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1 Introduction

Classical results on perturbation of invariant subspaces of a matrix usually take one of the
two forms: (1) perturbation measured in terms of a natural metric in the space of vec-
tor subspaces (usually expressed as the sine of the angle between subspaces) with upper
bound described in terms of the perturbation in the matrices as well as the spectra of both
unperturbed and perturbed matrices (for example, the Davis—Kahan sin ® theorem [1] —
see Section VIIL3 of [2] where a generalization of this theorem is given for normal matri-
ces); or (2) perturbation measured in terms of bounds on norms of matrices that relate an
invariant subspace with its perturbation in a more complex manner (which, in general, is
not a natural metric in the space of vector subspaces) although the upper bound is based
on the spectrum of the unperturbed matrix only (see, for example, [1, 3] or Chapter V of
[4]).

In this paper! we first derive an upper bound reminiscent of the Davis—Kahan sin ®
theorem, but generalized for normal matrices and with modestly tighter bound (Propo-
sition 1). Then we use some geometric methods to derive a bound on perturbation mea-
sured in terms of a natural metric in the space of subspaces, but with upper bounds in
terms of spectrum of the unperturbed matrix only (Proposition 2) when the spectrum is
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well clustered (a relation formally described as “separation-preserving perturbation”). In
the latter case our proposed result also allows easy identification of the perturbed invariant
subspace (Lemma 7).

Definition 1 (Notations) Throughout the paper we assume M, M € C"" to be normal
matrices unless specified otherwise, and by “eigenvectors” we refer to their right eigenvec-
tors. The eigenvalues (not necessarily distinct) and corresponding unit eigenvectors (for
degenerate eigenspaces, any orthonormal basis thereof) of M are A; and u; forj = 1,2,...,n.
Likewise, the eigenvalues and corresponding unit eigenvectors of M are X,- and u; for
j=1,2,...,n. We will usually consider the eigenvectors to be column vectors in C"*!, Let
U=[u,uy,...,u,] and U = [§;, Ty, ..., ,] be the unitary matrices that diagonalize M and
M respectively. A dagger as superscript on a matrix or a vector, (-)', denotes the conju-
gate transpose (Hermitian transpose) of the matrix or vector. For notational convenience,
define N ={1,2,...,n}.

As a convention, we choose primed lower-case Latin letters to index variables (eigenval-
ues or eigenvectors) with tilde on them. Given a set S C N, we define the set us = {u;|j € S}.
Likewise s = {uy |/ € S}. Define the multi-sets As = {};|j € S} and s = {Xj/ lj € S} (by as-
serting that these are multi-sets, we allow multiplicity in the values, thus ensuring these
sets have the same number of elements as S). We also define the complement of S as
§=N-S.

The outline of the paper is as follows:

1 In Sect. 2.1 we describe a natural metric dy, on Gr(g, C") (the space of
g-dimensional complex vector subspaces of C") to measure perturbation of
invariant subspaces of # x n normal matrices. This metric is equivalent to the
Frobenius norm of the sin ® matrix between subspaces of C”.

2 Some geometry lemmas are proven in Sect. 2.2, and then they are used in Sect. 3.3
for deriving bounds on the perturbation of invariant subspaces in terms of the
spectrum of the unperturbed matrix only (when the spectrum is well clustered).

3 In Sect. 3.2 we describe an upper bound on the distance between invariant
subspaces in terms of the spectrum of both unperturbed and perturbed matrices.
Some of these results give improvements on the Davis—Kahan sin ® theorem for
normal matrices (although the Davis—Kahan sin ® is usually stated for Hermitian
matrices, there exist generalizations of the theorem for normal matrices — see
Section VIIL3 of [2]). As an example (see Fig. 1), for any ],7 C N, with |[J| = |7| =q,
Proposition 1 states

- —
|V = M)w [} - i miny 7 (3 = 42

miny e [Ay — A% = iyming g [Ay — A1

~ 1
dsp (span(u/), span(u7)) < | = Z
1 jel

Figure 1 Partition of the eigenvalues of M (in blue) and M (in red)
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with

0, if (M — M)wllz > miny e [y - l,
1, if [|(M - M)w;la < ming ge Ay = A

Kj—

This is a tighter upper bound than the Davis—Kahan sin ® theorem, which, as a
consequence, leads to the rediscovery of a couple of slight variations on the
Davis—Kahan sin ® theorem in Corollary 5, where, as an example, one result states
min(1, ”T;q) _
1M — M2,

sy (span(u]), span(uy )) = max(sep(k,,ip),sep()qc,xﬂ)
where sep(P, Q) = min,epqeq |p — gl simply measures the min-min distance between
the sets (this is unlike the Davis—Kahan sin ® theorem generalized for normal
matrices, where it is necessary to find a ‘strip’ or ‘annulus’ of width § separating A;
and ,):76 — see Theorem VIIL3.1 of [2]).

