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1 Preliminaries
For proceeding smoothly, we recall from [27] some definitions and related results.
A continuous convex function (¢) on [0, ) is called a Young function if it satisfies
lim ﬂ:o and lim ﬁ =
t 0t t t
For a Young function (&), its complementary Young function is denoted by  (¢).
Afunction :[0, ) R issaid to be star-shaped if ( ) (¢) for all [0,1] and
t 0.Areal function definedonasetS R”issaid to be super-additive if s,z S im-
pliess+t Sand (s+¢) (s) + (¢). See [21, Chap. 16] and [23, Sect. 3.4]. Among
convex functions, star-shaped functions, and super-additive functions, the following re-
lations hold true:
1) If isconvexon[0, )with (0) O, then isstar-shaped;
2) If :[0, ) Risstar-shaped, then is super-additive.
See [21, pp. 650—651, Section B.9], [24, p. 706], [25, pp. 616—617], or [26, Lemma 2.2].
Therefore, a Young function () is both star-shaped and super-additive.
A Young function () is said to satisfy the ,-condition, denoted by 2, if there
existty OandC 1suchthat (2t) C (¢)fort .
Throughout the paper we shall use the following standard notations:

n n!

N:{llzw--}v NO:{O,l,Z,...}, K :m'
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K=(kika k) NI Kl=klkol---kol K= ks
i=1
X =(x1,%2,...,%,) R”, Xk:xlilxlz( xfn"’, X|=  «,

= e Dk:DlilDlz(z"'D]:nm, D=
k=0  k1=0k2=0 kim=0

and
Ry = X=(x1,42,...,%,,) R":0 x< 1 i m

form Nandr N.
Let () be a Young function. We define the Orlicz class L (Rg') as the collection of all
Lebesgue measurable functions f(x) on R’ for which

()= S0 dx<

Ry

We also define the Orlicz space L (Rj') as the set of all Lebesgue measurable functions
f(x) on Ry, such that B (] f&x)dx< forsome >0.The Orlicz space is a Banach
space under the Luxemburg norm

_oe S
f()—lr;g . —, 1.

The Orlicz norm, an equivalence of the Luxemburg normon L (Rg’), is given by
f = sup S (X)g(x) dx
@)1 Ry
and satisfies

fo f 21 () @

If (u)= %p for1<p< | then the complementary function becomes (i) = % with
117 + }1 =1,and then L (RY')=L,(RY). So the Orlicz spaces L (RZ") are more general than
the classical L,(Rg") spaces which are composed of measurable functions f(x) such that
[f(X)|P are integrable.

Throughout this paper we use C to denote a constant independent of » and x, which
may be not necessarily the same in di erent cases.

For x Ry, we introduce weight functions

()= x(1+x)
form=1and

(X)= x 1+]x|



Han et al.Journal of Inequalities and Applications (2023) 2023:118 Page 3 of 22

form>1land1l i m.We also define the weighted Sobolev space
W RE = f L Ry DY AClcRY, 'Df L Ry ,
where |k| rand Ry is the interior of Ry
The modified Peetre K-functionals are defined by
K, f.t =inf f—g +¢ ! 'Dig  +t¥ ! Dig :g W' R
i=1 i=1

and
K, f,t" =inf f—g +t’1m‘ax Dig g W' Ry

for ¢>0.
For any vectore R, we write

o | (Fl)f(x +ihe), x,x+rhe RY,
0, otherwise

nef (X) =

for the rth forward di erence of a function £ in the direction of e. We define the modulus
of smoothnessof f L (Rg') as

m

r (fi1) = sup n el

0<h t ;g

2 Motivations and main results
Between the modulus of smoothness and the K-functional there exists the following
equivalent theorems.

