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1 Introduction

Suppose f is a continuous function defined on an interval / with a nonempty interior.
Then, define

Sl fodt, xyel x#y,
f(x)7 x:ye]‘

F(x,y) = (1.1)

In a seminal work [14], Wulbert proved that the integral arithmetic mean F, defined in
(1.1), exhibits convexity on the interval I? when the underlying function f is convex over
the interval /. In a separate study [15], Zhang and Chu independently rediscovered this
result without making any reference to Wulbert’s findings. Their work revealed that the
convexity of the integral arithmetic mean F hinges on the crucial condition that f must be
convex on the interval /.

Since it will hold significant importance for our forthcoming analysis, let us take into
consideration a real-valued function f defined on the interval [, b]. The divided difference
of order # for the function f at distinct points xg,x1,...,%, € [a,D] is defined recursively

(as elucidated in [1, 9]) in the following manner:

flxed=f(x) (i=0,...,n)
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and

x; yx - X P
f[xo,...,xn]—f[ ! nx fi Q2 1], n e Np.
n — 0

The value f[xy,...,x,] remains invariant regardless of the order in which the points
X0,...,%, are arranged.

The definition can be further extended to accommodate scenarios where some (or all)
of the points coincide. Provided that £~V (x) exists, we establish the following notation:

S ()
G-1)°

f[x»""x] = (1.2)

Jj-times

In the context of divided differences, the following holds:

_ - Sx) _ - ,
flx0s...,x4] = ; o) where w(x) = l_[(x - X)).

j=0

In conclusion, it is evident that the following property holds for divided differences:

Flxosew sl = Zl‘[

J= Ol#t(xl x,)

Under the condition that the function f has a continuous #th derivative on the interval
[a, b], we can represent the divided difference f[xy, ..., %,] using integral notation (refer to
[9,p.15]) as

Slo, ., %] :/ f(”)<zuixi> dutg - duty,
An i=0

where

n-1
Ay, = {(MO:--wun—l):uiZO;Zuif 1}

and u, =1- Z o Ui
The notion of n-convexity is attributed to Popoviciu [10]. For the present study, we ad-
here to the definition as presented by Karlin [6].

Definition 1 A function f : [a4,b] — R is said to be n-convex on [a,b], n > 0, if for all

choices of (n + 1) distinct points in [a, b], the nth order divided difference of f satisfies

f[xO) rxn - > 0.

It is worth noting that Popoviciu’s work demonstrated the fundamental result that any
continuous n-convex function defined on the interval [a, b] can be represented as the uni-
form limit of a sequence of n-convex polynomials. Moreover, [7] provides an extensive
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collection of related results and essential inequalities attributed to Favard, Berwald, and
Steffensen.
The proof of the Jensen inequality for divided differences can be found in [4]:

Theorem 1 Let fbe an (n + 2)-convex function on (a,b) and x € (a,b)™*'. Then
G(x) = f[x0, .-, %u]

is a convex function of the vector x = (xy, . ..,x,). Consequently,

m m m
f|:Z aixé, cees Zaix2:| < Z xo, ,xﬁ; (i is an upper index) (1.3)
i=0 i=0 i=0

holds for all a; > 0 such that Y - a; = 1.

In the context of future research, the notion of a generalized divided difference will hold
relevance. Provided below is the definition for reference.

