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Abstract
In this paper, we study a new class of non-hybrid single-valued fractional boundary
value problems equipped with integro-non-hybrid-multiterm-multipoint-multistrip
conditions and a fully hybrid integro-multi-valued fractional boundary value problem
by some new methods including the Kuratowski measures based on Sadovskii’s
theorem, Krasnoselskii–Zabreiko criterion, and Dhage’s technique. We generalize the
Gronwall inequality in relation to a non-hybrid single-valued fractional boundary
value problem, and then we investigate the stability notions in two versions. To
examine the correctness of the results, we provide some examples.
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1 Introduction
Fractional differential equations (FDEs) and fractional differential inclusions (FDIs) in the
context of a more general field of mathematics, entitled fractional calculus, have attracted
the attention of scientific community in recent decades. The scientists and researchers
have applied a diversity of new mathematical tools and methods for studying FDEs and
FDIs. Some significant books in this field were published in the early years, in which the
basic concepts of this field were defined and introduced well for everyone. Some instances
are the books of Podlubny [1], Miller et al. [2], Deimling [3], Aubin et al. [4], and Kilbas et
al. [5].

The conducted research in different scientific fields can be found in some areas like
biomathematics, biophysics, mechanics, biology, control theory, engineering, economics,
morphology, rheology, etc. [6, 7]. In the investigation of solutions of different FDEs and
FDIs, we can find many valuable scientific articles in which the existence, uniqueness,
attractivity and stability, positivity and multiplicity, approximation, and other analyti-
cal properties of solutions are studied in the framework of different nonlinear fractional
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boundary value problems (FBVPs). A large number of mathematicians have constructive
contributions in this regard, and in all of them, a trace of fixed point theory and the rele-
vant techniques is observed. Some of their published works can be found in [8–16].

Fractional hybrid differential inclusions (FHDIs) and fractional hybrid differential equa-
tions (FHDEs) of the first and second types are the generalizations of standard FDIs and
FDEs which were introduced by Dhage et al. [17] in 2010 and also by Zhao et al. [18]
in 2011. Immediately, these hybrid FBVPs found their place in various computations and
mathematical modelings so that we highlight some of the strong works in this regard by
naming the papers from Baleanu et al. [19], Nagajothi et al. [20], Matar et al. [21], Khan
et al. [22], Mohammadi et al. [23], etc. Along with these, an extended type of boundary
conditions (BCs) entitled multi-point and multi-strip conditions were introduced in some
models. In these FBVPs equipped with such generalized conditions, the sum of respective
multi-strip multi-point values is proportional to the value of unknown function and its
derivatives in some points. Examples of these BCs and FBVPs can be seen in some newly-
published works. In [24], Alam et al. investigated the Caputo multi-point strip FDE with
the help of the Laplace transform and Bielecki norm, given as

⎧
⎨

⎩

u(2)(t) + cDq
0u(t) = �(t,u(t)),

∑�–2
j=0 εju(σj ) = u(0), Iθ

0 φ(b,u(b)) = u(1),

where q ∈ (1, 2), θ > 1, b ∈ (0, 1], εj ,σj ≥ 0, and t ∈ [0, 1]. In [25], Ahmad et al. generalized
a category of FBVPs equipped with the boundary conditions of the multi-point multi-strip
non-separated type given by

⎧
⎪⎪⎨

⎪⎪⎩

cDq
0u(t) = �(t,u(t), cDp

0u(t)),
∑�–2

j=1 εju(σj ) +
∑j–2

k=1 εk
∫ dj

bk
u(s) ds = l1u(0) + l2u(1),

∑�–2
j=1 ρju

′(σj ) +
∑j–2

k=1 
k
∫ dj

bk
u′(s) ds = l3u

′(0) + l4u
′(1),

where q ∈ (1, 2], p ∈ (0, 1), 0 < σj < bk < dj < 1, εj , εk ,ρj ,
k , l1, l2, l3, l4 > 0. We see other
similar examples in articles by Lv et al. [26], by Salem et al. [27], by Ahmad et al. [28], etc.

Inspired by the above ideas and by [29], in this paper, we investigate the existence of solu-
tions of non-hybrid single-valued FBVP with integro-non-hybrid-multiterm-multipoint-
multistrip boundary conditions:

⎧
⎪⎪⎨

⎪⎪⎩

cDq
0u(t) = h(t,u(t)) (q ∈ (2, 3], t ∈ I := [0, 1]),

u(t)|t=0 = 0, u′(t)|t=0 = 0,
∫ 1

0 u(s) ds =
∑r

�=1 a�u(t)|t=δ� +
∑p

i=2 bi–1
∫ mi

mi–1
u(s) ds +

∑k
j=1 cjI

θj
0 u(t)|t=ηj .

(1.1)

where for j = 1, 2, . . . , k, θj ≥ 0, a1, a2, . . . , ar , b1, b2, . . . , bp–1, c1, c2, . . . , ck ∈ R are constants
and 0 < δ1 ≤ δ2 ≤ · · · ≤ δr < m1 ≤ m2 ≤ · · · ≤ mp < η1 ≤ η2 ≤ · · · ≤ ηk < 1. Also, h : I×R →
R is continuous and cDq

0 and Iθ1
0 , . . . , Iθk

0 denote the fractional operators of Caputo and
Riemann–Liouville types.

As a second problem, by applying some notions of functional analysis, we study the
existence of solutions for a fully hybrid integro-multi-valued FBVP with integro-hybrid-
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multiterm-multipoint-multistrip boundary conditions given by

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDq
0( u(t)

y(t,u(t)) ) ∈ G(t,u(t),
∫ 1

0 u(s) ds) (q ∈ (2, 3], t ∈ I := [0, 1]),

( u(t)
y(t,u(t)) )|t=0 = 0, ( u(t)

y(t,u(t)) )′|t=0 = 0,
∫ 1

0 ( u(s)
y(s,u(s)) ) ds =

∑r
�=1 a�( u(t)

y(t,u(t)) )|t=δ�

+
∑p

i=2 bi–1
∫ mi

mi–1
( u(s)

y(s,u(s)) ) ds +
∑k

j=1 cjI
θj
0 ( u(t)

y(t,u(t)) )|t=ηj ,

(1.2)

where y : I×R →R \ {0} is continuous and G : I×R
2 → P(R) is a multi-valued map with

some specific properties.
The main contribution of this work is that we combine some well-known fractional

structures in the framework of two generalized FBVPs. In fact, a combination of the non-
hybrid equations, fully hybrid equations, integro-differentials, multistrip conditions in
multipoint positions, and a generalized inclusion is investigated in the supposed FBVPs
(1.1) and (1.2) in this manuscript. Regarding the first novelty of this work, to establish re-
sults in relation to the existence criteria for this new abstract model, some pure methods
arising in functional analysis will help us in this direction. In other words, with the help of
some properties of the Kuratowski measure and by defining the condensing selfmaps on
a convex and closed set, we prove our first result by Sadovskii’s theorem on FBVP (1.1).
We even have tried to derive the required conditions confirming the dependence of solu-
tions via the generalized inequality of Gronwall type. The second novelty of this study is
to apply the inclusion type of Dhage’s method for generalized fully hybrid integro-multi-
valued FBVP with the integro-hybrid-multiterm-multipoint-multistrip boundary condi-
tions (1.2).

We organize the paper as follows: some preliminaries in relation to our methods and
techniques are recollected in Sect. 2. We consider a non-hybrid single-valued FBVP (1.1)
in Sect. 3, and with the help of Sadovskii’s fixed point, we prove our result, and by ap-
plying the generalized inequality of Gronwall type, the dependence of solutions is inves-
tigated. Also, the Krasnoselskii–Zabreiko criterion gives another existence result for the
non-hybrid single-valued case. The stability property in some versions is proved in Sect. 4.
For the fully hybrid-multi-valued FBVP (1.2), some results are established in Sect. 5 via
Dhage’s method. Section 6 is devoted to preparing some examples in the direction of our
results. We end our study in Sect. 7 by giving conclusions.

