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1 Introduction
The following inequality is one of the well-known results in the literature called Simpson’s
inequality.

Theorem 1 Let [ 1, 21 R be a four times continuously differentiable mapping on
(1, 2)and * =sup| *x)|< . Then, the following inequality holds:
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For recent refinements, counterparts, generalizations, and new Simpson’s type inequal-
ities, see [1, 4-8, 11-17, 19-28].
A formal definition for co-ordinated convex function may be stated as follows:

De“nition1 Afunction : :[ 1, 2]1*%[ 3, 4] Riscalled co-ordinated convex on
for all (x, ), (y,v) and ¢,s [0,1] if it satisfies the following inequality:

(tx +(A-t)y,su+(1 —s)v)
ts (xu)+t(l—s) (xv)+s(l—2) (,u)+Q—s)(1-1t) (). 1.2)
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The mapping is co-ordinated concave on , and the inequality (1.1) holds in reversed
direction for all ¢,s  [0,1] and (x, &), (y, v)

In [5], Dragomir et al. proved the following some recent developments on Simpson’s
inequality for which the remainder is expressed in terms of lower derivatives than the
fourth.

Theorem 2 Suppose :[ 1, 21 R is an absolutely continuous mapping on [ 1, 2]
whose derivative belongs to L,[ 1, 2]. Then, the following inequality holds:

‘%[ ()+4 (1; 2)+ (2)}—%/12 () dx

1720 4174 L
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where 1 +1 =1,
P q

In [19], Sarikaya et al. obtained inequalities for di erentiable convex mappings that are
connected with Simpson’s inequality, and they used the following lemma to prove it.

Lemmal Let I R R beanabsolutely continuous mappingonlI (I isthe interior
of I) such that Li[ 1, 2], where 1, 2 I with 1< », then the following equality
holds:
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The main aim of this article is to set up new Simpson’s type inequalities for mappings
whose twice partially derivatives in absolute value are co-ordinated convex via generalized
fractional integral operators.

2 Generalized fractional integrals operators
In this section, we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [18].

Letus defineafunction :[0, ) [0, ) satisfying the following condition:

/lﬂm
o ¢

We consider the following left-sided and right-sided generalized fractional integral oper-
ators

w1 0= [ Drwan x> 1)
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and

oI ()= / ’ Et__xx)f(t)dt, x<b, 2.2)

respectively.

Some forms of fractional integrals, namely, Riemann—Liouville fractional integrals, k-
Riemann—Liouville fractional integrals, Katugampola fractional integrals, conformable
fractional integrals, Hadamard fractional integrals, etc. are generalized as the most sig-
nificant feature of generalized fractional integrals. These important special cases of the
integral operators (2.1) and (2.2) are mentioned below:

(1) If we choose (t)=t, the operators (2.1) and (2.2) reduce to the Riemann integral.

(2) Considering (¢)= % and >0, the operators (2.1) and (2.2) reduce to the

Riemann-Liouville fractional integrals /_,f(x) and J,_f(x), respectively. Here, is
the Gamma function

(3) For (8)=1¢ ( )tk and , k>0, the operators (2.1) and (2.2) reduce to the

k-Riemann~-Liouville fractional integrals J,, .f(x) and J,_,f(x), respectively. Here,
« is the k-Gamma function.

There are several papers on inequalities for generalized fractional integrals in the litera-
ture. In [18], Sarikaya and Ertugral also proved Hermite—Hadamard inequalities for gener-
alized fractional integrals. In addition, Budak et al. proved Midpoint type inequalities and
extensions of Hermite—Hadamard inequalities in the papers [2] and [3], respectively. In
[9], Ertugral and Sarikaya presented some Simpson-type inequalities for these fractional
integral operators.

