), Jensen’s inequality, and the convexity of ®(¢), it follows
o0 (o0} 1
/ / ¢<X|]1|) dx; dxy
o Jo
IAY
= Dl —
o Jo A

00
X / pn—l,k1 (ul)(Van,l(gupz) _gu1 (Z)) dul
0

> Pt (1) (1 - 2)

k1=0

) dx1 dxz

oo poo X 0
< / / > Pk (1) (1 - 2) / P (1)
o Jo ;35 0
1
X (D(X | Vn+k1,l(gu1’z) _gu1 (Z)|> dul dxl de
oo poo X 0
f/ / an,kl(xl)(n_z)f Pn—1,1q(M1)
o Jo ;75 0
P Lﬂg @) + |¢*(2)g), (2)]) ) dus d; dw
A+ k) VS 1 PR

S 0 0
= Zf P (1)1 + 1) doxy (1 — 2)/ Prn-1jq (1) duy
k0”0 0

(5)

Page 8 of 22
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00 C )
X/O ¢(m(|gm(z)|+|§0 (z)gm(z)D)

o0
n+ki—1 [
=y — / Pt (1) dug
Vl—l 0

k1=0

00 C )
X/O q’(mﬂgm(zﬂ o (z)gm(z)D)

o 0
= Z / Py (1) dig
k1=0 0

e (}’l +k1 2 7
< ¢(m(|gu,<z>| o <z>gu1<z>|))dz

o o0 o0 C )
SkZ;)/O pn—l,kl(ul)dul/(; <I><a(|gu1(2)| + o (Z)gul(Z)|)> dz

/ du1/ ( |gu1(Z| |(p (2)g! (z)|))
55/0 dulfo ®<a|gul(z)|>dz
1 [ o0 C
ST d’(g\w%z)g;;(z)y) .

On the other hand, by definition, we can deduce

%) (t)g” @=tQ+t)(1 + ul)zDﬁf(ul, (1+wu)t) = (go%D%f) (w1, (1 + u)t)

and

f / ( |/1|> dxy doxy
*© duy o C (1 + 1) (1 + uy)xo
_2/0 1+u1/0 q>(n_k"[<ul’ 1+x >>d< 1+x )
1> duy [® _(C|, 5 (1 + u1)xy (1 +u1)xr
+§/0 1+u1/0 CD(E’(%DJ)G% 1+x; )Dd< 1+x; ) @)
< %/ dul/ (D(n% [f(uhuz)|) du,
+ —/ dulf ( sz) ul,u2)|>du2

To estimate the second term J, = V', (h(-),x1) — h(x1), we use a similar method as esti-

mating (6) and acquire

Vialf0)~1 @] = ()] + o)) .

Page 9 of 22
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By the Inequality (8) and the convexity of ®(¢), we arrive at

/R% <I><%|]2|) dx = /Ooo /Oooq><%yv,:1(h(-),xl) —h(xl)]> do; daxy
< /O h /O b cp(n%(yh(xl)\ | e )| ) ey
< %/Ooo/ow¢<n%|h(xl)|>dx1dx2

. %/000/0&¢(%|¢2(x1)h”(x1)|> day day.

When denoting ¢15(X) = @51 (X) £ \/x1%2, D2, = Bx o and D3, szax , we can write
’ u)i’ (u ’ = |u(l+ u)|:D]f+ D%Zf S

X2
,(1

(1+x)2 22f:|<u( +u)1+x1>‘

1+x1
= ‘ (mdl)if + §0%2D%2f + §0§1D%Lf
- o202 ) (4, (1 + )

D ———— u,(1+u
1+u1+x1+x2 1+

)
X1 ’

By virtue of the facts that ¢;5(x) is not bigger than ¢; (x) or ¢,(x) and that

}

|D,f ()| < sup{| D

n [6, Lemma 2.1], we obtain

/Rg @(%(wzlh” , )> dx < fR% @(% i\(gofpff)(x)\) dx

and
1 C
foeGom)ax<g [ o(hoot) o
+_fRz (Anz| (pZDZ )

Combining the above inequality with (5) and (7) and paying attention to computation
formulas of norm and the double Inequality (1) yield

C 2
[VialH) =f 1l < Willo + Wallo < — (Ilf||¢ + Y |eiDif ||q>>«

i=1

The proof of Lemma 2 is complete.