2 Basic preliminaries
In this section, we recall some basic notions which are used in the next sections of the
paper. Let q > 0. The fractional Riemann–Liouville integral (RL-integral) for a real-valued
function u on [0,∞) is defined by

Iq
0u(t) =

∫ t

0

(t – s)q–1

(q)
u(s) ds,

such that the integral exists [1, 5]. Further, let n–1 < q < n. The fractional Caputo derivative
(C-derivative) of u ∈ C(n)([a, b],R) is defined by

cDq
0u(t) =

∫ t

0

(t – s)n–q–1

(n – q)
u

(n)(s) ds,
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so that the integral exists [1, 5]. In [2], it was proved that the solution of cDq
0u(t) = 0 is

u(t) = α0 + α1t + α2t
2 + · · · + αn–1t

n–1 and

Iq
0
(cDq

0u(t)
)

= u(t) +
n–1∑

k=0

αkt
k = u(t) + α0 + α1t + α2t

2 + · · · + αn–1t
n–1,

where α0, . . . ,αn–1 ∈R and n = [q] + 1.
Let (Y ,‖ · ‖Y ) be a normed space. u ∈ Y is a fixed point of the set-valued map G : Y →

P(Y) if u ∈ G(u), where P(Y) is the set of all nonempty subsets of Y [3]. The Pompeiu–
Hausdorff metric HdY : P(Y) × P(Y) →R∪ {∞} is defined by

HdY (U1, U2) = max
{

sup
u1∈U1

dY (u1, U2), sup
u2∈U2

dY (U1,u2)
}

,

where dY (U1,u2) = infu1∈U1 dY (u1,u2) and dY (u1, U2) = infu2∈U2 dY (u1,u2) [3].
All selections of the multi-function G at u ∈ C([0, 1],R) are denoted by

SG,u :=
{
κ ∈L1([0, 1],R

)
: κ(t) ∈ G

(
t,u(t)

)}

for almost all t ∈ [0, 1] [3, 4]. Also, SG,u 
= ∅ if dimY < ∞ [3].

Theorem 2.1 ([30]) LetY be a separable Banach space,G : [0, 1]×Y → Pcp,cv(Y) be anL1-
Carathéodory, and F : L1([0, 1],Y) → C([0, 1],Y) be a continuous linear mapping. Then
F ◦ SG : C([0, 1],Y) → Pcp,cv(C([0, 1],Y)) via the action u → (F ◦ SG)(u) = F(SG,u) has a
closed graph. Here, Pcp,cv(Y) is all compact convex subsets.

Theorem 2.2 ([31]) Let Y be a Banach algebra and F1 : Y → Y and F2 : Y → Pcp,cv(Y)
be such that

(i) F1 is Lipschitz with the constant L∗ > 0,
(ii) F2 is upper semi-continuous and compact,

(iii) 2L∗V < 1 such that V = ‖F2(Y)‖.
Then either

(a) there is a solution for u ∈ (F1u)(F2u); or
(b) Q = {u∗ ∈ Y|cu∗ ∈ (F1u

∗)(F2u
∗), c > 1} is unbounded.

The Kuratowski measure of noncompactness (denoted by ω(W )) is defined by

ω(W ) := inf

{

ε > 0 : W =
n⋃

k=1

Wk and diam(Wk) ≤ ε for k ∈ Nn
1

}

,

where diam(Wk) = sup{|u – u′| : u,u′ ∈ Wk} and W is bounded in Y , and 0 ≤ ω(W ) ≤
diam(W ) < +∞ [32].

Lemma 2.3 ([32]) Consider Y as a Banach space and W , W1, W2 ⊆ Y as three bounded
subsets belonging to Y . Then

(1) W is precompact if and only if ω(W ) = 0;
Also, for each a ∈R,
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(2) if W1 ⊆ W2, then ω(W1) ≤ ω(W2);
(3) ω(a + W ) ≤ ω(W );
(4) ω(aW ) = |a|ω(W );
(5) ω(W1 + W2) ≤ ω(W1) + ω(W2);
(6) ω(W1 ∪ W2) ≤ max{ω(W1),ω(W2)}.

In the following lemmas, we consider Y as a Banach space.

Lemma 2.4 ([32]) For every bounded set W ⊂ Y , there is a countable set W0 ⊂ W with
ω(W ) ≤ 2ω(W0).

Lemma 2.5 ([32]) For a bounded and equi-continuous set W ⊆ C([a, b],Y), ω(W (t)) is
continuous on [a, b] and ω(W ) = supt∈[a,b] ω(W (t)).

Lemma 2.6 ([32]) If W = {un}n≥1 ⊆ C([a, b],Y) is countable bounded, then ω(W (t)) is
Lebesgue integrable on [a, b], and

ω

({∫ t

0
un(s) ds

}

n≥1

)

≤ 2
∫ t

0
ω
({
un(s)

}

n≥1

)
ds.

Definition 2.7 ([32]) Let h : D⊂ Y → Y be bounded and continuous. Then h is condens-
ing if ω(h(W )) < ω(W ) for each bounded closed set W ⊆D.

We recall Sadovskii’s fixed point theorem by assuming the same hypothesis on Y given
above.

Theorem 2.8 ([32]) Let W ⊆ Y be bounded, convex, closed and h : W → W be condensing.
Then there is u ∈ W such that hu = u.

Theorem 2.9 ([33]) Consider φ as a nonnegative locally integrable map on [0, T ≤ ∞]
and ψ as a nondecreasing nonnegative continuous map on [0, T] along with ψ(t) ≤ M so
that M is assumed to be a nonzero constant. In addition, let ŭ ≥ 0 be locally integrable on
[0, T] with

ŭ(t) ≤ φ(t) + ψ(t)
∫ t

0
(t – s)q–1

ŭ(s) ds,

so that q > 0. Then

ŭ(t) ≤ φ(t) +
∫ t

0

∞∑

j=1

[
(ψ(t)(q))j

(jq)
(t – s)jq–1φ(s)

]

ds
(
t ∈ [0, T]

)
.

Note that the above inequality is known as the generalized Gronwall inequality.

Theorem 2.10 ([34], Krasnoselskii–Zabreiko) Let K be completely continuous on Y . If
there is a bounded linear function L on Y so that 1 is not its eigenvalue and

lim‖u‖→∞
‖K(u) – L(u)‖

‖u‖ = 0,

then there is u∗ ∈ Y such that Ku∗ = u∗.



Rezapour et al. Journal of Inequalities and Applications         (2022) 2022:82 Page 6 of 35

3 Results for non-hybrid FBVP (1.1)
In this section, a non-hybrid version of the given FBVP, defined by (1.1), is studied. In
other words, in the first step, we aim to investigate the existence of solution for the
given non-hybrid single-valued FBVP with integro-non-hybrid-multiterm-multipoint-
multistrip boundary conditions (1.1).

Lemma 3.1 Let, for j = 1, 2, . . . , k, θj ≥ 0, a1, a2, . . . , ar , b1, b2, . . . , bp–1, c1, c2, . . . , ck ∈ R be
constants and 0 < δ1 ≤ δ2 ≤ · · · ≤ δr < m1 ≤ m2 ≤ · · · ≤ mp < η1 ≤ η2 ≤ · · · ≤ ηk < 1 and f ∈
C(I,R). Then u∗ satisfies the linear non-hybrid FBVP with integro-multiterm-multipoint-
multistrip boundary conditions:

⎧
⎪⎪⎨

⎪⎪⎩

cDq
0u(t) = f(t), q ∈ (2, 3],

u(t)|t=0 = 0, u′(t)|t=0 = 0,
∫ 1

0 u(s) ds =
∑r

�=1 a�u(t)|t=δ� +
∑p

i=2 bi–1
∫ mi

mi–1
u(s) ds +

∑k
j=1 cjI

θj
0 u(t)|t=ηj

(3.1)

which is given by

u(t) =
1

(q)

∫ t

0
(t – s)q–1

f(s) ds +
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds –
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)

(∀t ∈ I), (3.2)

where μ is a constant given as follows:

μ := –
1
3

+
r∑

�=1

a�δ
2
� +

p∑

i=2

bi–1(m3
i – m3

i–1)
3

+
k∑

j=1

2cj

(θj + 3)
η

θj+2
j 
= 0. (3.3)

Proof Let the function u∗ be a solution of the linear non-hybrid FDE (3.1). Then

(cDq
0u

∗)(t) = f(t). (3.4)

By applying Iq
0 on both sides of the non-hybrid differential equation (3.4), we get

u
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

f(s) ds + α0 + α1t + α2t
2 (3.5)

for some α0,α1,α2 ∈R.
In the first step, the first given initial condition u∗(t)|t=0 = 0 yields α0 = 0. So

u
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

f(s) ds + α1t + α2t
2.

Further, since

(
u

∗)′(t) =
1

(q – 1)

∫ t

0
(t – s)q–2

f(s) ds + α1 + 2α2t,
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thus the second given condition (u∗)′(t)|t=0 = 0 gives α1 = 0 immediately. In consequence,

u
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

f(s) ds + α2t
2. (3.6)

On the other hand, we have

∫ 1

0
u

∗(s) ds =
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds +
1
3
α2,

and for j = 1, . . . , k,

(
Iθj

0 u
∗)(t) =

1
(q + θj)

∫ t

0
(t – s)q+θj–1

f(s) ds + α2
2

(3 + θj)
t

2+θj ,

and for i = 2, . . . , p,

∫ mi

mi–1

u
∗(s) ds =

1
(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds + α2

(
m3

i – m3
i–1

3

)

.