Generalized double fractional integrals are given by Turkay et al. in [26], as follows:

De"nition 2 The Generalized double fractional integrals s+ c+l | | sva-t | , p—c+d | |
»q—1  are defined by

)f(ts)dsdt x>ay>c, 23)
wead  fly)= / / ‘ i"__f) S(S__yy)f(t,s)dsdt, x>ay<d, 2.4)
el flx,y)= // _(t=%) ’“) (y =g dsdr, x<by>e, 25)

and
ol flxy)= //d (t=%) (S )f(t sdsdt, x<by<d. 2.6)

Here, f  Li([a,b] x [c,d]), and the functions , :[0, ) [0, ) satisfy fol @dt<
and [ Dds< | respectively.

Using Definition 2, well-known fractional integrals can be obtained by some special
choices. For example,
(1) If we choose (t)=tand (s)=s, the operators (2.3), (2.4), (2.5) and (2.6) reduce to
the double Riemann integral.
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(2) Considering (t)= %, (s)= %, then for , >0, the operators (2.3), (2.4), (2.5)
and (2.6) reduce to the Riemann-Liouville fractional integrals J,i .+ (x, ¥),
Jorat®) 1, of () and ], ,_f(x,y), respectively.

(3) For ()= %() and (s)= TF() for , ,k>0,the operators (2.3), (2.4), (2.5) and
(2.6) reduce to the k-Riemann-Liouville fractional integrals ]ﬂ;,g/if ®9) 4, ;llif(x, ),

]b_”c‘];f(x,y) and ]b_'vt’/ff(x,y), respectively ([10]).
In this paper, utilizing generalized double fractional integrals, we extend the results

proved in [9] to co-ordinated convex functions.

3 Anidentity for generalized double fractional integrals
Throughout this paper, for conciseness, we define

t (b= s d—c
(t):/o Zu)du, (s):f0 ;”)d

In this section, we start the usage of generalized fractional essential operators by subse-
guent lemma:

Lemma?2 Let : =[1, 21X [ 3 4] R bea twice partially differentiable mapping
on  ( istheinteriorof ).If i—'LS L( ), then we have the following equality for gen-

eralized fractional integrals.

(125 3 4)

_(a=3)(2— 1)
4 (1) @

(L),

—t 1+t 1-s 1+s
+
< 1t 2 st 4>d5dt

L),

—t 1+t 1+s 1-s
+ dsd,
X ( 1 5 25 3 > 4> sat

//(ﬂ_ﬁ)(¥_¥) tzs

1+¢ 11—t 1-s 1+s
+ +
X ( 1t a5 st 4>d5dt

LL2--2)

1+¢ 1—-¢t 1+ 1-—
< 1+ 2 i 3+ 2s 4>dsdt},

2 2 2

where

(1020 3 4)
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(1, 3)+ (204)+ (203)+ (1, 4)
36

ol (B2 (o) () ()
2+ 2 3+ 4 1 1t 2 3+ 4
() e (1)[2-;’ (2’ )

1+ 2 3t 4
+ - +] , ++_]
i ()
+ +
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+
4
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1+ 2 3t 4
+4 +] _ |
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Proof Itsu ces to be aware that

L),

1—t 1+t 1- 1+
X ( 1 2 83+ 234)dsdt

2 2

L),

1—t 1+t 1+s 1-s
X +
( ! 2 2 2 3 2 4)det

L),

1+t 11—t 1-s 1+s
X + +
( 1t a5 st 4)det

L),

1+t 11—t 1+s 1-s
x + , + dsdt
( 2 1 2 2 2 3 2 4) S

:11 +12+13+14.
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Integrating with the aid of using by parts, we obtain

L)

11—t 1+t 1-s 1+s
+ , + dsdt
( 2 1 2 2 2 3 2 4) S

:/ﬁ@— o)l ()

1+t 1-s +1+s !
1t 253t 0

4_32/ (e e el
3D )5l o

()57 e
B e

11—t 1+t 1-s 1+s
X — + + dsdt.
t(z 1t ey s 24)”

