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1 Introduction
A graph of an equation of the form y? = x* + ax + b is called an elliptic curve [13], where
a and b are constants. Since f(x,y) = x> + ax + b — ¥ has level curves as elliptic curves,
functional equations having the mapping f(x, y) = x> + ax + b — * as a solution are helpful
to study cryptography and its applications.

We need the following definitions on 2-Banach spaces [4, 5].

Definition 1 Let X’ beareal linear space with dim X’ > 2and ||, -|| : X2 — R be a function.
Then, we say (X, ||-,-||) is a linear 2-normed space if

(@) |lo,y1l =0 if and only if x and y are linearly dependent,

) llxyl =1y,

(© llex, yll = leelll, ¥l

d) Ny +zll < llxyll + llx 2l
for all € R and x,y,z € X. In this case, the function ||+, || is called a 2-norm on X.

Definition 2 Let {x,} be a sequence in a linear 2-normed space X. The sequence {x,,} is
said to convergent in X if there exists an element x € X" such that lim,_, » ||x,, —, y|| = 0 for
all y € X. In this case, we say that a sequence {x,} converges to the limit x, simply, denoted

by lim,,_, o0 %y = %.
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Definition 3 A sequence {x,} in a linear 2-normed space X is called a Cauchy sequence
if for any ¢ > 0, there exists N € N such that for all m,n > N, ||x,, —x,,,y|| < € forally € X.
For convenience, we will write lim,,; ;. o ||, — %, ¥|| = O for a Cauchy sequence {x,,}. A 2-
Banach space is defined to be a linear 2-normed space in which every Cauchy sequence is

convergent.
In the following lemma, we obtain some basic properties in a linear 2-normed space.

Lemma 1 ([9]) Let (X, |-,||) be a linear 2-normed space and x € X.
(@) Ifllx,yll=0forallye X, thenx = 0.
() w2l = lly,zlll < v =y, zll for all x,y,z € X.
(c) If a sequence {x,} is convergent in X, then limy_, o0 [|%, || = || iMy—s 00 %0, ¥ || fOr all
yeX.

The stability of a functional equation means, roughly speaking, that an approximate
solution of the equation (i.e., a mapping that only approximately satisfies the equation) is
not far from an exact solution of the equation. It may happen that all approximate solutions
are in fact exact solutions. Considering the Cauchy equation f(x + y) = f(x) + f(y) one
may deal with the class of its approximate solution defined by the functional inequality

introduced by Rassias [11].

If e +9) =) = £ < e(llxl” + IylIP).

It turns out that for p # 1 each solution of the above inequality can be approximated by an

additive function A in such a way that the inequality
If ) = A@) | < kellxll?

holds, with a suitable real number &, on the whole domain (for p = 0 it coincides with the
classical Hyers—Ulam result [6, 12]).
A graph of an equation of the form y? = x> + ax + b is called an elliptic curve [13], where

3 4+ ax + b — y? has level curves as elliptic curves,

a and b are constants. Since f(x,y) = x
functional equations having the mapping f(x,) = x> + ax + b — y* as a solution are helpful
to study cryptography and its applications. The stability of functional equations has been
studied by some authors [1-3, 7, 8].

Jun and Kim [7] introduced the cubic functional equation

gx+y+z)+gx+y—2z)+2g(x) +2¢(y)
=2g(x+y) +gx+2) +gx —2) + gy + 2) + gy — 2). (1)

In 2008, Park and Bae [10] introduced the following functional equations and investigated

their stability problems in Banach spaces:

gx+y+2)+gx—2)+g(y—-2)=glx+y-2) +glx+2) + gy + 2) (2)
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and

fx+y+zu+v+w)+fx+y—zu+v+w)
+2f (e, u—w) + 2f(y,v—w)
=fx+yu+w)+flx+y,v+w) +flx+z,u+w)

tfx—zu+v-w)+fy+z,v+w)+f(y—z,u+v-—w). (3)

The function f : R x R — R given by f(x,¥) := x> + ax + b — y? is a particular solution of

(3). In 2011, Park [9] investigated approximate additive, Jensen, and quadratic mappings
in 2-Banach spaces.

In this paper, we investigate the stability of functional equations (2) and (3) in 2-Banach
spaces and quasi-Banach spaces.

2 Stability in 2-Banach spaces

In this section, let X’ be a normed space and ) a 2-Banach space. We will first prove the
following lemma.

Lemma?2 Leth: X — Y be a mapping. Then,

4n+1_1 " 4;1_1 el
he) = =g H2) + g h(@ )
“f4-1_, . 54-1) .. 4-1
— j—1 _ Yi - - j+1
j_l[g.&._lh(z 0 - 2D+ 2o x)}

forallx € X and all n.