Theorem A ([13]) Let f L (Ry) andr N. Then there exist some constants C and ty

such that
Lclt) K, f.t C ., (f.t), 0<t ¢t 2
Theorem B ([31]) Let f L (R{) andr N. Then there exist some constants C and ty
such that
Lclt) K, f.t C ., (f.t), 0<t ¢t 3)
Let
Pui(x) = nrkot ul [0, )»n N

ko (Q+arE
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The well-known Baskakov operators were defined in [2] as
k
Bn(f: x) = pn,k(x)f ; :
k=0

These operators can be used to approximate any function f defined on [0, ). For f
L,[0, )and1l p< ,theBaskakov—Durrmeyer operators were defined in [17] as

Vaalfix) = pux(x)(n—1) . pux(@)f (O)dz, x [0, ).
k=0

For a function f defined on R, the multivariate Baskakov operators were defined in [5]
as

k
Bum(f,X)=  f M Puk(X),
k=0

where

n+k|—1 Xk

Puk(X) = K W

The multivariate Baskakov—Durrmeyer operators were defined in [4] as
Vn,m(frx) = pn,k(X)Qn,k,m(f): f Lp Ry )
k=0
where

= =¥ (U)f(u)du
W_k:ln < Rglpn,k )f ,

Qn,k,m(f) =

There are many approximation results about one variable operator of the Baskakov type
in C[0, )orL,[0, ), seel[l,2, 7-9, 15, 17-19, 29, 30]. But there are few approxima-
tion results about multivariate Baskakov type operators (see [4, 5, 13, 22]) or multivariate
Durrmeyer type operators (see [3, 20]).

In the paper [4], Cao and An obtained the strong direct inequality

1 1
Vn,m(f)_fp C 2, f’_ﬁ +Zf17
p

in L,(RF"). In [10-12, 14—-16], we obtained approximation properties for positive and linear
operators in Orlicz space. In particular, we acquired the direct theorem of multivariate
Baskakov—Kantorovich operators in Orlicz space in [13].

In this paper, we will discover not only the direct theorem, but also the weak type inverse
theorem for the multivariate Baskakov—Durrmeyer operators V,, ,(f, X).

Our main results can be stated in the following two theorems.
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Theorem 1 (Direct theorem) Letf L (Rf), 2, andn>mforn,m N. Then
1
Vn,m(f) _f C 2, fl = + f
n n

Theorem 2 (Weak type inverse theorem) Letf L (Ry') and n>m forn,m N. Then

R

k=1

Remark 1 Theorem 1 is a generalization of [4, Theorem 2.2].

3 Proof of direct theorem
In order to prove the direct theorem, we need several lemmas.

Lemmal Letf L (Rf)andn>mforn,m N.Then

Vam(f) 2 f

Proof Employing the decomposition formula

Vn,m(fx X) = Pnky (xl)(n - 1) 0 Pnky (ul) dul

k1=0
X2 Uz
X Pk, 77— (M=2)  Ppurkgh, T dup---
k2 T ke T3
ko=0 X1 0 U1
Xm
X pn+ m:_l k ki m—1 (I’l - Wl)
k=0 1+ "«
Um
x Pue "1k ko s i, flus, ... uy)du, (4)
=1

and Jensen’s inequality, we obtain

. 1
Vam(f) (y=inf - Puk@)(n=1)  pux(u1)duy
() >0 Ry 0

k1=0
X2 U
X Pk ke (I’l - 2) Pu+ky ko duZ e
- 1+ X1 0 1+ Uy
ko=0
Xm
X Pu ook 7w, (17m)
k=0 =1
Um
X P m—1 D — —
+ "0k Gk -
n =1 moq 4 m=ll U