4— 3

By changing the variables and applying integration on integrals, we obtain

ey e ()
s 3(;)2— D, (l+ 2 ) (f—(ls)x 2(1—) ) (2‘ 4; 3)
" j—(ls)x 2(1—) ) ( ER: 3)
‘3(4—23)212— (l; O )
s 3()?2— <2’ )
3 4—23)((1)2— ( 1; 2 )

N 1 ! <1+ 2 3+ 4>.
(a— 32— 1) 557 2 2

Similarly, we obtain

LI

1—t¢ 1+t 1+s 1-
X +
( S, tt e st )dsdt
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_ (Hv(1) (2 o)+ 2 (1) (O < 2t 1 )
9 a— ) 2— 1) ¥ 9= 32— 1) 2 ' °
1) 2 (1) (1) 4t 3
T3am Nom ( ) 94— a)(2— 1) (2‘ 2 )
4 (1) @ 1+ 2 4+ 3
9( 4= 3)(2— 1) ( 2 2 )
_ ) ( 1t 2 )
(24— 3)(2— 1)2 2
1)
+3(3— A 2— 1)+ (2 )
2 (1) 1+ 2
"3a= (o= 0! ( 2 )

N 1 7 <1+2’3+4>’
(4= 3)(2— 1) ;3 2 2

L)

1+¢ 1-¢t 1- 1+
X ( 1+ 2 S3+ S4)dsdt

2 2 2 2
(1)v(1) 2 (1) () 2t 1
Soas o) TR e D ( 2 “)
_ 1) 1t 2 ) 2 (1) @ < 4t 3)
34— 3)(2— 1) » 9 a— ) 2— 1) M 2

4@ 2 at s
+9(4—3)(2—1>( 2 )

(%

"

2
‘3(4—23>8— D (122 )

r(e

c

+

: 1)

3(s— a)(2— 1) ;
2

3(a— 3)(2— 1) ;

4 1 I <1+ 2 3+4>,
(a— 32— 1) ¢ 7 2 2

1L

and

[ L(2-2-2) 7

(l;—t 1+1;t 2’l;-s o+ 1—- )dsdt
_ 1v() ( )+ 2 (1) @ < 2% 1 )
(am ) 2— 0 ¥ 94— ) 2— 1) 2 3

1) 1+ 2 2 (1) (1) 4t 3
Ve S ( 2 ’3>+9<4— N 2= 1) (1’ 2 )
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4 (1) (@ 1+ 2 a4t 3
"9 2= D ( T2 )
2 (1

" 3(4— 3)(2— 1)

(20r
(1) <1+ 2 4t 3)
<

T 3(3— a)(2— 1) :
3 2 (1)
3(4— 3)(2— 1) ;

N 1 I3 <1+ 2 3+ 4).
(a— 3)(2— 1) ;3 2 2

By adding the above integrals and multiply by %(fl)l) we can write

(a— 3)(2— 1)

41 @ [h+L+I3+1]= (1, 2 3 4)

which completes the proof. O

Corollary 1 Under the assumption of Lemma 2, with (t) =t and (s) =s, then we obtain
the following equality for Riemann integrals:

(1,20 3 4)

A2 [ G3)6G)

2 /11—t 1+t 1-—s 1+s
X 1 2,

+
ts 2 3

L (G

21—t 1+t 1+s 1—s
+ +
X ; < 1 22— 3t 4>d5dt
(4— 3)( 2— 1)/ / s 1
2 3
2 1+¢ 1—s 1+s
x , dsdt
( 1 22— 3t 4) s

L

2 [1+¢ +1—t l+s +1—s
t s\ 2 ' T2 ¥y 3

X

where (1, 2, 3, 4)is defined by

(120 3 4)
(1, 3;4)4_ ( -, 3;4)+4 (1;2, 3;4)4_ (1;2, 3)+ (112‘2’ 4)
9
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(1, )+ (203)+ (20 4)+ (2 4)
36

_ﬁ/j[ (x, 3)+4 (x, 3; 4>+ (=, 4)]dx
s T (2520 e o

1 2 4
M T 1)/1 / (v.y) dy dx.