Proof The given equality is obviously true for all x € X and # = 1, 2. For an integer k > 2,
assume that it holds for all x € X and n = k — 1, k. Then,

k+1 ;

4-1 - 54 -1) . 4-1 .
j-1,) _ j Z (ot
;[3.8],114(2 e 1 x)}
Mre-a 5(4/ - 1) -1
- [ L) - 24D i —,h(2/*1x)}
P 3.8~ 3-8 6-8
gk—1 o 5@k-1) o 41
+ 3. Sk_lh(Z x) — Wh@ x) + Wh(Z x)
4k+1 _ 1 5(4k+1 _ 1) ) gk+1 _ 1 .
t e h(2*x) - 3 g h(21x) + T h(25%x)
k-1 o 4o
= h(x) - 3. 8k‘1h(2 x) + T h(2 x)
4k 1 ~ 5(4% — 1) gk—1
+ Wh(f( 1.76) — Wh(ka) + Wh@k 1 )
4/<+1 -1 5(4k+1 _ 1) 4k+1 -1
+ 3. Sk h(2kx) — Wh@k“x) + mh(2k+2x)
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k+2 _ 1 o1 4k+1 -1 a2
= h(x) - 3 gt h(2 x) + o gkl h(2 x)
for all x € X. By the induction on #, we obtain that it holds for all x € & and all ». O

The following theorem proves the stability of equation (1) in 2-Banach spaces.

Theorem 1 Letp € (0,1),6>0,8,n>0and let g: X — Y be a surjection such that

lg(x+y+2)+glx+y-2)+2g(x) + 2g()
-2g(x +) —glx +2) —glx —2) —g(y +2) — gy — 2),g(0)

<e+8(IxlI” + IylI¥ + II?) +nlit] (4)

forall x,y,z,t € X. Then, there are a cubic mapping T : X — Y and an additive mapping
A: X — Y that satisfy equation (1) and the inequality

P
o) -0 - AG) - T, = & e

4
Wﬂxﬂp + ;(8 + 77||t||)

forallx,te X.

Proof Define h: X — Y by h(x) := g(x) — g(0) for all x,¢ € X. Then, 4 satisfies also the
functional inequality

||h(x+y+z) +h(x +y—2)+ 2h(x) + 2h(y)
—2h(x+y)—h(x+z)—h(x—z)—h(y+z)—h(y—z),g(t)||

<e+8(Ixl” + IyIP + 2lI”) + nliel (5)
forall x,7,z,t € X. If we replace (x,y,z) by (2x,x,x) in (5), we gain
||h(4oc) +2h(2x) + h(x) — 3h(3x),g(t) || <e+ (21’ + 2)5||x||1’ + |l
for all %, £ € X. Replacing (x,,2) by (x,x,%) in (5), we obtain
|7(3%) + 5h(x) — 4h(2x),g(2) | < & + 38|x[1” + |t
for all x,¢ € X. By the above two inequalities, we have
|1(4x) + 16h(x) — 10h(2x),g(2) | < 4e + (22 + 11)8]1x[1” + 4n]|£] (6)

for all x,¢ € X. By Lemma 2 and (6), we obtain that

4n+1 n

—h(2"x) + uh(Z”*lx), g “

h —
” &) - =% 6.8

4

. -1 .
D)« Wh(zf+1x)],g(t>

“r4-1_ . 54/ -1)
j—1 - 7
[3.8/—1h(2 %) 3.

j=1

Page 4 of 19
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n

4-1
. g1
;:13 8

Z

=1
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[h(Z/‘lx) - gh(zfx) + 1—16h(2"“x)],g(t)

h(2"x)

J _ j+1
) 2h(@x) + - n(@"5) 200 ”

= 34’ 1 [160(2715) ~100(2%5) + 1(2712), 00|
=
A

———[de + (20 + 11)2°0Ds || x[|? + 4n]z] ]

7)
for all x,¢ € X and all n. We set a sequence {4, (x)} given by

-1 n+1
T h(2 x)

for all x € X and all #, and prove the convergence of the sequence. By (6), we see that
||hn+1(x) - hn(x);g(t) ||

4n+2 -1 el 4n+1 -1 2 4n+1 1

3. gn+l (2 " x)_ 6. 8ntl h(2 " x)

)
Ve ]
ﬁ |2(47% — 1)h(2"*1x) + 8(4" - 1)h(2" %)
- 16<4”” - (') - (4 = 1)h(2%) g0
“ 6. 8n+1

|47+ [10R (2" x) — 16k (2"x) — h(2"**x)]

[107(2" %) — 16h(2"x) — h(2""x)],g(2)
4m+1 _

< st [4€ + (27 +11)27"5|x]|” + 4t ]

integers m,

for all x,¢ € X and all n. Hence, it follows from the last inequality that for any positive
with m > n > 0, we have

m-1

1) = ), @] = 3 [ (6) = i), 80|

k=n

m-1 4k+1
<

< W[% + (27 +11) 2758 || x |17 + 4n]|¢][]
k=n

forallx, ¢ € X. Since p < 1, the right-hand side of the above inequality tends to 0 as # tends
to infinity and thus the sequence {%,(x)} is a Cauchy sequence in ). Therefore, we may
define a mapping G: X — ) by

