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Abstract

In a real Hilbert space, let the VIP, GSVI, HVI, and CFPP denote a variational inequality
problem, a general system of variational inequalities, a hierarchical variational
inequality, and a common “xed-point problem of a countable family of uniformly
Lipschitzian pseudocontractive mappings and an asymptotically nonexpansive
mapping, respectively. We design two Mann implicit composite subgradient
extragradient algorithms with line-search process for “nding a common solution of
the CFPP, GSVI, and VIP. The suggested algorithms are based on the Mann implicit
iteration method, subgradient extragradient method with line-search process, and
viscosity approximation method. Under mild assumptions, we prove the strong
convergence of the suggested algorithms to a common solution of the CFPP, GSVI,
and VIP, which solves a certain HVI de“ned on their common solutions set.
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1 Introduction
Let C be a nonempty, closed, and convex subset of a real Hilbert space (H,�· , ·� ) with the
induced norm � · � . Let PC be the nearest point projection fromH onto C. Given a non-
linear operatorT : C � H, let Fix(T) andR indicate the “xed-points set ofT and the set
of real numbers, respectively. Let� and � represent the strong and weak convergence
in H, respectively. An operatorT : C � C is called asymptotically nonexpansive if there
exists{� l }�

l=1 � [0,+� ) such thatliml�� � l = 0 and

�
� T lu …T lv

�
� � (1 + � l )� u …v� 	 l 
 1,u,v � C. (1.1)

In particular, whenever� l = 0 	 l 
 1, T is called nonexpansive. Given a self-mapping
A on H, the classical variational inequality problem (VIP) is “ndingu � C such that
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�Au,v …u� 
 0 	 v � C. We denote the solutions set of VIP by VI(C,A). To the best of our

knowledge, one of the most popular approaches for solving the VIP is the extragradient

method put forward by Korpelevich [1] in 1976, i.e., for any initial pointu0 � C, let {ul } be

the sequence constructed below

�
�

�
vl = PC(ul …� Aul ),

ul+1 = PC(ul …� Avl ) 	 l 
 0,
(1.2)

where � � (0, 1
L ) and L is Lipschitz constant ofA. Whenever VI(C,A) �= 
 , the sequence

{ul } converges weakly to a point in VI(C,A). At present, the vast literature on Korpele-

vich•s extragradient approach shows that many authors have paid great attention to it and

enhanced it in various ways; see, e.g., [2…26] and the references therein.

Suppose thatB1,B2 : C � H are two nonlinear operators. Consider the following prob-

lem of “nding (u� ,v� ) � C × C such that

�
�

�
�µ 1B1v� + u� …v� ,w …u� � 
 0 	 w � C,

�µ 2B2u� + v� …u� ,w …v� � 
 0 	 w � C,
(1.3)

with constantsµ 1,µ 2 > 0. Problem (1.3) is called a general system of variational inequali-

ties (GSVI). Note that GSVI (1.3) can be transformed into the “xed-point problem below.

Lemma 1.1 ([6]) For given x� ,y� � C, (x� ,y� ) is a solution of GSVI(1.3) if and only if x� �

Fix(G), whereFix(G) is the “xed point set of the mapping G:= PC(I …µ 1B1)PC(I …µ 2B2),

and y� = PC(I …µ 2B2)x� .

Suppose that the mappingsB1, B2 are � -inverse-strongly monotone and� -inverse-

strongly monotone, respectively. Letf : C � C be a contraction with coe�cient � � [0, 1)

and F : C � H be � -Lipschitzian and	 -strongly monotone with constants� , 	 > 0 such

that � < 
 := 1 …
�

1 …� (2	 …�� 2) � (0, 1] for � � (0, 2	
� 2 ). Let S : C � C be an asymp-

totically nonexpansive mapping with a sequence{� n}. Let {Sl }�
l=1 be a countable fam-

ily of � -uniformly Lipschitzian pseudocontractive self-mappings onC such that 
 :=
� �

l=0 Fix(Sl ) � Fix(G) �= 
 where S0 := S and Fix(G) is the “xed-point set of the mapping

G := PC(I …µ 1B1)PC(I …µ 2B2) for µ 1 � (0, 2� ) and µ 2 � (0, 2� ). Recently, Ceng and Wen

[21] proposed the hybrid extragradient-like implicit method for “nding an element of
 ,

that is, for any initial point x1 � C, let {xl } be the sequence constructed below

�
������

������

ul = � lxl + (1 …� l )Slul ,

vl = PC(ul …µ 2B2ul ),

yl = PC(vl …µ 1B1vl ),

xl+1 = PC[� l f (xl ) + (I …� l � F)Slyl ] 	 l 
 1,

(1.4)

where{� l } and{� l } are sequences in (0,1] such that

(i)
	 �

l=1 |� l+1 …� l | < � and
	 �

l=1 � l < � ;
(ii) liml�� � l = 0 and liml��

� l
� l

= 0;
(iii)

	 �
l=1 |� l+1 …� l | < � and 0 <lim inf l�� � l � limsupl�� � l < 1;
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(iv)
	 �

l=1 � Sl+1yl …Slyl � < � .
Under appropriate assumptions imposed on{Sl }�

l=1, it was proved in [21] that the sequence

{xl } converges strongly to an elementx� � 
 . In 2019, Thong and Hieu [14] proposed the

inertial subgradient extragradient method with line-search process for solving the mono-

tone VIP with Lipschitz continuousA and the “xed-point problem (FPP) of a quasinonex-

pansive mappingSwith a demiclosedness property. Assume that
 := Fix(S) � VI(C,A) �=


 . Let the sequences{� l } � [0, 1] and{� l } � (0, 1) be given.

Algorithm 1.1 ([14]) Initialization : Given � > 0, � � (0, 1),µ � (0, 1), letx0,x1 � H be

arbitrary.

Iterative Steps: Computexl+1 below:

Step 1. Setwl = xl + � l (xl …xl…1) and calculatevl = PC(wl …� lAwl), where� l is chosen to

be the largest� � { � , � � , � � 2, . . .} satisfying� � Awl …Avl � � µ � wl …vl � .

Step 2. Calculatezl = PCl (wl …� lAvl ) with Cl := {v � H : �wl …� lAwl …vl ,v …vl � � 0}.

Step 3. Calculatexl+1 = (1 …� l )wl + � lSzl . If wl = zl = xl+1 then wl � 
 .

Again setl := l + 1 and go to Step 1.

Under suitable assumptions, it was proven in [14] that {xl } converges weakly to an el-

ement of 
 . Very recently, Ceng and Shang [22] introduced the hybrid inertial subgra-

dient extragradient method with line-search process for solving the pseudomonotone

VIP with Lipschitz continuousA and the common “xed-point problem (CFPP) of “nitely

many nonexpansive mappings{Sl }N
l=1 and an asymptotically nonexpansive mappingS in

a real Hilbert spaceH. Assume that
 :=
� N

l=0 Fix(Sl ) � VI(C,A) �= 
 with S0 := S. Given

a contraction f : H � H with constant � � [0, 1), and an	 -strongly monotone and� -

Lipschitzian mappingF : H � H with � < 
 := 1 …
�

1 …� (2	 …�� 2) for � � (0, 2	 / � 2), let

{� l } � [0, 1] and{� l },{� l } � (0, 1) with � l + � l < 1 	 l 
 1. Besides, one writesSl := SlmodN

for integer l 
 1 with the mod function taking values in the set{1,2, . . . ,N}, i.e., whenever

l = jN + q for some integersj 
 0 and 0� q < N, one has thatSl = SN if q = 0 andSl = Sq if

0 <q < N.

Algorithm 1.2 ([22]) Initialization : Given � > 0, � � (0, 1),µ � (0, 1), letx0,x1 � H be

arbitrary.

Iterative Steps: Calculatexl+1 below:

Step 1. Setwl = Slxl + � l (Slxl …Slxl…1) and calculatevl = PC(wl …� lAwl), where� l is chosen

to be the largest� � { � , � � , � � 2, . . .} satisfying� � Awl …Avl � � µ � wl …vl � .

Step 2. Calculatezl = PCl (wl …� lAvl ) with Cl := {v � H : �wl …� lAwl …vl ,v …vl � � 0}.

Step 3. Calculatexl+1 = � l f (xl ) + � lxl + ((1 …� l )I …� l � F)Slzl .

Again setl := l + 1 and go to Step 1.

Under appropriate assumptions, it was proven in [22] that if Slzl …Sl+1zl � 0, then

{xl } converges strongly tox� � 
 if and only if xl …xl+1 � 0 andxl …vl � 0 asl � � .

In a real Hilbert spaceH, we always assume that the CFPP and HVI denote a common

“xed-point problem of a countable family of uniformly Lipschitzian pseudocontractive

mappings{Sl }�
l=1 and an asymptotically nonexpansive mappingS0 := Sand a hierarchical

variational inequality, respectively. Inspired by the above research works, we design two

Mann implicit composite subgradient extragradient algorithms with line-search process
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for “nding a common solution of the CFPP of{Sl }�
l=0, the pseudomonotone VIP with Lips-

chitz continuousA and the GSVI for two inverse-strongly monotoneB1,B2. The suggested
algorithms are based on the viscosity approximation method, subgradient extragradient
method with line-search process, and Mann implicit iteration method. Under mild as-
sumptions, we prove the strong convergence of the suggested algorithms to a common
solution of the CFPP, GSVI, and VIP, which solves a certain HVI de“ned on their com-
mon solution set. Finally, using the main results, we deal with the CFPP, GSVI, and VIP in
an illustrated example.

