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Abstract

The generalized derivative Hardy space Siﬂ(ID)) consists of all functions whose
derivatives are in the Hardy and Bergman spaces as follows:
for positive integers «, B,

OBy 1
Sup @ = {F €MDY IFIE, =1 + =217 [+ 215 <00},

where H(D) denotes the space of all functions analytic on the open unit disk ID. In this
paper, we study characterizations for Toeplitz operators to be complex symmetric on
the generalized derivative Hardy space S;ﬁ(]D)) with respect to some conjugations Cg,
Cu,n- Moreover, for any conjugation C, we consider the necessary and sufficient
conditions for complex symmetric Toeplitz operators with the symbol ¢ of the form
0@2) =302 @EnZ" + 302 @(n)z". Next, we also study complex symmetric Toeplitz
operators with non-harmonic symbols on the generalized derivative Hardy space
Sfxﬂ(]D)).

1 Introduction
Let H be a separable complex Hilbert space and let L£(#) be the algebra of bounded linear
operators on . We say that an anti-linear operator C on H is a conjugation if C*> = I and
(Cx, Cy) = (y,x) for all x,y € H. If C is a conjugation on #, there exists an orthonormal
basis {e,}32, for # such that Ce, = e, for all n (see [5]). We say that an operator T € L(H)
is complex symmetricif T = CT*C for a conjugation operator C on ‘H. The topic of complex
symmetric operators, which includes all truncated Toeplitz operators, Hankel operators,
normal operators, and some Volterra integration operators, has been studied by many
authors (see [4, 5], and [8] for more details).

For the open unit disk D in C, let H(DD) be the space of all analytic functions on D. Let
L%(D,dA) be a Hilbert space with the inner product

(f.g) = /Df(Z)@dA(Z),
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where f,g € L*(D,dA) and dA is the area measure of . The Hilbert Hardy space H*(D)
contains all functions f analytic on D with

o0 oo
flz) = Zanz”, where Z |a,|? < 0.
n=0 n=0

The Bergman space A*(D) consists of the space of analytic functions f in L2(D, dA) with

o0 o0
1
z)= Y a,Z", where a,|? < o0o.
f(2) n§=0 n n2=0n+1| nl

The Dirichlet space D*(D) is given by
2 [ee]
D)= {f € HD): If 13 = If 172 + | |42 = D _(n + DIfu* < 00 ¢
n=0
The reproducing kernels of the spaces H2(D), A%2(D), and D?(D) have the following forms:

1 1
and K3(z)=—1In s
W@ wz l1-wz

1
Kiz)=——, KX2)=

1-wz (1-wz)?’

respectively. Many authors in [1-3] and [11] studied intensively multiplication and
Toeplitz operators on the Hardy space, Bergman space, and Dirichlet space.
In 2019, Gu and Luo [6] introduced the derivative Hardy space S?(D) as follows:

SHD) = {f € HD): I = W+ 5 1 o + 517 o < 00}

= {fGH(D) : |[f||§% = ;WI%F < oo},

where f(z) = Y 77, a,z". The reproducing kernel of the derivative Hardy space S3(D) is
given by

2 [ 1
K,(z) = W |:wz +(wz-1)In 1 —Wzi|'

Recently, the authors in [9] defined the generalized derivative Hardy space Si,ﬁ(]D)) for
o,BpeNas

By 1y
Sep(D) = {f €HD): I = lhe + =g 1 e + 5 1 e < oo}

- {feH(D) i =50 Dy <oo},
’ n=0

wheref(z) = 3,2 a,2". Since S}, 5(D) = S3 , (D) clearly holds, we focus on the space S, 4(DD)
for a < B. Especially, if & = 1 and g = 2, then S, ;(DD) becomes S}(ID).
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Let L*°(D) be the set of all essentially bounded measurable functions in I, and let P
be the orthogonal projection from L2(D,dA) onto Si,ﬂ(D)‘ For ¢ € L*(D), the Toeplitz
operator T, on S7, (D) is defined by

Tof :=Plp-f) forf €S (D).