Page 10 of 22
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Proofof Theorem 1 Our proof is based on induction on the dimension m and on a decom-
position for the Baskakov—Durrmeyer operator.
For m > 1, the proof of Theorem 1 follows from combining Lemmas 1 and 2 with the

estimates

Il f e Lo®g),
Vn,m(f) _f S C (9)
” ||<1> %2:21 “(pileZf”q) +flle, f€ W(%@(Rg’).

The first estimate in (9) can be derived from Lemma 1. By Lemma 2, the second estimate

in (9) is valid for m = 1, 2. If the second estimate in (9) is valid for m = r > 2, that is
Cxy 2
[Virt) =fllo = = D _I02Dif [ + Wl (10)
i=1

then we have to further verify its validity for m = r + 1.
Let

x* = (x2,x3wu;xr+l)r X = (xIIX*) € R(r;l;
k* = (k2,k37- ~kr+l)’ k = (kl,x*) € NSH,

*
X ( X2 Xril

1+x; 1+x " 1+x

u* u u
t = - 2 ) o).
1+u; 1+u; 1+u;

We claim that the decomposition formula

):(zl,,..,z,),

Vit = Y n)on=1) [ gy )
0

k1=0

& *
X
X E pn+k1,k*<1+x1)(l’l—2)...(lfl—r—1)
k*=0

u*
X / anrkl,k* (1 )f(uly u*) du*
RY + Uy

[ele] 00 o] X*
=Y Pui 1)1 -2) / Pty (1) A1 ) Pt i ( )
0 K*=0

1+x
k1=0 1

(n-3)---(n-r-1)
=2+ k)it ki —7)

u* u* u*
X | Dok k* uy, (1 +uy) d
R” 1+ 1+u; 1+u;
0

<D Pk (1)1 - 2)/ Pty ) ity Y s @+ kg = 1) -+
0

k1=0 k*=0

m+ki-1)n-2+ky)---(m+ky—r)
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x (n+ky— r)/ Pk e (€)f (1, (1 + up)t¥) dt*
Ry
= an,kl (x1)(m — 2)/ Pt (80) Visky (€ (-),2) dig
= 0

is valid, where g, (t) = f(u1, (1 + u;)t) for 0 < ¢ < co. From the above formula, it follows

that
VarorFs 20 ~£00 = 3 ot )12 / Pt 10)
k1=0
x [mGw(gul(')’z) _gul(z)] duy (11)
Vi (h(), 1) = h(x:)
£ Tl + T2,
where

*

X
, 0<wu; <oo.
X1

h(u1) £ h(xy,x) éf(ul, (1+ 1)1

By the inequality

/]Rr <I>(%an’(ﬁ") -f(x)l) dx
/ ( Z| sz(x)|>dx+/ ( lf(x”)

which can be obtained from (10) and Jensen’s inequality, we arrive at

1 1
/ <I><—|T1|>dx=/ o -
R6+1 )\‘ R6+l A

X [Vn+k1,r(gu1 (~),Z) —8uy (Z)] duy

P x)(n=2) | purk (1)
b /

)dx

A;{ an ko (x1)(m = 2) /(;Oopn_l,kl (u1)

Okl

q)(% | V’Hkl»”(g"l(')’z) _gul(z)|) du dx

S [ m) dn-2) [ pun o) din
k200 0

X /r q>(%|VnJrlq,r(gul(')12) —8u (Z)|) dz

o0
n+ki-1 %
= E —_ / Prn-1jq (1) duy
n-1 0

k1=0
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1
[ (5 Vot 02) -] 2
= oopn—l,kl (I/ll)dul
by
+k—1
X /R(r) @(},;(n—l_l)‘vn+k1,r(gu1(-);2) —8u; (Z)‘) dz

S )
< Z/ D1 (1) dus
k=070

[ ol Swivten o) o
+AS¢(%|gul(z)|)a}.

On the other hand, by definition, we can deduce

@7 0D gy, () = x; (1 + 1x1) (1 + u1)* D7, f (11, (1 + 11)x)

= (9":2+1D12+ )(ul’ 1+ I/ll)X).