X flug,. .. ) duy,  dx 1
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. X2
Irlg . Pnjiq (xl) Prtky ko T+x
RS’ k=0 k=0 1
Xm
X p m—1
n+ "Ik km m—1
k=0 1+ "
x (n=k)  puk(u1)dur Py iy Tr o duy - -
= 0 +iu
k=1
7 If(ua, uz, ... )|
X Pur "k ko T du,, dx 1
=1
_ 2
=inf Py (¥1)(1 +x1) dcy Pk 77— (L+m
>0 1+x
k1=0 ko=0
X2 Xm—1
+xp)d P, m=2
1+ nt "Lk ket m—2
*1 Kp1=0 1+ o %
-1
" Xm—1
x 1+ x, d P
=1 1+ et %k
Xm Xm
X p m—1 d
nt g k km m—1 m—1
k=0 1+ T 1+ T
x (n—=k)  pur(m1)dus  purig i, To o dug -
k=1 0 ti
U If (ua, uz, ... )|
x Pur "1k ko TR du,, 1
=1
1 m
=inf — (n=")  Puiy(u1)duy
>0 “in—) 0
k1=0k»=0  ky=0 = =1
x uz d Um
Pk k; uz - p m—1 —
0 n+ky k2 1+ n+ "Ik km 1+ m:11u
X V( 1,42, ) m)l dum 1
1 m
=inf — (n—)  Puig(u1)(1+u1)duy
>0 2(n—) 0
k=0  ky=0 = =1
-1
U2 U2 "
X Pk 7o (1+us +uz)d 1 1+
0 tuy tup 0 =1
Um—1 Um—1
X p m—2 d
n+ 50k k1 1+ m:—lz u 1+ m:—12 u
Um
R = T
=1
X V(M11M21"'lum)| d um 1
1+ m—1
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1
inf ... Prom+1 kg (1) dug
>0 (=0 km:O(n—l)---(n—m—l) 0
u u
+ki—m+ —
X (”1 ki—m 1) 0 Pr+iy—m+2,ky 1+ 1+,
m—1 u
X n— 1 + k m—1 — ~
. . T 1+ m:—ll u
lf(ullu21"'lum)| d M::ll_l 1
1+ Tu
—inf nt+ky—m+1ln+ki+ky—m+2
>0 k=0 k=0 n—1 n—2
m—1
n+ "k -1 Uy
X W Prn-m+1ky (’41) duy o Prtiy—m+2,ky 1+—u1
us Um
T+ Puv "k ko 1+ m:—llu
lf(ulluZV"'lum)l d ur:l_l 1
1+ TJu
Sinf 0 du dupes Vgl g
>0 0 0 0
=f ()
By the double Inequality (1), we complete the proof of Lemma 1. O
Lemma?2 Letf L (RS), 2,and n>2. Then

R A A

i=1
Proof Let

X
z= 7 +2x1 and g, (6) =f ur, (1+u)t

for0O ¢< . Utilizing the decomposition formula

Vi2l(£,X)= Pugg@1)(n—2)  puoag (1) dug
k1=0 0

X
X Ptk ko —2 (Vl + kl - 1)

1+
kp=0 *1
uz uz uz
X Ptk T uy, (1 +u1)
0 v+ Uy f 1+u 1+u
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yields

Vn,Z (fv X) —f(X) = Pniq (xl)(n - 2) o Pr-1iq (ul) Vn+k1,1 (gul ) Z)
k1=0

—&u(2) dur +V, 1 h(:),x1 —h(x), ®)
where

(1 + up)xo

h(u1) = h(u, X) £ f u, Ttx

the notation £ means “define” and

V,1@x) = puix)(n—-2) . Pn-1i(t)g(t) dt.
i=0

Now we start out to estimate

]l = Pnky (xl)(n - 2) Pn-1k (ul) Vn+k1,1(‘gul ) Z) _gul (Z) dul-
k1=0 0

From [17], we obtain

Va0 )+ W @) ©)

From the Inequality (6), Jensen’s inequality, and the convexity of (&), it follows

1
—|1| dx1dx;

1
= - Pak)(n—2)
k1=0

X Pr—1k (M]_) Vn+k1,l(gu1 ) Z) —&8u (Z) dul dxl dx2

Py (x1)(n—2) P14 (1)
k1=0 0

1
X — Virky1(8uq 1 2) —Guy (2) - dug dovy dixy

Pk (xl)(n - 2) Pn-1k (ul)
k1=0 0

it k) g (2) + 2(z)gu1(z) duy dxy dxy

= Pk (1)L +x1)dx1(n—2)  pu1ky(u1)dug
fy=0 O 0
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C 2
+
X o @+ @e,E o
n+k—1
= 7_1 1 Pn-1k (ul) duy
K=o 0
C 2
X . m 8u(2) + “(2)g,,(2) dz
Pn-1kq (u1) duy
k=0 ©
C(}’l"'k]_-l) 2
X heer S0t 0,0
C 2
pn—l,kl(ul)dul - gul(z) + (Z)gul(z) dz
k=0 © 0 "
C 2
= duy — gu@@) + (g, () dz
0 0 n
1 C
3 . diuy . n—gul(z) dz
C
+ - duy — 2(z)gul(z) dz.
0 0 n