. . 4Vl+1 - 1 n 4” - 1 n+1
(x) = n11>nolo hn(x) = lim [ 3.8 h(2 x) - Wh(Z x):|

n—0o0
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n+l _ 1 4" — 1
= 1 271 _ 2n+1
ng{}o[ s 22 - el x)}
for all x € X and hence we arrive at the formula

() - 2(0) - G, (0)]

1 o0
i

- [4e + (22 +11) 220705 |17 + 4o 2]

(11 +27)8

4
= m”xﬂp + ;(8 + 77||t||)

by letting n — oo in (7).
By (4), we have

4n+1 -1
38"
—2g(2"x +2"y) — g(2"x + 2"z) — g(2"x — 2"z) — g(2"y + 2"2)
~g(2"y - 2"2),8(0)|

4n+1

- 3-8

”g(Z”x +2"y +2"z) + g(2"x + 2"y - 2"2) + 2g(2"x) +2g(2"y)

[+ 28 (llcll” + Iyl + 12II”) +7lle] ]

and
4" —
6- 8"
+ 2g(2n+1y) _ 2g(2n+1x + 2n+1y) _g(2n+lx + 2n+1z) _g(2n+1x _ 2n+lz)

_g(2n+1y + 2n+lz) _g(2n+l 2n+1 ) g(t) ”

n

6-8

”g(2n+1x+2n+1y+ 2n+1 )+g(2n+1x+2n+1y 2n+1 )+2g(2n+1 )

1
(n+1)
= —[e+ 22D (Ixll? + Iyl + l12117) + nllell]

for all x,7,z,t € X. Thus, it follows from the above two inequalities that

”h,,(x +y+2)+ hy(x+y—2) + 2h,(x) + 2h,(y) — 2h,(x + y) — hy(x + 2)

—hy(x—2)—h,(y+2)—h,(y - z),g(t)”
4n+1 ~-1
3.8

[g(27x + 2"y + 2"2) + g(2"x + 2"y — 2"2) + 2¢(2"x) + 2¢(2"y)
-2g(2"x +2"y) — g(2"x + 2"z) — g(2"x — 2"2)

-g(2"y+2"z) - g(2"y - 2"2)]

- 46'1._8: [g(27 1 + 21y 4+ 27402) + g (271 + 271y — 27¥17)
+2g(2"x) +2g(2"y) - 2g (2" x + 2" y) — g (27 x + 27 )

_g(2n+1x _ 2n+lz) _g(2n+1y + 2n+lz) _g(2n+1y _ 2n+lz)],g(t) H

Page 6 of 19
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4n+1
= 3. g [5+2pn5(||x||p+ lyll? + ||Z||p) +77||If||]
"1 (1)
T e e [8+2p " 5(||x||p + llyll” + ||Z||p> + U||t||]

forall x,y,z,t € X. Taking n — o0, since 0 < p < 1, we obtain that G is a solution of (1). By
Theorem 2.1 in [7], there exist a cubic mapping 7', an additive mapping A, and a constant
¢ such that G(x) = T'(x) + A(x) + ¢ for all x € X. Since /4(0) = 0, we obtain /,,(0) = 0 for all n.
Hence, ¢ = G(0) = lim,,_, o, /1,(0) = 0. a

In the case p > 1 in Theorem 1, one can also obtain a similar result.

The following theorem proves the stability of equation (2) in 2-Banach spaces.

Theorem 2 Letp € (0,2),6>0,8,n>0and let g: X — Y be a surjection such that

”g(x+y+z)+g(x z)+g(y - gx+y—2)—glx+2)—gly+2),g t)”

<e+8(Ixl” + Iyll? + IIZII”) +nlt| 8)

forall x,y,z,t € X. Then, there is a unique quadratic mapping G : X — Y satisfying (2)
such that

27)8

lg(x) - g(0) - G(x),g(2) ||_2p(4 >

1l + (8 +nliel) &)
forallx,te X.

Proof Let h: X — ) be a mapping given by A(x) := g(x) — g(0) for all x € X, then 4(0) =
Letting x = y = z in (8), we have

|7(3%) — 2h(2x) - h(x),g(2) || = | g(3%) — 2g(2%) - g(x) + 2¢(0), g(2) ||

<& +35|xl1” + nli|
for all %, £ € X. Replacing x, y, z by 2x, x, x in (8), respectively, we have

||h(4x) — h(3x) — 2h(2x) + h(x),g(t) ||

= |lg(4x) — g(3x) - 26(2%) + g(x) + g(0),g(1)| <& + (2 +2)31xII” + nlt]
for all x,¢ € X. By the above two inequalities, we obtain
| 7(4x) — 4h(2x),g(2) | <26 + (22 +5)8 1]l + 2n]l¢]

for all x,¢ € X'. Replacing x by 7, we have

Hh(x)