2 Preliminaries
Let the nonempty setC be convex and closed in a real Hilbert spaceH. Given a sequence
{� i } � H, let � i � � (resp.,� i � � ) indicate the strong (resp., weak) convergence of{� i }
to � . An operatorS: C � H is called

(a) L-Lipschitz continuous (or L-Lipschitzian) if � L > 0 such that � Su…S� � � L� u …� �
	 u, � � C;

(b) pseudocontractive if �Su…S� ,u …� � � � u …� � 2 	 u, � � C;
(c) pseudomonotone if �Su,� …u� 
 0 � � S� , � …u� 
 0 	 u, � � C;
(d) � -strongly monotone if � � > 0 such that �Su…S� ,u …� � 
 � � u …� � 2 	 u, � � C;
(e) � -inverse-strongly monotone if � � > 0 such that �Su…S� ,u …� � 
 � � Su…S� � 2 	 u,

� � C;
(f ) sequentially weakly continuous if 	{ � i } � C, the following relation holds:

� i � � � S� i � S� .
It is clear that each monotone mapping is pseudomonotone, but the converse is not true.

It is known that 	 u � H, � ! (nearest point)PCu � C such that� u …PCu� � � u …� � 	 � � C;
PC is refereed to as a metric (or nearest point) projection ofH onto C. Recall that the
following conclusions hold (see [27]):

(a) �u …� ,PCu …PC� � 
 � PCu …PC� � 2 	 u, � � H ;
(b) w = PCu � � u …w,� …w� � 0 	 u � H , � � C;
(c) � u …� � 2 
 � u …PCu� 2 + � � …PCu� 2 	 u � H , v � C;
(d) � u …� � 2 = � u� 2 …� � � 2 … 2�u …� ,� � 	 u, � � H ;
(e) � su+ (1 …s)� � 2 = s� u� 2 + (1 …s)� � � 2 …s(1 …s)� u …� � 2 	 u, � � H , s� [0, 1].
The following concept will be used in the convergence analysis of the proposed algo-

rithms.

De“nition 2.1 ([21]) Let {Sl }�
l=1 be a sequence of continuous pseudocontractive self-

mappings onC. Then{Sl }�
l=1 is called a countable family of� -uniformly Lipschitzian pseu-

docontractive self-mappings onC if there exists a constant� > 0 such that eachSl is � -
Lipschitz continuous.

The following propositions and lemmas will be needed for demonstrating our main re-
sults.

Proposition 2.1 ([28]) Let C be a nonempty, closed, convex subset of a Banach space X.
Suppose that{Sl }�

l=1 is a countable family of self-mappings on C such that
	 �

l=1 sup{� Slx …
Sl+1x� : x � C} < � . Then for each y� C, {Sly} converges strongly to some point of C.
Moreover, let �S be a self-mapping on C, de“ned by �Sy= liml�� Sly for all y � C. Then
liml�� sup{� Sx…Slx� : x � C} = 0.
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Proposition 2.2 ([29]) Let C be a nonempty, closed, convex subset of a Banach space X
and T : C � C be a continuous and strong pseudocontraction mapping. Then, T has a
unique “xed point in C.

The following inequality is an immediate consequence of the subdi�erential inequality
of the function 1

2� · � 2:

� u + � � 2 � � u� 2 + 2� � ,u + � � 	 u,� � H.

Lemma 2.1 Let the mapping B: C � H be� -inverse-strongly monotone. Then, for a given
� 
 0,

�
� (I …� B)u … (I …� B)�

�
� 2

� � u …� � 2 …� (2� …� )� Bu…B� � 2.

In particular, if 0 � � � 2� , then I …� B is nonexpansive.

Using Lemma2.1, we immediately derive the following lemma.

Lemma 2.2 Let the mappings B1,B2 : C � H be � -inverse-strongly monotone and� -
inverse-strongly monotone, respectively. Let the mapping G: C � C be de“ned as G:=
PC(I …µ 1B1)PC(I …µ 2B2). If 0 � µ 1 � 2� and 0 � µ 2 � 2� , then G: C � C is nonexpan-
sive.

Lemma 2.3 ([6, Lemma 2.1]) Let A : C � H be pseudomonotone and continuous. Then
u � C is a solution to the VIP�Au,� …u� 
 0 	 � � C if and only if �A� , � …u� 
 0 	 � � C.

Lemma 2.4 ([30]) Let {al } be a sequence of nonnegative numbers satisfying the following
conditions: al+1 � (1 …� l )al + � l � l 	 l 
 1,where{� l } and {� l } are sequences of real numbers
such that(i) {� l } � [0, 1] and

	 �
l=1 � l = � , and (ii ) limsupl�� � l � 0 or

	 �
l=1 |� l � l | < � .

Thenliml�� al = 0.

Lemma 2.5 ([31]) Let X be a Banach space which admits a weakly continuous duality
mapping, C be a nonempty, closed, convex subset of X, and T : C � C be an asymptotically
nonexpansive mapping withFix(T) �= 
 . Then I …T is demiclosed at zero, i.e., if {uk} is a
sequence in C such that uk � u � C and (I …T)uk � 0, then (I …T)u = 0, where I is the
identity mapping of X.

The following lemmas are crucial to the convergence analysis of the proposed algo-
rithms.

Lemma 2.6([25]) Let{� m} be a sequence of real numbers that does not decrease at in“nity
in the sense that there exists a subsequence{� mk } of {� m} which satis“es� mk < � mk+1 for
each integer k
 1.De“ne the sequence{� (m)}m
 m0 of integers by

� (m) = max{k � m : � k < � k+1},

where integer m0 
 1 is such that{k � m0 : � k < � k+1} �= 
 . Then the following hold:
(i) � (m0) � � (m0 + 1) � · · · and � (m) � � ;

(ii) � � (m) � � � (m)+1 and � m � � � (m)+1 	 m 
 m0.
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3 Main results
In this section, let the feasible setC be a nonempty, closed, convex subset of a real Hilbert
spaceH, and assume always that the following conditions hold:

• A is pseudomonotone and L-Lipschitzian self-mapping on H such that
� Au� � lim infn�� � A� n� for each {� n} � C with � n � u.

• B1,B2 : C � H are � -inverse-strongly monotone and � -inverse-strongly monotone,
respectively, and f : C � C is a � -contraction with constant � � [0, 1).

• {Sn}�
n=1 is a countable family of � -uniformly Lipschitzian pseudocontractive

self-mappings on C and S: H � C is an asymptotically nonexpansive mapping with a
sequence {� n}.

• 
 =
� �

n=0 Fix(Sn) � Fix(G) � VI(C,A) �= 
 with S0 := S, and Fix(G) is the fixed point set
of mapping G = PC(I …µ 1B1)PC(I …µ 2B2) for 0 <µ 1 < 2� and 0 <µ 2 < 2� .

•
	 �

n=1 supx� D � Snx …Sn+1x� < � for any bounded subset D of C and
Fix(�S) =

� �
n=1 Fix(Sn) where �S: C � C is defined as �Sx= limn�� Snx 	 x � C.

• {� n} � (0, 1] and {� n},{� n},{� n} � (0, 1)with � n + � n + � n = 1 	 n 
 1 such that:
(i)

	 �
n=1 � n = � , limn�� � n = 0 and limn��

� n
� n

= 0;
(ii) 0 <lim infn�� � n � limsupn�� � n < 1;
(iii) 0 <lim infn�� � n � limsupn�� � n < 1.

Algorithm 3.1 Initialization : Given� > 0,µ � (0, 1),� � (0, 1), pick an initialx1 � C arbi-
trarily.

Iterative steps: Computexn+1 below:
Step 1. Calculateun = � nxn + (1 …� n)Snun and wn = Gun, and setyn = PC(wn …� nAwn),

where� n is chosen to be the largest� � { � , � � , � � 2, . . .} satisfying

� � Awn …Ayn� � µ � wn …yn� . (3.1)

Step 2. Calculatezn = PCn(wn …� nAyn) with Cn := {y � H : �wn …� nAwn …yn,y …yn� � 0}.
Step 3. Calculate

xn+1 = � nf (xn) + � nxn + � nSnzn. (3.2)

Again put n := n + 1 and return to Step 1.

Lemma 3.1 The Armijo-like search rule(3.1) is well de“ned, and the following inequality
holds: min{� ,µ� /L} � � n � � .

