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Abstract
In this paper, we find the optimal transmission of messages in computer networks.
This problem has been formulated as a nondelayed optimal control problem in
several recent papers on TCP (transmission control protocol). Since the actual
transmission of messages from origins to destinations should consist of both forward
transmission delays of the buffers and latency of the links, we remodel the problem as
a time-delayed optimal control problem consisting of both control-dependent
time-delayed arguments and discrete time-delayed arguments. We then develop a
modified control parameterization method for solving this time-delayed optimal
control problem. The gradients of the new objective function and constraint
functions generated by this modified control parametrization method are derived. A
numerical example is solved by using the time-delayed version of the problem that
we formulate, as well as the nondelayed version of the problem in the literature.
Numerical results clearly illustrate the efficiency of the modified control
parameterization method for solving both versions of this optimal transmission
problem. Comparison of results of the two versions concerning the optimal
transmission rates at the origins, the optimal output flow rates at the destination, and
the queue sizes at the buffers are obtained. These comparison results clearly reflect
how the optimal transmission of messages in computer networks in real life can be
affected by both the forward transmission delays of the buffers and the latency of the
links.

Keywords: Optimal transmission in computer networks; Buffer equations; Forward
transmission delays of the buffers; Latency of the links; Optimal control problem with
both control-dependent time-delayed arguments and discrete time-delayed
arguments; Modified control parametrization method; Gradient formula

1 Introduction
In computer networks, queues build up in the buffer of the links when the input rates are
larger than the available bandwidth. Long queues can cause congestion leading to packet
losses and delays in transmission. Various versions of TCP (transmission control proto-
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col) have been developed. The existing congestion control techniques aim to adjust the
transmission rates of the competing users in such a way that the network resources are
efficiently shared.

Since the pioneer works [1] and [2], a lot of efforts ([3–14]) have been devoted to the
modeling and design of the internet congestion control. These research works involve the
establishment of a fluid model for finding the proper resource allocation of the network.
Different resource allocation algorithms, such as primal, dual, and primal-dual algorithms
have been developed, which enable the user to find the optimal transmission rates asymp-
totically using local feedback from the network.

Despite the progress in the analysis and synthesis of internet congestion control, an im-
portant modeling issue has been neglected for simplicity. Specifically, most existing fluid
models of congestion control assume that the flow rate of a TCP flow at every link in its
path is equal to the source rate at the first link. However, in practice, due to the queuing
effect caused by more than one source using the same link, the rate of the TCP flow from
each source in an intermediate link is usually (but not always) less than that of its preced-
ing links. Thus the rate of a TCP flow should be decreasing most of the time as it travels
from one link to another link from source to destination. In view of the above shortcoming
of the existing models, [12] developed a closed-loop form for the buffer dynamic to ad-
dress the instantaneous queuing rate of each TCP flow at the router of every link it passes
through; consequently, the instantaneous flow rate of each TCP flow at a particular link
can be obtained by subtracting all the queuing rates preceding this link from the input
source rate. Hence a more accurate model has been developed for modeling the behav-
ior of the network under the congestion controller. The stability of the congestion control
algorithms was devised by imposing several simple conditions.

In this paper, we consider a computer network that has two origins, N sources, three
links, and one destination such that each of the TCP flows from the sources uses two links
to reach the destination. We then modify the model of [12] further by imposing the time-
delay arguments into the buffer equation (i.e., the queuing equation at the buffer of a link)
and the conservation of the flow equation (i.e., the equation governing the flow rate at one
link and its successive link).

As mentioned in [4], there always exists a time difference between the time that a packet
first arrives at the router of a link and the time that the router serializes it onto the link. This
is called the forward transmission delay, which is equal to packet size (bits)/transmission
rate (bits per second). Furthermore, there also exists a time difference between the time
that the packet leaves the router of one link (i.e., immediately after the router has serial-
ized the packet into the link) and the time that it arrives at the receiving end of the link
(i.e., the time that the packet reaches the router of the preceding link during its trip from
source to destination). This is called the latency of the link, which is a constant for each
link (independent of the packet size and transmission rate). Thus by inserting the forward
transmission delay arguments into the buffer equations and the latency into the conserva-
tion of flow equations we obtain even a more accurate behavior of the network under the
congestion controller than that of [12].

Since each link in this “optimal transmitting of messages in computer networks” model
may be shared by more than one source, competition for flow rate exists at some or all
the given links. Thus the objective of this problem should involve allocating the flow rate
of each link to all the competing sources in such a way that the weighted sum of all the
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messages sent by the sources to the destination in each time interval is maximized, subject
to the conditions that both the buffer capacity and the link capacity (which is usually called
the bandwidth of the link) are not violated.

Using the above objective function, we first formulate this problem as a time-delayed
optimal control problem consisting of both control-dependent time-delayed arguments
and discrete-time-delayed arguments. The control-dependent time-delayed arguments
arise from the transmission delays of the buffers and the discrete-time-delayed arguments
arise from the latency of the links. We then develop a modified control parameteriza-
tion method for solving this optimal control problem. The gradients of the new objective
functions and the constraint functions generated by this modified control parameteriza-
tion method are derived for the first time in the literature. Finally, a numerical example
is solved by using both the nondelayed version and the time-delayed version of the above
optimal transmission problem.

Numerical results clearly illustrate the efficiency of this modified control parameteriza-
tion method for solving time-delayed optimal control problems with control-dependent
arguments.

Comparison of results of the two versions concerning the optimal transmission flow
rates at the origin, the output flow rates at the destination, and the queue sizes at each
buffer are obtained. These comparison results clearly reflect how the optimal transmis-
sion of messages in computer networks in real life can be affected by both the forward
transmission delays of the buffers and the latency of the links.

The classical control parameterization method has been efficiently used for solving lots
of optimization problems or optimal control problems, such as constrained optimiza-
tion problems [15], nondelayed optimal control problems with lumped parameter sys-
tems [16–21], nondelayed optimal control problems with distributed parameter systems
[22], optimal control problems with constant time delays ([17–19, 23–25]), optimal con-
trol problems with given time-varying delays [26], and optimal control problems with un-
known time-varying delays [27]. However, the extension of this method to solving optimal
control problems with control-dependent time-delayed arguments is much more compli-
cated due to the reasons given in the next two paragraphs.

To solve nondelayed optimal control problems, or optimal control problems involving
constant time delays h1, . . . , hn, or given time-varying delays α1(t), . . . ,αn(t) ([16–26]) by
the classical control parametrization method, we simply need to express each control
function u(t) as

u(t) =
p∑

i=1

σ iχi(t), j = 1, . . . , n, t ∈ [0, T], (1)

where σ 1, . . . ,σ p are the control parameters, p is the number of partitions in the time
interval [0, T], and χi(t) is the characteristic function. Then we can easily calculate the
gradient of the objective function and the constraint functions with respect to the control
parameters σ 1, . . . ,σ p, as well as solve the state equations and the costate equations by any
numerical scheme, such as the fourth-order Runge–Kutta method. Although solving non-
delayed optimal control problems involving unknown time-varying delays α1(t), . . . ,αn(t)
[27] is slightly more difficult, we can still employ the same technique given above to solve
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the problem by the classical control parameterization, except that we need to add addi-
tional control vectors v1(t), . . . ,νn(t) for the n unknown time delays via

vj(t) =
p∑

i=1

σ i
j χi(t), j = 1, . . . , n, t ∈ [0, T], (2)

where σ i
j (i = 1, . . . , p, j = 1, . . . , n) are the control parameters.