1 5 1
1+ — )8|x|I” + =(e +n|t
( ;w) Il + 3 (& + il
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for all x,t € X. Thus, we obtain

H L () -

4 4/+1

PEYOTEA TEAY e e nien) (2 /
—(1+=)8IxI”{ =) +=(e+ -
=\t 4 ) T 4

for all x,¢ € X and all j. For given integers /, m (0 < [ < m), we obtain

L 2).00) H

1 1
Eh(Z’x) = (2"%). 80 H

< WX;E (1 + %)Wnp(%)/ v oles n||t||)(i)j] (10)

j=

for all x,t € X. Since p € (0,2), the sequence {%h(?x)} is a Cauchy sequence for all x € X.
Since ) is a 2-Banach space, the sequence {%h(ij)} converges for all x € X'. Define G :
X — Yby

G(x) := lim %h(zjx)

Jj—00
for all x € X. Then,

. 1 j+1 : 1 j+1
G(2x) =,'1£§>10 4—J,h(2’ x) = 4,'1320 Wh(ZI x) = 4G(x)

for all x € X. By (8), we have
H LI+ +2) + (- 2) + B -2) -2 1y -2)
2+ 2) - 2+ 2)].g® H
_ H Sy +2) 42 -2) +¢(@r-2) ~g(@x +y-2)

(P +2) —g(P+ Z))]’g‘”H

1 .
< 5[8 + 225 (|l ll” + IyllP + ll2l1) + nliel]
for all x,y,2z,¢t € X and all j. Letting j — 00, we see that G satisfies (2). Setting / = 0 and
taking m — oo in (10), one can obtain the inequality (9).
Let H : X — Y be another quadratic mapping satisfying (2) and (9). By the proof of
Lemma 2.1 in [10], H(2x) = 4H (x) — 3H(0) for all x € X'. Thus, we obtain

|G@) - H(x), g0

:4n

G(2"x) — H(2") - (1 - 4_1n)H(0),g(t) “
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= % 1G(27%) — g(2"x) + (0),g(®) |

+ % |-g(0) + g(2"x) - H(2"x),g(t) | + 4%(1 - %) |H(0),g()|

L2 20=Dp (5 4 2P)§
— 4 42

2 1 1
10+ e i) |+ 52 (1- 3 ) 1HO.0)]

—0 asnm—> o0

for all x,¢ € X. Hence, G is a unique quadratic mapping, as desired. d

In the case p > 2 in Theorem 2, one can also obtain a similar result.

Theorem 2 leaves the case p = 2 undecided. This is not a mere coincidence. It turns out
that 2 is the only critical value of p > 0 to which Theorem 2 can not be extended. Note
that R? is a 2-Banach space with the 2-norm given by |A,B| = the area of the triangle
OAB, where O is the origin. In fact, we shall show that, for §,7 > 0 one can find a mapping
g:R — R? such that

lgx+y+2) +glx—2) +gy—2) —gx +y—2) —glx +2) — g(y + 2), (1)
< 8(|x| + [yl + 2l) + nlt|

forallx, y,z,t € R, but, at the same time, there is no constant A, u € [0, 00) and no quadratic

mapping G : R — R? satisfying the condition
|g(x) - g(0) — G(x),g(£)| < Alx| + pelt]

forall x,y,z,t € R.

The following theorem proves the stability of equation (3) in 2-Banach spaces.

Theorem 3 Letp € (0,1),6>0,8,n>0andletf: X x X — Y be a surjection such that

[fGe+y+zu+vew) +floc+y—zu+v+w)+2f(xu—w)
T2 v —w) —f(x+y,u+ W) —f(x+9,v+ W) —f(x + 2,0 + W)
—fa—zurv—w) = fy+z,v+w)—fy—zu+v-w),f(s1)]
<e+8(Ilxl” + Y17 + 2” + el + [P + 1wli?) + n(lisll + 1£1]) (11)

for all x,y,z,u,v,w,s,t € X. Then, there exists a mapping F : X x X — Y satisfying (3)
such that

|V(x’y) —f(O, 0) —F(x:)’)’f(& t) ||
5+3.-20-47 5+9.20-2.4
Sllll? + ————

28
= Twe-w) w1+ e (sl + )]

forall x,y,s,t € X.

