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Abstract

For a polynomial p(2) of degree n which has no zeros in |z] < 1, Liman et al. (Appl.
Math. Comput. 218:949-955, 2011) established

‘p(Rz) —ap(rz) + ,3{ (Ri)n - |a|}p(rz)‘

<slll-ar 8] () el

fra s () el Jponl- [J
“f-ar o (7))

foralla, B e Cwith || <1,|8| < 1,R>r=>1and|z| = 1.In this paper, we extend the
above inequality for the polynomials having no zeros in |z| < k, k < 1. Our result

generalizes certain well-known polynomial inequalities.
MSC: 30A10;30C10; 30D15

(1)
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1 Introduction and statement of results
Let p(z) be a polynomial of degree n and p'(z) be its derivative. Then it is well known that

r‘nla)lc|p (z)| < nmax|p (1.1)
and
max |p(z)| = R" max|p(z)]. (12)

Inequality (1.1) is a famous result due to Bernstein [1], whereas inequality (1.2) is a simple
consequence of the maximum modulus principle (see [2]). Both the above inequalities are
sharp, and an equality in each holds for the polynomials having all their zeros at the origin.

For the class of polynomials having no zeros in |z| < 1, inequalities (1.1) and (1.2) have

respectively been replaced by

max|p z)’ =3 max|p(z) (1.3)

|zI=1 lz|=1
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and

1 max |p(z) | (1.4)

max |p(z)| < R+
|z|=1

|z|=R>1

Inequality (1.3) was conjectured by Erdos and later proved by Lax [3], whereas inequality
(1.4) was proved by Ankeny and Rivlin [4], for which they made use of (1.3). Both these
inequalities are also sharp, and an equality in each holds for polynomials having all their
zeros on |z| = 1.

As an extension to (1.3) and (1.4), Malik [5] and Shah [6], respectively, proved that if
p(z) #01in |z| <k, k > 1, then

n

' M , 1
Ilglgiilp @] < o k‘&i’ﬂp(z) (L5)
and
R" + k
< . 1.6
|$%’§1|p(z)| =T rlrzlglp(Z)l (1.6)

Aziz and Dawood [7] refined inequalities (1.3) and (1.4) by proving that if p(z) is a poly-
nomial of degree n which does not vanish in |z| < 1, then

max|p'@)] = 5 |maxlp(a)| - minp(a) | )
and
R"+1 R'-1\ .
max [p(a)] < (T+) max|p(2)| - ( 5 )g}l_rlllp(Z)!. (1.8)

Both these inequalities are also sharp, and an equality in each holds for p(z) = az” + y with
| = [yl
As arefinement of inequalities (1.7) and (1.8), Dewan and Hans [8, 9] proved that under

the same assumptions, for every || <1, R>1and |z| = 1, we have

(e + (o)

21 (|2 p Bl B\ .
<5 (5] o) matol - (o5 - 5] oo} )
and
’P(RZ)‘fﬂ(%) P(2)
<£{<Rﬂ+ﬂ(ﬂ>n + 1+ﬁ(w)n>max| (z)|
T2 2 5 max|p
R+1\" R+1\"
_<R”+ﬂ< ;— ) — 1+,3<%> )I|1Z1|1=13|p(2)|} (1'10)
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Both these inequalities are also sharp, and an equality in each holds for polynomials having

all their zeros on |z| =1
Liman et al. [10] further generalized inequalities (1.9) and (1.10) by proving that if p(z)
is a polynomial of degree # having no zeros in |z| < 1, then for all «, B € C with || <1,

Bl <1,R>r>1and |z| =1, we have

=<

ool
R+1\"
prosnl(52) e
ol (53) -
R"—ar"+ 8 —|a| g7
L r+1

— 1—a+ﬁ{(R+1)n—|ot|}Hmin|p(z)|}. (1.11)
r+1 |z]=1

As an extension to inequality (1.11), we propose the following result.

Theorem 1 If p(z) is a polynomial of degree n having no zeros in |z| < k, k < 1, then for all
o,BeCwith|a| <1, |B|<1,R>r>kand |z| =1, we have

Y o

’p(RZ) ap(rZ)+ﬁ{( "y
<3|l e () -1t}
2 r+k
1= a+ﬂ{<R+k) ”mla>1<|p(z)|
— | kR —ar” +/3{< > —|a|}r"
L r+k
- 1—a+,3{<R+k> —|a|}Hmin]p(z)|}. (112)
r+k |z|=k

If we take k =1 in Theorem 1, then inequality (1.12) reduces to (1.11).