Proof Thanks to� Awn …APC(wn …� � mAwn)� � L� wn …PC(wn …� � mAwn)� , we know that
(3.1) holds for each� � m � µ

L and so� n is well de“ned. Obviously,� n � � . In the case of
� n = � , the conclusion is true. In the case of� n < � , from (3.1) one gets� Awn …APC(wn …
� n
� Awn)� > µ

(� n/� ) � wn …PC(wn …� n
� Awn)� , which hence leads to� n > µ� /L. �

Lemma 3.2 Let the sequences{un}, {wn}, {yn}, {zn} be constructed by Algorithm3.1. Then
for each p� 
 , one has

� zn …p� 2 � � un …p� 2 … (1 …µ)


� yn …zn� 2 + � yn …wn� 2�

…µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2,
(3.3)

where q= PC(p …µ 2B2p) and � n = PC(un …µ 2B2un).
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Proof De“ne Tnx := � nxn + (1 …� n)Snx, x � C, for eachn 
 0. Then Tn is continuous by
the continuity of Sn and

�Tnx …Tny,x …y� = (1 …� n)�Snx …Sny,x …y�

� (1 …� n)� x …y� 2

� ¯� n� x …y� 2,

where ¯� n := 1 …� n � (0, 1) and this implies thatTn is a strong pseudocontractive mapping.
Hence, by Proposition2.2, there exists a unique elementun � C such that for eachn 
 0,

un = � nxn + (1 …� n)Snun.

Observe that for eachp � 
 � C � Cn,

� zn …p� 2 =
�
� PCn(wn …� nAyn) …PCnp

�
� 2

� � zn …p,wn …� nAyn …p�

=
1
2

�
� zn …p� 2 + � wn …p� 2 …� zn …wn� 2


…� n�zn …p,Ayn� ,

which hence yields

� zn …p� 2 � � wn …p� 2 …� zn …wn� 2 … 2� n�zn …p,Ayn� .

Owing to zn = PCn(wn …� nAyn) with Cn := {y � H : �wn …� nAwn …yn,y …yn� � 0}, one gets
�wn …� nAwn …yn,zn …yn� � 0. Combining (3.1) and the pseudomonotonicity ofA guaran-
tees that

� zn …p� 2 � � wn …p� 2 …� zn …wn� 2 … 2� n�Ayn,yn …p + zn …yn�

� � wn …p� 2 …� zn …wn� 2 … 2� n�Ayn,zn …yn�

= � wn …p� 2 …� zn …yn� 2 …� yn …wn� 2 + 2�wn …� nAyn …yn,zn …yn�

= � wn …p� 2 …� zn …yn� 2 …� yn …wn� 2 + 2�wn …� nAwn …yn,zn …yn�

+ 2� n�Awn …Ayn,zn …yn�

� � wn …p� 2 …� zn …yn� 2 …� yn …wn� 2 + 2µ � wn …yn�� zn …yn�

� � wn …p� 2 …� zn …yn� 2 …� yn …wn� 2 + µ
�
� wn …yn� 2 + � zn …yn� 2


= � wn …p� 2 … (1 …µ)


� yn …zn� 2 + � yn …wn� 2�

.

(3.4)

Note that q = PC(p …µ 2B2p), � n = PC(un …µ 2B2un), andwn = PC(� n …µ 1B1� n). Thenwn =
Gun. By Lemma2.1, one has

� � n …q� 2 � � un …p� 2 …µ 2(2� …µ 2)� B2un …B2p� 2

and

� wn …p� 2 � � � n …q� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2.
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Combining the last two inequalities, one gets

� wn …p� 2 � � un …p� 2 …µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2.

This, together with (3.4), implies that inequality (3.3) holds. �

Lemma 3.3 Suppose that{un}, {xn} are bounded sequences constructed by Algorithm3.1.

Assume that xn …xn+1 � 0,un …Gun � 0,and Snxn …Sn+1xn � 0,and suppose there exists

a subsequence{xnk } � { xn} such that xnk � z � C. Then z� 
 .

Proof From Algorithm 3.1, we obtain that for eachp � 
 ,

� un …p� 2 = � n�xn …p,un …p� + (1 …� n)�Snun …p,un …p�

� � n�xn …p,un …p� + (1 …� n)� un …p� 2,

which hence yields

� un …p� 2 � � xn …p,un …p�

=
1
2



� xn …p� 2 + � un …p� 2 …� xn …un� 2�

.

This immediately implies that

� un …p� 2 � � xn …p� 2 …� xn …un� 2. (3.5)

So it follows from (3.3) and the last inequality that

� zn …p� 2 � � un …p� 2 … (1 …µ)


� yn …zn� 2 + � yn …wn� 2�

� � xn …p� 2 …� xn …un� 2 … (1 …µ)


� yn …zn� 2 + � yn …wn� 2�

,

which, together with Algorithm 3.1, leads to

� xn+1 …p� 2

=
�
� � n

�
f (xn) …p



+ � n(xn …p) + � n

�
Snzn …p


 �� 2

� � n
�
� f (xn) …p

�
� 2

+ � n� xn …p� 2 + � n
�
� Snzn …p

�
� 2

…� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …p

�
� 2

+ � n� xn …p� 2 + � n(1 + � n)2� zn …p� 2 …� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …p

�
� 2

+ � n� xn …p� 2 + � n(1 + � n)2�
� xn …p� 2 …� xn …un� 2

… (1 …µ)


� yn …zn� 2 + � yn …wn� 2��

…� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …p

�
� 2

+ � xn …p� 2 + � n(2 + � n)� xn …p� 2 …� n(1 + � n)2�
� xn …un� 2

+ (1 …µ)


� yn …zn� 2 + � yn …wn� 2��

…� n� n
�
� xn …Snzn

�
� 2

.
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This immediately ensures that

� n(1 + � n)2�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2��

+ � n� n
�
� xn …Snzn

�
� 2

� � xn …p� 2 …� xn+1 …p� 2 + � n
�
� f (xn) …p

�
� 2

+ � n(2 + � n)� xn …p� 2

� � xn …xn+1�
�
� xn …p� + � xn+1 …p�



+ � n

�
� f (xn) …p

�
� 2

+ � n(2 + � n)� xn …p� 2.

Note that limn�� � n = 0 and 0 <lim infn�� � n � limsupn�� � n < 1. Thus we know that
lim infn�� � n = lim infn�� (1 …� n …� n) = 1 …limsupn�� � n > 0. Since� n � 0,xn …xn+1 �
0 andµ � (0, 1), by the boundedness of{xn}, we get

lim
n��

� xn …un� = lim
n��

� yn …zn� = lim
n��

� yn …wn� = lim
n��

�
� xn …Snzn

�
� = 0. (3.6)

So it follows that� wn …xn� � � Gun …un� + � un …xn� � 0 (n � � ),

� zn …xn� � � zn …wn� + � wn …xn�

� � zn …yn� + � yn …wn� + � wn …xn� � 0 (n � � ),

and � xn …yn� � � xn …zn� + � zn …yn� � 0 (n � � ).
We show thatlimn�� � xn …Sxn� = 0. In fact, using the asymptotical nonexpansivity of

S, one obtains that

� xn …Sxn� �
�
� xn …Snzn

�
� +

�
� Snzn …Snxn

�
� +

�
� Snxn …Sn+1xn

�
�

+
�
� Sn+1xn …Sn+1zn

�
� +

�
� Sn+1zn …Sxn

�
�

�
�
� xn …Snzn

�
� + (1 + � n)� zn …xn� +

�
� Snxn …Sn+1xn

�
�

+ (1 + � n+1)� xn …zn� + (1 + � 1)
�
� Snzn …xn

�
�

= (2 + � 1)
�
� xn …Snzn

�
� + (2 + � n + � n+1)� zn …xn� +

�
� Snxn …Sn+1xn

�
� .

Sincexn …Snzn � 0, xn …zn � 0 andSnxn …Sn+1xn � 0, we obtain

lim
n��

� xn …Sxn� = 0. (3.7)

We show thatlimn�� � xn …S̄xn� = 0 whereS̄:= (2I …�S)…1. In fact, noticingun = � nxn +
(1 …� n)Snun andxn …un � 0, we get

(1 …� n)� Snun …un� = � n� xn …un� � � xn …un� � 0 (n � � ),

which, together with 0 <lim infn�� (1 …� n), yields

lim
n��

� Snun …un� = 0.

Since{Sn}�
n=1 is � -uniformly Lipschitzian on C, we deduce fromxn …un � 0 andSnun …

un � 0 that

� Snxn …xn� � � Snxn …Snun� + � Snun …un� + � un …xn�

� (� + 1)� un …xn� + � Snun …un� � 0 (n � � ).
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It is clear that �S: C � C is pseudocontractive and� -Lipschitzian where�Sx= limn�� Snx

	 x � C. We claim that limn�� � �Sxn …xn� = 0. Using the boundedness of{xn} and putting

D = conv{xn : n 
 1} (the closed convex hull of the set{xn : n 
 1}), by the hypothesis, we

get
	 �

n=1 supx� D � Snx …Sn+1x� < � . So, by Proposition2.1, we havelimn�� supx� D � Snx …
�Sx� = 0, which immediately arrives at

lim
n��

� Snxn …�Sxn� = 0.

Consequently,

� xn …�Sxn� � � xn …Snxn� + � Snxn …�Sxn� � 0 (n � � ).

Now, let us show that if we de“nēS:= (2I …�S)…1, thenS̄: C � C is nonexpansive, Fix(̄S) =

Fix(�S) =
� �

n=1 Fix(Sn), and limn�� � xn …S̄xn� = 0. As a matter of fact, it is known that̄S

is nonexpansive and Fix(̄S) = Fix(�S) =
� �

n=1 Fix(Sn) as a consequence of [32, Theorem 6].