By considering the nonzero constant μ defined in (3.3) and by the third boundary condi-
tion, we obtain the following coefficient:

α2 =
1
μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds –
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds –
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)

.

By substituting the above value α2 in (3.6), we have

u
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

f(s) ds +
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds –
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)

(∀t ∈ I).

Thus we see that ũ satisfies (3.2) and it is the solution of the mentioned integral equation,
and so the proof is completed. �

Before starting our theorems, we introduce the Banach space Y = {u(t) : u(t) ∈ C(I,R)}
under the norm ‖u‖Y = supu∈I |u(t)|.

The Kuratowski measure of noncompactness will help us to continue our research on
the non-hybrid FBVP (1.1).
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Theorem 3.2 Let h be a continuous function with the real values defined on I×Y . More-
over, assume that there is a continuous function 
 : I →R

+ such that an inequality

∣
∣h
(
t,u(t)

)∣
∣≤ 
(t) (3.7)

holds for any t ∈ I and u ∈ Y . Furthermore, assume that there is a function nh : I → R
+

such that

ω
(
h(t, W )

)≤ nh(t)ω(W ) (3.8)

for each bounded set W ⊂ Y . Then the non-hybrid FBVP with integro-non-hybrid-
multiterm-multipoint-multistrip conditions (1.1) has at least one solution on I if

n∗
h�̂ <

1
4

, (3.9)

where

�̂ =
1

(q + 1)
+

1
|μ|

(
1

(q + 2)
+

r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

, (3.10)

and n∗
h

= supt∈I |nh(t)|.

Proof In relation to the non-hybrid-FBVP with integro-non-hybrid-multiterm-
multipoint-multistrip boundary conditions (1.1), by Lemma 3.1, we define P : Bε → Bε

by

P(u)(t) =
1

(q)

∫ t

0
(t – s)q–1

h
(
s,u(s)

)
ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

h
(
s,u(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

h
(
s,u(s)

)
ds

)

(∀t ∈ I), (3.11)

where Bε := {u ∈ Y : ‖u‖Y ≤ ε, ε ∈R
+}.

To hold Theorem 2.8, we prove the continuity of P on Bε . Let {un}n≥1 ⊂ Bε such that
un → u for all u ∈ Bε . For the sake of the continuity of the function h on I × Y , we ob-
tain limn→∞ h(t,un(t)) = h(t,u(t)). By the dominated convergence theorem attributed to
Lebesgue, it gives

lim
n→∞(Pun)(t) =

1
(q)

∫ t

0
(t – s)q–1 lim

n→∞h
(
s,un(s)

)
ds
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+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1 lim

n→∞h
(
τ ,un(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1 lim

n→∞h
(
s,un(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1 lim

n→∞h
(
τ ,un(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1 lim

n→∞h
(
s,un(s)

)
ds

)

=
1

(q)

∫ t

0
(t – s)q–1

h
(
s,u(s)

)
ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

h
(
s,u(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

h
(
s,u(s)

)
ds

)

= (Pu)(t).

Hence, we get limn→∞(Pun)(t) = (Pu)(t). Now, consider the member u ∈ Bε . By (3.7), we
estimate

∣
∣P(u)

∣
∣(t) ≤ 1

(q)

∫ t

0
(t – s)q–1∣∣h

(
s,u(s)

)∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣h

(
s,u(s)

)∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣h

(
s,u(s)

)∣
∣ds

)

≤ tq

(q + 1)

(t) +

t2
(t)
μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1 dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1 ds +

p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1 dτ ds



Rezapour et al. Journal of Inequalities and Applications         (2022) 2022:82 Page 10 of 35

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1 ds

)

≤ 
∗

(q + 1)
+


∗

μ

(
1

(q + 2)

+
r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

= �̂
∗,

where �̂ is introduced in (3.10). In consequence, the above estimate becomes ‖Pu‖Y ≤
�̂
∗ < ∞. Thus P(Bε) is uniformly bounded. Let t1, t2 ∈ I with t1 < t2 and u ∈ Bε . Then,
by assuming sup(t,u)∈I×B̄ε

|h(t,u)| = h̃∗ > 0, it gives

∣
∣(Pu)(t2) – (Pu)(t1)

∣
∣≤ 1

(q)

∫ t1

0

[
(t2 – s)q–1 – (t1 – s)q–1]∣∣h

(
s,u(s)

)∣
∣ds

+
1

(q)

∫ t2

t1

(t2 – s)q–1∣∣h
(
s,u(s)

)∣
∣ds

+
(t2

2 – t2
1)

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣h

(
s,u(s)

)∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

h
(
s,u(s)

)
ds

)

≤ h̃∗
(q + 1)

[
(t2 – t1)q + 2

(
t

q
2 – t

q
1
)]

+
(t2

2 – t2
1)̃h∗

μ

(
1

(q + 2)
+

r∑

�=1

a�δ
q
�

(q + 1)

+
p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

→ 0,

as t1 tends to t2 (independent of u ∈Bε). Hence P is equi-continuous. It follows that P is
completely continuous by the Arzela–Ascoli theorem, and it is compact on Bε .

We show that P is condensing on Bε . Lemma 2.4 gives this fact that there is a countable
set W0 = {un}n≥1 ⊂ W for each bounded set W ⊂ Bε such that ω(P(W )) ≤ 2ω(P(W0)).
Hence, by Lemmas 2.3, 2.5, and 2.6, we get the following inequalities:

ω
(
P
(
W (t)

))≤ 2ω
(
P
({un}n≥1

))

≤ 2
(q)

∫ t

0
(t – s)q–1ω

(
h
(
s,
{
un(s)

}

n≥1

))
ds
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+
2t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1ω

(
h
(
τ ,
{
un(τ )

}

n≥1

))
dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1ω

(
h
(
s,
{
un(s)

}

n≥1

))
ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1ω

(
h
(
τ ,
{
un(τ )

}

n≥1

))
dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1ω

(
h
(
s,
{
un(s)

}

n≥1

))
ds

)

≤ 4
(q)

∫ t

0
(t – s)q–1nh(s)ω

({
un(s)

}

n≥1

)
ds

+
4t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1nh(τ )ω

({
un(τ )

}

n≥1

)
dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1nh(s)ω

({
un(s)

}

n≥1

)
ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1nh(τ )ω

({
un(τ )

}

n≥1

)
dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1nh(s)ω

({
un(s)

}

n≥1

)
ds

)

≤ 4n∗
h
ω(W )

(q)

∫ t

0
(t – s)q–1 ds +

4n∗
h
ω(W )
μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1 dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1 ds +

p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1 dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1 ds

)

≤ 4n∗
h
ω(W )

(q + 1)
+

4n∗
h
ω(W )
μ

(
1

(q + 2)

+
r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

.

Hence,

ω
(
P(W )

)≤ 4n∗
h�̂ω(W ),

where �̂ is defined in (3.10). Accordingly, by (3.9), we get ω(P(W )) < ω(W ). So P is a con-
densing map on Bε . By Theorem 2.8, P has at least one fixed point in Bε , and accordingly,
there is a solution for the given non-hybrid single-valued-FBVP with integro-non-hybrid-
multiterm-multipoint-multistrip boundary conditions (1.1). �
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In the present step, we aim to investigate the dependence of solutions for the non-hybrid
single-valued FBVP with integro-non-hybrid-multiterm-multipoint-multistrip boundary
conditions (1.1). Indeed, this part of the paper states that the solution of the non-hybrid
single-valued FBVP (1.1) depends on some parameters so that the nonlinear map h sat-
isfies Theorem 3.2, which ensures the existence of solutions, and the continuous depen-
dence of solutions on the coefficients and orders gives the stability in relation to the solu-
tions of (1.1). We act on the solutions of the non-hybrid single-valued FBVP with integro-
non-hybrid-multiterm-multipoint-multistrip boundary conditions (1.1) by changing the
order of the non-hybrid single-valued FBVP (1.1) to a small value. The generalized Gron-
wall inequality will be useful for our purpose.

Theorem 3.3 Let q > 0 such that 2 < q – α < q < 3. Moreover, assume that h : I × Y → Y
is continuous and there is β > 0 so that

∣
∣h
(
t,u(t)

)
– h

(
t,u′(t)

)∣
∣≤ β

∣
∣u(t) – u

′(t)
∣
∣ (3.12)

for all u,u′ ∈ Y and t ∈ I. Moreover, let u be the solution of the non-hybrid single-
valued FBVP with integro-non-hybrid-multiterm-multipoint-multistrip boundary condi-
tions (1.1) and v be the solution of

⎧
⎪⎪⎨

⎪⎪⎩

cDq–α

0 v(t) = h(t,v(t)),

v(t)|t=0 = 0, v′(t)|t=0 = 0,
∫ 1

0 v(s) ds =
∑r

�=1 a�v(t)|t=δ� +
∑p

i=2 bi–1
∫ mi

mi–1
v(s) ds +

∑k
j=1 cjI

θj
0 v(t)|t=ηj .