As a result, we obtain

foofim)e
f an 1k1(u1)du1[/Rod>(%Z

i=1

< (020%) (s, (1 + u1)2)|) dz+ /R 6 cp(n% (1, (1 + ul)z)|) dz}

r+1
/ duy / < Dlzf) (w1, (1 + ul)z)|) d((1+m)z)
R}
/ du1/ ( ul, (1+ ul)z)|) d((l + ul)z)
Rr

r+l

_/RM (MZ| 2Df) u)|)du+/1 ( [f(u)|)

By the Inequality (8) and the convexity of ®(¢), we acquire

1 1, .
/R(,;l q’(z'Tz') dx = fR ¢(X\Vn,l(h<->,xl) —h(xo\) dx

S /1;6“ q)(%(’h(xl” + ‘Pz(x1)|h//(x1)|)> dx

(12)

Page 13 of 22
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Denoting ¢;;(x) = , /xix; for 1 <i<j<r+1and D ax i We have

r+1 r+l1
2NLI (Y 2 Xi o Xi 2
o“(W)h" (u) = u(l + u) |:le+ ;: N +x1D“f+ ;:2 TxlDﬂf
i i XiXj 2 (1 +u)x*
U, ———
(1+ax; )2 1+x;

i=2 j=2

1+x r+1 r+1
1
( 4Dy + S ipis - ey

1+|x|
r+1 r+1
u X; D2 (1 + u)x*
+ — u,——|\.
Zl+u1+|x| D+ L,Xz;;z, )( 1+x

Recalling that ¢;(x) is not bigger than ¢;(x) or ¢;(x), and using the fact

DY 00| < sup |DH00)

1<i<r+l

n [6, Lemma 2.1], we obtain

/Rs“ <_|T2|> ;/ (,%lf(x)l>dx

n/RHl (ﬂ)\ Z’ sz X)’)

Combining the Inequalities (11), (12), and (13) and paying attention to computation of
norm and the Inequality (1), we obtain the second estimate of (9) for any m > 2.

For g € W2*(Ry"), using (2), (9), and Lemma 1 gives

(13)

Vi) =F g < | Vi) = Vion@ |l + | Vi (@) — & |  + IIf £l

C “ 1 &
<Clf ~gllo + <||g||q> +2_lleiDiel, + Z}ypgg\\q))

i=1 i=1

“ C
<c(-eter I 500wiriel,+ £ 3010t )« S
i=1

< C[wz,¢<f,ﬁ)q) + %Hf”@]'

The proof of Theorem 1 is complete.

4 Proof of inverse theorem
In order to prove the inverse theorem, we need several lemmas.

Lemma 3 Letf € W2*(Ry') and n > m for n,m € N. Then

62DV gy < 10202 gy 1= 1.2,

Page 14 of 22
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Proof By straight computation, we have

|§02(9€)V”1(f x)|

0 Y - D) [ paslef@de
k=0 0

2<x)ZZ( '”k V! (l)(D’ 4

1)
i=0 k=i )

o0

x (D*(1 +x)’”_k)/ DPui(O)f () dt

0

o]

(n+k+1)(k+1) - 20\
mpn’kﬂ(x)/o Pri1@) @ (0)f"(¢) dt

M

oo

DI fo Pk (OG0 s,

% <1 for k > 0 and n € N. Using Jensen’s inequality, we derive

/1 © /1
/0 ¢(X|(p2(x)v,;11(f,x)|)dx§fo @(Xgoz(t)lf”(t)l)dt- (14)

Let

where

m-1
gu*(t) =f<M1,M2,...,Mm_1, (1+Zuk)t), O§t<OO

k=1

andz—

Z'” T Then, by the Inequality (4) and for m > 1, we have
=1

oo
X
Vn,m(f,X)=an,kl(xl)(n—l)f Pnky Ml)dulzpmklkz( : )
k1=0 0

1+x;1
ko=0

X (n_z)/ooerk k: 2 du2
0 P2\ 1+

ad Ko
X Z Doy ko ( )(n —m)

k=0 ’ 1+ ZL’ 1 %

00 Uy
X A pn+22";11k4,km W f(ul,...,um)dum

¢=1 We

ankl (xl) - 1)/ Puiq (Ml)dul ZPVHIQ k2( )(71 2)