From xn …�Sxn � 0, it follows that

� xn …S̄xn� =
�
� S̄S̄…1xn …S̄xn

�
�

�
�
� S̄…1xn …xn

�
� =

�
� (2I …�S)xn …xn

�
� = � xn …�Sxn� � 0 (n � � ).

(3.8)

Next, let us showz � VI(C,A). Indeed, noticingwn …xn � 0 and xnk � z, we have

wnk � z. We consider two cases below.

If Az = 0, then it is clear thatz � VI(C,A) because�Az,x …z� 
 0 	 x � C.

Assume thatAz �= 0. Sincewnk � z ask � � , utilizing the assumption onA, instead of

the sequentially weak continuity ofA, we get 0 <� Az� � lim inf k�� � Awnk � . So, we could

suppose that� Awnk � �= 0 	 k 
 1. Moreover, from yn = PC(wn …� nAwn), we have�wn …

� nAwn …yn,x …yn� � 0 	 x � C, and hence

1
� n

�wn …yn,x …yn� + �Awn,yn …wn� � � Awn,x …wn� 	 x � C. (3.9)

According to the Lipschitz continuity of A, one knows that{Awn} is bounded. Note that

{yn} is bounded as well. Using Lemma3.1, from (3.9) we getlim inf k�� �Awnk , x…wnk � 
 0

	 x � C.

To show that z � VI(C,A), we now choose a sequence{� k} � (0, 1) satisfying� k � 0 as

k � � . For eachk 
 1, we denote bymk the smallest positive integer such that

�Awnj ,x …wnj � + � k 
 0 	 j 
 mk. (3.10)

Since {� k} is decreasing, it can be readily seen that{mk} is increasing. Noticing that

Awmk �= 0 	 k 
 1 (due to{Awmk} � { Awnk}), we set� mk =
Awmk

� Awmk � 2 , we get�Awmk ,� mk � = 1

	 k 
 1. So, from (3.10) we get�Awmk ,x + � k� mk …wmk � 
 0 	 k 
 1. Again from the pseu-

domonotonicity of A, we have�A(x+� k� mk ),x+� k� mk …wmk � 
 0 	 k 
 1. This immediately

leads to

�Ax,x …wmk � 

�
Ax …A(x + � k� mk ),x + � k� mk …wmk

�
…� k�Ax,� mk � 	 k 
 1. (3.11)
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We claim that limk�� � k� mk = 0. Note that {wmk} � { wnk } and � k � 0 ask � � . So

it follows that 0 � limsupk�� � � k� mk � = limsupk��
� k

� Awmk � � limsupk�� � k
lim infk�� � Awnk � = 0. Hence

we get� k� mk � 0 ask � � . Thus, lettingk � � , we deduce that the right-hand side of

(3.11) tends to zero by the Lipschitz continuity ofA, the boundedness of{wmk}, {� mk } and

the limit limk�� � k� mk = 0. Therefore, we get�Ax,x …z� = lim inf k�� �Ax,x …wmk � 
 0

	 x � C. By Lemma2.3, we havez � VI(C,A).

Next we show thatz � 
 . In fact, from xn …un � 0 andxnk � z, we getunk � z. Note

that the condition un …Gun � 0 guaranteesunk …Gunk � 0. From Lemma2.5, it follows

that I …G is demiclosed at zero. Hence we get (I …G)z = 0, i.e.,z � Fix(G). In the meantime,

let us show thatz �
� �

i=0 Fix(Si). Again from Lemma2.5, we know thatI …Sand I …S̄are

demiclosed at zero. Noticingxnk …Sxnk � 0 (due to (3.7)) and xnk …S̄xnk � 0 (due to

(3.8)), we deduce fromxnk � z that z � Fix(S) andz � Fix(S̄) =
� �

i=1 Fix(Si). Consequently,

z �
� �

i=0 Fix(Si) � Fix(G) � VI(C,A) = 
 with S0 := S. This completes the proof. �

Theorem 3.1 Let {xn} be the sequence constructed in Algorithm3.1. Then xn � x� � 
 ,

provided Snxn …Sn+1xn � 0,where x� � 
 is the unique solution to the HVI, � (I …f )x� ,p …

x� � 
 0 	 p � 
 .

Proof First of all, since 0 <lim infn�� � n � limsupn�� � n < 1 andlimn��
� n
� n

= 0, we may

assume, without loss of generality, that{� n} � [a,b] � (0, 1) and� n � � n(1…� )
2 	 n 
 1. We

claim that P
 � f : C � C is a contraction. In fact, it is clear thatP
 � f is a contraction.

Banach•s contraction mapping principle guarantees thatP
 � f has a unique “xed point,

sayx� � C, i.e.,x� = P
 f (x� ). Thus, there exists a unique solutionx� � 
 =
� �

i=0 Fix(Si) �

Fix(G) � VI(C,A) of the HVI

�
(I …f )x� ,p …x� �


 0 	 p � 
 . (3.12)

Next we divide the rest of the proof into several steps.

Step 1.We show that{xn} is bounded. In fact, take an arbitraryp � 
 =
� �

i=0 Fix(Si) �

Fix(G) � VI(C,A). Then Sp= p, Snp = p 	 n 
 1, Gp= p and (3.3) holds, i.e.,

� zn …p� 2 � � un …p� 2 … (1 …µ)


� yn …zn� 2 + � yn …wn� 2�

…µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2,
(3.13)

whereq = PC(p…µ 2B2p) and� n = PC(un …µ 2B2un). Again from (3.4) and (3.5), we deduce

that

� zn …p� � � wn …p� = � Gun …p� � � un …p� � � xn …p� 	 n 
 1. (3.14)

Thus, using (3.14) and� n + � n + � n = 1 	 n 
 1, from the asymptotical nonexpansivity ofS,

we obtain

� xn+1 …p� � � n
�
� f (xn) …p

�
� + � n� xn …p� + � n

�
� Snzn …p

�
�

� � n
� �� f (xn) …f (p)

�
� +

�
� f (p) …p

�
� 


+ � n� xn …p� + � n(1 + � n)� zn …p�

� � n� � xn …p� + � n
�
� f (p) …p

�
� + � n� xn …p� + (� n + � n)� xn …p�
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� � n� � xn …p� + � n
�
� f (p) …p

�
� + (1 …� n)� xn …p� +

� n(1 …� )
2

� xn …p�

=
�
1 …

� n(1 …� )
2

�
� xn …p� + � n

�
� f (p) …p

�
�

=
�
1 …

� n(1 …� )
2

�
� xn …p� +

� n(1 …� )
2

2� f (p) …p�
1 …�

� max
�

� xn …p� ,
2� f (p) …p�

1 …�

�
.

By induction, we obtain� xn …p� � max{� x1 …p� , 2� f (p)…p�
1…� } 	 n 
 1. Therefore,{xn} is

bounded, and so are the sequences{un}, {wn}, {yn}, {zn}, {f (xn)}, {Ayn}, {Snun}, {Snzn}.
Step 2.We show that

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

× � B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + � n(2 + � n)M0 + 2� nM0

(3.15)

and

� n


� un …� n + q …p� 2 + � � n …wn + p …q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2µ 2� B2p …B2un�� � n …q�

+ 2µ 1� B1q …B1� n�� wn …p� + � n(2 + � n)M0 + 2� nM0,

(3.16)

for someM0 > 0. In fact, using (3.5), (3.13), (3.14), and the convexity of the function� (s) =
s2 	 s� R, we get

� xn+1 …p� 2

=
�
� � n

�
f (xn) …f (p)



+ � n(xn …p) + � n

�
Snzn …p



+ � n

�
f (p) …p


 �� 2

�
�
� � n

�
f (xn) …f (p)



+ � n(xn …p) + � n

�
Snzn …p


 �� 2
+ 2� n

�
f (p) …p,xn+1 …p

�

� � n
�
� f (xn) …f (p)

�
� 2

+ � n� xn …p� 2 + � n
�
� Snzn …p

�
� 2

+ 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n(1 + � n)2� zn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 +


� n + � n(2 + � n)

�
� zn …p� 2 + 2� n

�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n
�
� un …p� 2 … (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

…µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2�

+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�
(3.17)

� � n� � xn …p� 2 + � n� xn …p� 2 + � n
�
� xn …p� 2 …� xn …un� 2 … (1 …µ)



� yn …zn� 2

+ � yn …wn� 2�
…µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2�

+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�

=


1 …� n(1 …� )

�
� xn …p� 2 …� n

�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)� B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�
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+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�

� � xn …p� 2 …� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)� B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

+ � n(2 + � n)M0 + 2� nM0,

where supn
 1{� xn …p� 2 + � f (p) …p�� xn …p�} � M0 for someM0 > 0. This ensures that

(3.15) holds.