Corollary 2 Under the assumption of Lemma 2, with (t) = % and (s)= % then we

+

obtain the following equality for Riemann—Liouville fractional integrals:

(1020 3 4)

_(a=3)(2— 1)

LTG5

2 1—t 1+t 1-—s 1+s
x + +
ts \2 Y2 ¥ T 4)”]5‘#
+/4/4 t 1\/1 s
o o \273)\37 2
2 1—¢ 1+t 1+s 1—s
X — + +
ts <2 1T v T “>d5dt
+/1/1 1 ¢ s 1
o b \3 2)\ 273
2 1+¢ 1—t 1-s 1+s
X — + , + dsdt
ts ( 2 VT v Ty “) s
+/1/1 1 ¢t 1 s
0o b \3 2)\37 2
2 1+t 1—¢ 1+s 1—s
X — +
e <2 1 5 25 3 > 4>dsdt},
where
(1, 20 3 4)
(1,30 (2, 4)* (203)+ (1, 4)

36
1 ) 3t 4 1+ 2 3t 4
+ = + + +
9[(2"‘) (2’2) <2’3> (1‘2>
+4 2+2,3+4
2 2

+2+_2(+1)(+1)|:], (1+2 3+4>

(2= 1) (a—3) 204
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, 1+ 2 3t 4
”2‘,5( 2 2)
, 1t 2 3t 4 , 1t 2 3t 4
+]fv4( 2 2 )”I,;v ( 2 2 )}
271 (+1) 1+ 2 1+ 2 1+ 2
BCEED [J;( 2 "‘)”2‘( 2 ’3>”f< 2 "‘)

1+ 2 1+ 2 3t 4 1+ 2 3t 4
+]+ Il +4 - ’ +4] + Il
’1(23)4]2(2 2)‘”1(2 2)}

271 (+1) 3t 4 3t 4 3t 4
S — — - +/ '
o Ve (25) e (v25) s (2757)
3t 4 1t 2 3t 4 1t 2 3t 4
+/ 4 s +4] - T +4 + A ’ .
i () () ()
Corollary 3 Under the assumption of Lemma 2, with (t):#?()and (s):%,then

we obtain the following equality for k-Riemann—Liouville fractional integrals.

$( 1, 27 3 4)
_(a=3)(2— 1)

2 —t 1+t 1-s 1+s
X + +
ts 2 2

t 2 2 2
where
$( 1, 21 3 4)
_ (na)+ (2 &)+ (203)+ (1 4)
36

1 1t 2 3t 4 1+ 2 3t 4
+ = + + [(—= + =t
o (25 (o) () ()
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2t 2 3t 4
+4 ,
(=252)]

2 k) Kl +k)|:];"i < 1+ 2 3t 4)
(2— 1) (4= 3) 214 2 2
+]

L, 1+ 2 3t 4
203 2 2
(1+2 3+4>+], (1+2 3+4)}
2 2 i 2 2
287 +R)T, 4 1+ 2 % 1+ 2 % 1+ 2
b () () ()
& 1t 2 & 1t 2 3t 4 K 1t 2 3t 4
i ( 2 ’3)+4]2‘ ( 2 T2 >+4]I < 2 T2 )}
_2?_1 K( "‘k)[]_,k (2, 3+ 4>+]_,k (1’ 3+ 4)_”;1( <2’ 3+ 4)
6(a= oF L° 2 ' 2 ; 2

k 3t 4 k 1+ 2 3t 4 k 1+ 2 3t 4
+] ! =) +47 ! =) +4) , .
7 (1 2 ) & < 2 2 ) / § < 2 2 )}

4 Simpson type inequalities for generalized double fractional integrals
In this section, we present some Simpson-type inequalities for generalized fractional in-
tegrals.

s

=~

+] 4

1

Ll
w4y

Theorem 3 We assume that the conditions of Lemma 2 hold. If the mapping | | is convex

on , then we have the following inequality for generalized fractional mtegmls.