Page 9 of 19
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Proof Define f1,f» : X — Y by fi(x) := f(x,0) and fo(y) := f(0,y) for all x,y € X. Putting
u=v=w=0in (11), we have

Vi +y+2)+filx+y—2) +2fi(x) + 2f(0) - 2fi(x +y) - filx + 2)
—ﬁ(x—z) _fl(y+z) _fl(y_z)xf(sv t) ||

<&+ 8(Ilxl? + Iy 17 + 1z1”) + n(lsll + 1)

for all x,7,z,s,¢t € X. By Theorem 1, there exist a cubic mapping F; : X — ) and an addi-
tive mapping A; which satisfy equation (1) and the inequality

Ifi(x) = £1(0) = A1 (x) = Fi(x),f (s, £) || < 6||x||f’+1—[(e+n(||s||+||t||)]

2,,(2 20)

forallx,s,t € X. Setting x =y =z =0in (11), we have

||2f2(u+v+w)+2f2(u—w)+2f2(v—w)—2f2(u+v—w)
—2f2(u+w)—2f2(v+w),f(s,t)||
<e+8(llul? + [vIP + [Iwl?) +n(lsl + l1£1])

for all 4, v,w,s,t € X. By Theorem 2, there exists a quadratic mapping F, : X — ) satisfy-
ing (2) such that

160) -£(0) - E2(9),f(s,0)|| < SlIyllP + ;[8+n(IISII+IItII)]

21’“(4 27)

forall y,s,¢t € X. Settingy=z=v=w=0in (11), we have

1f (e, 20) = /1) = fo (@) +£(0,0), £ (s,) | < &+ 8(llll” + lluell?) + m(lisll + l1£1])

for all x,u,s,t € X.
If we define

F(x,y) := A1(x) + F1(x) + F>(y)

for all x,y € X, then we conclude

|Lf(x’y) —f(O, 0) - F(x:y)vf(& t) ”
= |f(x,9) = A1(x) = Fi(x) = F2(y) —£(0,0),£ (s, 1) |
= [f@2) -A@) = £0) +£(0,0).f(s, 1)

+ IA®) = £1(0) - A1 (x) - FL(®),f(s5,8) | + [|(7) = £2(0) = Fa ), £ (s, 8) |

5+3-27 5+9.22-2.4

28
SW‘S” *P =gy oI+ e sl + el

forall x,y,s,t € X. O
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In the case p € (1,2) U (2, 00) in Theorem 3, one can also obtain a similar result. Taking
8 =n =0 in Theorem 3, we solve the Ulam stability problem for the functional equation

(3).

Corollary 1 Let e >0andletf: X x X — ) be a surjection such that

Hf(x+y+z,u+v+w)+f(x+y—z,u+V+w)+2f(x,u—w)
+2f (v =—w) —fx+yu+w) —f(x+y,v+w) —f(x+2z,u+w)
—fa-zutv-w) —f+zv+w) —f-zu+v-w),fst)| <e

for all x,y,z,u,v,w,s,t € X. Then, there exists a mapping F : X x X — Y satisfying (3)
such that

/) 10,0~ Fep fls )] = 5'e
forall x,y,s,t € X.

3 Stability in quasi-Banach spaces
Definition 4 Let X" be a real linear space. A quasinorm is a real-valued function on X
satisfying the following:
(i) |lxll >0 forallx € X and ||x|| = 0 if and only if x = 0.
(ii) l1Ax|l = |A|llx|| forall L € Rand allx € X.
(iii) There is a constant K > 1 such that ||x + y|| < K(||x|| + ||y||) for all x,y € X.

The pair (X, | - ||) is called a quasinormed space if || - || is a quasinorm on X'. The smallest
possible K is called the modulus of concavity of || - ||. A quasi-Banach space is a complete
quasinormed space. A quasinorm || - || is called a p-norm (0 <p < 1) if

lloe + y11P < llxl1” + llyll?
for all x,y € X. In this case, a quasi-Banach space is called a p-Banach space.

A quasinorm gives rise to a linear topology on X, namely the least linear topology for
which the unitball B = {x € X' : ||x|| < 1} is a neighborhood of zero. This topology is locally
bounded, that is, it has a bounded neighborhood of zero. Actually, every locally bounded
topology arises in this way.

From now on, assume that &’ is a quasinormed space with quasinorm || - || and that )/ is
a p-Banach space with p-norm || - ||y. Let K be the modulus of concavity of || - ||y.

We will use the following lemma in this section.

Lemma 3 ([8]) Let 0 <p <1 and let x1,x;,...,%, be nonnegative real numbers. Then,

(1 +xg+ - +x,) <o +ah +- 1 ah.

n

The following theorem proves the stability of equation (1) in quasi-Banach spaces.
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Theorem 4 Let g€ (0,1),¢ >0and § > 0and let g: X — Y be a mapping such that

lgCx +y+2) +glx+y—2) +2g(x) + 22(y)
—2g(x+y)—g(x+z)—g(x—z)—g(y+z)—g(y—z)”y

<&+ 8(IlxI7 + Iyl + llzIl7) (12)

forall x,y,z € X. Then, there are a cubic mapping T : X — Y and an additive mapping
A: X — Y that satisfy equation (1) and the inequality

L (80 s 1)) 13)

l¢x) - £(0) - AG) - TG, < - -

forallx e X.