On the other hand, by the “rm nonexpansivity ofPC we obtain that

� wn …p� 2 � � � n …q,wn …p� + µ 1�B1q …B1� n,wn …p�

�
1
2



� � n …q� 2 + � wn …p� 2 …� � n …wn + p …q� 2�

+ µ 1� B1q …B1� n�� wn …p� ,

which hence gives

� wn …p� 2 � � � n …q� 2 …� � n …wn + p …q� 2 + 2µ 1� B1q …B1� n�� wn …p� . (3.18)

In a similar way, we have

� � n …q� 2 � � un …p� 2 …� un …� n + q …p� 2 + 2µ 2� B2p …B2un�� � n …q� . (3.19)

Substituting (3.19) for (3.18), from (3.14) we deduce that

� wn …p� 2 � � xn …p� 2 …� un …� n + q …p� 2 …� � n …wn + p …q� 2

+ 2µ 2� B2p …B2un�� � n …q� + 2µ 1� B1q …B1� n�� wn …p� ,

which, together with (3.14) and (3.17), leads to

� xn+1 …p� 2 � � n� � xn …p� 2 + � n� xn …p� 2 +


� n + � n(2 + � n)

�
� zn …p� 2

+ 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n� wn …p� 2 + � n(2 + � n)� xn …p� 2

+ 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2

+ � n
�
� xn …p� 2 …� un …� n + q …p� 2 …� � n …wn + p …q� 2

+ 2µ 2� B2p …B2un�� � n …q� + 2µ 1� B1q …B1� n�� wn …p�
�

(3.20)

+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�

�


1 …� n(1 …� )

�
� xn …p� 2 …� n



� un …� n + q …p� 2 + � � n …wn + p …q� 2�

+ 2µ 2� B2p …B2un�� � n …q� + 2µ 1� B1q …B1� n�� wn …p�

+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�
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� � xn …p� 2 …� n


� un …� n + q …p� 2 + � � n …wn + p …q� 2�

+ 2µ 2� B2p …B2un�� � n …q�

+ 2µ 1� B1q …B1� n�� wn …p� + � n(2 + � n)M0 + 2� nM0.

This ensures that (3.16) holds.

Step 3.We show that

� xn+1 …p� 2 �


1 …� n(1 …� )

�
� xn …p� 2

+ � n(1 …� )
�

2� (f …I)p,xn+1 …p�
1 …�

+
� n

� n
·

(2 + � n)M0

1 …�

�
.

In fact, from (3.14) and (3.17), we have

� xn+1 …p� 2

� � n� � xn …p� 2 + � n� xn …p� 2 +


� n + � n(2 + � n)

�
� zn …p� 2

+ 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n� xn …p� 2 + � n(2 + � n)M0

+ 2� n
�
f (p) …p,xn+1 …p

�

=


1 …� n(1 …� )

�
� xn …p� 2 + � n(2 + � n)M0 + 2� n

�
f (p) …p,xn+1 …p

�

=


1 …� n(1 …� )

�
� xn …p� 2

+ � n(1 …� )
�

2� (f …I)p,xn+1 …p�
1 …�

+
� n

� n
·

(2 + � n)M0

1 …�

�
.

(3.21)

Step 4.We show that{xn} converges strongly to the unique solutionx� � 
 of the HVI

(3.12). In fact, putting p = x� , we deduce from (3.21) that

�
� xn+1 …x�

�
� 2

�


1 …� n(1 …� )

� �� xn …x�
�
� 2

+ � n(1 …� )
�

2� (f …I)x� ,xn+1 …x� �
1 …�

+
� n

� n
·

(2 + � n)M0

1 …�

�
.

(3.22)

Putting � n = � xn …x� � 2, we show the convergence of{� n} to zero by the following two

cases.

Case 1.Suppose that there exists an integern0 
 1 such that{� n} is nonincreasing. Then

the limit limn�� � n = � < +� and limn�� (� n …� n+1) = 0. Puttingp = x� andq = y� , from

(3.15) and (3.16) we obtain

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

×
�
� B2un …B2x�

�
� 2

+ µ 1(2� …µ 1)
�
� B1� n …B1y�

�
� 2�

�
�
� xn …x�

�
� 2

…
�
� xn+1 …x�

�
� 2

+ � n(2 + � n)M0 + 2� nM0

= � n …� n+1 + � n(2 + � n)M0 + 2� nM0

(3.23)
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and

� n

 �� un …� n + y� …x�

�
� 2

+
�
� � n …wn + x� …y�

�
� 2�

�
�
� xn …x�

�
� 2

…
�
� xn+1 …x�

�
� 2

+ 2µ 2
�
� B2x� …B2un

�
�
�
� � n …y�

�
�

+ 2µ 1
�
� B1y� …B1� n

�
�
�
� wn …x�

�
� + � n(2 + � n)M0 + 2� nM0

= � n …� n+1 + 2µ 2
�
� B2x� …B2un

�
�
�
� � n …y�

�
�

+ 2µ 1
�
� B1y� …B1� n

�
�
�
� wn …x�

�
� + � n(2 + � n)M0 + 2� nM0.

(3.24)

Noticing 0 < lim infn�� (1 …� n …� n) = lim infn�� � n, � n � 0, � n � 0 and� n …� n+1 � 0,
one has from (3.23) that

lim
n��

� xn …un� = lim
n��

� yn …zn� = lim
n��

� yn …wn� = 0, (3.25)

and

lim
n��

�
� B2un …B2x�

�
� = lim

n��

�
� B1� n …B1y�

�
� = 0. (3.26)

Since 0 <lim infn�� � n, � n � 0, � n � 0 and � n …� n+1 � 0, from (3.24), (3.26), and the
boundedness of{� n}, {wn}, we deduce that

lim
n��

�
� un …� n + y� …x�

�
� = lim

n��

�
� � n …wn + x� …y�

�
� = 0. (3.27)

Therefore,

� un …Gun� = � un …wn�

�
�
� un …� n + y� …x�

�
� +

�
� � n …wn + x� …y�

�
�

� 0 (n � � ).

(3.28)

Furthermore, using (3.14), gives

�
� xn+1 …x�

�
� 2

�
�
� � n

�
f (xn) …x� 


+ � n
�
xn …x� 


+ � n
�
Snzn …x� 
 �� 2

� � n
�
� f (xn) …x�

�
� 2

+ � n
�
� xn …x�

�
� + � n

�
� Snzn …x�

�
� 2

…� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …x�

�
� 2

+ � n
�
� xn …x�

�
� + � n(1 + � n)2

�
� zn …x�

�
� 2

…� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …x�

�
� 2

+ (1 …� n)
�
� xn …x�

�
� 2

+ � n(2 + � n)
�
� xn …x�

�
� 2

…� n� n
�
� xn …Snzn

�
� 2

� � n
�
� f (xn) …x�

�
� 2

+ (1 …� n)
�
� xn …x�

�
� 2

+ � n(2 + � n)
�
� xn …x�

�
� 2

…� n� n
�
� xn …Snzn

�
� 2

�
�
� xn …x�

�
� 2

+ � nM1 + � n(2 + � n)M1 …� n� n
�
� xn …Snzn

�
� 2

,

wheresupn
 1{� f (xn) …x� � 2 + � xn …x� � 2} � M1 for someM1 > 0. This immediately implies

� n� n
�
� xn …Snzn

�
� 2

�
�
� xn …x�

�
� 2

…
�
� xn+1 …x�

�
� 2

+ � nM1 + � n(2 + � n)M1

= � n …� n+1 + � nM1 + � n(2 + � n)M1.
(3.29)
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Since 0 <lim infn�� � n, 0 <lim infn�� � n, � n � 0, � n � 0, and� n …� n+1 � 0, we infer
from (3.29) that

lim
n��

�
� xn …Snzn

�
� = 0,

which, together with the boundedness of{xn}, implies that

� xn+1 …xn� =
�
� � n

�
f (xn) …xn



+ � n

�
Snzn …xn


 ��

� � n
�
� f (xn) …xn

�
� + � n

�
� Snzn …xn

�
�

� � n
�
� f (xn) …xn

�
� +

�
� Snzn …xn

�
� � 0 (n � � ).

(3.30)

From the boundedness of{xn}, it follows that there exists a subsequence{xnk } of {xn} such
that

limsup
n��

�
(f …I)x� ,xn …x� �

= lim
k��

�
(f …I)x� ,xnk …x� �

. (3.31)

SinceH is re”exive and{xn} is bounded, we may assume, without loss of generality, that
xnk � �x. Thus, from (3.31) one gets

limsup
n��

�
(f …I)x� ,xn …x� �

= lim
k��

�
(f …I)x� ,xnk …x� �

=
�
(f …I)x� ,�x …x� �

.
(3.32)

SinceSnxn …Sn+1xn � 0 (due to the assumption),un …Gun � 0 (due to (3.28)), xn …xn+1 �
0 (due to (3.30)), andxnk � �x for {xnk } � { xn}, by Lemma3.3, we obtain that�x � 
 . Hence
from (3.12) and (3.32), one gets

limsup
n��

�
(f …I)x� ,xn …x� �

=
�
(f …I)x� ,�x …x� �

� 0, (3.33)

which, together with (3.30), leads to

limsup
n��

�
(f …I)x� ,xn+1 …x� �

= limsup
n��


�
(f …I)x� ,xn+1 …xn

�
+

�
(f …I)x� ,xn …x� ��

� limsup
n��


 �� (f …I)x�
�
� � xn+1 …xn� +

�
(f …I)x� ,xn …x� ��

� 0.