4 The next set of the main results of this paper appears in Sect. 3.3, which formalizes
the notion of well-clustered spectrum in Lemma 7, followed by Proposition 2 that
provides the upper bound on the perturbation of an invariant subspace in terms of
the spectrum of the unperturbed matrix only. These results rely on the geometry
lemmas from Sect. 2.2. As an example, one of the results of Proposition 2 states that
if |M = M5 < 3 sep(is, Ase), then

dp (span(uy), span(iry))

1 M- M), 2
S—min( Z( . I ) ;||3 ) ,
NZ mingese [Ag — Aj| — |M — M|

jel

Z( (M - M)u;|l >2>
mingey |Ax — Al — [|M — M||»

jee

o ( n—q) 13- M5
< min| 1, ~ ,
q /) sep(hy,Ase) = |M =Ml
where ] = {/' | minjey |3er — ;| = minje; |3er — A1} is the set of indices corresponding
to the eigenvalues of M that are closer to Ay than to Aje.
5 Sect. 4 demonstrates an application to the perturbation of a null-space of a matrix
in the context of a graph perturbation problem.

2 Preliminaries
2.1 A metricon Gr(q,C")
Definition 2 (Subspace distance) Suppose that X, Y C C” are g-dimensional vector sub-
spaces of C”".

Let {x;}j-1,,..4 and {yj};-1,2,..4 be orthonormal bases on X and Y. The subspace distance
between X and Y is defined as N

dsp (X: Y) =

1 +
7 XX =YY (1)

v
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where
X= [X1,X2,...,Xq] and Y= [Y1,Y2,..~,Yq] (2)

are the n x g matrices in which the columns represent the unit vectors {x;};-1,.,, and
{¥i}i=12.q- X" and Y' are the Hermitian transpose (i.e., adjoint) of X and Y respectively.

Note that the matrices XX and YY" are the projection operators on X and Y respec-
tively. The space of difference of such projection operators is well studied in the literature
(see [6, 7] for example), and the norms of such differences have been used as a metric on
Gr(gq, C") (see [8] for example). In fact this metric is equivalent to the Frobenius norm of
the sin ® matrix between subspaces of C” that is used for measuring perturbation of in-
variant subspaces in the context of the Davis—Kahan sin ® theorem. We choose the Frobe-
nius norm for measuring the distance between the projection operators and use a scaling
factor of ﬁ for convenience and some additional properties of the metric. The following
lemmas outline some elementary and mostly standard properties of this metric.

Let X' and Y+ be orthogonal complements of X and Y respectively in C". Let

..........

XL = [xq+1;xq+2;-~~rxn] and YL = [Yq+1qu+2’---)Yn]- (3)

Lemma 1 (Equivalent forms of d;)
1 dyp(X,Y) = 1= HIXYI2 = /1= 2550 S vl
2 dp () = JLIXEYIR = JE5 S Il
Proof

1 In the following we use the definition ||A[|% = tr(ATA) and the property that
tr(AB) = tr(BA).

(dp (X, 1))
_L F_yyt|?
- oo bxx vy}
- % (XX - YY) (XX - YY'))
= zi tr(XXXXT) + tr(YY'YYT) - er(XXTYYT) - er(YY'XXT)
q

= 2—1q(tr(XX+) +tr(YY') - 2tr(Y'XXTY))

(since X'X =Y'Y =1)
1 2
- Lo
q
(since tr(XX") = or(X'X) = Zx;xj = ¢, and likewise for Y)
j=1

=1-

Yoyl

q
k=1

Q=

q
j=1
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2 Note that [X,X"] is an # x # unitary matrix with columns being the vectors of the
orthonormal basis {x;}i_12,.... Thus, [X, X*][X, X" = XX + X*X+" = I. Thus,