Proof Define h: X — Y by h(x) := g(x) — g(0) for all x € X. Then, 4 satisfies also the func-
tional inequality

||h(x+y+z) +h(x+y—2)+ 2h(x) + 2h(y)
—2hx+y)—h(x+z)—hx—-2z)—h(y+2z) —h(y—z)Hy
<e+8(IIxI7 + Iyl + llz]17) (14)
for all x,y,z € X. If we replace (x,,z) by (2x,x,x) in (14), we have
”h(4x) + 2h(2x) + h(x) - 3h(3x)Hy <&+ (2 + 2‘1)8||x||q
for all x € X'. Replacing (x,7,2) by (x,%,x) in (14), we obtain
||h(3x) + 5h(x) — 4h(2x) ”y <e+38|x||?

for all x € X. By the above two inequalities, we obtain

|2(4x) + 16h(x) — 10h(2:x) ||§, <[e+8(2+27) 7] + 37 (e + 38||x[|7)”

< (1+37)e” + (27 + 37 + 279) 87 || x| (15)

forallx € X.
By Lemma 2 and (15), we obtain that

n+l _ n_ p
Hh(x) - 4 lh(Z”x) + 4 lh(Z”*lx)
38" 68" ’
"rd-1 . s@-1n . w-1 .. [
= 2[3.8/11/1(2} 'x) - W h(2x) + 6-87h(2] lx)]
= v
S 2t ) - Sh(a) + Lay) !
L3y 8 16 ,

Page 12 0of 19
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p

W) - 2h(2) + <h(2a)

y

n i p , ; i
_ 1 <E) |16h(21) — 103(2/%) + (2" %) %,

167 &=\ 3.81
j=1
<L Z( i —1 )p[(1 +3P)e? + (27 + 37 + 2°1) P10V 5P | |17 (16)
T 10 \3-8

for all x € & and all n. We set a sequence {/,(x)} given by

4n+1_1 4" — 1

h,(x) = W h(2 x)— T

h (2n+1x)

for allx € & and all i, and prove the convergence of the sequence. By (15), using Lemma 3,
we see that

” hn+1 (x) - hn(x) ”1;;

42 -1 n+1 4 -1 n+2
= |3 g h(2 x) BT h(2 x)
4n+1 -1 41 p

n -1 n+l
WY h(zx)+—6-8”h(2 x) ,

p
i (#) |2(472 = 1)1 (27 'x) + 8(4" - 1)1 (2" )

- 16(4" - 1)n(2"x) - (4" - (2" %) |,

p
= <W1n+1) ||4H+1[1Oh(2”+1x) — 16}1(2”9@) _ h(2n+2x)]

- [104(2" %) - 16h(2"x) - h(2"*x) ]|,

4n+1 -1 p
n
< (W) [(1+37)e” + (27 + 37 + 2P1) 20" 8P || x| ]
for all x € & and all n. Hence, it follows from the last inequality that for any positive inte-
gers m, n with m > n > 0, we have

m-1
) = B )5, < 3 i () = @) [
k=n

m—1

4k+1 ~1\?
=Y (gt ) [r@)ers (203 - 2)20i0 ]

k=n

for all x € X. Since 0 < p <1 and 0 < g < 1, the right-hand side of the above inequality
tends to 0 as # tends to infinity and thus the sequence {/,(x)} is a Cauchy sequence in ).
Therefore, we may define a mapping G: X — ) by

G(x) := lim h,(x) = lim

n—0o0 n—0o0

4n+1 -1 ; 47 — 1 el
[ ) - T2 x):|

Page 13 0of 19
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4Vl+1 -1 4" — 1
= 1 2My) — 2n+1
lm[ 5w 42 - el x)]
for all x € X. By letting n — 0o in (16), we have

lgx) - g(0) - G,

1

1 [/ 4-1\ i
= R(;(W) [(1+3p)gp (217_,_31’_,_21%1)517”21 lx“Pq])
/ 1
i i( 4 )p[(l + 31’)51’ (2P +3P 4 21%1 5P ”2; lx”l’q]
~ 16 - 3.8-1
? 273 (20 I 1
_ 1 (¥ET+ 1) (2P + 37 +2 )5p||x||1"1 7
16 20 — 3p(2r(1-0)-1)
> 1
< i( 281’ +7- 3‘1’81’||x||17q)> » < i (L |:2817 + Zap”x”pq]>P
16 16\2° -1 3

- 1 (8(2¢” + 387 |x||P9)
— 16 27 -1

for all x € X'. Thus, we arrive at the formula (13).
By Lemma 3 and (12), we have

n+l _ p
(43 = 1) lg(27x + 2"y + 272) + g(2"x + 2"y — 2"2) + 2g(2"x) +2g(2"y)

-2g(2"x +2"y) — g(2"x + 2"z) — g(2"x - 2"z) — g(2"y + 2"2)
82y -279)[5,

4n+1 -1 p »
5( WY ) [67 + 87279 (|l + Iy 17 + [12117)”]

and

n
(t 1) ”g(2n+lx+2n+1y+ 2n+1 )+g(2n+1x+2n+1y 2n+1 )