Note that, for ¢,y € L*°(ID), from the definition of the Toeplitz operator, T,y = T +
Ty and T = Ty where @ is a complex conjugation of ¢. The reproducing kernel K, (z)
of the space S}, 5(D) is

Kw(z):aﬁl 1(1_1)

B-a "1-mwz\(2)e (w2

op {(Laa_l(Wz) - LSﬁ_l(WZ)},

" B —a | (wz)« (wz)P

where §,,(z) = > "%, mCr (1) [(1-2)"—1] (see [9, Lemma 2.1]). Thus we have

r

(nﬁw=éywwmnwmmw

for f € S% 4(D) and @ € D.

This paper is organized as follows. First, we study characterizations for Toeplitz oper-
ators to be complex symmetric on the generalized derivative Hardy space S’ 5(D) with
respect to some conjugations. Moreover, we also focus on complex symmetric Toeplitz
operators with non-harmonic symbols on the generalized derivative Hardy space Si, (D).

2 Complex symmetric Toeplitz operators

In this section, we study complex symmetry of Toeplitz operators on the space S2, 5(D).
For the convenience of readers, we begin with the following lemma which comes from [9].
Let N be the natural numbers and let Ny = N U {0}.

Lemma 2.1 ([9]) Fors,t € Ny, the following statements hold:

o o] EE e
0 ifs#t.

(s+a)(s+B)  _s—t
(i) P(Z'2)= ey v AN A
0 ifs<t.

Remark 2.2 We mentioned in [9] that there is the difference between the Hardy space
H?*(D) (or Bergman space A%(D)) and the generalized derivative Hardy space Sﬁyﬁ (D). In-
deed, for s,¢ € Ny, the inequality [|Z°z°|| > ||P(Z'z)|| holds on H*(D) and A%(DD). However,
it holds that

|22 = [PE2)] on SZ5(D)

(s+a)(s+B)
because of m > 1.
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Theorem 2.3 For n € Ny, let {e,} on S? ﬂ(ID)) be given by

ap

"0 v

forzeD.

IfC is anti-linear on thﬂ (D) such that Ce,, = 8,e, with |8,,| = 1, then the following statements

hold:
(i) Parseval’s identity Y oo |{f> Cen) > = Y oo l{f>€n) 1> = |If I3 holds for every
fe Sz,ﬂ (D).
(i) The set of functions {Cey(z) := W Cz"} forms an orthonormal basis for
55,5 (D).

Proof (i) From Lemma 2.1, we have

_ ap op 0 m\ _
(en em) = \/(n T o)+ ﬁ)\/(m T a)m+B) (22"} = bun ()

where §,,, = 1 if n = m, and 6, = 0 if n # m. Thus {e,} is an orthonormal sequence for
S2 4(D). Since C is anti-linear on S}, ;(ID) such that Ce, = 8,e, with |8,] = 1, it follows that
C is a conjugation on ng,ﬁ (D). Hence

(Ceru Cem) = (em,en)

[ w B s
N (m+a)m+B) (n+a)(n+ﬁ)<z /Z") = B

First, we will show that Parseval’s identity Z:io I(f, Ce,)|? = |lf||2 holds for every f €
2 5(D). Let Cf (2) = Y _p2 g @xz". Then

k K ~
1% = 1 CFI2 = ZMW
k=0 0!,3

and

(f(Z), Cen(z)> = <€n(Z), Cf(Z))

=<V (n+a n+ﬁ Z >
of > .
=V (n+oz)(n+,3);ﬂk<z 2

Ol,B =~ n _n
(n+a)(n+ﬁ)“”(z Z)

_ |nr @)t f~

of
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Therefore
> > (n + a)(
2
YO Cen)|* =Y Dz =i,
n=0 n=0

and by a similar calculation, we get ||f|> = Yo, |{f, e,)|>. Hence Parseval’s identity holds.
(ii) Since Parseval’s identity holds by (i), f = >~ (f, Ce,) Ce, for every f € Sﬁy 5 (D). Hence
{Ce,} forms an orthonormal basis for S> ﬂ(ID)) O

Especially, if @ = 1 and B = 2 in Theorem 2.3, then we get the following result.