However, the optimal control problem in this paper involves a control-delayed vector of
the form (u1(t – α1(u1)(t)), . . . , um(t – αm(um)(t))T . Thus, to efficiently solve the problem,
besides expressing the control vector as vector-valued functions of the control param-
eters σ 1, . . . ,σ p, we also need to express each component of the control-delayed vector
(u1(t –α1(u1)(t)), . . . , um(t –αm(um)(t))T as a function of the control parameters σ 1, . . . ,σ p,
which is a very difficult task. (αi(ui)(t), i = 1, . . . , m, are given functions of ui(t).) Since each
ith component of the control-delayed vector is a convolution of the function ui(t), finding
the gradient of the objective function or constraint functions of this time-delayed opti-
mal control problem with control-dependent arguments is much harder than finding the
optimal control problems with constant time delays or time-varying delays given in [16–
27]. Thus, we need to devise a concrete method for solving this difficult optimal control
problem with control-dependent time-delayed arguments.

Thus the contribution of this paper is twofold. From the practical point of view, this
is a pioneering paper, which provides an open-loop control for the time-delayed optimal
transmission problem of the computer network; in this way, we can allocate the optimal
flow rate to each link of the real-life computer network so that the maximum amount
of messages can be sent from N origins to one destination in a given period. From the
mathematical point of view, this pioneering paper develops a modified control parame-
terization method for solving time-delayed problems with both control-dependent time-
delayed arguments and discrete time-delayed arguments. Thus this pioneering paper also
provides a concrete method for solving the time-delayed optimal transmission problem
of the computer network. Numerical results clearly illustrate the efficiency of this modi-
fied control parameterization method for solving real-life optimal control problems with
control-dependent time-delayed arguments.

In Sect. 2, we provide a formulation of the time-delayed optimal transmission problem
of the computer network. In Sect. 3, we convert the time-delayed optimal control prob-
lem into a canonical form so that it can be solved by a modified control parameterization
method. In Sect. 4, we describe the modified control parameterization method for solving
the time-delayed control problem discussed in Sects. 2 and 3. In Sect. 5, we derive the
gradient formulae for solving the time-delayed optimal control problem by the modified
control parameterization method. In Sect. 6, we solve a numerical example consisting of
four sources, three links, two origins, and one destination; each source uses two links to
travel from its origin to its destination. We solve this example using both the nondelayed
version and the time-delayed version of the optimal transmission problem. The conclud-
ing remarks and suggestions for further study are given in Sect. 7.
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Figure 1 The structure of a computer network that has
2 origins, N sources, 3 links, and 1 destination

2 Formulation of the time-delayed optimal transmission problem
2.1 Description of the computer network
We consider a computer network that has two origins, N sources, three links, and one
destination, such that sources s1, . . . , sK use links l1 and l3 to reach the destination and
sources sK+1, . . . , sN use links l2 and l3 to reach the destination. (See Fig. 1 for details.)

Let ũ1(t), . . . , ũK (t) be the input rates (bits per second) associated with sources s1, . . . , sK

at the buffer of link l1 at time t. Let ũK+1(t), . . . , ũN (t) be the input rates (bits per second)
associated with sources sK+1, . . . , sN at the buffer of link l2 at time t. Let û1(t), . . . , ûN (t) be
the input rates (bits per second) associated with sources s1, . . . , sN at the buffer of link l3

at time t. Then ũ1(t), . . . , ũN (t) and û1(t), . . . , ûN (t) are controls of this problem. (In fact,
û1(t), . . . , ûN (t) are artificial controls only, because their values are completely determined
as long as the input rates ũ1(t), . . . , ũN (t) and the queue sizes (to be defined later) at links
l1 and l2 are given.)

For each i = 1, . . . , K , let bi,1(t) be the queue length at the buffer of link l1 associated with
source si at time t. For each i = K + 1, . . . , N , let bi,2(t) be the queue length at the buffer
of link l2 associated with source si at time t. For each i = 1, . . . , N , let bi,3(t) be the queue
length at the buffer of link l3 associated with source si at time t. Let b1(t) =

∑K
i=1 bi,1(t),

b2(t) =
∑N

i=K+1 bi,2(t), and b3(t) =
∑N

i=1 bi,3(t) be, respectively, the queue sizes associated
with all the sources at links l1, l2, and l3 at time t. Let cj (j = 1, 2, 3) (bits per second) be the
link capacity (bandwidth) of link lj.

2.2 Preliminary formulation of the buffer (state) equation and the conservation
of flow equation without considering the time-delayed arguments

In view of the computer network described in the previous section, we have the following
buffer equation from [12]:

ḃ1(t) =

( K∑

i=1

ũi(t) – c1

)+

b1(t)

, (3)

ḃ2(t) =

( N∑

i=K+1

ũi(t) – c2

)+

b2(t)

, (4)

ḃ3(t) =

( N∑

i=1

ûi(t) – c3

)+

b3(t)

, (5)
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with the initial condition

bj(0) = 0, j = 1, . . . , 3, (6)

where

(x)+
y =

⎧
⎨

⎩
x if y > 0,

max(x, 0) if y ≤ 0.
(7)

Remark 2.1 The explanation of Eqs. (3)–(5) is as follows: If the queue length (backlog) at
time t is positive, then the instantaneous rate of change of the queue length is equal to the
total incoming source rate minus the capacity of the link; if the queue length (backlog) at
time t is zero, the rate of change should be equal to the maximum between “total incom-
ing source rate minus capacity” and zero, because in real life the queue length cannot be
negative.

Since the buffer of any link is shared by more than one source (i.e., the buffers of links
l1, l2, and l3 are shared by sources s1, . . . , sK , sources sK+1, . . . , sN , and sources of all the
links s1, . . . , sN , respectively), we wish to specify at which rates the different flows leave the
buffer. Let θi,j(t) be the ratio of the queue rate due to source si at the buffer of link lj to the
total queue rate at the buffer of link lj. Then the equations for bi,j(t) are as follows:

ḃi,1(t) = θi,1(t)ḃ1(t), i = 1, . . . , K , t ∈ [0, T], (8)

ḃi,2(t) = θi,2(t)ḃ2(t), i = K + 1, . . . , N , t ∈ [0, T], (9)

ḃi,3(t) = θi,3(t)ḃ3(t), i = 1, . . . , N , t ∈ [0, T], (10)

with the initial conditions

bi,1(0) = 0, i = 1, . . . , K , (11)

bi,2(0) = 0, i = K + 1, . . . , N , (12)

bi,3(0) = 0, i = 1, . . . , N , (13)

where

θi,1(t) =
ũi(t)

∑K
ī=1 ũī(t)

, i = 1, . . . , K , (14)

θi,2(t) =
ũi(t)

∑N
ī=K+1 ũī(t)

, i = K + 1, . . . , N , (15)

θi,3(t) =
ûi(t)

∑N
ī=1 ûī(t)

, i = 1, . . . , N (16)

are the ratios assigned in accordance with the WFQ service discipline described in [12].
Moreover, we need to impose the following control bounds:

ū ≥ ũi(t), ûi(t) ≥ u, i = 1, . . . , N , t ∈ [0, T]. (17)
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Due to the conservation of TCP flow from the buffer of one link to that of the next link,
we have

ûi(t) =

⎧
⎨

⎩
ũi(t) – ḃi,1(t), i = 1, . . . , K ,

ũi(t) – ḃi,2(t), i = K + 1, . . . , N .
(18)

The above equation is called the conservation of flow equations.

Remark 2.2 By Remark 2.1, it is possible that the input rate associated with source si at
the buffer of one link is larger than that at the buffer of the previous link. (In other words,
ûi(t) can be larger than ũi(t).)