’ (1, 20 3 4)|

(4= 3)(2— 1) o Ol o @
T v ( _’_H_‘ 3 ‘d””)
x H?( L o3|t 4) t—s( 2, 3)|+ 4)},

where (1, 2, 3, 4)isdefined asin Lemma 2.

Proof By taking modulus in Lemma 2, we obtain

| (1 2 38 4) (4.1)
(a— 3)(2— 1)
4 (1) (1)

i//

(2= %)i

1—¢ +1+t l-s +1
5 1 25 3 >

(ﬁ-ﬂﬂ\( 3 7‘)}

dsdt
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1- 1+ 1+ 1-
( t t 23 - 25 4> Jsd
- <f>>u<ﬂ—ﬂ>>
0 o 3 3
2 l+t - 1+
< 2 2S3+TS4> dsd
+ 1 (D _ Oy(Lo b
0 o 3 2
2 1+¢ 1—t 1+s 1-s
X + , + dsdt ;.
t s (2 1T 2Ty T 4) ’ }
Since the mapping | -| is co-ordinated convex on , we obtain

((t) (D)H( () é1)>’ (4.2)

1-t 1+t 1-s  1+s
ts<21+22’23+24>
1 1 — —
[ -2 E-0)()
(12 ) 1 s> 2 (1+t>(123) 2 (2 )

(%)

s) ) ds dt.
Similarly, we obtain

HE-2E-2) @
L)
L= DIE-I0) )
( 2 )(125> 2 (1+t>(1gs) a9
( 2 )(123> ‘ )det’

[E-2)GE-) @
S (e
//09~EN<® SIE)(F)
() o+ ()0 e

dsdt

X

2

(1 3)

t s

SCo g+

t s

t
2

N+ N+

(2, )

t s

(
(1

dsdt

X

2

(1 3)

t s

LG g+

t t s

2

(2, 4)

dsdt

2

(1 3)

t s

t

t s( o)t
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(359 (5) e ) oa
/olfol (%‘¥)H(¥‘¥)‘ (4.5)

2 1+t 11—t 1+4s 1—s
tS<21+22’23+24>
LD e
x (1;)(1;)‘ ,:2 (4 +<1;t>(1;—s>‘ tz (o
+ 1—-¢t\/1-s 2

( 2 )( 2 ) )dsdt.

Using the inequalities (4.2)—(4.5) in (4.1), the proof is completed. O

and

dsdt

(2 )

Corollary 4 Ifwetake (t)=tand (s)=sin Theorem 3, then Theorem 3 reduces to [15,
Theorem 3].

Corollary 5 In Theorem 3, ifwe use (t) = % and (s) = %, then we obtain the follow-
ing inequality for Riemann—Loiuville fractional integrals.

’ (1, 20 3 4)‘

(4= 3)(2— 1)
4
§ 2 l+l+ 1 1 2 l*1+ 1 1
(Tl(é) 2( +1)_§)( +1(§) 2( +1)_§>
2 2 2 2
X H?( 1, 3)|+ ?( 1, 4)|+ ?( 2, 3) +‘?( 2, 4):|.

where| (1, 2, 3. 4)| is defined as in Corollary 2.

Corollary 6 Ifwetake (t)= % and (s)= % in Theorem 3, we obtain the following
inequality for k-Riemann—Louville fractional integrals:

1$( 1. 27 3 4)]

(4= 3)(2— 1)( <g)5+1+ k _1)
4 +k\3 2( +k) 3

§ 2 K+1+ k 1

( +k(§> 2( +k)_§>
2

x Hﬁ( 1, 3)

where $( 1, 2, 3, 4) is defined as in Corollary 3.