1
(4o 1) = 1= - [ XY,
Lo
=1- ;Itr(Y'XX Y)
=1- ;Itr(y+ (1-x*x'")Y)
1 ¥ 1 fy Ly LT
=1—6—Itr(Y Y)+6—Itr(Y XtXY)

S1- L Lerrxixty)
a4

Lyt 2_1n - o2
LTI IHAR -

j=q+1 k=1

Lemma 2 (Properties of d;)
1 The value of ds,(X,Y) is independent of the choice of basis on X or 'Y (or the basis on
Xt or YL, if using the equivalent form in Lemma 1.2).
2 dgp is a metric on Gr(g, C") (the space of q-dimensional complex subspaces of C").
3 /qds(X,Y) = Jn—qdgp (X, Y 7).
4 dg,(X,Y) < 1, with equality holding iff X and Y are orthogonal subspaces (Which is
possible only if g < n/2).

Proof
1 Suppose that {x}}jzl,z ,,,,, 4 and {Y,,'}jzl,z,.‘.,q are a different set of orthonormal bases on
X and Y respectively. Define X' = [x},X5,...,X;], Y = [y}, 5,...,y,]. Thus there
exist ¢ X g unitary matrices Ry, Ry € U(q) such that X = X'Rx and Y = Y'Ry. Then

(dp(X, V))?

1 .
- 5o -

1 T

- LR (KR~ (YRR
1 ! ! !

- Lpext vy

For the equivalent form in Lemma 1.2 we can use the orthonormal basis
derive at the equivalent form using the primed basis.
2 Nonnegativity and symmetry properties are obvious from the definition of d.

If X and Y are the same subspaces, we can choose the same basis for them (since
the value of dg, (X, Y) is independent of the choice of a basis on X and Y), doing so
makes it obvious that dg, (X, Y) = 0.

Triangle inequality holds due to the fact that Frobenius norm of the difference of
matrices is a metric on C"*".
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3 Note that X* and Y= are (1 — g)-dimensional subspaces of C”. Furthermore, X is
the orthogonal complement of X*. As a consequence, due to Lemma 1.2,

1
anti vy [ L peve,
- .
- \/n:_q IY*'X|, (since IAlF = A7)
- = gy
= n_qﬂsp ) _\/T_qsf’ T

4 The last property is obvious from the result of Lemma 1.1.

2.2 Some results involving set distances

In this section we provide some geometry results that will be used in Sect. 3.3 for com-
puting the upper bounds on the perturbation of invariant subspaces in terms of the spec-
trum of the unperturbed matrix only. For the purpose of this paper and for simplicity, we
consider only closed subsets of metric spaces in the following lemmas, although all these
results can potentially be generalized for subsets that are open or/and closed in the metric
space.

Definition 3 Given closed subsets A, B of a metric space (¥, d), we define the following:
1 Separation between the sets

sep(4,B) = miAn d(a,b);

beB

2 Hausdorff distance between the sets
dn (A, B) = max (max min d(a, b), max min d(a, b));
acA beB beB acA
3 Diameter of a set

diam(A) = maxd(a,a’).
a€cA,

a'eA

Lemma 3 If (V,d) is a metric space, then for any closed subsets P,Q,R C W,
sep(P, Q) < sep(P, R) + sep(R, Q) + diam(R). (4)

Proof Let (p*,r1) € argmin,cp,cr d(p,r) (thatis, p* € P, r; € Rare a pair of points such that
d(p*,r1) = mingep,cr d(p,r) = sep(P, R)). Likewise, let (g%,1,) € argmingcqrerd(q, r) (that
is, d(q",r2) = sep(R, Q)). Then

sep(P, Q) < d(p*,q") (since sep(P, Q) = 1;1%1 d(p, q))
qe
<d (19*, 7”1) + d(rl, q*) (triangle inequality)
=sep(P,R) +d(r1,q")

Page 6 of 31
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Figure 2 lllustration for the proof of Lemma 4

ki

&(u} qT

q's ")
Po &

02
%

<sep(P,R) +d(r1,r2) +d (q*, }"2) (triangle inequality)
= Sep(PxR) + Sep(Rr Q) + d(rlr 1”2)