2.3 Formulation of the time-delayed optimal control problem when forward
transmission delays and latency of the links are taken into consideration

As mentioned in the introduction, the buffer equation and conversation of flow equation
described in Sect. 2.1 ignore the existence of time delays during the transmission from the
routers to links. Moreover, the conservation of the TCP flow equations ignores the exis-
tence of the latency of the link, which is equal to the difference between the time that a
packet leaves the router of one link and the time that it arrives at the receiving end of the
link, i.e., the time that the packet arrives at the router of the preceding link during its trip
from source to destination. Thus (2)–(4) do not reflect the evolution of the buffer size ac-
curately, and (17) does not reflect the conservation of TCP flow accurately. Because of this
weakness, we follow the approach of [4] to change the buffer equations and the conser-
vation of the TCP flow equations so that they do not ignore the time-delayed arguments.
The situation representing the forward transmission delays and the latency is depicted in
Fig. 2.

In Fig. 2, we use the following notations:
t0: The time that the packet from sources s1 is being transmitted from its origin
t1: The time that the packet serializes the packet onto link l1 from its router
t2: The time that the packet arrives at the receiving end of link l1 (i.e., the time it takes

for the packet to arrive at the router of link l3, waiting to be serialized into link l3)
t3: The time that the packet serializes the packet onto l3 from its router
t4: The time that the packet arrives at the receiving end of link l3 (i.e., the time it takes

for the packet to arrive at the destination)
ũ1: The transmission rate from source s1 at the time it reaches the router of link l1

û1: The transmission rate from source s1 at the time it reaches the router of link l3

w/ũ1(t): Forward transmission delay of a packet with size w using the transmission rate
ũ1(t).

(w/û1(t) can be defined in a similar way.)
d1: Latency of link l1, which is the difference between the time that the packet leaves link

l1 and the time that it reaches the receiving end of link l1.
(d3 can be defined in a similar way.)
Suppose, on average, the router transmits a packet of constant size w1 (bits) at any time t

to link l1 using the transmitting rate ũ1(t) (bits per second). Then the forward transmission
delay is given by w1/ũ1(t) (seconds) (i.e., it is directly proportional to the size of the packet
but inversely proportional to the packet transmission rate.) In other words, the packet has
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Figure 2 The situation representing the forward transmission delays and the latency of a packet from source
S1

to queue at the router for w1/ũ1(t) (seconds) before it can be serialized into link l1. For
simplicity, we assume that the packet size inputted to each of the links l1, l2, and l3 at any
time t is w (bits).

The phenomenon of the forward transmission delay and latency in a computer network
can be explained as follows: Suppose that we wish to send goods from point A to point
B. There is a large conveyor belt for transferring goods from point A to point B, and any
item placed on the conveyor belt will move at a constant speed of u items per second.
The distance between A and B is y meters. Using both hands, we can transfer the goods
from the carton to the belt at a constant speed of w items per second. Then the forward
transmission delay for the transportation of goods is (w/u) meters/second, and the latency
is d = y/u seconds. Thus in a computer network the forward transmission delay is the time
difference between the time that the packet first arrives at the router of a link (waiting for
the router to put it into the belt) and the time that the router serializes it onto the link.

Thus by inserting the transmission delay into the buffer Eqs. (3)–(6) we modify the buffer
equations as follows:

ḃ1(t) =

( K∑

i=1

ũi
(
t – w/ũi(t)

)
– c1

)+

b1(t)

, t ∈ [0, T], (19)

ḃ2(t) =

( N∑

i=K+1

ũi
(
t – w/ũi(t)

)
– c2

)+

b2(t)

, t ∈ [0, T], (20)

ḃ3(t) =

( N∑

i=1

ûi
(
t – w/ûi(t)

)
– c3

)+

b3(t)

, t ∈ [0, T], (21)
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with the following initial conditions on the queue size and the input transmission rates:

bj(t) = 0, j = 1, 2, 3, (22)

ũi
(
t – w/ũi(t)

)
= 0 whenever t – w/ũi(t) < 0, i = 1, . . . , N , t ∈ [0, T], (23)

ûi
(
t – w/ûi(t)

)
= 0 whenever t – w/ûi(t) < 0, i = 1, . . . , N , t ∈ [0, T], (24)

and

ḃi,1(t) =
ũi(t – w/ũi(t))

∑K
j=1 ũj(t – w/ũj(t)) + ε

ḃ1(t), i = 1, . . . , K , t ∈ [0, T], (25)

ḃi,2(t) =
ũi(t – w/ũi(t))

∑N
j=K+1 ũj(t – w/ũj(t)) + ε

ḃ2(t), i = K + 1, . . . , N , t ∈ [0, T], (26)

ḃi,3(t) =
ûi(t – w/ûi(t))

∑N
j=1 ûj(t – w/ûj(t)) + ε

ḃ3(t), i = 1, . . . , N , t ∈ [0, T], (27)

bi,1(0) = 0, i = 1, . . . , K , (28)

bi,2(0) = 0, i = k + 1, . . . , N , (29)

bi,3(0) = 0, i = 1, . . . , N , (30)

together with initial conditions on the input transmission rates given by (22)–(24), where
ε is a very small number, and the notation (x)+

y is defined in (7).
To ensure that the state Eqs. (19)–(21) and (25)–(27) are well defined, we need to impose

the bounds on the input transmission rates ũi(t), ûi(t):

ū ≥ ũi(t), ûi(t) ≥ u, i = 1, . . . , N , t ∈ [0, T]. (31)

Moreover, we need to impose the buffer capacity constraints:

0 ≤ bj(t) ≤ Bj, j = 1, 2, 3. (32)

Remark 2.3 Eqs. (19)–(21) state that the change of queue size at the buffer of each link
occurs at the moment that the packet is being serialized into the link, instead of the time
that it first arrives at the router of the link. Similarly, Eqs. (25)–(27) state that the allocation
of queue size at the buffer of each link actually occurs when the packet is being serialized
into the link, instead of the time that it first arrives at the router of the link. The reason for
adding ε to the denominator of (25)–(27) is to ensure that the denominators of the terms
of these equations is nonzero when each of the terms ũj(t – w/ũj(t)) or ûj(t – w/ûj(t)) is
zero.

Moreover, as mentioned in [4], there also exists a time difference between the time that
the packet leaves the router of one link (i.e., immediately after the router has serialized
the packet into the link) and the time that it arrives at the receiving end of the link. This
is called the latency of the link, which is time-independent. For simplicity, we assume
that the latency of each link is the same. Let d (seconds) be the latency of the link. Thus
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by inserting the latency of the links into the conversation of the TCP flow equations we
modify the conservation of TCP flow Eq. (16) as follows:

ûi(t) =

⎧
⎨

⎩
ũi(t – d) – ḃi,1(t – d), i = 1, . . . , K , t ∈ [0, T],

ũi(t – d) – ḃi,2(t – d), i = K + 1, . . . , N , t ∈ [0, T],
(33)

where

ũi(t – d) = 0 whenever t – d ≤ 0, i = 1, . . . , N , t ∈ [0, T]. (34)

Remark 2.4 Eq. (33) states that the input transmission rate at the router of link 3 at time
t due to any source is equal to the output transmission rate at the router of the previous
link (i.e., either link 1 or link 2) due to this source at time t – d.