(3.34)

Note that {� n(1 …� )} � [0, 1],
	 �

n=1 � n(1 …� ) = � , and

limsup
n��

�
2� (f …I)x� ,xn+1 …x� �

1 …�
+

� n

� n
·

(2 + � n)M0

1 …�

�
� 0.

Consequently, applying Lemma2.4to (3.22), one haslimn�� � xn …x� � 2 = 0.
Case 2.Suppose that�{ � nk } � { � n} such that� nk < � nk+1 	 k � N , whereN is the set of

all positive integers. De“ne the mapping� :N � N by

� (n) := max{k � n : � k < � k+1}.
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By Lemma2.6, we get

� � (n) � � � (n)+1 and � n � � � (n)+1.

Putting p = x� andq = y� , from (3.15) and (3.16), we obtain

� � (n)
�
� x� (n) …u� (n)� 2 + (1 …µ)



� y� (n) …z� (n)� 2 + � y� (n) …w� (n)� 2�

+ µ 2(2� …µ 2)

×
�
� B2u� (n) …B2x�

�
� 2

+ µ 1(2� …µ 1)
�
� B1� � (n) …B1y�

�
� 2�

� � � (n) …� � (n)+1 + � � (n)(2 + � � (n))M0 + 2� � (n)M0

(3.35)

and

� � (n)

 �� u� (n) …� � (n) + y� …x�

�
� 2

+
�
� � � (n) …w� (n) + x� …y�

�
� 2�

� � � (n) …� � (n)+1 + 2µ 2
�
� B2x� …B2u� (n)

�
�
�
� � � (n) …y�

�
�

+ 2µ 1
�
� B1y� …B1� � (n)

�
�
�
� w� (n) …x�

�
� + � � (n)(2 + � � (n))M0 + 2� � (n)M0.

(3.36)

So it follows from (3.35) that

lim
n��

� x� (n) …u� (n)� = lim
n��

� y� (n) …z� (n)� = lim
n��

� y� (n) …w� (n)� = 0, (3.37)

and

lim
n��

�
� B2u� (n) …B2x�

�
� = lim

n��

�
� B1� � (n) …B1y�

�
� = 0. (3.38)

Further, from (3.36), (3.38), and the boundedness of{� � (n)}, {w� (n)}, we deduce that

lim
n��

�
� u� (n) …� � (n) + y� …x�

�
� = lim

n��

�
� � � (n) …w� (n) + x� …y�

�
� = 0.

Therefore,

� u� (n) …Gu� (n)� = � u� (n) …w� (n)�

�
�
� u� (n) …� � (n) + y� …x�

�
� +

�
� � � (n) …w� (n) + x� …y�

�
�

� 0 (n � � ).

(3.39)

Utilizing the same inferences as in the proof of Case 1, we deduce that

lim
n��

� x� (n)+1 …x� (n)� = 0 (3.40)

and

limsup
n��

�
(f …I)x� ,x� (n)+1 …x� �

� 0. (3.41)
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On the other hand, from (3.22) we obtain

� � (n)(1 …� )� � (n) � � � (n) …� � (n)+1 + � � (n)(1 …� )
�

2� (f …I)x� ,x� (n)+1 …x� �
1 …�

+
� � (n)

� � (n)
·

(2 + � � (n))M0

1 …�

�

� � � (n)(1 …� )
�

2� (f …I)x� ,x� (n)+1 …x� �
1 …�

+
� � (n)

� � (n)
·

(2 + � � (n))M0

1 …�

�
,

which hence yields

limsup
n��

� � (n) � limsup
n��

�
2� (f …I)x� ,x� (n)+1 …x� �

1 …�
+

� � (n)

� � (n)
·

(2 + � � (n))M0

1 …�

�
� 0.

Thus, limn�� � x� (n) …x� � 2 = 0. Also, note that

�
� x� (n)+1 …x�

�
� 2

…
�
� x� (n) …x�

�
� 2

= 2
�
x� (n)+1 …x� (n),x� (n) …x� �

+ � x� (n)+1 …x� (n)� 2

� 2� x� (n)+1 …x� (n)�
�
� x� (n) …x�

�
� + � x� (n)+1 …x� (n)� 2.

(3.42)

Owing to � n � � � (n)+1, we get

�
� xn …x�

�
� 2

�
�
� x� (n)+1 …x�

�
� 2

�
�
� x� (n) …x�

�
� 2

+ 2� x� (n)+1 …x� (n)�
�
� x� (n) …x�

�
� + � x� (n)+1 …x� (n)� 2

� 0 (n � � ).

That is, xn � x� asn � � . This completes the proof. �

Theorem 3.2 Let S: H � C be nonexpansive and the sequence{xn} be constructed by the

modi“ed version of Algorithm3.1, that is, for any initial x 1 � C,

�
���������

���������

un = � nxn + (1 …� n)Snun,

wn = Gun,

yn = PC(wn …� nAwn),

zn = PCn(wn …� nAyn),

xn+1 = � nf (xn) + � nxn + � nSzn 	 n 
 1,

(3.43)

where for each n
 1, Cn and � n are chosen as in Algorithm3.1. Then xn � x� � 
 , where

x� � 
 is the unique solution to the HVI, � (I …f )x� ,p …x� � 
 0 	 p � 
 .

Proof We divide the proof into several steps.

Step 1.We show that{xn} is bounded. Indeed, using the same arguments as in Step 1 of

the proof of Theorem3.1, we obtain the desired assertion.
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Step 2.We show that

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

× � B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2� nM0

and

� n


� un …� n + q …p� 2 + � � n …wn + p …q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2µ 2� B2p …B2un�� � n …q�

+ 2µ 1� B1q …B1� n�� wn …p� + 2� nM0,

wheresupn
 1{� xn …p� 2 + � f (p)…p�� xn …p�} � M0 for someM0 > 0. In fact, using the same
arguments as in Step 2 of the proof of Theorem3.1, we obtain the desired assertion.

Step 3.We show that

� xn+1 …p� 2 �


1 …� n(1 …� )

�
� xn …p� 2 + � n(1 …� )

2� (f …I)p,xn+1 …p�
1 …�

.

In fact, using the same arguments as in Step 3 of the proof of Theorem3.1, we obtain the
desired assertion.

Step 4.We show that{xn} converges strongly to the unique solutionx� � 
 to the HVI
(3.12), with S0 = Sa nonexpansive mapping. In fact, puttingp = x� , we deduce from Step 3
that

�
� xn+1 …x�

�
� 2

�


1 …� n(1 …� )

� �� xn …x�
�
� 2

+ � n(1 …� )
2� (f …I)x� ,xn+1 …x� �

1 …�
. (3.44)

Putting � n = � xn …x� � 2, we show the convergence of{� n} to zero by the following two
cases.

Case 1.Suppose that there exists an integern0 
 1 such that{� n} is nonincreasing. Then
the limit limn�� � n = � < +� and limn�� (� n …� n+1) = 0. Puttingp = x� andq = y� , from
Step 2 we obtain

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

×
�
� B2un …B2x�

�
� 2

+ µ 1(2� …µ 1)
�
� B1� n …B1y�

�
� 2�

� � n …� n+1 + 2� nM0

and

� n

 �� un …� n + y� …x�

�
� 2

+
�
� � n …wn + x� …y�

�
� 2�

� � n …� n+1 + 2µ 2
�
� B2x� …B2un

�
�
�
� � n …y�

�
�

+ 2µ 1
�
� B1y� …B1� n

�
�
�
� wn …x�

�
� + 2� nM0.

By the same inferences as in Case 1 of the proof of Theorem3.1, we deduce that

lim
n��

� un …Gun� = 0, (3.45)
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lim
n��

� xn …xn+1� = 0 and limsup
n��

�
(f …I)x� ,xn+1 …x� �

� 0. (3.46)

Consequently, applying Lemma2.4to (3.44), we obtainlimn�� � xn …x� � 2 = 0.

Case 2.Suppose that�{ � nk } � { � n} such that� nk < � nk+1 	 k � N , whereN is the set of

all positive integers. De“ne the mapping� :N � N by

� (n) := max{k � n : � k < � k+1}.

By Lemma2.6, we get

� � (n) � � � (n)+1 and � n � � � (n)+1.

The conclusion follows using the same arguments as in Case 2 of the proof of Theo-

rem 3.1. �

Next, we introduce another composite subgradient extragradient algorithm.

Algorithm 3.2 Initialization : Given� > 0,µ � (0, 1),� � (0, 1), pick an initialx1 � C arbi-

trarily.

Iterative steps: Computexn+1 below:

Step 1. Calculateun = � nxn + (1 …� n)Snun and wn = Gun, and setyn = PC(wn …� nAwn),

where� n is chosen to be the largest� � { � , � � , � � 2, . . .} satisfying

� � Awn …Ayn� � µ � wn …yn� . (3.47)

Step 2. Calculatezn = PCn(wn …� nAyn) with Cn := {y � H : �wn …� nAwn …yn,y …yn� � 0}.

Step 3. Calculate

xn+1 = � nf (xn) + � nun + � nSnzn. (3.48)

Again put n := n + 1 and return to Step 1.