Corollary 2.4 For n € Ny, let {e,} on S?(D) be given by

en(z) = forzeD.

n+1)(n+2) z

Let C be anti-linear on S?(D) such that Ce, = 8,e, with |8,| = 1. Then Parseval’s identity
Sl Cen) 2 =020 1ifren)|? = IIf I3 holds for every f € S3(D). Moreover, the set of func-

tions {Ce,(z) := Cz"} forms an orthonormal basis for S3(D).

2
(n+1)(n+2)

In 2016, the authors in [8] introduced the conjugation C,; on the Hardy space H? as
in (3). Remark that the space H?(D) has the reproducing kernel K} (z) and the normalized

reproducing kernel k,,(z) given by

forweD,

1 V1-|w?
1(1},(Z) = 1—_ and kW(Z) = —|_MZ)|

respectively. Recently, the authors in [10] gave the conjugation C; which has the form as
in (2) on the Hardy space H?(ID). We can easily show that the following operator as in (2)

is the conjugation on S, (D).

Lemma 2.5 (i) Let £ € R be with |§| < 1. Assume that the operator Cg is defined by

Cef (2) = —ks (2)f (V£ (2)) )

or some f € S2 (D) where Yz (z) = <= Then C; is a conjugation on Sz 5(D).
o, § 1-£z 3 jug
(ii) For every v and » in C with || = |x| =1, let C, 5 : S? s (D) = s? ﬂ(]D)) be given by

Cunf (2) = uf (A2). ®3)
Then C,,,, is a conjugation on S‘iﬁ(}]})).

Now, we establish a necessary and sufficient condition for a Toeplitz operator T, on
s2 (D) to be complex symmetric with respect to the above conjugations.

Theorem 2.6 Let ¢ € L*°(D). Then the following statements hold:
() If¢ eRwith |§| <1, then T, on S2 o5 (D) is complex symmetric with the conjugation Cg

if and only if p(z) = <p(1ﬁ§ (2)), where Y (2) = f_gz.

Page 5 of 12
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(ii) T, on Sﬁ,ﬂ (D) is complex symmetric with the conjugation C,, if and only if ¢(z) =
o(\Z).

Proof (i) Let T, on S% (D) be complex symmetric with the conjugation Cy. Since § is real,

it follows that |1 — £Z| = |1 — £z], and so |kg (V¢ (2))|?|ke (z)|*> = 1. Thus, by Lemma 2.5, we

have
(T;f,g) = <CS Twcﬁfrg)
= (Ceg, Ty Cef) = (Ceg, P(9Cef)) = (Cegr 9 Cef)

= /D ke (2)g(v(2)) - p(2)ke (2)f (Ve (2)) dA(z)

- /D ke @) "¢ (v (2) 0 @)f (Ve (2)) dA(2)

- [ I @) o @) @@k @ dae)

- /D o (7: @) (e@ dAG)

= (0 (V:(2)f.g)
= {f.P(¢(¥:(2)))g)

for f,g € S 4,(D). Hence we get that T,g = T rm)g forall g € Sz 4(D) and then ¢(z) =

(£ (2)). The converse implications clearly hold by a similar method.
(ii) We claim that if P denotes the orthogonal projection of L? onto Sﬁ,ﬁ (D), then the

operators C,,, and P commute.

Since e, (z) = ./ %z”, it follows that, for n > 0,

PC, e, = Pur'e,

_ ap 2
N (m+a)(n+pB) po 2
/ off .
= mCM’AZ = Cﬂ,)\Pen,

and for n < 0, we have that PC,, e, = Puxnen =0=C,,Pe,. Hence

CupP=PCy;. (4)
Thus we complete the proof for the claim. By a similar way of the proof of [7, Theorem
2.2], we know from (4) that T, on S, (D) is complex symmetric with the conjugation C,;

if and only if T, on Si,,s (D) is complex symmetric with the conjugation Cy; if and only if
9(2) = p(12). O

As some applications of Theorem 2.6, we get the following corollaries.