+ +

]

2
+ il
(e

2
7( 2, 3)

2
i( L 4)
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Theorem 4 Suppose that the assumptions of Lemma 2 hold. If the mapping | |q is co-
ordinated convex on , then we have the following inequality for generalized fmctzonal

integrals:

| (1 2 38 4)
(a— 3)(2— 1)

o O
(/

[ (-2

4
(| L( 4, 3) DT+3|2L( 5, Q)7 +9—L( ,, 4>|q>3
16

|
+</°l ”’fﬂ%—%'@)i
(

® _

4)|q+9| L( 2, 3)|q+3|_r( 2, 4)|‘7>$

16
' /olﬂ‘— dt)%(ﬂ_T )
( B P o e 4)|‘1>%
16
([T [ o)
x(g 3)|q+3| E(a, 3)|’1+| E( 4)|q>3,}
16 .

where (1, 2, 3, 4)isdefined asin Lemma 2 and}% + é =1.

Proof From Holder’s inequality and co-ordinated convexity of |%|q, we have

Le-Ie-)

—t +1+t 1-—s +l+s

ts 2 Y2 T
1
P

X

dsdt

N OF N @
(/ 2 "3 ‘”) (‘T_T ”’S)
( ( ;t 1+1-2Ft 2,155 3+1;-s 4) thdsy
(®)

([ H-2ay (-2
LT e

o)
()

2 q
Tl

t
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1+£\ /1=s\]| 2 T 148\ [/1+s\]| 2 7
()0t o (5) (53 te o] ) e

N0 2 N2 (] () Y.
‘(/0 T‘T ””) (T‘T "“)
(| L( 4, 3) T+3[2L( 5, )1 +92L( ,, 4>|q>
16
Similarly, we obtain
ﬂ_ﬂ"ﬂ_ﬂ 4.7
N - ( 2t l+1;:: 2’1-2|-S 3+l;s 4) dsdt
oW AN NPl @ 6 z
(/o (T‘T) ””) (\(7-7) )
N 3 (1, 4)|q+9| L( 2, 3)|q+3| E( 2 2l
(*= e )
1ﬂ_ﬂHﬂ_ (1)‘ 4.8)
2 — —
o (1; 1+12t 2'1zs 3+¥ “) dsdt
He@ O\ NP O @\,
(/o (T‘T) "”) (\(T‘T) ”’S)
) (3 T+ 2L (1, )T+|2L( 5, 9|7 +3|—L( 4)|q)
16 '
and
1ﬂ_ﬂHﬂ_ﬂ 4.9)
§ tzs <1;-t " ;t 2,1;-s 3+l;s 4) Jsdi
e @ ® U/ @ 6\ \?
(/0 (T 2) ””) (/o (T‘T) "’5)
N (9 (1, (21 4)|q>
16
Using the inequalities (4.6)—(4.9) in (4.1), we obtain the required result. O

Corollary 7 Ifwe take (t)=tand (s)=s in Theorem 3, we have the following Simpson

inequality for Riemann integrals:

’ (1, 20 3 4)‘
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(2— 1)(a— 3)<1+2p+1>,%(i)%

144 3p+1)) \16

2 q 2 q 2 q 2 a7
x |:( ?( 1, 3)| *+3 ?( 1 o4)| *+3 ?( 2, 3)| +9 ?( 2, 4) )

2 q q 2 q 2 N g
+<3 ?( 1 3) a)| +9 ?( 2, 3) St—s( 2, 4) )

) ‘ 7 2 N
+<3 7( 1, 3) 4) Sﬁ( 2 4) )

2 q q 2 q 2 q %
+<9 ﬁ( 1 3) )| *+3 ﬁ( 2 3)| + ﬁ( 2, 4) ) }

where (1, 2, 3, 4)is defined as in Corollary 1.