Thus, in view of (33), and (25)–(27), we can express the input transmission rate at the
router of link 3 as a function of the delayed input transmission rates due to the forward
transmission delay at the buffer of the previous link (i.e., either link 1 or link 2) and the
latency of the previous link (i.e., either link 1 or link 2) as follows:

ûi(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ũi(t – d) – ( ũi(t–d–w/ũi(t))∑K
j=1 ũj(t–d–w/ũj(t))+ε

)

× ∑K
j=1(ũj(t – d – w/ũj(t)) – c1)+

b1(t),

i = 1, . . . , K , t ∈ [0, T],

ũi(t – d) – ( ũi(t–d–w/ũi(t))∑N
j=K+1 ũj(t–d–w/ũj(t))+ε

)

× ∑N
j=K+1(ũj(t – d – w/ũj(t)) – c2)+

b2(t),

i = K + 1, . . . , N , t ∈ [0, T],

(35)

where

ũi(t – d) = 0 whenever t – d ≤ 0, i = 1, . . . , N , t ∈ [0, T], (36)

ũi
(
t – d – w/ũi(t)

)
= 0 whenever t – d – w/ũi(t) ≤ 0, i = 1, . . . , N , t ∈ [0, T]. (37)

Let U(u) be the utility function of our problem, which represents the benefit of the entire
network when the source si, i = 1, . . . , N , is transmitting data at the rate ũi(t). Now the
output flow rate of source si, i = 1, . . . , N , at the receiving end of link l3 is given by ûi(t –
d) – ḃi,3(t – d). Thus by maximizing the weighted source output in accordance with the
relative importance of the message sent by each source we obtain

max U(u) =
N∑

i=1

Mi

∫ T

0

[
ûi(t – d) – ḃi,3(t – d)

]
dt

=
N∑

i=1

Mi

∫ T

0

[
ûi(t – d) –

(
ûi(t – d – w/ûi(t))

∑N
j=1 ûj(t – d – w/ûj(t)) + ε

)

×
N∑

j=1

ûj
(
t – d – w/ûj(t) – c3

)+
b3(t)

]
dt, (38)
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where

ûi(t – d) = 0 whenever t – d ≤ 0, i = 1, . . . , N , t ∈ [0, T], (39)

ûi
(
t – d – w/ûi(t)

)
= 0 whenever t – d – w/ûi(t) ≤ 0, i = 1, . . . , N , t ∈ [0, T], (40)

and Mi represents the relative importance of the messages sent from source si to the des-
tination.

The time-delayed optimal control problem can be stated as follows.

Problem (P1) Subject to the buffer (state) Eqs. (19)–(21) with initial conditions (22)–
(24), the conservation of TCP flow Eq. (35) with initial conditions (34), (36), and (37), the
bounds on the input transmission rate (31) and the buffer capacity constraints (32), we
want to find piecewise continuous controls ũi(t), i = 1, . . . , N , that maximize the objective
function (38).

3 Obtaining a new time-delayed optimal control problem with smooth
functions and smooth canonical constraints

The time-delayed optimal control problem described in Sect. 2 involves nonsmooth func-
tions and nonsmooth constraints, which cannot be easily solved by computational meth-
ods. In this section, we describe a method for converting all the nonsmooth functions and
nonsmooth constraints into smooth functions and smooth canonical constraints. The de-
tails are given in the next subsections.

3.1 Converting the nonsmooth functions in the buffer equations and the
objective function into smooth functions

We first need to use an approximation method to convert the nonsmooth function in the
right-hand side of the buffer Eqs. (19)–(21), the conservation of the TCP flow Eq. (35), and
the objective function (38) into sufficiently smooth functions.

Noting that all these nonsmooth functions have the form (z(t))+
y(t), we can approximate

(z(t))+
y(t) by a sufficiently smooth function ξδ(y(t), z(t)) ∈ C1(R2) as follows:

ξδ

(
y(t), z(t)

)
=

⎧
⎪⎪⎨

⎪⎪⎩

z(t) if y(t) > 0,

Iδ(y(t))z(t) + (1 – Iδ(y(t))) maxδ(z(t)) if –δ ≤ y(t) ≤ 0,

maxδ(z(t)) if y(t) < –δ,

(41)

where maxδ(z(t)) is the function used for smoothing max{z(t), 0} defined by

max
δ

(
z(t)

)
=

⎧
⎪⎪⎨

⎪⎪⎩

0 if z(t) ≤ –δ,
(z(t)+δ)2

4δ
if –δ ≤ z(t) ≤ δ,

z(t) if z(t) > δ,

(42)

and

Iδ
(
y(t)

)
= –2

(
y(t)
δ

)3

+ 3
(

y(t)
δ

)2

+ 1 if –δ ≤ y(t) ≤ 0 (43)

is a real number between 0 and 1, and δ is a small number.
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Using this approximation method, from (19)–(21) we obtain the new state equations

ḃ1(t) = ξδ

(
b1(t),

K∑

j=1

ũj
(
t – w/ũj(t)

)
– c1

)
, t ∈ [0, T], (44)

ḃ2(t) = ξδ

(
b2(t),

N∑

j=K+1

ũj
(
t – w/ũj(t)

)
– c2

)
, t ∈ [0, T], (45)

ḃ3(t) = ξδ

(
b3(t),

N∑

j=1

ûj
(
t – w/ûj(t)

)
– c3

)
, t ∈ [0, T]. (46)

Similarly, by using this approximation method from (38) we obtain the new objective
function

max U(u) =
N∑

i=1

Mi

∫ T

0

[
ûi(t – d) –

(
ûi(t – d – w/ûi(t))

∑N
j=1 ûj(t – d – w/ûj(t)) + ε

)

× ξε

(
b3(t),

N∑

i=1

ûj
(
t – d – w/ûj(t)

)
– c3

)]
dt. (47)

3.2 Converting the nonsmooth constraint functions into smooth canonical
functions

Similarly, by using the above approximation method together with the constraint approx-
imation method described in [19–21] we convert the new conservation of the TCP flow
Eq. (35) into smooth canonical constraints

∫ T

0

[
Gi

(
b1(t), ûi(t), ũi(t – d), ũ1

(
t – d – w/ũ1(t)

)
, . . . , ũK

(
t – d – w/ũK (t)

))]2 dt

= 0 for i = 1, . . . , K , (48)
∫ T

0

[
Gi

(
b2(t), ûi(t), ũi(t – d), ũK+1

(
t – d – w/ũK+1(t)

)
, . . . , ũN

(
t – d – w/ũN (t)

))]2 dt

= 0 for i = K + 1, . . . , N , (49)

where

Gi
(
b1(t), ûi(t), ũi(t – d), ũ1

(
t – d – w/ũ1(t)

)
, . . . , ũK

(
t – d – w/ũK (t)

))

= ûi(t) – ũi(t – d) +
(

ũi(t – d – w/ũi(t))
∑K

j=1 ũj(t – d – w/ũj(t)) + ε

)

× δε

(
b1(t),

K∑

j=1

ũj
(
t – d – w/ũj(t)

)
– c1

)
, i = 1, . . . , K , (50)

Gi
(
b2(t), ûi(t), ũi(t – d), ũK+1

(
t – d – α

(
ũK+1(t)

))
, . . . , ũN

(
t – d – α

(
ũN (t)

)))

= ûi(t) – ũi(t – d) +
(

ũi(t – d – w/ũi(t))
∑N

j=K+1 ũj(t – d – w/ũj(t)) + ε

)
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× δε

(
b2(t),

N∑

j=K+1

ũj
(
t – d – w/ũj(t)

)
– c2

)
, i = K + 1, . . . , N . (51)

Furthermore, by using the constraint approximation method described in [19–21] we
convert the new buffer capacity constraints (32) into smooth canonical constraints

∫ T

0
Ḡi

(
b(t)

)
= 0, i = 1, 2, 3, 4, 5, 6, (52)

where

Ḡi
(
b(t)

)
=

⎧
⎪⎪⎨

⎪⎪⎩

Ĝi(b(t)), if Ĝi(b(t)) ≤ –ε,

– (Ĝi(b(t))–ε)2

4ε
if –ε ≤ Ĝi(b(t)) ≤ ε,

0, if Ĝi(b(t)) ≥ ε,

(53)

Ĝ
(
b(t)

)
=

(
b1(t), b2(t), b3(t), B1 – b1(t), B2 – b2(t), B3 – b3(t)

)T . (54)

3.3 Obtaining a smooth time-delayed optimal control problem
With the preparation work given in the previous subsections, we are able to convert prob-
lem (P1) into a new smooth time-delayed optimal control problem (P2), which can be
solved by a modified control parameterization method given in the next section. Problem
(P2) is as follows.