Page 6 of 12
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Corollary 2.7 Let ¢ € L*°(D) and let the operator C 1 be defined by

V3 1-2z
C = (==).
e <2—z) f<2—z)
or some [ € en on is complex symmetric with the conjugation 1 I}
Se 4(D). Then T, on S}, 4(D) lex sy h the conjug C
and only if (z > o(5Z).

Corollary 2.8 Let¢(z) =Y oo b,z" € L°(D).If T, is a Toeplitz operator on Sﬁy 5 (D), then
T, is complex symmetric with the conjugation C,; if and only if p(2) = by + > oy bu(2" +
A'Z") with |A| = 1. Moreover, if T,, is complex symmetric with the conjugation C,,;, then T,
is normal if and only if \"b,, = b, = A"b_y, for all n € No with |1| = 1.

Proof The proof follows from Theorem 2.6 and [8]. O

Theorem 2.9 Let ¢ be in L(D) such that ¢(z) = Y o2, §(—n)Z" + Y20, $(n)2", and let C
be a conjugation on Sﬁyﬁ (D). Then T, on Si,ﬁ (D) is a complex symmetric operator with the
conjugation C if and only if p(—k) = C@(k) for all k € Ny.

Proof Let f(z) = Z}’:O a7 and Cf (z) = Z;fo @7 . Denote
oo

¢+(Z)—Z<p(n)z and ¢_(2)=) ¢(-n)z"

n=0 n=1

By the proof of Theorem 2.3, we obtain that

@.f = Z/ioo Zfo P(k)a,z+n,
Plp-f) = 330 ok ikt @ (K)anz"

< (5)
P@.Cf) = Yo Yok %w(k)anzn .
P-Cf = X3 o 9Ky .
Since T, is complex symmetric with the conjugation C if and only if
@+f + Plo_f) = CP(g;Cf) + C(p-Cf), (6)
thus equation (6) gives that
o0 oo [o.SlNe e}
PBYBILLEREDD Z et D) Ra,
pargry el (m—k+a)n-—k+p)
s (n+a)n+p) e g
- K)a,z (=K)a, 7
g;(n kra)n—k+ ) Doe SED DM @)

I
(=}

k=

—

n

From the constant term in (7), we have

o0

n+a)(n+pB) (n+a)n+B) —~
Z(n k+o)(n— k+ﬂ)(p(k 202 ks ki p) L
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Since ay is arbitrary, we have ¢(—k) = C¢(k) for all k € Ny. Conversely, if ¢(—k) = Co(k) for
all k € Ny, then T, is complex symmetric with the conjugation C. O

Corollary 2.10 Let ¢ be in L(D) such that ¢(z) = Y oy ¢(-n)Z" + Y oo §(m)z". If C is
anti-linear on Sﬁyﬂ(]]])) such that Ce, = 8,e, with |8,| = 1, then T, on Si’ﬂ(]D)) is a complex

symmetric operator with the conjugation C if and only if p(—k) = 8y @ (k) for all k € Ny.

3 Complex symmetry with non-harmonic symbols

In this section, we study the complex symmetry with non-harmonic symbols. In the
Hardy space H%(T), 2"z is equal to 2", but in the generalized derivative Hardy Si, P (D),
z"Z" # 2" 7" since z € D. The following result gives a necessary and sufficient condition for

complex symmetric Toeplitz operators with non-harmonic symbols.

Theorem 3.1 Let ¢(z) = Y ooo(aiz" 2™ + bz’ 2") for a;, b; € C, and let n; — m; = t; —s; hold.
Then T, on Si, (D) is complex symmetric with the conjugation C,,; if and only if ¢ is either

oo
0(2) =Y (ailzl™™ + bz
i-0
or
o0
9(2) =) (22" + A"
i-0
fora;, b; € C.