(3.13)

Then the following inequality is valid:

‖u – v‖Y ≤ F + F
∑∞

j=1
βκ

(j (q–α)+1)

1 – B – B
∑∞

j=1
βj

(j (q–α)+1)

, (3.14)

provided that B + B
∑∞

j=1
βj

(j (q–α)+1) < 1, where

F = ‖h‖ sup
t∈I

∣
∣
∣
∣

tq

(q + 1)
–

tq

(q – α + 1)

∣
∣
∣
∣

+ sup
t∈I

t2

μ

(

‖h‖
∣
∣
∣
∣

1
(q + 2)

–
1

(q – α + 2)

∣
∣
∣
∣

+ ‖h‖
∣
∣
∣
∣
∣

r∑

�=1

a�δ
q
�

(q + 1)
–

r∑

�=1

a�δ
q–α

�

(q – α + 1)

∣
∣
∣
∣
∣

(3.15)

+ ‖h‖
∣
∣
∣
∣
∣

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

–
p∑

i=2

bi–1(mq–α+1
i – mq–α+1

i–1 )
(q – α + 2)

∣
∣
∣
∣
∣

+ ‖h‖
∣
∣
∣
∣
∣

k∑

j=1

cjη
q+θj
j

(q + θj + 1)
–

k∑

j=1

cjη
q–α+θj
j

(q – α + θj + 1)

∣
∣
∣
∣
∣

)

,
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and

B =
1
μ

(
1

(q – α + 2)
+

r∑

�=1

a�δ
q–α

�

(q – α + 1)

+
p∑

i=2

bi–1(mq–α+1
i – mq–α+1

i–1 )
(q – α + 2)

+
k∑

j=1

cjη
q–α+θj
j

(q – α + θj + 1)

∣
∣
∣
∣

)

β , (3.16)

and ‖h‖Y = supt∈I |h(t,u(t))|.

Proof Prior to proceeding to derive inequality (3.14), we know that the existence of solu-
tion for two non-hybrid single-valued-FBVPs (1.1) and (3.13) is guaranteed by the same
proof done above, and so the solutions of these two non-hybrid-single-valued-FBVPs are
obtained by (3.2) and

v(t) =
1

(q – α)

∫ t

0
(t – s)q–α–1

h
(
s,v(s)

)
ds

+
t2

μ

(
1

(q – α)

∫ 1

0

∫ s

0
(s – τ )q–α–1

h
(
τ ,v(τ )

)
dτ ds

–
r∑

�=1

a�

(q – α)

∫ δ�

0
(δ� – s)q–α–1

h
(
s,v(s)

)
ds

–
p∑

i=2

bi–1

(q – α)

∫ mi

mi–1

∫ s

0
(s – τ )q–α–1

h
(
τ ,v(τ )

)
dτ ds

–
k∑

j=1

cj

(q – α + θj)

∫ ηj

0
(ηj – s)q–α+θj–1

h
(
s,v(s)

)
ds

)

(∀t ∈ I), (3.17)

respectively. Then, the following estimate for u – v is calculated as follows:

∣
∣u(t) – v(t)

∣
∣≤

∣
∣
∣
∣

∫ t

0

(
(t – s)q–1

(q)
–

(t – s)q–α–1

(q – α)

)

h
(
s,u(s)

)
ds
∣
∣
∣
∣

+
∫ t

0

(t – s)q–α–1

(q – α)
∣
∣h
(
s,u(s)

)
– h

(
s,v(s)

)∣
∣ds

+
t2

μ

(∣
∣
∣
∣

∫ 1

0

∫ s

0

(
(s – τ )q–1

(q)
–

(s – τ )q–α–1

(q – α)

)

h
(
τ ,u(τ )

)
dτ ds

∣
∣
∣
∣

+
∫ 1

0

∫ s

0

(s – τ )q–α–1

(q – α)
∣
∣h
(
τ ,u(τ )

)
– h

(
τ ,v(τ )

)∣
∣dτ ds

+

∣
∣
∣
∣
∣

r∑

�=1

∫ δ�

0

(
a�(δ� – s)q–1

(q)
–

a�(δ� – s)q–α–1

(q – α)

)

h
(
s,u(s)

)
ds

∣
∣
∣
∣
∣

+
r∑

�=1

∫ δ�

0

a�(δ� – s)q–α–1

(q – α)
∣
∣h
(
s,u(s)

)
– h

(
s,v(s)

)∣
∣ds

+

∣
∣
∣
∣
∣

p∑

i=2

∫ mi

mi–1

∫ s

0

(
bi–1(s – τ )q–1

(q)
–

bi–1(s – τ )q–α–1

(q – α)

)

h
(
τ ,u(τ )

)
dτ ds

∣
∣
∣
∣
∣
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+
p∑

i=2

∫ mi

mi–1

∫ s

0

bi–1(s – τ )q–α–1

(q – α)
∣
∣h
(
τ ,u(τ )

)
– h

(
τ ,v(τ )

)∣
∣dτ ds

+

∣
∣
∣
∣
∣

k∑

j=1

∫ ηj

0

(
cj(ηj – s)q+θj–1

(q + θj)
–

cj(ηj – s)q–α+θj–1

(q – α + θj)

)

h
(
s,u(s)

)
ds

∣
∣
∣
∣
∣

+
k∑

j=1

∫ ηj

0

cj(ηj – s)q–α+θj–1

(q – α + θj)
∣
∣h
(
s,u(s)

)
– h

(
s,v(s)

)∣
∣ds

)

≤F + B‖u – v‖Y +
∫ t

0

(t – s)q–α–1

(q – α)
β
∣
∣u(s) – v(s)

∣
∣ds,

so that F and B are introduced by (3.15) and (3.16). Thus, by the generalized Gronwall
inequality presented in Theorem 2.9 and by assuming ŭ(t) = |u(t) – v(t)|, φ(t) = F + B‖u –
v‖Y and ψ(t) = β

(q–α) , we obtain

∣
∣u(t) – v(t)

∣
∣≤F + B‖u – v‖Y +

∫ t

0

∞∑

j=1

[
βj (t – s)j (q–α)–1

(j (q – α))
(
F + B‖u – v‖Y

)
]

ds.

Hence,

‖u – v‖Y ≤ F + F
∑∞

j=1
βj

(j (q–α)+1)

1 – B – B
∑∞

j=1
βj

(j (q–α)+1)

,

and the latter inequality completes the proof. �

The next fixed point theorem is due to Krasnoselskii and Zabreiko, and we prove our
existence result with the help of it for the non-hybrid single-valued FBVP (1.1).

Theorem 3.4 Let
(J5) h : I×R →R be continuous and for some t ∈ I, h(t, 0) 
= 0 and

lim‖u‖→∞
h(t,u)
u

= ρ(t); (3.18)

(J6) there be A ∈R+ such that

∣
∣h(t,u)

∣
∣≤ A

∣
∣u(t)

∣
∣.

Then there exists at least one solution for the non-hybrid single-valued FBVP (1.1) on I such
that

ρmax := max
t∈I

∣
∣ρ(t)

∣
∣ <

1
�̂

, (3.19)

where �̂ is given by (3.10).

Proof Assume that {un}n∈N tends to u. We know that h is continuous. As n → ∞, we get

∣
∣h(t,un) – h(t,u)

∣
∣→ 0.
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Thus, for t ∈ I, and by defining P : Y → Y given by (3.11), we write

∣
∣Pun(t) – Pu(t)

∣
∣

≤ 1
(q)

∫ t

0
(t – s)q–1∣∣h

(
s,un(s)

)
– h

(
s,u(s)

)∣
∣ds

+
t2

μ
(

1
(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,un(τ )

)
–
∣
∣h
(
τ ,u(τ )

)
∣
∣
∣
∣
∣
dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

∣
∣
∣
∣
∣
h
(
s,un(s)

)
– h

(
s,u(s)

)
∣
∣
∣
∣
∣
ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

∣
∣
∣
∣
∣
h
(
τ ,un(τ )

)
– h

(
τ ,u(τ )

)
∣
∣
∣
∣
∣
dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

∣
∣
∣
∣
∣
h
(
s,un(s)

)
– h

(
s,u(s)|ds

)→ 0. (3.20)

Thus (3.20) tends to zero. This yields the continuity of P. For r > 0, we set

N =
{
u ∈ C(J ,R);‖u‖ ≤ r

}

and ‖h‖ = sup(t,u)∈I×N |h(s,u(s))|. So

∣
∣P(u)

∣
∣(t) ≤ 1

(q)

∫ t

0
(t – s)q–1∣∣h

(
s,u(s)

)∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣h

(
s,u(s)

)∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣h

(
s,u(s)

)∣
∣ds

)

≤ Ar
(q + 1)

+
Ar
μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1 dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1 ds +

p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1 dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1 ds

)

≤ A�̂r,
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which yields ‖Pu‖ ≤ A�̂r, where �̂ is given by (3.10). This gives the uniform boundedness
of P.