+ 2g(2n+1 ) + Zg(2n+l ) Zg(2n+1x + 2n+1y) _g(2n+lx + 2n+lz)

_g(2n+lx _ 2n+lz) _g(2n+1y + 2n+lz) _g(2n+1y _ 2n+lz) ”137)

4" —1\”
5(6 8n) (e + 67224 D ([ + iy + 211

for all x,y,z € X and all n. Thus, it follows from the above two inequalities that

|7 + 3 + 2) + Ba(x + y = 2) + 20, (%) + 20, (y) = 2D, (x + )
Il +2) = = 2) =y + 2) ~ = 2) [

~ 4n+1_1
| 3-8

[g(2"x + 2"y + 2"2) + g(2"x + 2"y — 2"2) + 2¢(2"x)
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+2g(2"y) - 2g(2"x +2"y) - g(2"x + 2"2) - g(2"x - 2"2)

-g(2"y+2"2) - g(2"y - 2"2)]

n —
— t . 8: [g(2n+1x + 2n+1y + 2n+lz) +g(2n+1x + 2n+1y _ 2””2)
+ 2g(2n+1x) + 2g(2n+1y) _ 2g(2"+1x + 2n+1y) _g(2n+1x n 2"+1z)

p
_g(2n+1x _ 2n+lz) _g(2n+1y + 2n+lz) _g(2n+1y _ 2n+1z)]

y

4n+1_ p ,
f( WY ) [ + 87277 (Jlal| + lyl1? + 112117)" ]

4 -1)" (n+1) P
+ (6-8”) [¢7 + 872717 D (|x |7 + [Iyl|7 + [12017)"]

for all x,7,z € X and all n. Taking n — oo, since 0 < p < 1, we obtain that G is a solution
of (1). By Theorem 2.1 in [7], there exist a cubic mapping 7, an additive mapping A, and a
constant ¢ such that G(x) = T'(x) + A(x) + ¢ for all x € X. Since 4(0) = 0, we obtain /,(0) =0
for all n. So ¢ = G(0) = lim,,_, » /1,,(0) = 0. O

The following theorem proves the stability of equation (2) in quasi-Banach spaces.

Theorem 5 Let g (0,1),e>0and 8§ >0and let g: X — Y be a mapping such that

||g(x+y+z)+g(x—z)+g(y—z)—g(x+y—z)—g(x+z)—g(y+z)||y

<&+ 8(IlxI7 + 1yl + llzIl7) (17)

forall x,y,z € X. Then, there exists a unique quadratic mapping G : X — Y satisfying (2)
such that

(18)

e SPPA[2(3 + 27) + 2] 5
lot)-¢0)- Gl = (g + 2o )
forallx e X.

Proof Let h: X — ) be a mapping given by h(x) := g(x) — g(0) for all x € X, then /(0) = 0.
Letting x = y = 0 in (17), we have

|h(=2) = h(2)|, < & +8llzll?
for all z € X. Replacing z by x + y in (17), we obtain

||h(2x +2y) + h(=y) + h(—=x) — h(2x + y) — h(x + 2y) “y

<e+ 5(||x||q + Y117+ [lx +y||q)
for all x,y € X. Taking z = x in (17), we see that

|12 + ) + h(y - 2) = h(y) = h(2x) = h(x + )|y, <&+ 8(21%17 + 1717
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for all v,y € X. Interchanging x and y in the above inequality, we see that
|AGx +29) + h(x = y) = h(x) = h(29) = h(x + )|y, < & + 8 (%01 + 2[1y1%)
for all x,y € X. By the above four inequalities and Lemma 3, we have

||h(2x +29) + h(x —y) + h(y — x) — 2h(x + y) — h(2x) — h(2y) ||1;
<36” + 87[(2+2°) (Nl + IyI1P7) + [l + y1177]
+ 1) = W), + [ 1) - )],
<58 + 87[(3+2°) (Il + IyI1P7) + [l + y1177]
for all x,y € X. Putting y = x in the above inequality, we obtain

| hdx) — 4n(20) |5, < 567 + 87[2(3 +27) + 2°1] ||

for all x € X. Hence,

1 p
”h(x) - Z—Lh(2x)

< el (5¢” + 67279[2(3 + 27) + 2] ||x17)
y o

for all x € X. Thus, we obtain

p
< %(58‘” +6P2P[2(3 +27) + 27920V ||x|P7)  (19)
oW

1 1
yi j+1
H4Jh(2x) T, —h(2"x)

for all x € X and all j. For given integers /, m (0 <[ < m), we obtain

for all x € X. By (20), the sequence {%h(?x)} is a Cauchy sequence for all x € X. Since Y

m-1
5 12; T +8P2P1[2(3 + 2F) + 277]2PY || |IPT)  (20)