It is worth pointing out that inequality (3.5) and Lemmas3.1…3.3are still valid for Al-

gorithm 3.2.

Theorem 3.3 Let {xn} be the sequence constructed in Algorithm3.2. Then xn � x� � 
 ,

provided Snxn …Sn+1xn � 0,where x� � 
 is the unique solution to the HVI, � (I …f )x� ,p …

x� � 
 0 	 p � 
 .

Proof Using the same arguments as in the proof of Theorem3.1, we deduce that there

exists the unique solutionx� � 
 =
� �

i=0 Fix(Si) � Fix(G) � VI(C,A) to the HVI (3.12). We

divide the rest of the proof into several steps.

Step 1.We show that{xn} is bounded. In fact, using the same arguments as in Step 1 of

the proof of Theorem3.1, we obtain that inequalities (3.13) and (3.14) hold. Thus, from
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(3.14) it follows that

� xn+1 …p� � � n
�
� f (xn) …p

�
� + � n� un …p� + � n

�
� Snzn …p

�
�

� � n
� �� f (xn) …f (p)

�
� +

�
� f (p) …p

�
� 


+ � n� un …p� + � n(1 + � n)� zn …p�

� � n
�
� � xn …p� +

�
� f (p) …p

�
� 


+ � n� xn …p� + (� n + � n)� xn …p�

�
�
1 …

� n(1 …� )
2

�
� xn …p� + � n

�
� f (p) …p

�
�

=
�
1 …

� n(1 …� )
2

�
� xn …p� +

� n(1 …� )
2

2� f (p) …p�
1 …�

� max
�

� xn …p� ,
2� f (p) …p�

1 …�

�
.

By induction, we obtain� xn …p� � max{� x1 …p� , 2� f (p)…p�
1…� } 	 n 
 1. Therefore,{xn} is

bounded, and so are the sequences{un}, {wn}, {yn}, {zn}, {f (xn)}, {Ayn}, {Snun}, {Snzn}.
Step 2.We show that

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

× � B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + � n(2 + � n)M0 + 2� nM0

(3.49)

and

� n


� un …� n + q …p� 2 + � � n …wn + p …q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2µ 2� B2p …B2un�� � n …q�

+ 2µ 1� B1q …B1� n�� wn …p� + � n(2 + � n)M0 + 2� nM0,

(3.50)

for someM0 > 0. In fact, using (3.5), (3.13), (3.14), and the convexity of the function� (s) =
s2 	 s� R, we get

� xn+1 …p� 2

� � n
�
� f (xn) …f (p)

�
� 2

+ � n� un …p� 2 + � n
�
� Snzn …p

�
� 2

+ 2� n
�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� un …p� 2 +


� n + � n(2 + � n)

�
� zn …p� 2 + 2� n

�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n
�
� xn …p� 2 …� xn …un� 2 … (1 …µ)



� yn …zn� 2

+ � yn …wn� 2�
…µ 2(2� …µ 2)� B2un …B2p� 2 …µ 1(2� …µ 1)� B1� n …B1q� 2�

+ � n(2 + � n)� xn …p� 2 + 2� n
�
f (p) …p,xn+1 …p

�

� � xn …p� 2 …� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)� B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

+ � n(2 + � n)M0 + 2� nM0

(3.51)

wheresupn
 1{� xn …p� 2+� f (p)…p�� xn …p�} � M0 for someM0 > 0. This ensures that (3.49)
holds. Further, using similar arguments to those of (3.16), we obtain that (3.50) holds.
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Step 3.We show that

� xn+1 …p� 2 �


1 …� n(1 …� )

�
� xn …p� 2

+ � n(1 …� )
�

2� (f …I)p,xn+1 …p�
1 …�

+
� n

� n
·

(2 + � n)M0

1 …�

�
.

In fact, from (3.14) and (3.51), we have

� xn+1 …p� 2

� � n� � xn …p� 2 + � n� un …p� 2 +


� n + � n(2 + � n)

�
� zn …p� 2 + 2� n

�
f (p) …p,xn+1 …p

�

� � n� � xn …p� 2 + � n� xn …p� 2 + � n� xn …p� 2 + � n(2 + � n)M0

+ 2� n
�
f (p) …p,xn+1 …p

�

=


1 …� n(1 …� )

�
� xn …p� 2 + � n(1 …� )

�
2� (f …I)p,xn+1 …p�

1 …�
+

� n

� n
·

(2 + � n)M0

1 …�

�
.

Step 4.We show that{xn} converges strongly to the unique solutionx� � 
 of the HVI
(3.12). In fact, putting p = x� , we deduce from Step 3 that

�
� xn+1 …x�

�
� 2

�


1 …� n(1 …� )

� �� xn …x�
�
� 2

+ � n(1 …� )
�

2� (f …I)x� ,xn+1 …x� �
1 …�

+
� n

� n
·

(2 + � n)M0

1 …�

�
.

(3.52)

Putting � n = � xn …x� � 2, we show the convergence of{� n} to zero by the following two
cases.

Case 1.Suppose that there exists an integern0 
 1 such that{� n} is nonincreasing. Then
the limit limn�� � n = � < +� and limn�� (� n …� n+1) = 0. Puttingp = x� andq = y� , from
(3.49) and (3.50), we obtain that

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

×
�
� B2un …B2x�

�
� 2

+ µ 1(2� …µ 1)
�
� B1� n …B1y�

�
� 2�

� � n …� n+1 + � n(2 + � n)M0 + 2� nM0

and

� n

 �� un …� n + y� …x�

�
� 2

+
�
� � n …wn + x� …y�

�
� 2�

� � n …� n+1 + 2µ 2
�
� B2x� …B2un

�
�
�
� � n …y�

�
�

+ 2µ 1
�
� B1y� …B1� n

�
�
�
� wn …x�

�
� + � n(2 + � n)M0 + 2� nM0.

By the same inferences as in Case 1 of the proof of Theorem3.1, we deduce thatun …Gun �
0, xn …xn+1 � 0 and

limsup
n��

�
(f …I)x� ,xn+1 …x� �

� 0.

Consequently, applying Lemma2.4to (3.52), we obtainlimn�� � xn …x� � 2 = 0.
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Case 2.Suppose that�{ � nk } � { � n} such that� nk < � nk+1 	 k � N , whereN is the set of

all positive integers. De“ne the mapping� :N � N by

� (n) := max{k � n : � k < � k+1}.

By Lemma2.6, we get

� � (n) � � � (n)+1 and � n � � � (n)+1.

In the remainder of the proof, using the same arguments as in Case 2 of Step 4 in the proof

of Theorem3.1, we obtain the desired conclusion. �

Theorem 3.4 Let S: H � C be nonexpansive and the sequence{xn} be constructed by the

modi“ed version of Algorithm3.1, that is, for any initial x 1 � C,

�
���������

���������

un = � nxn + (1 …� n)Snun,

wn = Gun,

yn = PC(wn …� nAwn),

zn = PCn(wn …� nAyn),

xn+1 = � nf (xn) + � nun + � nSzn 	 n 
 1,

(3.53)

where for each n
 1, Cn and � n are chosen as in Algorithm3.2. Then xn � x� � 
 , where

x� � 
 is the unique solution to the HVI, � (I …f )x� ,p …x� � 
 0 	 p � 
 .

Proof We divide the proof into several steps.

Step 1.We show that{xn} is bounded. Indeed, using the same arguments as in Step 1 of

the proof of Theorem3.3, we obtain the desired assertion.

Step 2.We show that

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

× � B2un …B2p� 2 + µ 1(2� …µ 1)� B1� n …B1q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2� nM0

and

� n


� un …� n + q …p� 2 + � � n …wn + p …q� 2�

� � xn …p� 2 …� xn+1 …p� 2 + 2µ 2� B2p …B2un�� � n …q�

+ 2µ 1� B1q …B1� n�� wn …p� + 2� nM0,

wheresupn
 1{� xn …p� 2 + � f (p)…p�� xn …p�} � M0 for someM0 > 0. In fact, using the same

arguments as in Step 2 of the proof of Theorem3.3, we obtain the desired assertion.

Step 3.We show that

� xn+1 …p� 2 �


1 …� n(1 …� )

�
� xn …p� 2 + � n(1 …� )

2� (f …I)p,xn+1 …p�
1 …�

.
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In fact, using the same arguments as in Step 3 of the proof of Theorem3.3, we obtain the
desired assertion.

Step 4.We show that{xn} converges strongly to the unique solutionx� � 
 to the HVI
(3.12), with S0 = Sa nonexpansive mapping. In fact, puttingp = x� , we deduce from Step 3
that

�
� xn+1 …x�

�
� 2

�


1 …� n(1 …� )

� �� xn …x�
�
� 2

+ � n(1 …� )
2� (f …I)x� ,xn+1 …x� �

1 …�
. (3.54)

Putting � n = � xn …x� � 2, we show the convergence of{� n} to zero by the following two
cases.