Proof Assume that #; > m; for i € N and T, is complex symmetric with the conjugation
Cpu.. If k > max;en{n; — m;}, then
o0
C,uyk Twzk = CM,AP<Z(ﬂiszmi+k + bi?iztﬁk))
i=0

L

_ i (m; +k +a)m; + k+ B) 2.k

G | (mi+ k= n; + @) m; + k—n; + ) “

. t+k+a)t;+k+B) Ve
(ti+k—5i+0[)([l'+k—si+,8) !

o]

_ Z (m; + k +a)(m; + k+ B) R ke
L (mi+k—n+a)m;+k—n;+p) !
ti+k+a)t;+k+B) ——titk=S; 4o ks
b RS
+M(ti+k—si+a)(ti+k—si+/3) ‘

and
T;CM,)LZI( = Taﬂxl(Zk

_ /,kap (Z [a—izm,vznﬁk + Ezt,'zsﬁk])

i=0
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o0

_ Z[Mxk (i +k +a)(n +k+B) — ivkomi

mi+k—m+a)m+k—m;+8)

i=0

—k  (sitk+o)si+k+B) — i,
A b; it
T (si+k—ti+a)(si+k—t;+B) z

Since T, is a complex symmetric operator with the conjugation C,,;, we have that
mi=m; and s;=1

forany i > 0, i.e., ¢ is of the form ¢(2) = Y=y (a;lz|*" + b;|z|*) or

(m; + k +a)(m; + k+ B) _mini itk+a)(sitk+p) - 8)
(mi+k—ni+a)(mi+k—ni+,3)al S sitk—tita)sitk—t+p)
and
ti+k+a)t;+k+B) Tt (mi+k+a)(m+k+p) : )
tivk-si+a)ti+k—s;i+B) (m+k—mi+a)m+k—m+p)

for all i € N. By equations (8) and (9), we obtain s; = m;, t; = n;, and a; = b;)"i™™i for all

i >0, and so ¢ is of the form
oo
@(z) = Z ai (2" + M),
i=0
On the one hand, suppose that ¢ is of the form
oo
9(2) =) ai(Z2" + ).
i=0
Then, by similar calculations, we have that

oo
CunT, Y a
k=0

o0 o0
= u,xP<Z Z(aickznizm“k + aick)»m"_”‘imiz""*k))

i=0 k=0
B it it (m; + k +a)(m; + k+ B) ——
G <20: LZM (mi + k —n; + ) (m; + k—n; + B)

i+ k i+ k A ke
+Z - (ni+k+a)(ni+k+B) 4T ik mz:|)

i+k—m+o)n+k—m;+ B)

S mi+k—ni+a)(m; + k—n; + B)

oo oo
m; +k+o)(m; + k+ —mi+k-n;
:Z|: Z (m; ) (m; B) ﬂjCkA.ml+k i i tk=n;

i=0 Lk=n;—m;
s i (n;+k+a)(n; +k+ B) a,'ckxkz””k_mi
= (mi+k—mi+a)(n+k—m+p)
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o0 o0 k
A [aiz’”lz”’+k+aik " ’z"lz’”'*k]

|: i (n;+k+a)n; + k+B) ke
chﬂ azl L

(n; + k—m; +a)(n; + k—m; + B)

(mj+k—nj+a)m +k—n;+B) z

i+ k i+ k ————
* Z Gt A ke i k4 B) am mk}

k=n;—m;

Therefore, we know that

(e e} o0
CunTy Z k= T;CM Z axZs,
k=0 k=0

and hence T, is complex symmetric with the conjugation C,, ,.
Similarly, if ¢ is of the form ¢(z) = Y- (a:|z|*™ + b;|z|*), then we can show that T, is
complex symmetric with the conjugation C,, ;. This completes the proof. O