Problem (P2) Subject to the buffer Eqs. (44)–(46) with initial conditions (23)–(25), the
conservation of the TCP flow constraints in canonical form (48)–(49) with initial condi-
tions (34), (36), and (37), the bounds on the input transmission rate (32), and the buffer
capacity constraints in canonical form (52), we want to find piecewise continuous controls
ũi(t), i = 1, . . . , N , which maximize the objective function (47).

4 Solving the optimal control problem with control and state-dependent time
delays by the control parametrization technique

In this section, we use the control parameterization technique to solve problem (P2). In
the past, the control parameterization method was used to solve optimal control prob-
lems without any time-delayed arguments or time-delayed optimal control problems with
discrete time-delayed arguments only. In this paper, we extend the control parameter-
ization method to solve a more difficult optimal control problem, namely, an optimal
control problem with control-dependent time-delayed arguments. We first create an ap-
proximated problem for problem (P2) in such a way that it does not contain any control-
dependent time-delayed argument. The details are as follows.

Define

U =
{

v = (v1, . . . , v2N )T : u ≤ vi ≤ ū, i = 1, . . . , 2N
}

. (55)

A piecewise continuous function u(t) = (ũ1(t), . . . , ũN (t), û1(t), . . . , ûN (t))T from [0, T]
into R2N is said to be an admissible control of problem (P2) if u(t) ∈ U for all t ∈ [0, T]. Let
U be the set consisting of all such admissible controls.



Wong et al. Journal of Inequalities and Applications         (2022) 2022:89 Page 14 of 27

We now partition the time horizon [0, T] into p equal subintervals so that the com-
ponent of the admissible control u(t) is a constant over each subinterval. Let Ip be the
partition of [0, T] defined by

Ip =
{

[(k – 1)
, k
) : k = 1, . . . , p
}

, (56)

where 
 = T/p is the length of each subinterval.
Let Up be the subset of U consisting of all the piecewise constant controls consistent

with the partition Ip. Let u(t) ∈ Up. Then each component of u(t) assumes the form

ũi(t) =

⎧
⎨

⎩

∑p
k=1 σ̃ k

i χIp
k
(t), i = 1, . . . , N , t ∈ [0, T],

0, i = 1, . . . , N , t ≤ 0,
(57)

ûi(t) =

⎧
⎨

⎩

∑p
k=1 σ̂ k

i χIp
k
(t), i = 1, . . . , N , t ∈ [0, T],

0, i = 1, . . . , N , t ≤ 0,
(58)

where χI denotes the indicator function of I defined by

χI(t) =

⎧
⎨

⎩
1 if t ∈ I,

0 otherwise.
(59)

Let

σ k =
[
σ̃ k

1 , . . . , σ̃ k
N , σ̂ k

1 , . . . , σ̂ k
N
]T (60)

and

σ =
[
σ 1, . . . ,σ p]T ∈ R2NP. (61)

Restricting to Up, the control constraints (i.e., the bounds on the input transmission
rates), (31) becomes

u ≤ σ̃
j
i , σ̂

j
i ≤ ū, i = 1, . . . , N , k = 1, . . . , p. (62)

Let �p be the set of all vectors σ that satisfy constraint (62). Then each control u ∈ Up

can be uniquely determined by a control parameter vector σ ∈ �p and vice versa. Let
û(t|σ ) ∈ Up be the control completely specified by the vector σ ∈ �p.

Suppose that the length of each partition T/p is sufficiently large so that the lower bound
u of the control satisfies the inequality

0 ≤ w
u

+ d <
T
p

. (63)

In other words, the duration from one switching time to the next switching time of the
control u ∈ Up should be greater than its largest time delay (i.e., the forward transmission
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delay plus the latency) at any time t ∈ [0, T]. (By (31) the maximum possible value of “for-
ward” transmission delay plus latency is w

u + d.) In view of (63) and the initial control con-
ditions (23)–(24), by identifying the control û ∈ Up with parameter σ ∈ �p, we can convert
the control-dependent time-delayed term ũi(t – w/ũi(t)) and ûi(t – w/ûi(t)), i = 1, . . . , N , in
(44)–(46) into ˜̃ui(t|σ ) and ˆ̂ui(t|σ ), respectively, where

˜̃ui(t|σ ) = ũi
(
t –

(
w/ũi(t)

))

=

⎧
⎪⎪⎨

⎪⎪⎩

0 if t ∈ [0, w/σ̃ 1
i ),

σ̃ k
i if t ∈ [w/σ̃ k

i + (k – 1)T/p, w/σ̃ k+1
i + kT/p), k = 1, . . . , p – 1,

σ̃
p
i if t ∈ [w/σ̃ p

i + (p – 1)T/p, T),

(64)

ˆ̂ui(t|σ ) = ûi
(
t –

(
w/ûi(t)

))

=

⎧
⎪⎪⎨

⎪⎪⎩

0 if t ∈ [0, w/σ̂ 1
i ),

σ̂ k
i if t ∈ [w/σ̂ k

i + (k – 1)T/p, w/σ̂ k+1
i + kT/p), k = 1, . . . , p – 1,

σ̂
p
i if t ∈ [w/σ̂ p

i + (p – 1)T/p, T).

(65)

Similarly, in view of (63) and the initial conditions (36)–(37), by identifying the control
û ∈ Up with parameter σ ∈ �p we can convert the control-dependent time-delayed term

ũi(t –d –(w/ũi(t))) and ûi(t –d –(w/ûi(t))), i = 1, . . . , N , in (48)–(49) into ˜̃̃ui(t|σ ) and ˆ̂̂ui(t|σ ),
respectively, where

˜̃̃ui(t|σ ) = ũi
(
t – d –

(
w/ũi(t)

))

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if t ∈ [0, w/σ̃ 1
i + d),

σ̃ k
i if t ∈ [w/σ̃ k

i + d + (k – 1)T/p, w/σ̃ k+1
i + d + kT/p),

k = 1, . . . , p – 1,

σ̃
p
i if t ∈ [w/σ̃ p

i + d + (p – 1)T/p, T),

(66)

ˆ̂̂ui(t|σ ) = ûi
(
t – d –

(
w/ûi(t)

))

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if t ∈ [0, w/σ̂ 1
i + d),

σ̂ k
i if t ∈ [w/σ̂ k

i + d + (k – 1)T/p, w/σ̂ k+1
i + d + kT/p),

k = 1, . . . , p – 1,

σ̂
p
i if t ∈ [w/σ̂ p

i + d + (p – 1)T/p, T).

(67)

Let b(t|σ ) ∈ R3 be the solution of the state (buffer) Eqs. (44)–(46) and the initial condi-
tions (22)–(24) corresponding to σ ∈ �p. When we identify the control u(t) ∈ Up with the
parameter σ ∈ �p, we obtain the new state equations as follows:

ḃ1(t|σ ) = F1
(
b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )

)
, t ∈ [0, T], (68)

ḃ2(t|σ ) = F2
(
b2(t|σ ), ˜̃uK+1(t|σ ), . . . , ˜̃uN (t|σ )

)
, t ∈ [0, T], (69)

ḃ3(t|σ ) = F3
(
b3(t|σ ), ˆ̂u1(t|σ ), . . . , ˆ̂uN (t|σ ), b3(t|σ )

)
, t ∈ [0, T], (70)

bi(0|σ ) = 0, i = 1, 2, 3, (71)
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where F1(b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uN (t|σ )), F2(b2(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uN (t|σ )), and F3(b3(t|σ ),
ˆ̂u1(t|σ ), . . . , ˆ̂uN (t|σ )) can be obtained from the functions in the right-hand side of (44),
(45), and (46) in an obvious manner.