Consider a real-valued function f(x, y) defined on I x J (I = [a,b], ] = [¢,d]). The divided
difference of order (1, m) for the function f at distinct points x, ...,x, € I and yo,...,ym €J
is defined as follows (see [9, p. 18]):

X
17 = 0y Y] s r ]
Y05+ Vm

= %0, s Xl [Y0s -+ V)
f(xuyl
ZZ )W/(y) (1.4)

i=0 j=0
where w(x) = [T (x —x:), w) = [TZ( - 5)-
Following the aforementioned definition, we can establish the concept of (u,m)-

convexity, which is as follows (see [9, p. 18]):

Definition 2 A functionf :Ix]J — Rissaid to be (1, m)-convex, or convex of order (n, m),
if for all distinct points xy,...,%, € 1,%0,-.,Ym €/,

£ s o (1.5)
yO: . yym
If this inequality is strict, then f is said to be strictly (#, m)-convex.

n [11], Popoviciu presented and proved the following theorem:

Theorem 2 If the partial derivative f i) (@U™F13x"9y™) of f exists, then f is (n,m)-
convex iff

f(n+m (1.6)

If the inequality in (1.6) is strict, then f is strictly (n, m)-convex.
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In this research, we build upon the generalization of Levinson’s inequality, and thus, we
begin by stating the fundamental Levinson’s inequality as follows (see [8] and [12]):

Theorem 3 Let f be a real valued 3-convex function on [0,2a). Then for 0 < xi <a, px >0
(1<k<n),and Py = Zf;lpi (2 <k <n)wehave

1 « 1 «
7 > pif () —f<17 me)
" k=1 " k=1

1 ¢ 1 ¢
=5 > pif(2a-x) —f<17n > pi2a _xk))' (17)
k=1 k=1
Iff"” >0, then the equality holds iff x1 = - - - = x,,.

In [2], Bullen provided a proof for the generalization of Theorem 3:

Theorem 4
a) Let f be a real-valued 3-convex function on [a, b] and xi, yx (1 < k < n) be 2n points
on [a, b] such that

max{xlxuwxn}Smin{ylw-wyn}r x1+y1 :"':xn+yrl' (18)

If pr >0 (1 <k < n), then
LSt -2 o) < LS mron (L3 19)
Py k:lp ‘ Py k:lpk ‘ P k:lp ‘ Py k:lpkyk ‘ .

Iff is strictly 3-convex there is equality in (1.9) if and only ifx1 = - - - = x,,.
b) If (1.9) holds for a continuous function f, (1.8) is satisfied by 2n-distinct points and
pr >0 for k € [1,n], then f is 3-convex.

Itis shown in [9] that the condition (1.8) can be weakened, i.e., the following result holds:

Theorem 5 Let f be a 3-convex function on [a,b], p; >0 (1 <i<n), xk, yx (1 <k <n) be
points in [a, b] such that

XK1 +y1=- =% tYn=2¢ (1.10)
and

Xi + Xy_iy1 < 26, (1.11)

Bixi + Prois1®n—is1)/ i + Pnois1) <¢, forl<i<n. (1.12)

Then (1.9) is valid.

The primary objective of this paper is to provide an extension of Wulbert’s result, as
presented in [14], for 3-convex functions. We will also consider relevant findings from
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[13]. Moreover, we aim to establish an inequality involving divided differences by utilizing
the generalization of Levinson’s inequality given in [9]. As a significant outcome, we will

demonstrate the convexity of higher order for functions defined by divided differences.

2 Inequalities involving averages
Theorem 6 Let f be a real-valued 3-convex function on [a, b] and let F be defined in (1.1).
Then for p; >0 (1 <i<n), a <X, X Vi ¥k < b (1 <k < n) such that

X1+Y1 ==X, + Yy =20, X1+y1= =X+, =2¢,

Xi + Xp_iv1 < 2¢, Xi + Xy_is1 < 2¢,

PiXi + Pn—i+1%n-i+1 Pi%i + Prois1Zn_isl ,

— =g —————=<¢, 1=<i=<mn,
Pit Pn-iv1 Pit Pu-ix1

and Py = Zf;lp,- (2 <k < n)wehave
1 @ 5 I R N =
IT ZPkF(xk;xk) _F(xrx) < IT ZPkF(Yk;yk) —F()/;)’), (21)
" k=1 " k=1
where X = é S P, X = Pl—n Y ko1 Pikio § = é S Pk, and § = é Y k1 PiVk-
Consequently, for | + m = 3 the integral arithmetic mean (1.1) is (I, m)-convex on [a, b]*.