Theorem 1 reduces to the following result by taking « = 1.

" ar” +

Corollary 1.1 If p(z) is a polynomial of degree n having no zeros in |z| < k, k <1, then for
every B € Cwith |8| <1, R>r >k and |z| = 1, we have

|p(Rz) —p(r2) + ﬁ{ (’r%f) . 1}p(rz>
e
k
) s
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—[k‘” Rn_rn+ﬁ{(1€+k>"_l}rn
r+k
R+Kk\" .
_‘ﬁ{<r+k> _IH]ETE|’9(Z)|}' (113)

Dividing both sides of inequality (1.13) by (R — r) and then making R — r, we get the

following generalization of inequality (1.9).

Corollary 1.2 If p(z) is a polynomial of degree # having no zeros in |z| < k, k <1, then for
every B € Cwith || <1,r> k and |z| =1, we have

/ B . B . B
zp' (rz) + r’i—kp(rz) < g{[k Pl — s }Iﬁliﬁp(z)}
-n| n-1 ﬁ n :
— |:k T = kr - r+kH E}iﬁip(z)i}' (1.14)

Taking o = 0 in Theorem 1, we also obtain the following generalization of inequal-

ity (1.10).

Corollary 1.3 If p(z) is a polynomial of degree # having no zeros in |z| < k, k <1, then for
every B € Cwith |8| <1,R>r >k and |z| = 1, we have

R+k\"
‘p(Rz) +B (L) p(r2)
r+k
(T ] R+k\" , R+k\"
55{[]( R +'B(r+k) N 1+'B<r+k> ]rga¥|p(z)|
aln R+k\" , R+k\"|7 .
_|:k R +'B(r+k> r —‘1+/3<r+k> :|I2H]}|p(z)|}. (1.15)

If we take B = 0 in Theorem 1, then we have the following consequence.

Corollary 1.4 If p(z) is a polynomial of degree #n having no zeros in |z| < k, k < 1, then for

every o € C with |a| <1, R>r >k and |z| =1, we have

’p(Rz) —ozp(rz)’ < %[{k‘”m" —ar”! +1 —a|} rlrzl‘zi)f‘p(z)‘

— (k"R —ar”| - Il—al}fgi:glp(Z)ﬂ. (1.16)

If we take « = 0 in Corollary 1.4, then we get

Corollary 1.5 If p(z) is a polynomial of degree » having no zeros in |z| < k, k <1, then

R+ K" R K"\
max |p(2)] < ( T >I|121|2_v1<|p(2)| - < T )glg;lp(Z)L (1.17)

Taking k =1 in Corollary 1.5, inequality (1.17) reduces to inequality (1.8).
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2 Lemmas
For the proof of Theorem 1, we need the following lemmas. The first lemma is due to Aziz
and Zargar [11].

Lemma 2.1 If p(z) is a polynomial of degree n having all zeros in the closed disk |z| < k,

where k > 0, then for every R > r and rR > K2,

piRa)| = () ool el =1, (1)

Lemma 2.2 Let F(z) be a polynomial of degree n having all zeros in |z| < k, where k > 0,
and f(z) be a polynomial of degree not exceeding that of F(z). If |f(z)| < |F(2)| for |z| = k,
then forall a, p € Cwith |a| <1, |B| <1, R>r >k and |z| > 1, we have

(&0 -afvay+ ] (7 ) -l

r+

< 'F(Rz)—(xF(rz)+ﬁ{<1f—+k)n— |a|}F(rz) . (2.2)

+k

Proof By the inequality |f(z)| < |F(z)| for |z| = k, any zero of F(z) that lies on |z| = k, is a
zero of f(z). On the other hand, from Rouche’s theorem, it is obvious that for § with |§] <1,
F(z) + 8f (z) has as many zeros in |z| < k as F(z) does. So, all the zeros of H(z) := F(z) + 6f (z)
lie in |z| < k. Applying Lemma 2.1, for R > r > k, we get

R+Kk\"
|H(Rz2)| > (T+k> |H(2)| > |H(r2)|, 12l =1. 2.3)

Therefore, for any o with |a| <1, we have

|H(Rz) - aH(r2)| > |H(Rz)| - ||| H (rz)|

R+Kk\"
z{( )—|a|}<H(rz), |zl =1,
r+k
ie.,
|H(Rz) - aH (r2)| > {(I: : //: ) - |a|}|H(rz)|, 2] = 1. (2.4)