Similarly, we obtain from (66) and (67) the new canonical constraints concerning the
conversation of flow equation as follows:

∫ T

0

¯̄Gi
(
b1(t|σ ), ûi(t|σ ), ũi(t – d|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )

)
= 0, i = 1, . . . , K , (72)

∫ T

0

¯̄Gi
(
b2(t|σ ), ûi(t|σ ), ũi(t – d|σ ), ˜̃̃uK+1(t|σ ), . . . , ˜̃̃uN (t|σ )

)
= 0,

i = K + 1, . . . , N , (73)

where ¯̄Gi(b1(t|σ ), ûi(t|σ ), ũi(t – d|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )) and ¯̄Gi(b1(t|σ ), ûi(t|σ ), ũi(t –
d|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )) can be obtained from the functions on the left-hand side of (48)
and (49) in an obvious manner.

Similarly, we obtain from (52) the new canonical state constraints

∫ T

0

ˆ̂Gi
(
b(t|σ )

)
= 0, i = 1, 2, 3, 4, 5, 6. (74)

Similarly, from (67) we obtain the new objective function

max U(u)

=
N∑

i=1

∫ T

0
J
(
b3(t), ûi(t – d|σ ), ˆ̂̂u1(t|σ ), . . . , ˆ̂̂uN (t|σ )

)
, (75)

where J(b3(t), ûi(t – d|σ ), ˆ̂̂ui(t|σ )) can be obtained from the right-hand side of the objective
function (47) in an obvious manner.

Thus the new optimal control problem, problem (P3), can be stated as follows.

Problem (P3) Subject to the new state (buffer) Eqs. (68)–(70) with initial condition (71),
the new conversation of TCP flow constraints in canonical form (72)–(73), the bounds
on the input transmission rate (32), and the buffer capacity constraints in canonical form
(74), we wish to find σ ∈ �p that minimizes the new objective function (75).

Remark 4.1 Using the modified control parameterization method, we have translated
problem (P2) into the new problem (P3), which contains only discrete time-delayed ar-
guments (i.e., does not contain any control-dependent time-delayed arguments) with no
explicit initial condition on the control functions when the time t is nonpositive. (The
discrete time-delayed arguments are ũi(t – d|σ ) and ûi(t – d|σ ) in (72), (73), and (75), re-
spectively.) Thus problem (P3) can be solved more easily by any optimization method than
problem (P2).

5 Gradient formulae for solving the control-dependent time-delayed optimal
control problem by the control parametrization method

To solve problem (P3) as a mathematical programming problem, we require the gradient
formulae for the objective function and all constraints. We will derive the gradient formula
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for the canonical constraints because the gradient formulae for the objective function (79)
and the canonical continuous state constraints (75) can be obtained in a similar manner.
For simplicity, let the superscript i = 1 in (72) in the derivation of the gradient formula.
Thus we consider

g1(σ ) =
∫ T

0

¯̄G1
(
b1(t|σ ), û1(t|σ ), ũ1(t – d|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )

)
(76)

subject to

d(b1(t|σ ))
dt

= F1
(
b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )

)
. (77)

Before we derive the gradient formulae for g1(σ ), we need the following analytic consid-
erations.

Remark 5.1 From the control bounds (31) and the initial conditions of controls (23)
and (36), we observe that ũi(t – w/ũi(t)) and ũi(t – d – w/ũi(t)) are continuously dif-
ferentiable with respect to ũi(t) for all u ∈ U . Thus from (64), (66), (48), (50), and
the fact that ξδ(b1(t),

∑K
i=1 ũi(t – w/ũi(t)) – c1) and ξδ(b1(t),

∑K
i=1 ũi(t – d – w/ũi(t)) – c1)

are continuously differentiable with respect to each of their arguments, it is clear that
all F1(b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )) in (68) and ¯̄G1(b1(t|σ ), û1(t|σ ), ũ1(t – d|σ ), ˜̃̃u1(t|σ ), . . . ,˜̃̃uK (t|σ )) in (72) are continuously differentiable with respect to each of their arguments.
However, by (64) ˜̃ui(t|σ ) is not continuous with respect to σ at the discrete times t =
w
σ̃ k

i
+ (k–1)T

p , k = 1, p – 1, and by (66) ˜̃̃ui(t|σ ) is not continuous with respect to σ at the

discrete times t = w
σ̃ k

i
+ d + (k–1)T

p , k = 1, p – 1. Thus F1(b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )) and

¯̄G1(b1(t|σ ), û1(t|σ ), ũ1(t – d|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )) are both continuously differentiable
with respect to σ , except at the discrete times mentioned above.

Let σ = [σ̃ 1
1 , . . . , σ̃ 1

N , σ̂ 1
1 , . . . , σ̂ 1

N , . . . , σ̃ p
1 , . . . , σ̃ p

N , σ̂ p
1 , . . . , σ̂ p

N ]T ∈ R2Np. Then from (76) and
(77) for all k = 1, . . . , p, we have

∂g1(σ )
∂σ̃ k

i
= 0, i = K + 1, . . . , N , (78)

and

∂g1(σ )
∂σ̂ k

i
= 0, i = 2, . . . , N . (79)

Moreover, the method of finding the gradients of g1(σ ) with respect to σ̃ k
i and σ̂ k

1 , i =
1, . . . , K are the same. Thus we only consider the method of finding the gradients of g1(σ )
with respect to σ̃ k

i , i = 1, . . . , K . To derive the gradient of g1(σ ) with respect to σ k
i , i =

1, . . . , K , we define the following adjoint system defined on [0, T]:

(
λ̇i(t|σ )

)T

= –
∂H(b1(t|σ ),

�

b1 (t|σ ), û1(t|σ ),
�
u1 (t|σ ), ū1(t|σ ), ũ1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ ),λ1(t|σ ))

∂(b1(t|σ ))
,
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t ∈ [0, T], (80)
(
λ1(T |σ )

)T = 0, (81)

where

ū1(t|σ ) = ũ1(t – d|σ ), (82)
�
u1 (t|σ ) = û1(t + d|σ ), (83)
�

b1 (t|σ ) = b̃1(t + d|σ ), (84)

and H : R2K+4 → R is the Hamiltonian function defined by

H(b1,
�

b1, û1,
�
u1, ū1, ũ1 ˜̃u1, . . . , ˜̃uK , ˜̃̃u1, . . . , ˜̃̃uK ,λ1)

= ¯̄G1(b1, û1, ū1, ˜̃̃u1, . . . , ˜̃̃uK ) + ¯̄G1(
�

b ,
�
u1, ũ1, ˜̃u1, . . . , ˜̃uK )e(T – d – t)

+ λ1F1(b1, ˜̃u1, . . . , ˜̃uK ), (85)

where e(t) is the unit step function defined by

e(t) =

⎧
⎨

⎩
1 if t > 0,

0 otherwise.
(86)

Furthermore, we set

ū1(t|σ ) = 0, t ∈ (T – d, T]. (87)

For simplicity, we replace the notation t|σ by t in the discussion of the remainder of this
section, except for the statement of Theorem 5.1 and the last part of its proof. Moreover,
we set

F̃1 = F1
(
b1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )

)
, (88)

G̃1 = ¯̄G1
(
b1(t|σ ), û1(t|σ ), ū1(t|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ )

)
, (89)

˜̃G1 = ¯̄G1
(
b1(t + d|σ ), û1(t + d|σ ), ũ1(t|σ ), ˜̃u1(t|σ ), . . . , ˜̃uK (t|σ )

)
, (90)

and

H̃ = H
(
b1(t|σ ),

�

b1 (t|σ ), û1(t|σ ),
�
u1 (t|σ ), ū1(t|σ ), ũ1(t|σ ), ˜̃u1(t|σ ), . . . ,

˜̃uK (t|σ ), ˜̃̃u1(t|σ ), . . . , ˜̃̃uK (t|σ ),λ1(t|σ )
)
. (91)