o X
X A Purkiky 1+ ZP’HZ( L keokim

1+Z£1xz

x (n— m)/ szuklkm(lJrZEIW><1+Zuk)
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U
PARES ] m-—1» 1 d
xf(m u 1( +k21:uk> +Zz1“€) (1+Zz1’4€>
=3 P 1) - 2)/ Dot ul)dulzpmm( )( -3)

k1=0

00 Uy
X Pn+k1—1,k2 1— du2 e
0 + U

o0
Xm—1
x Z Py 2 kz,km_l( )(n —m)

km-1=0 1+ Zk 1 Xk

m—
x/ Do m=2p, 1k ( )dum1
o }’1+Zl:1 ¢~ LKm-1 l +Z[ ! Uy

o0 m—
X anJrZzn:—ll Koo (2) (n -1+ Zk[)
k=0 =1

oo
X /0 Pyt k@,km(t)f(ul’ eos U1, (1 + Z uk) t) dt
k=1

X2
ankl(xl) n-— 2)/ D1 (1) dus an+k1k2(1+x )

k1=0

00 Uy
X (Vl - 3) anrklfl,kz 1 duz e
0 + U

o0
Km-1
x Z Py 2 kz,km_l( - )(n —m)

km-1=0 1+ Zk 1 Xk

00
Um-1
X /0‘ pn+zzn:—12 ke=Lkmo1 <—1 N 27;12 e ) Vn_'_zzr:ll kel (gu*,Z) duy,_s. (15)

Using the Inequalities (14), (15), and Jensen’s inequality, we see that

/ @(%Iwi(x)Dinvn,m(f,x>|)dx
R

< / > P (1) doy (1 - 2) / Pt (1) duy
I 0

00 Uy
e+ d 2+k ik — — ) duy---
X/o Zp klkz( ) xo(n -2+ 1)/o Priky 1,k2(1+u1) 1t

0o 0
x/ E p 2 < Y1 )dx 1
2 ke o s m=

0 ”*Z[:l £Km-1 1+ klxk

kim-1=0

m-2
Um-1
X n—2+§ ke / P <7)du 1
( =1 )0 REERES 1+221W "

ijq)( (n=3)(n—4)--(n—m) 1+ 3 x)?
0 An=2+k)m-2+k +k)---(n=2+ 377 k)
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X‘pm(z)| n+zm lk 1 u* Z)|><1+Zxk> dZ
0o X 0 oo X
5/ an—l,kl(xl)dxl(n_z)/ pn—l,kl(ul)dulf Z:(l’l—2
0 k=0 0 O k=0
1 2
X2 %) o U
k n+ky— —|d n+kp— —)d
k)P 1’kz(1+x1> <1+x1)/0 Prsk 1’k2<1+u1) 2
Bt )
me DY kL1 1+ 37w 1+Zk1xk
m=2 00 u
X |n-2+ k / m-2 <m71)
( X_: Z) o p”"‘ZZ:l ke—1,k-1 14+ Zzn:—IZ up

dum 1/ ZPMZZZ}llq,kmﬂ(Z)dz
m=0

]"" ( (n-3)n—-4)---(n—m)

X (o} —

0 Mun=2+k)mn-2+ki+k)---(m=2+Y " ke)
m-1

x ¢ (t)|g *(t)|)(n 1+Zke)pn+zznl1kekm+l(t)dt

/ Zp"’q(”l)d”l/ Zl?m/qkz( )d

o0 oo
}’Z+lekg—1 ( U1 )
X — == p ————— ) duy
/0 2 ik Pt e )

kin-1=0

oo X Up
X m—1
A Zp”+25:1 kévkarl(l Zk ) u/()

Kin=0
CD( m-3)n—-4)---(n—m)
An—=2+k)m-2+k +k)---(n—2+ Y7 k)

2
) du,,

f(ulrl’tZ)"-’um)

2
X (pm(ulru2’---tum) )
duz,

1
< / @ (—wfn(U)lDf,.f(u)D du.
R \A
Hence, from the computation formula of the form, it follows that