Since H(Rz) has all its zeros in |z| < % <1, a direct application of Rouche’s theorem on in-
equality (2.3) shows that the polynomial H(Rz) — «H(rz) has all its zeros in |z| < 1. There-
fore, similar to the first paragraph, it follows that for every 8 € C with || <1and R > r > k,

all the zeros of the polynomial

T(z) = H(Rz) — aH(rz) + ,3{ (I:T+/]:) — || }H(rz)

liein |z]| < 1.
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Replacing H(z) by F(z) + §f(z), we conclude that all the zeros of

T(2) = F(Rz) — «F(r2) + ﬁ{ (f:f) - |a|}F(rz)

+ 8{f<Rz) —af(rz) + ﬁ{(“k)n - |oe|}f(rz)} (2.5)

r+k

liein |z| <1 for every R>r >k, |a| <1, |B]| <1and |§| < 1. This implies

puez) afra)+ ﬁ{ (R vk ) - Ial}f(rz)

r+k

F(Rz) — aF(r2) + ﬂ{ (f:;:)n || }F(rz)

=

) (2.6)

where |z] >1and R >r > k.

If inequality (2.6) is not true, then there is a point z = zy with |zg| > 1 such that

L/(sz —af (rz0) + ﬁ{(R—”‘) ol }f(rzO)

r+k

>

F(Rzo) — aF(rzo) + ﬁ{(fif) ol }F(rzo)

Take

_ F(Rzo) - aF(rzo) + B{(5)" ~ e[} F(rzo)
f(Rzo) —aif (rzo) + BUSE)" — el }f (rz0)

then || < 1, and with this choice of §, we have T'(zy) = 0 for |zg| > 1 from (2.5). But this
contradicts the fact that all the zeros of T(z) lie in |z| < 1. For 8 with | B8] = 1, (2.6) follows
by continuity. This completes the proof. O

If we take f(z) = (£)" miny |p(z)| in Lemma 2.2, we have

Lemma 2.3 Ifp(z) is a polynomial of degree n having all zeros in |z| < k, where k > 0, then
foralla,B e Cwith|a| <1,|8| <1, R>r >k, we have

R+k\"
R”—ar”+ﬂ{( * > —|oz|}r”
r+k
< min

R+k\"
min|p(R2) - ap(r2) + /3{ (L) ~lo| }p(rz)

k*}’l

QQV@H

o . (2.7)

If we take F(z) = (7)"” max, -« |p(z)| in Lemma 2.2, we get

Lemma2.4 Let p(z) be a polynomial of degree at most n. Then for all«, § € Cwith |«| <1,
I8l <1,R>r=>k>0,wehave

k n
p(R2) - apl(r2) + B { C%) ol }p(rz)

; ; R+Kk\" ;
R" —ar +,3{< +k> —|a|}r
r

max
lz1=1

<k™" rln‘e};(\p(z)| (2.8)

Page 6 of 12


http://www.journalofinequalitiesandapplications.com/content/2012/1/210

Zireh Journal of Inequalities and Applications 2012,2012:210
http://www.journalofinequalitiesandapplications.com/content/2012/1/210

Lemma 2.5 If p(z) is a polynomial of degree at most n, having no zeros in |z| < k, where
k>0, thenforalla, € Cwith |a| <1,|8| <1,R>r >k and |z| > 1, we have

k n
’p(Rz) —ap(r) + B { (%) ol }p(rz)

R+k\”
< |Q(R2) - ¢ Q(r2) +ﬁ{(i) - |oe|}Q(rz>, (29)
r+k
where Q(z) = (2)'p(2).
Proof If we take F(z) = Q(z) in Lemma 2.2, the result follows. O

Lemma 2.6 Let p(z) be a polynomial of degree at most n, then for all o, € C with |«| <1,
IBl<1,R>r>k(k<1)and |z| =1, we have

R+Kk\"
‘p(Rz) —ap(rz) + B { (ﬁ) ~ el }p(rz)

+
r+k

R+Kk\"
R”—ar”+,3{<r+k> —|a|}r”

R+k\"
oo (52) e

where Q(z) = (7)"p(k?/z).

k n
QR2) - aQr2) + /3{ (RL) ol }Q(rz)

fer

. , (2.10)

Proof Let M = max;—« |p(2)|. For any A with |A| > 1, it follows, by Rouche’s theorem, that
the polynomial G(z) = p(z) — AM has no zeros in |z| < k. Consequently, the polynomial