The equicontinuity of P is established similar to the proof of Theorem 3.2. Immediately,
the Arzelà–Ascoli theorem confirms the compactness of P on N .

Now, by considering the non-hybrid single-valued FBVP (1.1), and by taking

h
(
t,u(t)

)
= ρ(t)u(t),

the operator L, by Lemma 3.1, is defined by

Lu(t) =
1

(q)

∫ t

0
(t – s)q–1ρ(s)u(s) ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1ρ(τ )u(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1ρ(s)u(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1ρ(τ )u(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1ρ(s)u(s) ds

)

(∀t ∈ I).

We further claim that 1 is not an eigenvalue of L. If it is so, then by (3.19) we compute

‖u‖ = sup
t∈I

∣
∣Lu(t)

∣
∣

≤ sup
t∈I

{
1

(q)

∫ t

0
(t – s)q–1ρ(s)|∣∣u(s)

∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣ρ(τ )

∣
∣
∣
∣u(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣ρ(s)

∣
∣
∣
∣u(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣ρ(τ )

∣
∣
∣
∣u(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣ρ(s)

∣
∣
∣
∣u(s)

∣
∣ds

)}

≤ ρmax�̂‖u‖ < ‖u‖ (∀t ∈ I).

This is invalid. Hence our claim is correct. To conclude the proof, we claim that ‖P(u) –
L(u)‖/‖u‖ vanishes when ‖u‖ → ∞. For t ∈ I, one may write

∣
∣Pu(t) – Lu(t)

∣
∣≤ 1

(q)

∫ t

0
(t – s)q–1∣∣h

(
s,u(s)

)
– ρ(s)u(s)

∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)
– ρ(τ )u(τ )

∣
∣dτ ds
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+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣h

(
s,u(s)

)
– ρ(s)u(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u(τ )

)
– ρ(τ )u(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣h

(
s,u(s)

)
– ρ(s)u(s)

∣
∣ds

)

≤ 1
(q)

∫ t

0
(t – s)q–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣

∣
∣u(s)

∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

∣
∣
∣
∣
h(τ ,u(τ ))

u(τ )
– ρ(τ )

∣
∣
∣
∣

∣
∣u(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣

∣
∣u(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

∣
∣
∣
∣
h(τ ,u(τ ))

u(τ )
– ρ(τ )

∣
∣
∣
∣

∣
∣u(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣

∣
∣u(s)

∣
∣ds

)

.

This means that

‖Pu – Lu‖
‖u‖ ≤ 1

(q)

∫ t

0
(t – s)q–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

∣
∣
∣
∣
h(τ ,u(τ ))

u(τ )
– ρ(τ )

∣
∣
∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

∣
∣
∣
∣
h(τ ,u(τ ))

u(τ )
– ρ(τ )

∣
∣
∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

∣
∣
∣
∣
h(s,u(s))
u(s)

– ρ(s)
∣
∣
∣
∣ds

)

.

By (3.18) and letting ‖u‖ → ∞, it is concluded that |h(·,u(·))
u

– ρ(·)| → 0. Thus we obtain

lim‖u‖→∞
‖P(u) – L(u)‖

‖u‖ = 0.

Consequently, by Theorem 2.10, the supposed non-hybrid single-valued FBVP (1.1) has a
solution in Y . The proof is completed. �

4 Stability criteria
We investigate the stability property in the sense of Ulam–Hyers and its generalized
version for solutions of the non-hybrid-single-valued-FBVP with integro-non-hybrid-
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multiterm-multipoint-multistrip boundary conditions (1.1). For simplicity, let C(I,R) :=
Q. For more details, see [35–40].

Definition 4.1 The non-hybrid single-valued FBVP with integro-non-hybrid-multiterm-
multipoint-multistrip conditions (1.1) is Ulam–Hyers stable if there is 0 < σh ∈ R such
that, for each ε > 0 and for each u∗(t) ∈Q satisfying

∣
∣cDq

0u
∗(t) – h

(
t,u∗(t)

)∣
∣ < ε, (4.1)

there is u(t) ∈Q satisfying the non-hybrid single-valued FBVP (1.1) with

∣
∣u∗(t) – u(t)

∣
∣≤ εσh, ∀t ∈ I.

Definition 4.2 The non-hybrid single-valued FBVP via integro-non-hybrid-multiterm-
multipoint-multistrip conditions (1.1) is generalized Ulam–Hyers stable if there is σh ∈
C(R+,R+) with σh(0) = 0 such that, for each ε > 0 and for each u∗(t) ∈ Q satisfying the
inequality

∣
∣cDq

0u
∗(t) – h

(
t,u∗(t)

)∣
∣ < ε,

there is u(t) ∈Q satisfying the non-hybrid single-valued FBVP (1.1) with

∣
∣u∗(t) – u(t)

∣
∣≤ σh(ε).

Remark 4.3 We have Def. 4.1 ⇒ Def. 4.2.

Remark 4.4 Notice that u∗(t) ∈ Q is a solution for (4.1) if and only if there is z ∈ Q de-
pending on u∗ such that, for each t ∈ I,

(i) |z(t)| < ε;
(ii) cDq

0u
∗(t) = h(t,u∗(t)) + z(t).

The Ulam–Hyers stability is discussed here for the non-hybrid single-valued FBVP (1.1).

Theorem 4.5 Suppose that there is a constant β > 0 such that

∣
∣h
(
t,u(t)

)
– h

(
t,u′(t)

)∣
∣≤ β

∣
∣u(t) – u

′(t)
∣
∣ (4.2)

for each u,u′ ∈ Y and t ∈ I. Then the non-hybrid single-valued FBVP with integro-non-
hybrid-multiterm-multipoint-multistrip conditions (1.1) is Ulam–Hyers stable on I and is
the generalized Ulam–Hyers stable provided that β�̂ < 1, where �̂ is given by (3.10).

Proof For every ε > 0 and for each u∗(t) ∈ C(I,R) satisfying

∣
∣cDq

0u(t) – h
(
t,u(t)

)∣
∣ < ε,

we can find a function z(t) satisfying

cDq
0u(t) = h

(
t,u(t)

)
+ z(t)
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with |z(t)| ≤ ε. It yields

u
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

h
(
s,u∗(s)

)
ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

h
(
τ ,u∗(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

h
(
s,u∗(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

h
(
τ ,u∗(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

h
(
s,u∗(s)

)
ds

)

+
1

(q)

∫ t

0
(t – s)q–1z(s) ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1z(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1z(s) ds –

p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1z(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1z(s) ds

)

.

If u is the unique solution of the non-hybrid single-valued FBVP (1.1), then u(t) is given
by

u(t) =
1

(q)

∫ t

0
(t – s)q–1

h
(
s,u(s)

)
ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

h
(
s,u(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

h
(
τ ,u(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

h
(
s,u(s)

)
ds

)

(∀t ∈ I).

Then

∣
∣u∗(t) – u(t)

∣
∣≤ 1

(q)

∫ t

0
(t – s)q–1∣∣h

(
s,u∗(s)

)
– h

(
s,u(s)

)∣
∣ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u∗(τ )

)
– h

(
τ ,u(τ )

)∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣h

(
s,u∗(s)

)
– h

(
s,u(s)

)∣
∣ds
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+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣h

(
τ ,u∗(τ )

)
– h

(
τ ,u(τ )

)∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣h

(
s,u∗(s)

)
– h

(
s,u(s)

)∣
∣ds

)

+
1

(q)

∫ t

0
(t – s)q–1z(s) ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1z(τ ) dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1z(s) ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1z(τ ) dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1z(s) ds

)

≤ �̂ε + β�̂
∥
∥u∗ – u

∥
∥.

Consequently,

∥
∥u∗ – u

∥
∥≤ �̂ε + β�̂

∥
∥u∗ – u

∥
∥,

where �̂ is defined in (3.10). In consequence, it follows that

∥
∥u∗ – u

∥
∥≤ �̂ε

1 – β�̂
.