<sep(P,R) + sep(R, Q) + diam(R). (5)
O

Lemma 4 If (V,d) is a connected path metric space, then for any closed subsets P, Q, 6 C
v,

sep(P, Q) < sep(P, Q) + du(Q, Q). 6)

Proof Let (po,q*) € argmingepqeqd(p,q) (thatis, po € P, g° € Q are a pair of points such
that d(po, q*) = minyep e d(p, q)) — seeFig. 2. Likewise, let (p1,4*) € argmin,,cp 5 d(p, q)-
Furthermore, let 7' € argmin, 5 d(q*,q) and ¢" € argmingeq d(q, 7%).

Consider the shortest path y : [0,1] — W connecting g* and §' and parameterized by
the normalized distance from g*, so that y(0) = g%, (1) =§" and

d(q*,y W) = ud(q", 7). 7)

Likewise, 11 : [0,1] — W be the shortest path connecting g" and 7*, nd parameterized by
the normalized distance from ¢, so that 1(0) = g7, (1) = 7* and d(g', () = ud(q",5").
Consequently, since 1(x) is a point on the shortest path connecting ¢" and §*, we have

d(nw),7*) =d(q",7") - d(q" nw) = 1 -wd(q", 7). (8)

Define f : [0,1] — R as f(¢) = d(po, y(¢)), and g : [0,1] — R as g(¢) = d(p1, n(¢)). It is easy
to note that both f and g are continuous.

As a consequence, we have the following:

f(0)=d(po,q") =mind(p,q) < d(p1,q") = g(0),

q€Q

g) =d(p1,q") =mind(p,q) <d(po, ") =f (V).

/

q'eQ

Thus, by intermediate value theorem, there exists u € [0, 1] such that f(u) = g(u). That is,

d(po,y () = d(p1, u(w)) for some u € [0,1]. 9)
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Using this, we have

mind(p,q) = d(po,q")
q€Q
<d(po,y(w)) +d(q*,y(w)) (triangle inequality)
=d(p1, uw)) +d(q",y(w)) (using (9))
<d(p1,7") +d(nu),7*) +d(q*,y(w)) (triangle inequality)
=mind(p,q') +d(1(),7") + d(q",y @)
q'€Q
= nlipnd(p, q’) +(1- u)d(q*,?j*) + ud(q*,’cf) (using (7) and (8))
7<d
<mind(p,q') + max(d(q',5"),d(q",7"))

PEP,
q'€Q

. / . ~x . *
= g/gpgd(p,q )+ max(lgleléld(q,q ),glelgd(q .q ))
qe
(definitions of " and §')
<mind(p,q’) + max (magg mind(q,q'), maxmind(qg, q’))

Pf% q'eQ 9€Q 7€Q ¢€Q
q'e

= sep(P, Q) + du(Q, Q). -

Lemma 5 Suppose that P, Q, R are closed subsets of a metric space (V,d) such that

Irr}él%sg})bn()d(s, ') +dy(PUQ,R) < sep(P, Q) (10)

Define (see Fig. 3) P,Q C R such that

S>5_)s - . AN ’
P= {r IS R| SIEI})and(s,r ) = r;g})ld(p,r )} and
(11)
N_J). ~-D : Y — mi /
Q= {r € R| sgjl)and(s,r ) r;lelgd(q,r )}
Then
1 {ﬁ, 6} constitutes a partition of R.
2 argmingepuq d(s,p’) S P, Vp' € D, and argmingepug d(s,q') € Q,Vq' € a
(Consequently, mingepuq d(s,p’) = mingep d(s,p’), Vp' € P, and

mingepyq d(s,q') = mingeq d(s,q'), Vq' € a.)

Figure 3 Illustration for Lemma 5 ’/ﬁ\
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3 argmin, zd(p,r') < D, Vp € P, and arg min, 3 d(g, 1) € Q. VgeQ. (Consequently,
min, zd(p,r’) = min, 3 d(p,r’), Vp € P, and min, zd(q,r') = min, .3 d(q,7'), Vg € Q)
4 dy(P,P) < dy(PUQR), d4(Q Q) < du(PUQR), and
max(ds (P, P), d(Q Q) = d(PUQ.R).
5 If (V,d) is a connected path metric space, then sep(lNJ, Q) > sep(P, Q) — 2dy (P U Q,R).
If the above holds, we say ‘Risa separation-preserving perturbation of P and Q” and call

(P, Q} to be the “separation-preserving partition of R’

Proof 1. We first prove that (P, Q} constitutes a partition of R.