On the other hand, by definition, we can deduce
2(6)g,, () = t(1 + £)(1 + ua)’D3f w1, (L+wmy)t =

and

%Dgf Uy, (1 + ul)t

1
—|]1| dxl dxz
0 0
1 duy C f (1 + Ltl)xz (1 + ul)xz
2 0 1+M1 0 n s 1+x1 1+x1
1 duq c L, 1+ ug)xr (1 + u1)xo
- — D ,—— —_ 7
2 o l+tuy n 2Dof 1+x 1+x; )
1 C
3 duy — fur,u) duy
0 0 n
+ = du £ 2p2
1 5D5f (u1,u2)  duy.
0 0

To estimate the second term J, =V, (h(-), x1) — h(x1), we use a similar method as esti-

mating (6) and acquire

Va0 e+ 2 @

(®)

Page 9 of 22
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By the Inequality (8) and the convexity of (¢), we arrive at

1 1
—|]2| dx = - Vn,l h(-),xl —h(xl) dx1 de
0

2
R} 0

C
(I’l_ h(xl) + 2(xl)h (xl) dxl dx2
1 C
5 — h(xl) dxq dxp
2 n
1 C
t3 — Z(x)h (x1) dag dap.
2 n

and D we can write

.y
- X X1’

When denoting 12(X) = 21(X) xlxz,Dlz—

S D+ DS

2wh () = u(l+u) Dif *1
2

(1+x)2

+

x2
zzf ”’(1+M)l+

1+x
= o Dif+ LDLf+ LDy

1+x +x

u X2 2 X2
+——F— 5D L(1+
1+u1+x1+x2 Zf Lt( M)1+

By virtue of the facts that 1,(x) is not bigger than 1(x) or »(x) and that
DYf(x)  sup Dif(x), D3f(x)

in [6, Lemma 2.1], we obtain

C C
— 2 % dx — 2D (x) dx
R} n Rj g
and
1 1 C
—|l| dx 3 — f(x) dx
RG R} n
2
1 C
+3 — 2D () dx,
2 R) i

Combining the above inequality with (5) and (7) and paying attention to computation
formulas of norm and the double Inequality (1) yield

Viu2(F)—f i + )

The proof of Lemma 2 is complete.
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Proof of Theorem 1 Our proof is based on induction on the dimension » and on a decom-
position for the Baskakov—Durrmeyer operator.

For m 1, the proof of Theorem 1 follows from combining Lemmas 1 and 2 with the
estimates

Vn,m (f) _f C

) L (Rg),
/ f LR o

o D+ f . f WERD).

The first estimate in (9) can be derived from Lemma 1. By Lemma 2, the second estimate
in (9) is valid for m = 1, 2. If the second estimate in (9) is valid for m=r 2, that is

VelD=f I+ (10

i=1

then we have to further verify its validity for m =r + 1.
Let

X = (x2,%3,...,%+1), X= x1,X Ry,
K =(koks kur), k= kux NG

X X2 Xr+1

z= = L :le"'lZ '
1+x; 1+x 1+x; ( )

_ U W Ur+1 = (¢ £)
1+u T+u 14y Lo

We claim that the decomposition formula

Vn,r+l(f: X) = Pniq (xl)(n - 1) Pniq (ul) duy
k1=0 0

X k :Opn+k1_k 1ix1 (n=2)---(n—r—1)
u
x Rspn+k1'k Tvm f u,u du
X
Py (%1)(n—2) , Pk ()dur  Prary k Tom

k=0 k =0
(n—=3)--(n—r-1)

(m—2+k) - (n+tk—r)

n+ki—1)n—-2+k)---(n+ky—r)

u u u
X — u,(l+u
k1,k 1y 1

R{)pnﬂ Trm S ou( )1+u1 Tvm

Puj®1)(m—=2)  puik(u)dur  pugx @Qm+k—1)---
0

k1=0 k =0
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X (n+ky—r) Pnig k1 foup, (L+u)t dt
Ry

Pniq (xl)(n - 2) Prn-1jq (ul) Vn+k1,r 8uy ()l z dug
k1=0 0

is valid, where g, (¢£) = f(#1,(1 + uq)t) for 0 ¢ < . From the above formula, it follows
that