If we let σh = �̂

1–β�̂
, then its Ulam–Hyers stability is proved. Further, for

σh(ε) =
�̂

1 – β�̂
ε,

with σh(0) = 0, the generalized Ulam–Hyers stability will be proved. �

5 Results for fully hybrid multi-valued FBVP (1.2)
Now, in the present step, we aim to investigate the existence of solution for the given fully
hybrid integro-multi-valued FBVP with integro-hybrid-multipoint-multistrip boundary
conditions (1.2). To reach this purpose, we provide an auxiliary lemma. Before starting
it, we introduce the Banach algebra Y = {u(t) : u(t) ∈ C(I,R)} under the norm ‖u‖Y =
supu∈I |u(t)| and with the multiplication (u · u′)(t) = u(t)u′(t) for each u,u′ ∈ Y .

Lemma 5.1 Let, for j = 1, 2, . . . , k, θj ≥ 0, a1, a2, . . . , ar , b1, b2, . . . , bp–1, c1, c2, . . . , ck ∈ R be
constants and 0 < δ1 ≤ δ2 ≤ · · · ≤ δr < m1 ≤ m2 ≤ · · · ≤ mp < η1 ≤ η2 ≤ · · · ≤ ηk < 1 and
f ∈ C(I,R). Then ũ satisfies the given linear hybrid-FBVP with integro-hybrid-multiterm-
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multipoint-multistrip boundary conditions:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDq
0( u(t)

y(t,u(t)) ) = f(t) (q ∈ (2, 3], t ∈ I := [0, 1]),

( u(t)
y(t,u(t)) )|t=0 = 0, ( u(t)

y(t,u(t)) )′|t=0 = 0,
∫ 1

0 ( u(s)
y(s,u(s)) ) ds =

∑r
�=1 a�( u(t)

y(t,u(t)) )|t=δ� +
∑p

i=2 bi–1
∫ mi

mi–1
( u(s)

y(s,u(s)) ) ds

+
∑k

j=1 cjI
θj
0 ( u(t)

y(t,u(t)) )|t=ηj ,

(5.1)

which is given as

u(t) = y
(
t,u(t)

)
[

1
(q)

∫ t

0
(t – s)q–1

f(s) ds +
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds –
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)]

(∀t ∈ I), (5.2)

where μ is a constant given by (3.3).

Proof Let the function ũ be the solution of the linear hybrid-FDE (5.1). Then

cDq
0

(
ũ(t)

y(t, ũ(t))

)

= f(t). (5.3)

By utilizing Iq
0 on both sides of the hybrid differential equation (5.3), we get

ũ(t)
y(t, ũ(t))

=
1

(q)

∫ t

0
(t – s)q–1

f(s) ds + α0 + α1t + α2t
2 (5.4)

for some α0,α1,α2 ∈R.
In the first step, the first given initial condition ( ũ(t)

y(t,ũ(t)) )|t=0 = 0 yields α0 = 0. So

ũ(t)
y(t, ũ(t))

=
1

(q)

∫ t

0
(t – s)q–1

f(s) ds + α1t + α2t
2.

Further, since

(
ũ(t)

y(t, ũ(t))

)′
=

1
(q – 1)

∫ t

0
(t – s)q–2

f(s) ds + α1 + 2α2t,

thus the second given condition ( ũ(t)
y(t,ũ(t)) )′|t=0 = 0 gives α1 = 0. In consequence,

ũ(t)
y(t, ũ(t))

=
1

(q)

∫ t

0
(t – s)q–1

f(s) ds + α2t
2. (5.5)

On the other side, we have

∫ 1

0

(
ũ(s)

y(s, ũ(s))

)

ds =
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds +
1
3
α2,
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and for j = 1, . . . , k,

Iθj
0

(
ũ(t)

y(t, ũ(t))

)

=
1

(q + θj)

∫ t

0
(t – s)q+θj–1

f(s) ds + α2
2

(3 + θj)
t

2+θj ,

and for i = 2, . . . , p,

∫ mi

mi–1

(
ũ(s)

y(s, ũ(s))

)

ds =
1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds + α2

(
m3

i – m3
i–1

3

)

.

By assuming the nonzero constant μ given by (3.3) and by the third condition, we obtain
the following coefficient:

α2 =
1
μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds –
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)

.

By substituting the above value α2 in (5.5),

ũ(t)
y(t, ũ(t))

=
1

(q)

∫ t

0
(t – s)q–1

f(s) ds +
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

f(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

f(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

f(s) ds

)

(∀t ∈ I),

from which we see that ũ satisfies (5.2) and it is the solution of the mentioned integral
equation, and so the proof is completed. �

Based on the above lemma, we aim to define the solution of supposed fully hybrid
integro-multi-valued FBVP (1.2).

Definition 5.2 The absolutely continuous map u : I → R is called a solution to the fully
hybrid integro-multi-valued FBVP (1.2) if an integrable mapping κ ∈L1(I,R) with

κ(t) ∈ G
(

t,u(t),
∫ 1

0
u(s) ds

)
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for almost all t ∈ I satisfies integro-hybrid-multiterm-multipoint-multistrip boundary
conditions

⎧
⎪⎪⎨

⎪⎪⎩

( u(t)
y(t,u(t)) )|t=0 = 0, ( u(t)

y(t,u(t)) )′|t=0 = 0,
∫ 1

0 ( u(s)
y(s,u(s)) ) ds

=
∑r

�=1 a�( u(t)
y(t,u(t)) )|t=δ� +

∑p
i=2 bi–1

∫ mi
mi–1

( u(s)
y(s,u(s)) ) ds +

∑k
j=1 cjI

θj
0 ( u(t)

y(t,u(t)) )|t=ηj ,

and

u(t) = y
(
t,u(t)

)
[

1
(q)

∫ t

0
(t – s)q–1

κ(s) ds +
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ(s) ds –
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ(s) ds

)]

(∀t ∈ I).

The first theorem in relation to the inclusion problem (1.2) is proved here.

Theorem 5.3 Let G : I×R
2 → Pcp,cv(R) and y : I×R →R\{0} be continuous and:

(J1) There is M : I →R
+ (it is bounded) so that for each u,v ∈R and for all t ∈ I, we have

∣
∣y
(
t,u(t)

)
– y

(
t,v(t)

)∣
∣≤ M(t)

∣
∣u(t) – v(t)

∣
∣;

(J2) G : I×R
2 → Pcp,cv (R) is L1-Caratheodory;

(J3) There is �(t) ∈L1(I,R+) with

∥
∥G(t,u)

∥
∥ = sup

{

|κ| : κ ∈ G
(

t,u(t),
∫ 1

0
u(s) ds

)}

≤ �(t)

for all u ∈R and for almost all t ∈ I;
(J4) There is ã ∈R

+ such that

ã >
y∗�̂‖�‖L1

1 – M∗�̂‖�‖L1
, (5.6)

where

�̂ =
1

(q + 1)
+

1
μ

(
1

(q + 2)
+

r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

, (5.7)

and ‖�‖L1 =
∫ 1

0 |�(s)|ds, y∗ = supt∈I |y(t, 0)|, M∗ = supt∈[0,1] |M(t)|. If

M∗�̂‖�‖L1 <
1
2

,
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then the fully hybrid integro-multi-valued FBVP with integro-hybrid-multiterm-
multipoint-multistrip boundary conditions (1.2) has a solution.

Proof For each u ∈ Y , we define

SG,u =
{

κ ∈L1(I) : κ(t) ∈ G
(

t,u(t),
∫ 1

0
u(s) ds

)}

,

as the selections of G for almost all t ∈ I, and define E : Y → P(Y) by

E(u) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h ∈ Y :

h(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

y(t,u(t))[ 1
(q)

∫ t

0 (t – s)q–1
κ(s) ds

+ t2

μ
( 1
(q)

∫ 1
0
∫ s

0 (s – τ )q–1
κ(τ ) dτ ds

–
∑r

�=1
a�

(q)
∫ δ�

0 (δ� – s)q–1
κ(s) ds

–
∑p

i=2
bi–1
(q)

∫ mi
mi–1

∫ s

0 (s – τ )q–1
κ(τ ) dτ ds

–
∑k

j=1
cj

(q+θj)
∫ ηj

0 (ηj – s)q+θj–1
κ(s) ds)], κ ∈ SG,u

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

for all t ∈ I. By this structure, h0 satisfies the fully hybrid integro-multi-valued FBVP (1.2) if
and only if Eh0 = h0. Further, define F1 : Y → Y by (F1u)(t) = y(t,u(t)) and F2 : Y → P(Y)
by

F2(u)(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

� ∈ Y :

�(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(q)

∫ t

0 (t – s)q–1
κ(s) ds

+ t2

μ
( 1
(q)