Proof for PuU a = R: For fixed 7’ € R, an element of arg mingepyq d(s, ') is either in P or in
Q. In the former case the point 7’ will belong to D, while in the latter case it will belong to
a (with the possibility that it belongs to both) due to Definition (11). Thus there does not
exist a point 7 € R that does not belong to either Por Q.

Proof for PNQ=0:We prove this by contradiction. If possible, let p’ € PN Q. Since
o € P, due to Definition (11), there exists 1 € P such that minsepyq d(s, p’) = d(p1, p').
Likewise, there exists g; € Q such that mingepyq d(s, p') = d(q1, p’). Thus,

2S$LnQd(s, p') =d(p1,p) +d(q1,0)
>d(p1,q1) (triangle inequality)

> miPn d(p,q) (since p; € P,q; € Q)
PEP,

7€Q
> 2nEaher) 2z ppded
4<Q
= max min d(s, r’) +dy(PUQ,R) > sep(P, Q).

7 eR SEPUQ

This contradicts assumption (10) of the lemma. Hence there cannot exist a p’ € Pn 6
Thus PN Q = 0.

2. We next prove arg mingepyq d(s, p’) C P, Vp' € P. We do this by contradiction.

If possible, suppose that there exists p’ € D such that argmingepuq d(s,p’) € P. Then
there exists g € Q such that mingepyqd(s,p’) = d(q,p’). But d(q,p’) > mingeqd(s,p’) >
mingepuo d(s, p’). This implies mingepyg d(s, p’) = mingeq d(s,p’). Due to the definition of
6 in (11) this implies p’ € a However, we have already shown that PN a = (. This leads
to a contradiction. Thus arg mingepuq d(s,p’) S P, Vp' € .

Likewise, we can prove arg minsepyg d(s,q') € Q, Vq' € Q.

3. We next prove argmin, .z d(p, 1) C P, Vp € P. We do this by contradiction.

If possible, suppose that there exists p; € P such that argmin, .z d(ps, ') ¢ DP. Then there
exists p’ € Q such that min, 3 d(ps, ') = d(ps, p').

Again, due to the definition of a in (11), for any p’ € 6, there exists g3 € Q such that
d(q3, p') = minsepuq d(s, p').
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Thus,
Tellild(pg’r) +3211)1UnQd(S,p ) =d(ps, p) +d(q3, p')
>d(ps,q3) (triangle inequality)
> miPn d(p,q) (since p3 € P,q3 € Q)
peL,
7Q

=  max mind(s,r’) + max min d(s,7’) > mind(p,q)
sePUQ ' eR r'eR S€PUQ peg,
qe

= dy(PUQ,R) + rrri%(sg]l)bn()d(s,r) > sep(P, Q).

This contradicts assumption (10) of the lemma. Hence there cannot exist p3 € P such that
argmin, .z d(ps, 1) € DP. Thus arg min, 3 d(p,r') S D,VpeP.

Likewise, we can prove arg min,. .z d(q,r") € é, Vg € Q.

4. Since argminsepuqd(s,p’) € P, Vp' € P, we have mingepuq d(s,p') = minyepd(p,p),

vp e P. Thus, max,, .5 Minyep d(p, p') = max,, s mingepuq d(s, p’).

Likewise, since argmin, zd(p,r') € P, ¥p € P, we have max,ecpmin, pd(p,p’) =
maxpep min,. 3 d(p, 7).
Thus,

dy (P, P) = max (max mind(p,p'), max min d(p,p’))

PEP p'ep p'eP PEP

= max (max mind(p, '), max min d(s, p'))
PEP v eR p'eP s€PUQ

< max( max mind(s,r’), max min d(s, r’))
SEPUQ v/ eR ¥ eR s€EPUQ

(since PC PU Q,ﬁ - T?)