In view of Remark 5.1, we have the following theorem. (Note that the technique used
in proving the following theorem is modified from those used in the proofs of Theorems
5.3.1 and 12.3.1 of [19].)
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Theorem 5.1 Consider problem (P3). The gradient of the functional g1(σ ) in (76) with
respect to the component σ̃ k

i , i = 1, . . . , K , k = 1, . . . , p, is given by

∂g1(σ )
∂σ̃ k

i

=
∫ T

0

[ ¯̄G1
(
b1(t + 0), û1(t + 0), ū1(t + 0), ˜̃̃u1(t + 0), . . . , ˜̃̃uK (t + 0)

)

– ¯̄G1
(
b1(t – 0), û1(t – 0), ū1(t – 0), ˜̃̃u1(t – 0), . . . , ˜̃̃uN (t – 0)

)]

× δ

(
t –

w
σ k

i
–

(k – 1)T
p

– d
)

× w
(σ k

i )2
dt

+
∫ T

0

[
λT (t) × [

F̄
(
b1(t + 0), ˜̃u1(t + 0), . . . , ˜̃uK (t + 0)

)

– F̄
(
b1(t – 0), ˜̃u1(t + 0), . . . , ˜̃uK (t – 0)

)]

× δ

(
t –

w
σ k

i
–

(k – 1)T
p

)
× w

(σ k
i )2

]
dt +

∫ T

0
f̄ k
i (t) dt, (92)

where

f̄ k
i (t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂H̃
∂ũ1

× χ[(k–1)T/p,kT/p)(t) + ∂H̃
∂ ˜̃u1

× χ[w/σ̃ k
1 +(k–1)T/p,w/σ̃ k+1

1 +kT/p)(t),

for i = 1, k = 2, . . . , p – 1,
∂H̃
∂ũ1

× χ[(k–1)T/p,kT/p)(t) + ∂H̃
∂ ˜̃u1

× χ[w/σ̃ k
1 +(k–1)T/p,T)(t) for i = 1, k = p,

∂H̃
∂ ˜̃ui

× χ[w/σ̃ k
i +(k–1)T/p,w/σ̃ k+1

i +kT/p)(t) for i = 2, . . . , K , k = 1, . . . , p – 1,
∂H̃
∂ ˜̃ui

× χ[w/σ̃ k
i +(k–1)T/p,T)(t) for i = 2, . . . , K , k = p.

(93)

and for any analytic function f (t), we have

f (t + 0) = lim
τ↓t

f (τ ), (94)

and

f (t – 0) = lim
τ↑t

f (τ ), (95)

Proof Let σ = [σ̃ 1
1 , . . . , σ̃ 1

N , σ̂ 1
1 , . . . , σ̂ 1

N , . . . , σ̃ p
1 , . . . , σ̃ p

N , σ̂ p
1 , . . . , σ̂ p

N ]T ∈ R2Np be given. Let us
perturb each component σ̃ k

i , i = 1, . . . , K , k = 1, . . . , p by an arbitrary small number ε. Let

σ (ε) = σ + e
(
ρ̃k

i
)
ε, (96)

where e(ρ̃k
i ) ∈ R2Np is a column vector whose [(2k – 1) + i]th component is 1, and for other

components, the value is 0. Thus the first-order variation of g1(σ ) can be written as


g1(σ ) =
dg1(σ (ε)

dε

∣∣∣∣
ε=0

=
K∑

i=1

p∑

k=1

∂g1(σ )
∂σ̃ k

i
ρ̃k

i . (97)
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Let 
b1(t),
ū1(t),
ũ1(t),
 ˜̃u1(t), . . . ,
 ˜̃uK (t),
 ˜̃̃u1(t), . . . ,
 ˜̃̃uK (t) be, respectively, the
first-order variation of b1(t), ū1(t), ũ1(t), ˜̃u1(t), . . . , ˜̃uK (t), ˜̃̃u1(t), . . . , ˜̃̃uK (t), respectively, when
σ changes to σ (ε). Thus by using a similar approach as that used in the proof of Theorem
5.3.1 of [19] we get


g1(σ )

=
∫ T

0

K∑

i=1

p∑

k=1

[ ¯̄G1
(
b̃1(t + 0), û1(t + 0), ū1(t + 0), ˜̃̃u1(t + 0), . . . , ˜̃̃uK (t + 0)

)

– ¯̄G1
(
b̃1(t – 0), û1(t – 0), ū1(t – 0), ˜̃̃u1(t – 0), . . . , ˜̃̃uK (t + 0)

)]

× δ

(
t –

w
σ k

i
–

(k – 1)T
p

– d
)

× w
(σ k

i )2
× ρ̃k

i dt

+
∫ T

0

[
∂G̃1

∂b1

b1(t) +

∂G̃1

∂ū1

ū1(t) +

K∑

k=1

∂G̃1

∂
˜̃̃ui



˜̃̃ui(t)

]
dt.

Then the proof of this theorem can be obtained by using a standard method used in
obtaining the gradient of an analytical function in optimal control theory, such as that
given in Theorem 12.3.1 of [19]. �

6 Numerical example
Example 6.1 In this numerical example, we consider a particular problem that consists of
four sources, three links, two origins, and a single destination, such that sources s1 and s2

use links l1 and l3 to reach the destination, whereas sources s3 and s4 use links l2 and l3 to
reach the destination.

The structure of the computer network is the same as that shown in Fig. 1.
The parameters of this example are as follows:
The final time of the problem (second): 3.
The capacity of the three links, i.e., the bandwidth of the three links (bits per second):

c1 = 1, c2 = 0.5, c3 = 0.4.
The packet size transmitted by the router of the three links (bits): w1 = 0.1, w2 = 0.15,

w3 = 0.11.
The capacity of the three routers (bits per second): B1 = 1, B2 = 1.8, B3 = 2.7.
The relative importance of the messages sent from the four sources to the destination:

M1 = 1.5, M2 = 2.5, M3 = 1.7, M4 = 2.7.
The upper bound of the input source rate from each of the sources si (i = 1, 2, 3, 4) (bits

per second) at the origin: (1.05, 1.00, 0.98, 1.00).
The lower bound of the input source rate from each of the sources si (i = 1, 2, 3, 4) (bits

per second) at the origin: (0.05, 0.06, 0.07, 0.05).
The latency of each link di (i = 1, 2, 3) = 0.3, 0.5, 0.5.
Problem (P3) has been formulated and solved by the modified control parameterization

method described in Sect. 5 using the number of partitions of the control in the time
interval [0, 3] equal to 5. For comparison, the nondelayed version of problem (P3) has
also been solved using the same number of partitions in the time interval [0, 3], where the
nondelayed version of problem (P3) is obtained by deleting both the forward transmission
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Figure 3 Input Transmission Rate vs. Time for the Delayed Version of the problem

Figure 4 Output Flow Rate vs. Time for the Nondelayed Version of the problem

delays and the latencies in the buffer equations and the conservation of flow equation of
problem (P3).

The graphical results for the nondelayed version of the problem are plotted in Figs. 3, 4,
and 5. The graphical results for the delayed version of the problem are plotted in Figs. 6, 7,
and 8.

Comparison of the optimal input transmission rates of the two versions of the problem
From Fig. 3, we observe that at the optimal solution of the nondelayed version of the

problem, source s4, whose input transmission rate lies in the upper bound (i.e., 1.0) of its
control constraint region for all t ∈ [0, 3], has the largest average input transmission rate
of 1.0; source s2 has the second largest average transmission rate of about 0.784; source s3,
whose input transmission rate lies in the lower bound (i.e., 0.07) of the constraint region
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Figure 5 Queue Size at the Buffer of the Links vs. Time for the Nondelayed Version of the problem

Figure 6 Input Transmission Rate vs. Time for the Delayed version of the problem

for all t ∈ [0, 3], has the third largest average transmission rate of 0.07; source s1, whose
input transmission rate lies in the lower bound (i.e., 0.05) of the constraint region for all
t ∈ [0, 3], has the smallest average input transmission rate of 0.05.