Vn,r+l (f! X) —f(X) Pk (xl)(n - 2) 0 Pn—1k (ul)
k1=0

x Vn+k1,r gul(')lz _gul(z) dul (11)
+V,, h(-),x1 —h(x1)

£ T+ Ty,

where

X
1+x Y

h(ul) éI’l(?Cj_,X) éf ul,(1+u1) uy <

By the inequality

Ly (h0-r00  dx

20 dx+ S dx
Rj =1 Ry 7

which can be obtained from (10) and Jensen’s inequality, we arrive at

1 1
" —|T1| dx= . bk (x)(n—=2)  Puty(u1)
R} R} k=0 0

X Vi, gul(')lz _gul(z) duy  dx

r+l

L )

1
X - Vn+k1,r gul(')lz _gul(z) dul dx

pn,kl(xl)(n_z) o pn—l,kl(ul)

= Prky (1) (L +x1) dxa (1 —2) Ptk (1) dug
0

1
X — Votkyr gul(')| z _gul (Z) dz

= ——  Puip(u1)dy
- 0
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1
X - Vn+k1,r gul(')lz _gm(z) dz
Rp
Pn-1)q (I/l]_) dul
k1=0
n+k—1
X —Vnk,r u(‘),Z— u(z) dz
g T SetlE T
Pn-1ikq (ul) dul
k=0 O
!
C r
x — izDizgul (2) dz
Ry Mo
C
+ — g2 dz .
R n

On the other hand, by definition, we can deduce

2(X)D2gu, (X) =57 1+|X| (L+u1)?D%f ug, (1+ug)x

= i2+lD12+]f u, (1 +u)x .

As a result, we obtain

1
—|T1| dx
]R6+1
|
) r+l
Pr-1k (1) duy —
k=0 Ry, Mg

(o
X lleZf ui, (1 + Ml)Z dz+ n— f U, (1 + ul)Z dz

r+l

duy — DY w,(L+u)z  d (L+uy)z
0 Ry n a

bode Sfun@rw)z d@Qrm)e (12)
n

2D2f (U) du+ £ fu du
R6+1 n

+1
Rp i=1

By the Inequality (8) and the convexity of (¢), we acquire
1 1
—|T2| dx = - Vn,l h(-),xl —h(xl) dx
R6+1 R6+l

S ) + M) h ) ox

r+l
Ry
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Denoting ;(x)= xxjforl i<j r+1anle?j:M—2xj,wehave

r+l r+l
2 — 2 Xi 2 Xi 2
h =u(l+u) Dif + Dif + D
(h ()=ul+u) DY+ pDif+ DY
=2 =2
+1 7+l
T XX Z}f (1 +u)x
2V ’
=2 j=2 (1+x1) 1+x
1 r+l
1440 5. 5., 2.2 2 2
14| 1Dif + uDLf + aDaf
i=2 i=2
+1 +1
+r oM oppry r “ o2 z}f A+ux
o l4ul+x Y 14w T " l+x
i=2 ij=2,i=j

Recalling that  ;(x) is not bigger than ;(x) or ;(x), and using the fact
Dif(x)  sup DIf(x)
1 i r+l

in [6, Lemma 2.1], we obtain

1 1 C
—|Tp| dx = — f(x) dx
R6+1 2 R6+l n
C r+l (13)
+ — DY () dx,
Ry Mg

Combining the Inequalities (11), (12), and (13) and paying attention to computation of
norm and the Inequality (1), we obtain the second estimate of (9) forany m 2.
Forg W2 (RY),using (2), (9), and Lemma 1 gives

Vnm(f) _f Vnm(f) - Vnm(g) + Vnm(g) —& + f_g

C m 1 m
Cf-g +— g + [Dig +- Dig

n , n

i=1 =1
C f-g + Dig *—  Dig *t—f
i=1 =1

1 1

N
The proof of Theorem 1 is complete. O

4 Proof of inverse theorem
In order to prove the inverse theorem, we need several lemmas.

Lemma3 Letf W2 (RY)andn>mforn,m N.Then

zleZVVlym(f) () llezf () i:1,2,...,m.
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Proof By straight computation, we have