—dy(PUQR). (12)
Similarly, we can show

du(Q,0 :max(maxmind ,7'), max min d(s,q )
H(Q Q) q€Q reR (q )q’GQSEPUQ ( q)

<du(PUQNR). (13)
Again, from (12) and (13),

max(dH(P, D),du(Q, 5))

= max( max mind(p,r’), maxmind(q, ),
PEP v eR q€Q r'eR

max min d(s,p’), max min d(s,q )
peb s€PUQ ( p) q'€Q s€PUQ ( q)

. , . ,
= max( max mlgd(p,r ), max_ min d(s,p ))
PEPUQ ' eR p/ePUQsEPUQ

=dy(PUQ,R) (sincePUQ=R)

Page 10 of 31
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sep(ﬁ, (5) > sep(T’, Q) -dy(Q, é) (using Lemma4)
sep(P, Q) — dy(P,P) — di(Q, Q) (using Lemma4)

v

v

Sep(P’ Q) - 2dH(I) U eré)
(since dp(P, P) < dy(P U Q,R) and dx(Q, Q) < di(PU QR)) O
Corollary 1 IfP, Q, R are closed subsets of a metric space (V,d) such that dy(PU Q,ﬁ) <
% sep(P,Q), then R is a separation-preserving perturbation of P and Q.

As a consequence, the separation-preserving partition {I~’, a} of Ras defined in (11) sat-

isfies properties 1’ to 4’ in Lemma 5, as well as property 5’ (if (V,d) is a connected path
metric space) with an additional inequality:

sep(P, Q) = sep(P, Q) - 2dx(PU Q,R) > 0.
Proof The result follows directly from Lemma 5 by observing that

max min d(s,') + du(PU Q, R) <2dy(PUQ,R) < sep(P, Q). 0

r'eR s€PUQ

3 Results on perturbation upper bounds
Throughout this section we use the notations and conventions described in Definition 1.

3.1 Elementary results on spectrum perturbation
In this section we provide some elementary results relating the norm of the matrix per-
turbation and the perturbation of eigenvalues and eigenvectors.

Lemma 6 Define D € C"™" such that Dy = (3:}-/ - Aj)u;rﬁj/. Then

D=Ut(M-M). (14)
Equivalently,
(= 2)uTy = (M- M)Ty;, Vj,j eN. (15)

The latter relation in fact holds even when M is not normal but u; is simply a right eigen-
vector of M with the corresponding eigenvalue X/.

Proof First we note that since M is normal with w;, a right eigenvector and the correspond-
ing eigenvalue 1;, u; is a left eigenvector of M with the same eigenvalue. Thus,

w/ (M - M)ty = u/ My — u Miiy

l.lj/

_alr. 5 .
=u Ay — A}uj

= (}\.]/ - A/)u)ﬁ//

This proves (15).



Bhattacharya Journal of Inequalities and Applications (2022) 2022:75 Page 12 of 31

We note that if both M and M are normal, the L.H.S. of (15) is the (j,/)th element of

Ut (M - M)U and the RH.S. is Dy . a
Corollary 2
:
181 - MIB = || %1 - M)y |5 = D0 3y = Pl ) ¥ eN
]:1 (16)
1M - M3 = (M - M |5 = > 1%y - 2P [uy ], VieN.

j=1

The first relation holds even when M is not normal, while the second relation holds even

when M is not normal.

Proof The inequalities follow from the definition of induced 2-norm for matrices.
When M is normal, {u;} ey forms an orthonormal basis in C". Noting that (15) is a scalar

equation, multiplying on both sides with w; and summing over j, we get

D (G =)y = 3wy (] (41 - M)
j=1 J=1
_ (Z u,.u;) (i1 - i
j=1
= I(M - M)§;.

Taking the 2-norm on both sides of the above gives the first equality.

Switching the roles of tilde and nontilde terms in Lemma 6 and the above gives the

second relation. O

Corollary 3
1

|31~ Ml = |31 =M |, = min (7 2,1, V] €N, and
||A7I—M||zz||(M—M)uj||23§p€i§[1|ij/-xj|, VieN.