Proof Since the conditions

X1+ (1—8)x1+s)1+(L—8)y1 ="+ =%, + (1 = 8)xy + Y, + (L = 8)y, = 2,
5% + (1 = 8)o; + 8%p_ip1 + (1 = 8$)xu_i1 < 2¢,

Pi(s%; + (1 = 8)%;) + Ppoiv1 (SFp_iv1 + (1 — 8)Xp—i1)
Pit Pn-iv1

<¢ 1<i=<n,

from Theorem 5 are satisfied, by using inequality (1.9), we get

1 o . _
7 > piF (i, ) - F(x, %)
" k=1

n 1
= Pink/O f(s5ck+(1—s)xk)ds

" k=1

Y1 G 1 ¢
—_/0 f<SZT Zpkxk+(1—8)l7n ;m&) ds

" k=1

1 n "
= /0 {Pi Zpkf(sa”ck + (1 - s)a) —f(Pi Zpk(sick +(1 —s)xk)ﬂ ds
" k=1

" k=1

< /0 [1% ;pkf(sj’k +(1-9)yx) —f(Pi Zp/<(85/k +(1- S)yk))] ds

" k=1

1< v
L / S sy + (1 = s)yx) ds
n oy 0

—_

Page 5 of 10
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1 n n
- /0 f(SPi D b+ (1- S)Pi Zpkyk) ds

" k=1 " k=1

1 o« 5 =
=5 > PeF i) - FG,3).
" k=1

Now, ifweputn=2,x; =x,xy =y, =x + %,yl =x+3,X1=%=y,91=)2=Y,2x+3h =
2y =2c¢, p1 = 1, pa = 2, then inequality (2.1) reduces to

1 1

gF(x,y) —F(x+hy) < gF(x +3h,y) — F(x + 2h,y).
Using the definition in (1.4), we get

2h3(F[x,x +h,x+2h,x + 3h])[y] > 0.

It is a known fact that if this property holds for all possible x,y,% > 0, then F is (3,0)-
convex, as stated in [11].

Ifweputn=2,% =x,x=x+2h,y1 =x+2h, Y2 =%, X =X =y, Y1 =y2 =y + hy,
p1=p2 =1,2x+2h; =2y + hy = 2c then inequality (2.1) reduces to

%(F(x,y) +F(x+2h1,9)) - F(x + 1, y)

=

(F(x + 2h1,y + hy) + F(x,y + ha)) — F(x + hy,y + ).

Y

Using the definition in (1.4), we get
h%hz(F[x,x +h1,x+ 2h1])[y,y +hy] > 0.

Continuing the previous arguments, since this property holds for all possible x, /13, y, iz >
0, we can deduce that F is (2, 1)-convex.

The proofs for (0, 3)- and (1, 2)-convexity exhibit similarities, leading us to conclude that
F is (I, m)-convex on [a, b]> when [ + m = 3. O

Remark 1 Theorem 6 can be regarded as a generalization of Theorem 5 since inequality
(2.1) for x = %x and yx = yx, k = 1,...,n reproduces inequality (1.9).

For similar results regarding Jensen’s inequality involving averages of convex functions,
refer to [3] and [5].

3 Inequalities for divided differences
Theorem 7 Let f be an (n + 3)-convex function on |a,b] and X,y € [a,b)"*'. Then for xf(,
y;;, (0 <k <n) (“i”is an upper index), a; >0 (0 < i < m), such that y_ -, a; =1,
XoHYp=H AV = =2, Y, =20
xb+a < 2,

(aix}; + am_ix,'(”’i)/(ai +am-i) < ¢,
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we have
Zzzlf[xf),...,xil] —f[Zaixé,...,Zaixi,}
i=0 i=0 i=0
m m )
<Y afy-0h] - [Z Y-y ﬂiy‘n}- (3.1)
i=0 i=0
Consequently,