Case 1.Suppose that there exists an integern0 
 1 such that{� n} is nonincreasing. Then
the limit limn�� � n = � < +� and limn�� (� n …� n+1) = 0. Puttingp = x� andq = y� , from
Step 2 we obtain

� n
�
� xn …un� 2 + (1 …µ)



� yn …zn� 2 + � yn …wn� 2�

+ µ 2(2� …µ 2)

×
�
� B2un …B2x�

�
� 2

+ µ 1(2� …µ 1)
�
� B1� n …B1y�

�
� 2�

� � n …� n+1 + 2� nM0

and

� n

 �� un …� n + y� …x�

�
� 2

+
�
� � n …wn + x� …y�

�
� 2�

� � n …� n+1 + 2µ 2
�
� B2x� …B2un

�
�
�
� � n …y�

�
�

+ 2µ 1
�
� B1y� …B1� n

�
�
�
� wn …x�

�
� + 2� nM0.

By the same arguments as in Case 1 of the proof of Theorem3.3, we deduce thatun …
Gun � 0, xn …xn+1 � 0 and

limsup
n��

�
(f …I)x� ,xn+1 …x� �

� 0.

Consequently, applying Lemma2.4to (3.54), we obtainlimn�� � xn …x� � 2 = 0.
Case 2.Suppose that�{ � nk } � { � n} such that� nk < � nk+1 	 k � N , whereN is the set of

all positive integers. De“ne the mapping� :N � N by

� (n) := max{k � n : � k < � k+1}.

By Lemma2.6, we get

� � (n) � � � (n)+1 and � n � � � (n)+1.

The conclusion follows using the same arguments as in Case 2 of the proof of Theo-
rem 3.3. �

Remark3.1 Compared with the corresponding results in Ceng and Wen [21], Ceng and
Shang [22], and Thong and Hieu [14], our results improve and extend them in the following
aspects:
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(i) The problem of “nding an element of
� �

i=0 Fix(Si) � Fix(G) in [21] is extended to de-

velop our problem of “nding an element of
� �

i=0 Fix(Si) � Fix(G) � VI(C,A) where{Si}�
i=1

is a countable family of� -uniformly Lipschitzian pseudocontractive mappings andS0 = S

is asymptotically nonexpansive. The hybrid extragradient-like implicit method for “nding

an element of
� �

i=0 Fix(Si) � Fix(G) in [21] is extended to develop our Mann implicit com-

posite subgradient extragradient method with line-search process for “nding an element

of
� �

i=0 Fix(Si) � Fix(G) � VI(C,A), which is based on the Mann implicit iteration method,

subgradient extragradient method with line-search process, and viscosity approximation

method.

(ii) The problem of “nding an element of Fix(S) � VI(C,A) with quasinonexpansive map-

ping Sin [14] is extended to develop our problem of “nding an element of
� �

i=0 Fix(Si) �

Fix(G) � VI(C,A) where {Si}�
i=1 is a countable family of� -uniformly Lipschitzian pseu-

docontractive mappings andS0 = S is asymptotically nonexpansive. The inertial subgra-

dient extragradient method with linear-search process for “nding an element of Fix(S) �

VI(C,A) in [14] is extended to develop our Mann implicit composite subgradient extra-

gradient method with line-search process for “nding an element of
� �

i=0 Fix(Si) � Fix(G) �

VI(C,A), which is based on the Mann implicit iteration method, subgradient extragradient

method with line-search process, and viscosity approximation method.

(iii) The problem of “nding an element of
 =
� N

i=0 Fix(Si) � VI(C,A) with “nitely many

nonexpansive mappings{Si}N
i=1 is extended to develop our problem of “nding an ele-

ment of 
 =
� �

i=0 Fix(Si) � Fix(G) � VI(C,A) with a countable family of� -uniformly Lip-

schitzian pseudocontractive mappings{Si}�
i=1. The hybrid inertial subgradient extragra-

dient method with line-search process in [22] is extended to develop our Mann implicit

composite subgradient extragradient method with line-search process, e.g., the original

inertial approachwn = Snxn + � n(Snxn …Snxn…1) is replaced by Mann implicit composite

iteration method un = � nxn + (1 …� n)Sun and wn = Gun. In addition, it was shown in [22]

that, under conditionSnzn …Sn+1zn � 0, the conclusion holds:

xn � x� � 
 � � xn …yn� + � xn …xn+1� � 0 with x� = P
 (I …� F + f )x� .

In this paper, using Lemma2.6, we show that, under conditionSnxn …Sn+1xn � 0, the

following conclusion holds:

xn � x� � 
 with x� = P
 f
�
x� 


.

4 Applications
In this section, applying our main results, we deal with the GSVI, VIP, and CFPP in an

illustrated example. Putµ 1 = µ 2 = 1
3, � = 1, µ = � = 1

2, � n = 2
3, � n = 1

3(n+1) , � n = n
3(n+1) , and

� n = 2
3.

We “rst provide an example of two inverse-strongly monotone mappingsB1,B2 : C �

H, Lipschitz continuous and pseudomonotone mappingA, asymptotically nonexpansive

mapping S, and countably many� -uniformly Lipschitzian pseudocontractive mappings

{Si}�
i=1 with 
 =

� �
i=0 Fix(Si) � Fix(G) � VI(C,A) �= 
 with S0 := S. LetC = […3,3] andH = R

with the inner product �a,b� = ab and induced norm� · � = | · |. The initial point x1 is ran-

domly chosen inC. Takef (x) = 1
2x 	 x � C with � = 1

2, and putB1x = B2x := Bx= x …1
2 sinx

	 x � C. Let A : H � H and S,Si : C � C be de“ned asAu := 1
1+| sinu| … 1

1+|u| , Su:= 5
6 sinu,



Ceng et al.Journal of Inequalities and Applications        (2022) 2022:78 Page 26 of 28

and Siu = Tu = sinu 	 u � H, i 
 1. We now claim thatB is 2
9-inverse-strongly monotone.

In fact, sinceB is 1
2-strongly monotone and3

2-Lipschitz continuous, we know thatB is
2
9-inverse-strongly monotone with� = � = 2

9. Let us show thatA is pseudomonotone and

Lipschitz continuous. In fact, for allu,v � H, we have

� Au …Av� �

�
�
�
�

� v� …� u�
(1 + � u� )(1 + � v� )

�
�
�
� +

�
�
�
�

� sinv� …� sinu�
(1 + � sinu� )(1 + � sinv� )

�
�
�
�

�
� v …u�

(1 + � u� )(1 + � v� )
+

� sinv …sinu�
(1 + � sinu� )(1 + � sinv� )

� � u …v� + � sinu …sinv� � 2� u …v� .

This implies that A is Lipschitz continuous with L = 2. Next, we show thatA is pseu-

domonotone. For eachu,v � H, it is easy to see that

�Au,v …u� =
�

1
1 + | sinu|

…
1

1 + |u|

�
(v …u) 
 0

� � Av,v …u� =
�

1
1 + | sinv|

…
1

1 + |v|

�
(v …u) 
 0.

Besides, it is easy to verify thatS is asymptotically nonexpansive with� n = ( 5
6)n 	 n 
 1,

such that� Sn+1xn …Snxn� � 0 asn � � . Indeed, we observe that

�
� Snu …Snv

�
� �

5
6

�
� Sn…1u …Sn…1v

�
� � · · · �

�
5
6

� n

� u …v� � (1 + � n)� u …v�

and

�
� Sn+1xn …Snxn

�
� �

�
5
6

� n…1�
� S2xn …Sxn

�
� =

�
5
6

� n…1��
�
�

5
6

sin(Sxn) …
5
6

sinxn

�
�
�
�

� 2
�

5
6

� n

� 0.

It is clear that Fix(S) = {0} and

lim
n��

� n

� n
= lim

n��

(5/6)n

1/3(n + 1)
= 0.

In addition, it is clear thatSi = T is nonexpansive and Fix(T) = {0}. Therefore,
 = Fix(T)�

Fix(S)� Fix(G)� VI(C,A) = {0} �= 
 . In this case, noticingSn = T andG = PC(I …µ 1B1)PC(I …

µ 2B2) = [PC(I …1
3B)]2, we rewrite Algorithm 3.1as follows:

�
���������

���������

un = 2
3xn + 1

3Tun,

wn = [PC(I …1
3B)]2un,

yn = PC(wn …� nAwn),

zn = PCn(wn …� nAyn),

xn+1 = 1
3(n+1) · 1

2xn + n
3(n+1)xn + 2

3Snzn 	 n 
 1,

(4.1)
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where for eachn 
 1,Cn and� n are chosen as in Algorithm3.1. Then, by Theorem3.1, we

know that {xn} converges to 0� 
 = Fix(T) � Fix(S) � Fix(G) � VI(C,A).

In particular, sinceSu:= 5
6 sinu is also nonexpansive, we consider the modi“ed version

of Algorithm 3.1, that is,

�
���������

���������

un = 2
3xn + 1

3Tun,

wn = [PC(I …1
3B)]2un,

yn = PC(wn …� nAwn),

zn = PCn(wn …� nAyn),

xn+1 = 1
3(n+1) · 1

2xn + n
3(n+1)xn + 2

3Szn 	 n 
 1,

(4.2)

where for eachn 
 1,Cn and� n are chosen as above. Then, by Theorem3.2, we know that

{xn} converges to 0� 
 = Fix(T) � Fix(S) � Fix(G) � VI(C,A).
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