[ €3 D2 Vin ) 0 = 920D 0

Similarly, we can prove the same results for i = 1,2,...,m — 1. The proof of Lemma 3 is

thus complete. d

Lemma4 Letf € Ly, (Ry’) and n > m for n,m € N. Then

|02 DF V(N gy < 41lf @)y i=1,2,.,m
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Proof By straight calculation, for m = 1, we have

[P @)V (fr20)| =

P Y - 1) [ puslef@de
k=0 0

k—1)!
ZZw(x(n 1) 7,: = (l)

i=0 k=i

% (Dixk) (DZ—i(l +x)—n—k) '/Ooopn,k(t)f(t) dt

‘—Z x) (nx—k)? —k(2x + 1)
k=0

+ nxz]

Pui(0)f (2) dt

S~
3

oo

Zpy,,k(x)[(nx —k)? + k(2% +3)

k=0

=<

n-1
@?(x)

+ nxz] Pni(t) [f(t)’ de

=
3

Lan(n-1)) " Bur() / puk@®)|f (0] de, (16)
k=0

where

Do) [(nx — k)% + k(2x + 3) + nx?]
4ng?(x)

B, k(%) =

Moreover, we can verify that

gﬁn,k(xﬁl and /0 ﬁnvk(x)dx:%(%Jr 1 )

n-1

for n > 2. By the Inequalities (4) and (16), for m > 1, we have

/ @(%lwi(x)z);vn,m(f,x)|)dx
ry

= / > P (1) oy (1 - 2) / Pr-vk (1) duy
R 0
X/ an+k1k2( >dxz(n 2+k)
0

X oOp ) du
Lo\ 7 20>
AR\ N

KXm-1
X /0‘ Z pn+Zz 1 keskim— 1< >dxm_l

1+Zk1xk
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)
x | n 2+mz k /Oop <7M’"1 )du
- 4 —1
o 3P k=LK 1+Zl 2, m
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E X2
f pn+k1 lkg( )(”1—2+k1)d<1+x1>
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m-1 00 u
(50 (o)
Z ¢ A Py iy ko 1+Zk1“k

=1
m-1
CI>(4(H_3)(}1_4).“(”_’%)(}’1erzf=1 ke)[f(u1,...,um)|) du,,
Mun=2+k)--(n-2+ ;5 k)
o0 0 e 4n
5/0 du1/0 du2~~~/0 GD(T[f(uh...,um)‘)dum
4n
:/g'(b(TV(U)D du.

Hence, from the computation formula of the form, it follows that

”(pranfn Vn,m(f) H(@) = 4}’l|lf||(<[>)
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Similarly, we can prove the same results for i = 1,2,...,m — 1. The proof of Lemma 4 is

thus complete.

Proof of Theorem 2 Let
_”¢2D2 Vi @y 1= 1.2e.0rm
and
%= Vi)~
It is obvious that v; = 0. From Lemmas 3 and 4, it follows that
b = VDV (Vi) |y [PV (Vi) -

< 21 02D2Vin () oy + 41 Vi)~ |y

= —Vi + Tk.
n

By [28, Lemma 2.1], we acquire v, < % > %-1 Tk Therefore,

”‘pZDz Vk'm(f)”(ap) = CZ” Viem(f) _fH (®)°
k=1
Using the double Inequality (1), we obtain
n
”(pzDzvk,m(f)Hq, = CZH Vk,m(f) _f”cp'

k=1

For n > 2, there exists s € N such that % <s<mnand

“ Vs,m(f) _f“d) =

O
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Accordingly, we have

2 P
Vit =Fllo =5 220 1Vinlh=Fllo =5 DIVt ~f -
k=1

n
5<k=<n

Hence, by the definition of the K—functional, we deduce

()

IA

1
[Vort) =1 g+, max |7 DiVim()]

IA

C n
o Vet =1
=1

Finally, using (3), we finish the proof of Theorem 2. O

5 Conclusions

In this paper, using the equivalent theorem between the modified K-functional and mod-
ulus of smoothness, employing a decomposition technique, and considering some prop-
erties of multivariate Baskakov—Durrmeyer operators in the form of Lemmas 1, 2, 3,
and 4, we obtained a direct theorem and weak type inverse theorem in the Orlicz spaces
f e LRy,
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