From Fig. 7, we observe that at the optimal solution of the delayed version of the prob-
lem, source s3 has the largest average input transmission rate of about 0.572; source s4 has
the second largest average input transmission rate of about 0.540; source s1 has the third
average input transmission rate of about 0.538; and source s2 has the smallest average input
transmission rate of about 0.492.

The average input transmission rates of source s1, source s2, source s3, and source s4 of
the delayed version are higher than those of the nondelayed version by about 976.00%,
–37.24%, 717.14%, and –46.00%, respectively. The overall input transmission rate of all
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Figure 7 Output Flow Rate vs. Time for the Delayed version of the problem

Figure 8 Queue Size at the Buffer of the Links vs. Time for the Delayed Version of the problem

the four sources of the delayed version is higher than that of the nondelayed version by
12.50%. However, if we take the relative importance of the messages sent from each of
the four sources to the destination also into consideration, then we obtain that the overall
weighted input transmission rates of all the four sources of the delayed version is lower
than those of the nondelayed version by 7.96%.

Comparison of the output flow rates of the two versions of the problem
From Fig. 4 we observe that at the optimal solution of the nondelayed version of the

problem, source s2 has the largest average output flow rate of 0.774; source s4, whose out-
put flow rate is equal to 0.48 for all t ∈ [0, 3], has the second largest average output flow
rate of 0.48; source s1, whose output flow rate is equal to 0.06 for all t ∈ [0, 3], has the third
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largest average output flow rate of 0.06; source s3, whose output flow rate is equal to 0.04
for all t ∈ [0, 3], has the smallest average output flow rate of 0.04.

From Fig. 7 we first observe that the output flow rates of all the sources of the delayed
version of the problem are equal to zero during short periods at the beginning of their
transmission. This phenomenon confirms the fact that due to the forward transmission
delays and the latencies, all the sources require certain times to send their messages from
the origin to the destination. From Fig. 8 we observe that at the optimal solution of the
delayed version of problem (P3), source s1, whose output flow rate is equal to zero for all
t ∈ [0, 0.4], has the largest average output flow rate of 0.5777; source s2, whose output flow
rate is equal to zero for all t ∈ [0, 0.5], has the second largest average output flow rate of
0.4870; source s3, whose output flow rate is equal to zero for all t ∈ [0, 0.75], has the third
largest average output flow rate of 0.1780; source s4, whose output flow rate is equal to
zero for all t ∈ [0, 0.75], has the smallest average output flow rate of 0.1692.

Thus the average output flow rates of source s1, source s2, source s3, and source s4 of
the delayed version are higher than those of the nondelayed version by 862.83%, –37.36%,
345.00%, and –64.75%, respectively. The overall output flow rate of all the four sources of
the delayed version is higher than that of the nondelayed version by 4.02%. However, if
we take the relative importance of the messages sent from each of the four sources to the
destination also into consideration, we obtain that the overall weighted output flow rates
of all the four sources of the delayed version is lower than that of the nondelayed version
by 16.31%.

Comparison of the queue sizes of the two different versions of the problem
From Fig. 5, we observe that at the optimal solution of the nondelayed version of the

problem, the queue size at the buffer of link l1 is zero for all t ∈ [0, 3]; the queue size at
the buffer of link l2 is increasing with a constant speed of about 0.53; the queue size at the
buffer of link l3 is increasing with an average speed of about 0.9. Thus the buffer capacity
constraints of links l1 and l2 are both nonbinding for all t ∈ [0, 3], but the buffer capacity
constraint of link l3 is binding at the final time t = 3 (i.e., the buffer capacity B3 of link
l3 = 2.7 at t = 3.) This means that the buffer of link l3 should not handle more queues at
the final time t = 3; otherwise, some messages will be lost.

Similar to the behavior of the output flow rates of the delayed version of the problem, we
observe from Fig. 8 that the queue sizes at all the buffers of the delayed version are equal to
zero during short periods at the beginning of the sources’ transmission. This phenomenon
confirms the fact that due to the forward transmission delays and/or the latency, all the
routers at the beginning of the sources’ transmission must wait for certain times before
they can serialize the first packet of messages into the links. From Fig. 8 we observe that
at the optimal solution of the delayed version of the problem, the queue size at the buffer
of link l1 is equal to zero for all t ∈ [0, 0.2], but increases with a constant speed of about
0.52 for all t ∈ [0.2, 0.9] and decreases with an almost constant speed of about 0.17 for all
t ∈ [0.9, 3.0]; the queue size at the buffer of link l2 is also equal to zero for all t ∈ [0, 0.2],
but increases with a speed of about 1.4 for all t ∈ [0.2, 0.92] and increases with a speed of
about 0.74 for all t ∈ [0.92, 3]; the queue size at the buffer of link l3 is equal to zero for all
t ∈ [0, 0.6], but increases with an average speed of about 0.92 for all t ∈ [0.6, 3]. Thus the
buffer capacity constraint of each of the links l1, l2, and l3 is nonbinding for all t ∈ [0, 3].

Thus, unlike the queue sizes of the optimal solution of the nondelayed version of the
problem, the queue sizes of one of the links (i.e., link l1) of the optimal solution of the
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delayed version show both increasing and decreasing trends. Moreover, the average queue
sizes at the buffers of links 1, 2, and 3 of the delayed version are higher than those of the
nondelayed version by a percentage of infinity (because the queue size at the buffer of link
1 is zero), 51.57%, and –2.208%, respectively. (The main reason that the average queue
size at the buffer of link l3 of the delayed version is slightly less than that of the nondelayed
version is mainly due to the fact that at the beginning of the transmission, the router of
link l3 of the delayed version has to wait for 0.6 units of time before they can serialize the
first packet into the link.)

Comparison of the objective function values of the two versions of the problem
The optimal objective function values for the nondelayed and time-delayed versions of

the problem are 10.0313 and 7.4805, respectively. Thus the objective function value of the
delayed version is less than that of the delayed version by 38.415.

From the above discussions, we can see that the amount of weighted sources’ input flows
at the origins and the amount of the weighted sources’ output flows at the destination of
the delayed version of the problem are both less than those of the nondelayed version
of the problem by margins of about 8% and 16%, respectively, but the queue sizes at the
buffers of the delayed version of the problem are very much greater than those of the
nondelayed version of the problem. Thus this example clearly reflects how the optimal
transmission of messages in computer networks in real life can be affected by both the
forward transmission delays in the buffers and the latencies in the links.

7 Conclusion and suggestions for further study
In this paper, we first formulate the optimal transmission of messages in a computer net-
work as a nondelayed optimal control problem. We then develop a modified control pa-
rameterization method for solving this time-delayed optimal control problem. The gra-
dients of the new objective function and the new constraint functions generated by this
modified control parameterization method are derived. In this way, we can provide an
open-loop control for the time-delayed optimal transmission problem of the computer
network; by allocating the optimal flow rate to each link of a real-life computer network,
we maximize the number of messages sent from N origins to one destination in a given
period.

A numerical example involving four sources, three links, two origins, and one desti-
nation has been solved by using both the nondelayed and the time-delayed versions of
the above optimal transmission problem. The results show that the amount of weighted
sources’ input flows at the origins and the amount of weighted sources’ output flows at the
destination of the delayed version of the transmission problem are both less than those of
the nondelayed version of the problem by margins of about 8% and 16%, respectively, but
the queue sizes at the buffers of the delayed version of the problem are much greater than
those of the nondelayed version of the problem. Thus this example clearly reflects how
the optimal transmission of messages in computer networks in real life can be affected by
both the forward transmission delays in the buffers and the latencies in the links.

For further research direction, we would like to extend the modified control parame-
terization method to solve more difficult optimal control problems, which involve both
state-dependent and control-dependent time-delayed arguments.
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