∫ 1
0
∫ s

0 (s – τ )q–1
κ(τ ) dτ ds

–
∑r

�=1
a�

(q)
∫ δ�

0 (δ� – s)q–1
κ(s) ds

–
∑p

i=2
bi–1
(q)

∫ mi
mi–1

∫ s

0 (s – τ )q–1
κ(τ ) dτ ds

–
∑k

j=1
cj

(q+θj)
∫ ηj

0 (ηj – s)q+θj–1
κ(s) ds), κ ∈ SG,u

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

for all t ∈ I. Then, we obtain E(u) = (F1u)(F2u). We show that both operators F1 and F2

satisfy Theorem 2.2. We show that F1 is Lipschitz. Let u1,u2 ∈ Y . Thus assumption (J1)
implies that

∣
∣(F1u1)(t) – (F1u2)(t)

∣
∣ =

∣
∣y
(
t,u1(t)

)
– y

(
t,u2(t)

)∣
∣≤ M(t)

∣
∣u1(t) – u2(t)

∣
∣

for all t ∈ I. Hence, we get

‖F1u1 – F1u2‖Y ≤ M∗‖u1 – u2‖X

for all u1,u2 ∈ Y . Thus F1 is Lipschitz with the constant M∗ > 0. Further, we claim that F2

is convex-valued. Let u1,u2 ∈F2u. Choose κ1,κ2 ∈ SG,u such that

ul(t) =
1

(q)

∫ t

0
(t – s)q–1

κl(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κl(τ ) dτ ds
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–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κl(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κl(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κl(s) ds

)

(l = 1, 2)

for almost all t ∈ I. Let c ∈ (0, 1). Then

cu1(t) + (1 – c)u2(t) =
1

(q)

∫ t

0
(t – s)q–1[cκ1(s) + (1 – c)κ2(s)

]
ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1[cκ1(τ ) + (1 – c)κ2(τ )

]
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1[cκ1(s) + (1 – c)κ2(s)

]
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1[cκ1(τ ) + (1 – c)κ2(τ )

]
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1[cκ1(s) + (1 – c)κ2(s)

]
ds

)

.

As G is convex-valued, SG,u is too, and this gives cκ1(t) + (1 – c)κ2(t) ∈ SG,u, and so F2u is
convex for each u ∈ Y .

We investigate the complete continuity of F2. For ε∗ ∈ R
+, set

Vε∗ =
{
u ∈ Y : ‖u‖Y ≤ ε∗}.

For every u ∈Vε∗ and � ∈F2u, there is κ ∈ SG,u such that

�(t) =
1

(q)

∫ t

0
(t – s)q–1

κ(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ(s) ds

)

.
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Then

∣
∣�(t)

∣
∣≤ 1

(q)

∫ t

0
(t – s)q–1∣∣κ(s)

∣
∣ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣κ(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣κ(s)

∣
∣ds

)

≤ 1
(q)

∫ t

0
(t – s)q–1�(s) ds +

t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1�(τ ) dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1�(s) ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1�(τ ) dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1�(s) ds

)

≤ ‖�‖L1

(q + 1)
+

‖�‖L1

μ

(
1

(q + 2)

+
r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

≤ �̂‖�‖L1 ,

where �̂ is given in (5.7). Thus, ‖�‖ ≤ �̂‖�‖L1 and F2(Y) is uniformly bounded. Let u ∈
Vε∗ and � ∈F2u. Choose κ ∈ SG,u such that

�(t) =
1

(q)

∫ t

0
(t – s)q–1

κ(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ(s) ds

)
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for all t ∈ I. Assume that t1, t2 ∈ I with t1 < t2. Then we have

∣
∣�(t2) – �(t1)

∣
∣≤ 1

(q)

∫ t1

0

[
(t2 – s)q–1 – (t1 – s)q–1]∣∣κ(s)

∣
∣ds

+
1

(q)

∫ t2

t1

(t2 – s)q–1∣∣κ(s)
∣
∣ds

+
(t2

2 – t2
1)

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣κ(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣κ(s)

∣
∣ds

)

≤ ‖�‖L1

(q + 1)
[
(t2 – t1)q + 2

(
t

q
2 – t

q
1
)]

+
(t2

2 – t2
1)‖�‖L1

μ

(
1

(q + 2)
+

r∑

�=1

a�δ
q
�

(q + 1)

+
p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

→ 0,

as t2 → t1 (independent of u ∈ Vε∗ ). The Arzela–Ascoli theorem gives the complete con-
tinuity of F2. Assume that un ∈ Vε and �n ∈ (F2un) with un → u∗ and �n → �

∗. We claim
that �∗ ∈ (F2u

∗). For every n ≥ 1 and �n ∈ (F2un), choose κn ∈ SG,un such that

�n(t) =
1

(q)

∫ t

0
(t – s)q–1

κn(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κn(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κn(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κn(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κn(s) ds

)

.

We claim that there is κ∗ ∈ SG,u∗ such that

�
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

κ
∗(s) ds



Rezapour et al. Journal of Inequalities and Applications         (2022) 2022:82 Page 28 of 35

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ
∗(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ
∗(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ
∗(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ
∗(s) ds

)

for all t ∈ I. Define F : L1(I,R) → Y = C(I,R) by

F
(
κ(t)

)
= u(t)

=
1

(q)

∫ t

0
(t – s)q–1

κ(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ(s) ds

)

.

It is linear and continuous. Hence,

∥
∥�n(t) – �

∗(t)
∥
∥ =

∥
∥
∥
∥
∥

1
(q)

∫ t

0
(t – s)q–1(

κn(s) – κ
∗(s)

)
ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1(

κn(τ ) – κ
∗(τ )

)
dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1(

κn(s) – κ
∗(s)

)
ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1(

κn(τ ) – κ
∗(τ )

)
dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1(

κn(s) – κ
∗(s)

)
ds

)∥
∥
∥
∥
∥

→ 0.
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Theorem 2.1 implies that F ◦ SG has a closed graph. On the other hand, �n ∈ F(SG,un ) and
un → u∗. So there exists κ∗ ∈ SG,u∗ such that

�
∗(t) =

1
(q)

∫ t

0
(t – s)q–1

κ
∗(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ
∗(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ
∗(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ
∗(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ
∗(s) ds

)

,

for all t ∈ I. Hence, �∗ ∈ (F2u
∗) and so F2 has a closed graph, and it is upper semi-

continuous. Therefore F2 is compact and upper semi-continuous. By (J1),

�̂ =
∥
∥F2(Y)

∥
∥

= sup
t∈I

{|F2u| : u ∈ Y
}

≤ ‖�‖L1

(q + 1)
+

‖�‖L1

μ

(
1

(q + 2)

+
r∑

�=1

a�δ
q
�

(q + 1)
+

p∑

i=2

bi–1(mq+1
i – mq+1

i–1 )
(q + 2)

+
k∑

j=1

cjη
q+θj
j

(q + θj + 1)

)

≤ �̂‖�‖L1 .

Then �̂M∗ < 1
2 . By Theorem 2.2 in relation to F2, one of (a) or (b) will be held. By (J4), let

u ∈Q∗ be such that ‖u‖ = ã. Then ρ∗u(t) ∈ (F1u)(t)(F2u)(t) for all ρ∗ > 1. Choose κ ∈ SG,u.
Then, for each ρ∗ > 1,

u(t) =
1
ρ∗

y
(
t,u(t)

)
[

1
(q)

∫ t

0
(t – s)q–1

κ(s) ds

+
t2

μ

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1

κ(s) ds

–
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1

κ(τ ) dτ ds

–
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1

κ(s) ds

)]

.
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Thus, one can write

∣
∣u(t)

∣
∣ =

1
ρ∗

∣
∣y
(
t,u(t)

)∣
∣

[
1

(q)

∫ t

0
(t – s)q–1∣∣κ(s)

∣
∣ds

+
t2

|μ|

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣κ(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣κ(s)

∣
∣ds

)]

=
1
ρ∗

[∣
∣y
(
t,u(t)

)
– y(t, 0)

∣
∣ +

∣
∣y(t, 0)

∣
∣
]
[

1
(q)

∫ t

0
(t – s)q–1∣∣κ(s)

∣
∣ds

+
t2

|μ|

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1∣∣κ(s)

∣
∣ds

+
p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1∣∣κ(τ )

∣
∣dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1∣∣κ(s)

∣
∣ds

)]

≤ [
M∗‖u‖ + y∗]

[
1

(q)

∫ t

0
(t – s)q–1�(s) ds

+
t2

|μ|

(
1

(q)

∫ 1

0

∫ s

0
(s – τ )q–1�(τ ) dτ ds

+
r∑

�=1

a�

(q)

∫ δ�

0
(δ� – s)q–1�(s) ds +

p∑

i=2

bi–1

(q)