Corollary 8 Ifwe take (t)= and ()=
Simpson inequality for Rzemann—Lzouwlle fractional integrals:

( 5 in Theorem 3, we obtain the following

| (1 2 3 4)
1 P oNp/ L PN\ i
(Llz=3[ ) ([ 1550« Go)
2 q 2 q 2 q 2 q %
x |:( — (v 9 #3——(n 4 +3|——(2 3) +9)—— (2 4) )
2 q q 2 q 2 q %
+(3 — (1 9) D +9—(2 9| +3—(2 9 )
5 q 4 2 N
+(3 ——(12) 4) 8 (24 )
2 q q 2 q 2 N7
+<9 ﬁ( 1, 3) 4)| +3 i( 2, 3)| * i( 2, 4) ) }

where

(1, 2, 3, 4)isdefined as in Corollary 2.

Corollary9 Ifwetake (t)= % and (s) = #?() in Theorem 3, we obtain the following
Simpson inequality for k-Riemann—Liouville fractional integrals.

’$( L2 3 4)’
23 (st 1 iz
(Fz-31)" (7 -3l+)
2 2 q 2 q 2 q %
[(‘?( 1, 3) +3 t—s( 1, 4)| *+3 i( 2 3)| +9 ?( 2, 4) )
2 q 2 q 2 N
(3‘—( 1 3) t—s( 1, 4)| +9 t—s( 2, 3)| +3 ?( 2, 4) )
2 q 2 q 2 :
(g 9 %90 0 +3 (2 0| )
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q
+3

q q
+3

)]

4)

+<9

where $( 1, 2, 3, 4) is defined as in Corollary 3.

,q>1,is

co-ordinated convex on , then we have the following inequality for generalized fractional

integrals:

| (1 203 a)

ﬁ_ﬂHﬂ_ (1)‘

a0
()G

p S( 1 3)"+(1;:)<1;s> tzs( . 4),,
(e o ()t o)
ﬁ_ﬂ”ﬁ_ (1)’
) e o (55 e o
() (2 3)q+ 2 (2 - (2 4)q dsdt%
2 2 t 2 2 ts
+(// <1)_ﬂ ﬁ_ (1)\
) e s>q+<1§ D)o
+<1 t>(12 ) : (2 3) (12 )(%) %( 2, 4)q}dsdt);
of [
(e () e of
(e 9+ () of o))

where (1, 2, 3, 4)isdefined asin Lemma 2.

Proof Using the power mean inequality and coordinate-convexity of |%|q, we have

ﬁ_ﬂ"ﬁ_ él)‘ (4.10)
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Similarly, we obtain
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(4.11)

2 q

2 2 2

x [((

q*( )()

2

1+s 1+¢

(2 3)

2

(1 4)

t s

1

2

|

1+¢

ts 2

)( )
()%
S (5

O

(/13 2
<[]

+(50%)

> 1
o)

f/

@ ‘

1—-¢
2

4

(1)

l1-s
2

l+s
3+—2 4

6 @

2 3
1) ‘

dsdt

2

S

1—s\| 2 1+¢t\ [1+s

(1, 3)

t s

(20 4)

q q
] dsdt> ,

(4.12)

2

q
(1, 4)

2 2 ts 2 2

(G2 )

“( (%)

t s



Khan and Budaklournal of Inequalities and Applications  (2022) 2022:94 Page 19 of 20

1

- _ 2 q B ) ] .
+<12t)<125> . S( 2, 3) +<%><?) t—s( 2, 4) :|dsdt> ,
and
L@ o o
L= 419
2 - —
) t s (l;t 1+12t2’1‘2"8 3+1254> dsdt

(L) (22

q

A oA )
+(15t)(125)\ (., 3>q+(1;t)(1;3) 2 "}dsdt)?

By substituting the inequalities (4.10)—(4.12) in (4.1), we obtain the desired result. O

(2 )

Remark1 By special choices of the functions and in Theorem 5, one can obtain several
new Simpson-type inequalities. These are left to the reader.

5 Concluding remarks

In this paper, we present several generalized fractional Simpson-type inequalities for func-
tions whose partial derivatives in absolute value are co-ordinated convex functions. We
also show that the results given here are a strong generalization of some already published
ones. In the forthcoming papers, researchers can use the techniques of this work to obtain
similar inequalities for other kinds of co-ordinated convexity.
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