H(z) = (%)nG(kZ/E)

has all zeros in |z| < k and |G(2)| = |H(z)| for |z| = k. On applying Lemma 2.2, forall «, 8 €
Cwith || <1, |B| <1,R>r>kand |z| > 1, we have that

’G(Rz) —aG(rz) + ,3{ <I::l/:) ol }G(rz)

=

H(Rz) — aH(rz) + ﬁ{ (f:i) - |a|]H(rz)

Therefore, by the equalities

or

H@) = Q@) - X(%)HM,
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and substituting for G(z) and H(z), we get

otk -aprar+ 6] (£5) - 1ea o]
e (55 v o

SHQ(RZ)—aQ(rZ)HS{(f:,I:) |a|}o<rz>}

_ R+k\" ~
—A{R”—ar”+/3{<7) —|a|}r”}k "MZ"\|.
r

As |p(z)| = |Q(2)| for |z| = k, i.e., M = max;—k |p(z)| = max;— |Q(z)|, by Lemma 2.4 for the
polynomial Q(z), we obtain

(2.11)

k n
‘Q(RZ) aQ(rz)+ﬂ{( i ) |a|}Q(rz)

R”—ar"+,3{(R+k) —|a|}r
r+k
Therefore, by a suitable choice of argument A, we get
R+Kk\"
{owa-acoa) 8 (25) - etfaral
r+k
—X{R"—ar”+,3{<R+k) —|a|}r"}k‘"M‘
r+k
R+Kk\"
R”—ar”+ﬁ{( ) —|a|}
r+k

_ 'Q(RZ) @ Q) + ﬂ{(’%‘) _ |a|}o(rz> .

k" M.

k"M

(2.12)

Rewriting the right-hand side of (2.11) by using (2.12), we can obtain

+k

’p(Rz) —ap(r) + B { (%) ol }p(rz)

e () -
—Al-a+By|— ) —la||M
r+k

R+k
R”—ozr”+/3{( ) |Ol|}

+k
R+k
‘Q(RZ) aQ(rz)+ﬂ{< i ) |a|}o(rz>,

k"M

which implies

k
’p(Rz) ap(rz)+ﬁ{<R * ) —|a|}p<rz)

+k{(R+k> IaI}Q(rZ)

Page 8 of 12
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., ; R+k\"
§|A|{R —ar +ﬁ{<r+k> —|a|}
+l-a+p — || ¢ M.

r+k

Making |A| — 1, we have

k™"

’p(RZ) —ap(rz) + B { (

o

(R2) - aQ(rZ)+ﬁ{<R+k>n |a|} Qr2)

r+k

" . R+k
S”R - +ﬂ{<r+k> ~ledyr
1 R+k
+ —a+ﬂ{<r+k) —Ial}Hrlggﬁlp(zﬂ-

(2.13)

Then by making use of the maximum modulus principle for the polynomial p(z) when

k <1, we get

M= r‘nlai‘p(z|<max’p ’

This, in conjunction with (2.13), gives the result.

O

Lemma 2.7 Let p(z) be a polynomial of degree at most n having no zeros in |z| < k, k <1,

then forall a, p € Cwith |a| <1, |B| <1, R>r >k and |z| =1, we have

‘p(Rz) —ap(r) + B { (R—”‘) el }p(rz)
r+k
< l{k‘"
-2

oo (55) el
R'—ar"+ B3| — ) —la|;r
r+k
) R+k\" @
+ —oz+,3[<—r+k) —|oc|”}n;|z=ti;|pz|.

Proof Since p(z) does not vanish in |z| < k, applying Lemma 2.5 yields

R+k\"
’p(Rz) —ap(r)) + B { (ﬁ) ~la| }p(rz)

R+Kk\"
< )Q(Rz) —aQ(rz) +/3{(ﬁ> - IaI}Q(rZ) ,

where Q(z) = (?)"p(k*/Z).
Combining inequalities (2.15) and (2.10), we have

+k

2’p<Rz) —ap(rz) + B { (i—k) ol }p(rz)

< |p(R2) - ap(r2) + ﬁ{(R—”) ol }p(rz)
r+k

(2.14)

(2.15)
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R+k\"

+ Q(Rz)—aQ(rznﬂ{(L) —IaI}Q(rZ)
r+k

< { R'—ar” + ,3{<R+k)n - |a|}r”k‘”z”
r+k
+ 1—oz+,3{<R+k) —|oc|”}max|p(z)|. (2.16)
r+k lz|=1
This gives the result. O

3 Proof of the theorem

The proof follows some known ideas in the literature.