2@V, (fx) = () (n—1)p,() . pri(8)f (2) de
k=0
2
_ 2 (n+k=1)V 2
- =0 kl( " -nr Kn=1) i

x D¥(1+x)"k ) Pui(t)f(2)de

(n+k+1)(k +1)
(k+2)(n+k)

(n—1)

pn,k+l(x) Pn,k+l(t) z(tlf (t)dt
k=0 0

(n=Dpuisr(®)  pusena(t) () f (@) dt,
k=0 0

where D& 9 for i 0and # N. Using Jensen’s inequality, we derive

(k+2)(n+k)
2 1 2
@)V, 1(fx)  dx . - (0f @ de (14)
Let
m—1
& (O)=f wur,uz,... tyq, 1+ ur t, 0 t<
k=1

and z = h—’i;”_i— Then, by the Inequality (4) and for m > 1, we have
=1 ¥

X2

V(£ X) = Pug®1)(n—=1)  pugg@1)dus  prrg i, Trar
0 +x

k1=0 kp=0

uz
X (n—=2)  Puttgry, —— dup---
0

1+u,
X
X P ke 14 omr, (77
k=0 1%
Unm
I T Sug, oot dutyy

=1

= Py (xl)(n_ 1) Pniq (ul)dul Pr+ky ko 1 Fx (l’l 2)
k1=0 0 k=0
x ) uz du ) Xm
thiky T Ouz-- m-1
0 NTKL,K2 1+M1 ~ n+ :]_kykm 1+ T
km=0 1
m—1
Um

X(=m) P g, Toowd, LTk

0 =1 U k=1
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Um U
x f ull et um—lv 1 + uk m—1 d m—1
1+ u 1+ u
k=1 =1 =1
X2
= P @)m—=2)  puag@)dur  puig g T x (n—3)
k1=0 0 k=0 '
uz
X Lk 7o Quz--
DPntkyi—1kz T+u,
KXm—1
x Pus "Pkdna T4 w2 (n—m)
k10 k=1 Xk
Um—1
X p}’l+ m=—12k 1kt —1 + m_—_lz » dum—l
m—1
X P g, @ =1tk
km=0 =1
m—1
X Pur g, O w1+ e £ dt
k=1
= Py (x;L)(I’l - 2) Pn-1)q (Ml) dul Prtky ko 1+x
k1=0 0 k2=0 !
uz
x (n—23) -k 7 dup---
0 pn 1—L.K2 1+ Uy
Xm—1
X Puv kb T4 2 (n—m)
K10 =1
Uyy—
% m—1

m—1

Puv m2p 1k
n =1 Km—1 1+ - u

Using the Inequalities (14), (15), and Jensen’s inequality, we see that

Rg'

X

1
= Z(X)D2 Viuu(f,X)  dx

P (%1) dxy (n —2) Pn-1)q (1) dug
k1=0 0
X2 uz
» — d —2+k ] — —_—
0 k2:0p +k1,k2 1 + x1 xz(” 1) 0 p +k1—1,k2 1 +u
Xm—1 d
b,y m2 T2 X
0 kya=0 R g
m—2 u
m—1
n—2+ k e ——— du,,_
. 0 pn+ :12 k —=1,ky—1 1 + m:—12 u 1
(n=3)n—4) - (n—m)(1+ 75 %)
0 (n=2+k)(n—=2+k +hkp)---(n—2+ "7k)

— Ve mix 1(8u 1 2) dupg.

duz...

(15)
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m—1
2
x L@V, g ,1(g” z) 1+ x dz
k=1
Ptk (x1)Qx1(n—2)  pu4q (ua)duy (n-2
0 k=0 0 0 j=0
X2 X2 uz
+k)puikg-14p —— d thi-lk, ——— Oup-
\Pn+ky—1,ko T+x T+x Prtiy-1ko 1T+
KXm—1 KXm—1
X p m—2 d
n+ "5k =Lk m—2 m—2
Kope1=0 I+ e % 1+ o %
m—2 u
-1
X p—2+ k 2 —
- p”+ m:]_ k —Lkm-1 1+ m:—12 u
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=1
x ——T du,,.—1 Puv 7Ly Ke1(2)dz
n— 0 =
km=0
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=1
_ 2
= Py (1) dug DPntl kg ——— Oup---
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k1=0 ko=0
m—2
" n+t k-1 U1
m—1 D+ "1;12 k k-1 m—2
0 4 o N7 ok 1+ "fu
X _ Um
Puv mAp ka1 —1
=1 Km nr
0 4,=0 1+ k=1 Uk

n—=3Yn—4)---(n—m)
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2

X Z(ug,u, ... ty) — S, uy)  duy,
m

1
= 2(u) D3f(u) du.
Hence, from the computation formula of the form, it follows that

wDaVan) () WD) ()

Similarly, we can prove the same results for i = 1,2,...,m — 1. The proof of Lemma 3 is

thus complete.