Remark 3.2 Let

o(z) = Z(ai?"’zmi + biz2")
i=0
for a;, b; € C and let n; — m; = t; — s; hold. By Theorem 2.6, T, on Sflﬁ(]D)) is complex sym-

metric with the conjugation C,,, if and only if ¢(Az) = ¢(z). Indeed, since

0(02) - 9(2) = Y (a:(3:2)" 02" + bi(3Z) (A2)") = Y (aZ"2™ + bZ2")
i=0

oo
(@2 (2™ + bik"'2% (MiZ4)) = Y " (aZ"2"™ + biz'iz")
i=0

L lPH18 1M

T
o

[@id"i7"ig" 2™ + b)izZ — aZ"2" - biZ2"] = 0

ifand only if s; = m;, t; = n;, and a; = b)) =™,

Corollary 3.3 (i) Let p(z) = Y p(aiz" 2™ + b;Z"iz") for some a;, b; € C. Then T, on Sﬁ,ﬁ(ID))
is complex symmetric with the conjugation C,,, if and only if a; = b; =",

(il) If o(2) = 3 ooy (@iz" 2 + bZ"i2"i*Y) for some aj, b; € C, then T, on 82 4(D) is com-
plex symmetric with the conjugation C,,, if and only if a; = b; for all i.



Ko et al. Journal of Inequalities and Applications (2022) 2022:74 Page 11 of 12

(ii)) If ¢(2) = 3" 2ailz|* for a; € C, then T, on S, ,(D) is complex symmetric with the
conjugation C,, ;.

Proof (i) If s; = m; and ¢; = n; in Theorem 3.1, then we obtain statement (i).

(ii) If we put #; = m; + 1 in (i), then we get statement (ii).

(iii) If s; = m;, t; = n;, and a; = b;, then we have this result. O
i0

Example 34 Let ¢(z) = Y (aZ"2" + a;e®Z"iz") for some a; € C and for some real 6.

j
Then T, on S, 5(D) is complex symmetric with the conjugation Cj, ;.

Corollary 3.5 Let ¢(z) = Y i-y(aiz"2™ + bZ"'z") for a;, b; € C and let n; — m; = t; — s; hold.
If one of s; = my, t; = n;, and a; = b;\""™" does not hold, then T, on Si'ﬂ(ID)) is not complex
symmetric with the conjugation C,, ;.

Proof The proof follows from Theorem 3.1. O

Remark 3.6 In Theorem 3.1, the condition “n; — m; = t; —s;” is a necessary condition. If
not, we may not consider complex symmetric Toeplitz operators with such non-harmonic
symbols. For example, let ¢(z) = azz> + bz*z for a,b € C. Then, for k > 2, we have

(k+a+3)(k+p+3) k2 w2 (k+o+1)k+p+ I)Hk_lzk_l

k _
Cur T2 a2k T kva -k -1

and

k(k+a+1)(k+B+1)_ ;o _k(k+oz+2)(k+/,‘5+2)zk+1
k+a-2k+p-27 "M GrarDk+p+D)

T:Cpupd* =

Thus C,,, T,z" # T, C,,,2* for any k > 2, and so T, is not complex symmetric Toeplitz

operators.

Corollary 3.7 Let ¢(z) = az"z" + bz", where n,m,k € N with n > m and a,b € C with |a| #
|b|. Then T, on Si, (D) is never complex symmetric with the conjugation C,,.

Remark 3.8 If ¢(z) = az"2" for a € C and m,n € N with m # n or ¢(z) =z*z + bz for b e C
with b # 1. By Theorem 3.1 and Corollary 3.7, T, is never complex symmetric with the
conjugation C,,; in Sg[’ﬁ(]D)) and the Hardy space H%(T).

4 Conclusion

In this paper, we make characterizations for Toeplitz operators to be complex symmetric
on the generalized derivative Hardy space Sg,ﬁ(]D)) with respect to the conjugations Cg,
C,.,. asin Theorem 2.6. Moreover, in Theorem 2.9, we deduce the necessary and sufficient
conditions for complex symmetric Toeplitz operators with any conjugation C. Next, for
the conjugation C,,,, we also obtain complex symmetric Toeplitz operators with non-
harmonic symbols of the form ¢(z) = Y- (22" + b;Z"z") in Theorem 3.1. The results
of this paper provide an answer in the generalized derivative Hardy space Sg, (D) as in the
question raised in [8].
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