Proof of Theorem 1 If p(z) has a zero on |z| = k, then the result follows from Lemma 2.7.
Therefore, we assume that p(z) has all zeros in |z| > k. Then m = miny« |p(z)| > 0 and
for A with |A| < 1, we have |Am| < m < |p(z)|, where |z| = k. Using Rouche’s theorem, we
conclude that the polynomial G(z) = p(z) — Am has no zeros in |z| < k. Consequently, the

polynomial

H(z) = (%)HG(/@/E)

has all its zeros in |z| < k and |G(z)| = |H(z)| for |z| = k. Therefore, by applying Lemma 2.2
for the polynomials G(z) and H(z), we obtain

+k

|G(Rz) —aG(rz) + ,3{<I:+—k) 1 }G(rz)

=

. (3.1)

H(Rz) — aH(rz) + ﬁ{ (%)n — |a|}H(rz)

Using the fact that

z\" (k2 zZ\" [k2\ - [z\" — (z\"
wo-(3) 6(5)- (i) 1(5) -2 (3) -em (i)
or
H@) = Q) —M(f)",
k
and substituting for G(z) and H(z) in (3.1), we get

HP(RZ)—ap(rz)+ﬁ{<fT+//:> —|a|}p(rz)}—x{l—aw{(f::) —|a|”m‘

k n
{Q(RZ)—aQ(rZ)+ﬁ{(R+ ) —|a|}Q<rz)}

=
r+k

_ R+k\" _
—A{R”—ar”+,3[< +k) —|a|}r”}k "mz"
r

. (3.2)
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Since the polynomial Q(z) = (%)”p(%) has all zeros in |z| < k and m = min; ¢ |p(2)| =
minp,x |Q(z)|, by applying Lemma 2.3 for the polynomial Q(z), one can obtain

‘Q(RZ) Q) + ﬁ{(’%,’:) el }Q(rz)

R n
R”—ar"+,3{( :/I:) —|a|}r”k
r

Therefore, by a suitable choice of argument A, we get

k n
‘{Q(Rz)—ao(rznﬁ{(fL) —|a|}Q<rz)}

m.

+k
e (Fg) -}
— MR —ar"+ B —laf¢r
r+k
‘Q(RZ) aQ(rz)+ﬂ{( *,’:) IaI}Q(rZ)

—|A|‘R"—ar"+,3{(R+k) —|a|}
r+k

Combining (3.2) and (3.3), we have that

k
’p(Rz) ap(rz)+/3{< :k) |a|}p<rz)

R+k\"
—|A|’1—a+ﬁ{<r+k) —|oc|”m
{(R”‘) IaI}Q(rZ)

R+k\"
R”—ozr"+,3{(r+k> —|ot|}r”k

k"'m

k" m. (3.3)

m.

This implies

R+Kk\"
‘p(Rz) —ap(rz) + B { (ﬁ) ~ el }p(rz)

k
‘Q(Rz aQ(rZ)+ﬂ{< +) |a|}o(rz>

k
—I?»I{k"

R”—ar”+,6{<I::/l:)n—|a|}r”
R+Kk\"
e (52) o

Making |A| — 1, one obtains

’P(RZ) ap(r2)+ﬁ{< k) Ial}( Z)

(Rz) aQ(rz)+,3{< ) Ial} (rz)



http://www.journalofinequalitiesandapplications.com/content/2012/1/210

Zireh Journal of Inequalities and Applications 2012,2012:210 Page 12 of 12
http://www.journalofinequalitiesandapplications.com/content/2012/1/210

- {k"‘ R”—ar”+ﬁ{(R+k>n—|a|}r”
r+k
—’1—a+ﬁ{(R+k>n—|a|}Hm. (3.4)
r+k

On the other hand, by Lemma 2.6, we have

k n
‘p(RZ) —-ap(rz) + B { (1::]( ) — || }p(rZ)

+

Q(RZ)—aQ(rZ)+ﬂ{(I:+k) —|a|}Q<rz)

+ k
R+Kk\"
< {k’” R”—ozr"+ﬁ{< * ) - |a|}r”
r+k
R+Kk\"
—'1—a+ﬂ{< b > —|a|}”max‘p(z)|. (3.5)
r+k |z]=1
Considering inequalities (3.4) and (3.5) together gives the result. O
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