∫ mi

mi–1

∫ s

0
(s – τ )q–1�(τ ) dτ ds

+
k∑

j=1

cj

(q + θj)

∫ ηj

0
(ηj – s)q+θj–1�(s) ds

)]

≤ [
M∗ã + y∗]�̂‖�‖L1

for all t ∈ I. Hence, we get

ã ≤ y∗�̂‖�‖L1

1 – M∗�̂‖�‖L1
.
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According to condition (5.6), we find that (b) is not possible, and so u ∈ (F1u)(F2u).
Thus, E has a fixed point and the fully hybrid integro-multi-valued FBVP (1.2) has a solu-
tion. �

6 Examples
Example 6.1 In view of the non-hybrid single-valued FBVP with integro-non-hybrid-
multiterm-multipoint-multistrip boundary conditions (1.1), let

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cD2.25
0 u(t) = exp(–t)+9

21008 sin(u(t)) (t ∈ I := [0, 1]),

u(t)|t=0 = 0, u′(t)|t=0 = 0,
∫ 1

0 u(s) ds = 0.01u(0.5) + 0.08u(0.75) + 0.09
∫ 0.78

0.76 u(s) ds + 0.05
∫ 0.80

0.78 u(s) ds

+ 0.2I0.71
0 u(0.85) + 0.3I0.62

0 u(0.87),

(6.1)

where q = 2.25, r = k = 2, p = 3, a1 = 0.01, a2 = 0.08, δ1 = 0.5, δ2 = 0.75, b1 = 0.09, b2 = 0.05,
m1 = 0.76, m2 = 0.78, m3 = 0.80, c1 = 0.2, c2 = 0.3, θ1 = 0.71, θ2 = 0.62, η1 = 0.85 and η2 =
0.87. Also, the function

h
(
t,u(t)

)
=

exp(–t) + 9
21008

sin
(
u(t)

)

is a real-valued continuous map on I×R. For each u,u∗ ∈R, we write

∣
∣h
(
t,u(t)

)
– h

(
t,u∗(t)

)∣
∣≤ exp(–t) + 9

21008
∣
∣sin

(
u(t)

)
– sin

(
u

∗(t)
)∣
∣

≤ exp(–t) + 9
21008

∣
∣u(t) – u

∗(t)
∣
∣. (6.2)

Further,

∣
∣h
(
t,u(t)

)∣
∣≤ exp(–t) + 9

21008
∣
∣sin

(
u(t)

)∣
∣≤ exp(–t) + 9

21008
= 
(t),

where 
 : I →R
+ is a continuous function defined by 
(t) = exp(–t)+9

21008 .
If W ⊂R is an arbitrary bounded set, then

ω
(
h(t, W )

)≤ exp(–t) + 9
21008

ω(W ).

By taking nh(t) := exp(–t)+9
21008 , we get

ω
(
h(t, W )

)≤ nh(t)ω(W ).

Clearly, n∗
h

= supt∈I |nh(t)| = 0.004743. By the above given values for parameters, we find
�̂ � 3.89692. In this case, n∗

h
�̂ � 0.018 < 1

4 . By Theorem 3.2, the non-hybrid single-
valued FBVP with integro-non-hybrid-multiterm-multipoint-multistrip boundary condi-
tions (6.1) has a solution on I. On the other hand, by (6.2), and assuming β = 0.004743,
we get β�̂ � 0.018 < 1. Then, by taking σh = �̂

1–β�̂
= 3.96835 > 0, the conclusion of The-

orem 4.5 implies that the non-hybrid single-valued FBVP (6.1) is Ulam–Hyers stable and
generalized Ulam–Hyers stable.
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Example 6.2 In view of the fully hybrid-FBVP inclusion with integro-hybrid-multiterm-
multipoint-multistrip boundary conditions (1.2), we consider the following system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cD2.25
0 ( u(t)

exp(–t)
5072 arctan(u(t))+0.0003

) ∈ [–2, exp(t) cosu(t) + 3
∫ 1

0 cosu(s) ds + 7
4 ],

( u(t)
exp(–t)

5072 arctan(u(t))+0.0003
)|t=0 = 0, ( u(t)

exp(–t)
5072 arctan(u(t))+0.0003

)′|t=0 = 0,
∫ 1

0 ( u(s)
exp(–s)

5072 arctan(u(s))+0.0003
) ds

= 0.01( u(0.5)
exp(–0.5)

5072 arctan(u(0.5))+0.0003
)

+ 0.08( u(0.75)
exp(–0.75)

5072 arctan(u(0.75))+0.0003
)

+ 0.09
∫ 0.78

0.76 ( u(s)
exp(–s)

5072 arctan(u(s))+0.0003
) ds

+ 0.05
∫ 0.80

0.78 ( u(s)
exp(–s)

5072 arctan(u(s))+0.0003
) ds

+ 0.2I0.71
0 ( u(0.85)

exp(–0.85)
5072 arctan(u(0.85))+0.0003

)

+ 0.3I0.62
0 ( u(0.87)

exp(–0.87)
5072 arctan(u(0.87))+0.0003

),

(6.3)

where q = 2.25, r = k = 2, p = 3, a1 = 0.01, a2 = 0.08, δ1 = 0.5, δ2 = 0.75, b1 = 0.09, b2 = 0.05,
m1 = 0.76, m2 = 0.78, m3 = 0.80, c1 = 0.2, c2 = 0.3, θ1 = 0.71, θ2 = 0.62, η1 = 0.85, η2 = 0.87,
and I = [0, 1]. The continuous function y : I×R →R \ {0} is defined by

y
(
t,u(t)

)
=

exp(–t)
5072

arctan
(
u(t)

)
+ 0.0003.

Further, y∗ = supt∈I |y(t, 0)| = 0.0003. y is Lipschitz for u,u∗ ∈R, and we write

∣
∣y
(
t,u(t)

)
– y

(
t,u∗(t)

)∣
∣≤ exp(–t)

5072
∣
∣arctan

(
u(t)

)
– arctan

(
u

∗(t)
)∣
∣

≤ exp(–t)
5072

∣
∣u(t) – u

∗(t)
∣
∣

:= M(t)
∣
∣u(t) – u

∗(t)
∣
∣.

Evidently, M∗ = supt∈I |M(t)| � 0.0001971. We define G : I×R
2 → P(R) by

G
(

t,u(t),
∫ 1

0
u(s) ds

)

=
[

–2, exp(t) cosu(t) + 3
∫ 1

0
cosu(s) ds +

7
4

]

.

For � ∈ G(t,u(t),
∫ 1

0 u(s) ds), we have

|�| ≤ max

[

–2, exp(t) cosu(t) + 3
∫ 1

0
cosu(s) ds +

7
4

]

≤ exp(t) +
19
4

.

Therefore

∥
∥
∥
∥G
(

t,u(t),
∫ 1

0
u(s) ds

)∥
∥
∥
∥ = sup

{

|κ| : κ ∈ G
(

t,u(t),
∫ 1

0
u(s) ds

)}

≤ exp(t) +
19
4

.
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Set �(t) := exp(t) + 19
4 . Thus

‖�‖L1 =
∫ 1

0

∣
∣�(s)

∣
∣ds =

∫ 1

0

(

exp(s) +
19
4

)

ds = e – 1 � 1.71.

We select ã > 0 such that ã > 0.0020017. Also, by the above given values for the parameters,
we find �̂ � 3.89692. Therefore

M∗�̂‖�‖L1 � 0.0013134 <
1
2

.

The conclusion of Theorem 5.3 gives this fact that there exists a solution for the fully
hybrid-FBVP inclusion with integro-hybrid-multiterm-multipoint-multistrip boundary
conditions (6.3).

7 Conclusions
In the present manuscript, two novel generalized non-hybrid single-valued FBVP and fully
hybrid integro-multi-valued FBVP with integro-hybrid-multiterm-multipoint-multistrip
boundary conditions were considered and the qualitative results were proved in relation to
its solutions. Precisely, on the non-hybrid-multi-valued FBVP (1.1), we established an exis-
tence theorem based on Sadovskii’s method, and in the sequel, the Krasnoselskii–Zabreiko
theorem was utilized for the second existence result. We got help from the Gronwall in-
equality in its generalized version to investigate the dependence of solutions of the non-
hybrid multi-valued FBVP (1.1). Stability analysis was implemented in the sense of Ulam–
Hyers. Further, on the fully hybrid multi-valued FBVP (1.2), we derived the corresponding
multipoint integral equation and used Dhage’s techniques to establish the third existence
theorem. Two numerical examples have been designed to examine the correctness of the-
orems. Our boundary conditions are general and cover different simple forms defined in
numerous FBVPs. We will continue our study in the context of newly-defined notions of
q-calculus and (p, q)-calculus.
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