Lemma4 Letf L (R{)andn>mforn,m N.Then

zleZVVlym(f) () 41’lf () i=1,2,...,m.

dum—l
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Proof By straight calculation, for »2 = 1, we have

2@V, (fx) = () (n—1)p,(x) . pri(t)f (2) dt
k=0
2
_ ) (n+k—1) 2
e =D
x Dix D¥(L+x)"* pui(t)f(2)dt
0
= PTL ) (kY —k(2x+ 1)
2(x) k=0
+ nx? pui(t)f(2)dt
0
n_—l Pni(x) (nx— l<)2 + k(2x + 3)
) 1o
+ nx? pni(t) f(2) dt
0
£ 4n(n—1) nk(®)  pai(t) f(2) dt, (16)
k=0 0
where
)= Pri@)[(nx — k)? + k(2x + 3) + nx’]
nk - .

4n 2(x)

Moreover, we can verify that

NI~
N
[EEN

2k@®)=1 and wk(x) doe =
0

S
|
-

k=0

forn  2.By the Inequalities (4) and (16), for m > 1, we have

1
- yzn(X)Dfn Vn,m(f: X) dX

Rg'

- Pniq (xl) dxy (” - 2) Pn-1k (ul) duy
0 4= 0

X
x Ptk ko 1+— de(” -2+ kl)
0 k=0 X1

u
x Pntki—1jy ——— dup---
0 1 2 1 + u
Xm—1

m—2
1+ k=1 ¥k

Pur M2k kps A1

ky—1=0
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m—1
Um

X on=lv ko P ok, Ty md
0 1+ o i

An—=3)n—4)--(n—m)n+ m:—11k)f(u
(n—=2+ky)---(n—2+ "Fk) L

4
duy dup - - —nf(ul,...,um) du,,
0 0 0

= 4—nf(u) du.
Rg'

Hence, from the computation formula of the form, it follows that

ranEnVn,m(f) () 4}’lf ()

v Uy) iy,
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Similarly, we can prove the same results for i =1,2,...,m—1. The proof of Lemma 4 is

thus complete.

Proof of Theorem 2 Let
1oy . _
Vo == D;Viu(f) () i=1,2,....m
n
and

k=4 Vim(f)—f (y

It is obvious that v; = 0. From Lemmas 3 and 4, it follows that

1 1
Vn — l'ZD;?Vn,m Vk,m(f) ( )+_ l'ZDl?Vn,m Vk,m(f) _f )

n n

1

- iZDizvk,m(f) ( )+4 Vk,m(f)_f ()

n

k

==Vt g
n

By [28, Lemma 2.1], we acquire v, <}, 1. Therefore,
iZDzZVk,m(f) () C Vk,m(f)_f ()

k=1

Using the double Inequality (1), we obtain

n
2D2Viem(f) C  Viml)—f
k=1

Forn 2 thereexistss Nsuchthats s nand

Voulf)—f Vi) —=f g k n

O
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Accordingly, we have

V)~ 2 VelD~f o Vew)~f

2 kon k=1

Hence, by the definition of the K—functional, we deduce

1 1
K, f,; Vem(f)—f +;1n1,aﬁ 2D2Vy u(f)

n

g Vk,m(f) _f
n

k=1

Finally, using (3), we finish the proof of Theorem 2. O

5 Conclusions

In this paper, using the equivalent theorem between the modified K-functional and mod-
ulus of smoothness, employing a decomposition technique, and considering some prop-
erties of multivariate Baskakov—Durrmeyer operators in the form of Lemmas 1, 2, 3,
and 4, we obtained a direct theorem and weak type inverse theorem in the Orlicz spaces

S L (Rg).
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