G(x) = flx0,%1,%2]
is an (1, 1y, I3)-convex function of the vector X = (x9,x1,%2), when Iy + I +l3 =3

Proof Since the conditions
n n n n
wd + Y upl ==Y wa+ Y wy'=2
%) jYp = = %) jYi =<6
j=0 j=0 j=0 j=0
n n
i m—i
E wix; + E uix"~ < 2,
j=0 j=0

n i n m—i
@i ) g Wi+ Ami ) j_o %)

a;+ ay_;

<¢ 0=<i=<m,

from Theorem 5 are satisfied, by using inequality (1.9), for the 3-convex function £, we
get
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Now, ifweputn=2,m=1,

. X 3
X0 = Yo, Xo=Yo+ —
2
3K
59 =0 + 3h, Yo=do+
K =x =0 =y=n,
Xy =xy =95 =y5 =y,
1 2
ap = —, a = —,
073 173

then inequality (3.1) reduces to

1
gG(}’o,yl,yz) - GWo +h1,91,52)

=

G(yo + 3h,91,52) — G(yo + 25,91, 9).

W[~

Using the generalization of definition (1.4), we get

21° ((Glyo, o + 1, yo + 2h, 30 + 3h]) [11]) [y2] = 0.

As observed in the proof of Theorem 6, since this property holds for all possible

Y0,¥1, Y2,k > 0, we can conclude that G is (3,0, 0)-convex.

Ifweputn=2,m=1,

X0=Yp=Y0,  Xy=Y0=00+2ho,
x?=x}=y1,
X =xy =93 =y5 =y,
W=y =y +h,

1
ap=a; ==
0 1 D)

then inequality (3.1) reduces to

1 1
iG(Q’O:)/l:)Q) + EG(YO +2h0,y1,92) — GWo + ho, ¥1,52)

=

N =

Using the generalization of definition (1.4), we get

1h1((Glyo, yo + ho,yo + 2ho]) [y, 31 + ) (2] = .

As before, since this holds for all possible yg, y1, y2, 1o, b1 > 0, G is (2, 1,0)-convex.

1
G(yo + 2ho, 91 + h1,92) + EGO’O,)’l +h1,92) — GO + ho, y1 + 1, 92).

Page 8 of 10
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Ifweputn=2,m=3,

0_.2_.1_.3 1_.3_.0_.,2

Xo =% =Yoo =Yo =Jo Xy =% =Yg =Yp = Yo + ho,

0_.3_.1_.2_ 1_.2_.0_.,3_

X1=%1=)1=)1=)1 X =X]=y; =) =)1+th

0_ . 1_.2_.3_ 2_ .3 _.0_.1_

Xy =%y =)o =02 =)2 Xy =Xy =Yy =)y =y2 + ha,
1

40—41—612—“3—1,

then inequality (3.1) reduces to

1 1
;LG(yo,yl,yz) + ZG(J’O +ho,y1 + h1,92)
1 1
+ EG(J’O;J/I +h1,y2 + ho) + EG(yO + ho, y1,¥2 + ha)
1 1
< ZG()’O +ho,y1 + h1,y2 + ha) + EG()/o,yhyz + hy)
1 1
+ ZG()/O +ho,y1,92) + ZG(J’O,JH + N1, 2).

Using the generalization of definition (1.4), we get

1
L—Lhohlhz((Gb’o;yo +hol) L, y1 + ) y2, y2 + ha] > 0.

Continuing the previous arguments, since this property holds for all possible yo, y1, 2,
ho, h1, hy > 0, we can conclude that G is (1,1, 1)-convex.

The proofs for (0,3,0)-, (0,0,3)-, (1,2,0)-, (0,2,1)-, (0,1,2)-, (2,0,1)-, and (1,0,2)-
convexity share similarities. O
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