1 m
Ih(zl x) - —h 2"x

is complete, the sequence {ﬁh(?x)} converges for all x € X'. Define G: X — ) by

G(x):= lim %h(Z’x)

fared
for all x € X. By (17), we have
||G(x+y+z)+G(x—z)+G(y—z)—G(x+y—z)—G(x+z)—G(y+z)||§,
= lim 47 [A(2"x +y +2)) + h(2"(x - 2)) + h(2"(y - 2))
—h(2"(x+y-2) - h(2"(x +2) - h(2" 0+ 2)][},

n—00

1
< lim 47[8+2q”5(||x||"+ Iyl? + 11z117) )

for all x,7,z € X. Hence, the mapping G satisfies (2). Setting / = 0 and taking m — oo in
(20), one can obtain the inequality (18).
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To prove the uniqueness of G, let H: X — ) be another quadratic mapping satisfying
(2) and (9). It follows from (19) that

G(2x) —4G(x)| ,, = lim ih 2+ 1x) — Lh 2"x
Yy 0 4

4n -1

y

1 h(2n+1x)

- 4n+1

. 1
=4 lim H Eh(Z”x)

n—00

y

n—00

=4 lim 4;4%(5‘917 +87201[2(3 +27) + 2”‘1]21"1"||x||m)% =0

for allx € X. So G(2x) = 4G(x) for all x € X. It follows from (18) that

1

|G@) - H5, = lim [ 1(2"%) - H(2") [,
V4 V4 p pq19rq(n+1)
< lim i( 5e . 8P[2(3 + 27) + 2P1]2 ||x||pq> 0o
n—o0 4P1n \ 42 — 1 4r — 219
forallx e X.So G =H. g

The following theorem proves the stability of equation (3) in quasi-Banach spaces.

Theorem 6 Let g€ (0,1),e>0and s> 0andletf:X x X — Y be a mapping such that

[f+y+zu+vew) +flx+y—zu+vew) (21)
+ 26 (611 — W) + 2f (3, v — W)
—ftyutw) =4y, v w)—fGe+ zu+w) —f(x—z,u+v—w)
~fo+zvew) —fo-zu+v-w)|,

<e+8(Iell?+ IyI7 + 1207+ Nuell® + )9 + lw]7)

for all x,y,z,u,v,w € X. Then, there exists a mapping F : X x X — Y satisfying (3) such
that

1 8(2¢” + 387|x||P9)

[fGey) - F ]y, < <[s 3l + )]+ o

5ol SPP[23420)420] NP
+ + iyl
w_1 o

forallx,ye X.

Proof Define fi : X — Y by fi(x) :=f(x,0) for all x € X. Also, define fo : X — Y by fo(y) :=
f(0,y) forally € X. Letting y =z =v=w=01in (21), we have

[f Ge,10) = i) = o) +£(0,0) |y, < & + 8 (llxl| + 11| )
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for all x,u € X. Putting u = v =w =01in (21), we have

G +y+2) +filx+y—2) +2f(x) +2()
—2f1(x+y)—f1(x+z)—fl(x—z)—fl(y+z)—f1(y—z)||y

<e+ 8(|Ix||q + Iyl + [12117)

forallw,y,z € X. Settingx =y = z =0 in (21), we have

Hfz(u+v+w)+f2(u—w)+f2(v—w)—f2(u+v—w)
—folu+w) —fz(v+w)Hy

<e+8(lul + VI + wll)

forall u,v,we X.
By Theorem 4, there are a cubic mapping T : X — ) and an additive mapping A : X —
Y that satisfy equation (1) and the inequality
1
1 [ 8(2¢” +387||x||P7) \ P
-fi(0)-Ax)-T <—|—
T M e

forallx € X'. By Theorem 5, there exists a unique quadratic mapping G : X — J satisfying
(2) such that

|%m—ﬁ@—awwy5(

5eP  SPPI[23+20)420] NP
+ Ixll
w1 w —pa

forally e X.
If we define

F(x,y) := A(x) + T(x) + G(y) + £(0,0)

for all x,y € X, we conclude that

1 8(2¢? + 367 x[1P%)
[0 = FGo 5, < e+ 8117 + 1)) + 1o Zp—_l”"”

5ef  §P2P1[2(3 + 27) + 2P1] »q
e B e

forallx,ye X. O

Taking § = 0 in Theorem 6, we obtain the Ulam stability problem for functional equation

(3).

Corollary 2 Let e >0and letf: X x X — Y be a mapping such that

lfx+y+zutvew)+fx+y—zu+v+w)

+2f (x,u—w) +2f(y,v—w)
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—flx+yu+w)—fx+y,v+w)—flx+z,u+w)—fx—z,u+v-w)

—f(y+z,v+w)—f(y—z,u+v—w)||y58

for all x,y,z,u,v,w € X. Then, there exists a mapping F : X x X — Y satisfying (3) such
that

1 5
e -Feel, = <1 Tlerir-1) Tw- 1>8

forallx,ye X.
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