The first relation holds even when M is not normal, while the second relation holds

even when M is not normal.
2 The following results are a consequence of the Bauer—Fike theorem for normal

matrices [9]:

, = maxmin Ay — A,
jeN JjeN

1M = M5 = max | (M - M)y
JEN

IM ~ M2 = max|| (M - M)w;|, > max min |37 — A
jeN JEN j'eN

Once again, the first relation holds even when M is not normal, while the second

relation holds even when M is not normal.
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Proof From the result of Corollary 2, when M is normal (and M is not necessarily normal),
forallj e N,

1M - MI2 = | (M - M) |

n
oy 2| gfs |2
=Z|Aj/—x,| [t
j=1

n
.o ~ 12
> min [Ay — A;|? o't
_ieNl J jl § :| e

j=1

= m}\r{l |3:/ - 2?19 |I*  (since {u;}jex forms an orthonormal basis)
je

=min [y — Aj|2.
jeN' el

Since this is true for any j’ € N, it follows that ||]\7I — M|y > maxyn minjey |X,, — Al

A similar set of the results can be derived with the tilde and nontilde terms exchanged. [

3.2 Distance between invariant subspaces of normal matrices with partitioned
spectra

Suppose J ,7 C N such that |[J| = |7| = q. We are interested in understanding how much the

invariant space span(uy) of M differs from the invariant space span(ty) of M. The results

in this section are variations and modest improvements on the Davis—Kahan sin © the-

orem [1] (see Section VIIL3 of [2] for example). In Proposition 1 and the two corollaries

that follow, we present results of the form
dsp (span(u;), span(ﬁj)) < Z(M - M,uy, An, dni ], ),

where .7 is a function specific to the exact statement of the proposition or corollary.
For a given invariant subspace span(u;) of M, we can consider all the possible g-
dimensional invariant subspaces of 7 and choose the one that is closest to span(uy) as its

perturbation. As a consequence, for any of these results, we can write

_min d, (span(uy), span(&;)) < min F (M - M,an, A, s o)),

JeSqn J€Sqn

where S, , is the set of all g-element subsets of N = {1, 2,...,n}. This gives a combinatorial

means of finding the g-dimensional invariant subspace of M that is closest to span(uy).

Definition 4 For a, b, c € R with a < min(b, ¢), we define

[a,b] ifc>b,

[a, min(b, c_)] =
[a,c) ifc<b.

Page 13 of 31
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Proposition 1 Forany J,] € N with |J| = |J| =

dsp (Span(“])’ span(ﬁj))

1 (M - M)w; |13 -

Kjmin, €]|A A2
15 miny e |A - A% -

Kjmin, EIM - Aj?

. min /E ¢ IA s \2 .,
Sor any «; € [0, min(1, (m) W jel.
The tightest bound in (17) is obtained by choosing

o O I = Ml = min e [y = A1,
J ~
1 if M-

M)uj||; < min i e |5:j/ — A
Proof From Corollary 2, for allj e N
~ 2
| =M

=3 Dy =P +

j’E7 j’E7‘7
>m1n|)u— +m1n|)u—
J'e I Jj'e e
—m1n|)w—)»| (1— )+m1n|)w—)»| Z’u
Jj'e Jj'e
jee

j'eJe

zlcjmigﬁ/ —Aj|2< Z\u uy | ) +m1n|)u —Aj 2 Z|u
j'el

(17)

(18)

(19)

jee jere
for any «; € [0,1].
= <m1n|k/—k| —Km1n|A/—k|) u
, Sl
jere
~ 2 . ~
< ||(M—M)“/H2—Kif¥}1§1|li’ - (20)
je
e ||(M Mu||? - Kj miny |)w—k|
N Z|ujuj’ 2 < AV i f
= miny e |)\./ A2 - Kjminy 5 |)\./ A12
. miny e |A - M
for any «; € [0, min(1, (—)_)]. (21)
miny g |4y — A2
In the last step, we ensured that min; e |A = A% — kjmin; |)w —Aj |2 is positive by re-
stricting the domain of ; appropriately

Thus, from (21) we have

(dsp (Span(u/)r Span(ﬁ7)))2

== Z|u uy | (due to Lemma 1.2)

jel
j e

Page 14 of 31
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1M — Myw;|3 — iy ming, g 3y — 32

(22)
q P m/ech/ A2 - mm/E]M A2

Fe Xy =212
for any «; € [0, min(1, (mm e

) jel.

miny 7 IA /—)r\z
Additionally, we note that

||(M—M)uj||2 < ;/11i~n [y =21 = minfAy — Al >min|Ay — 2
}EIL‘ 1/616 ]’E]

(since, (M—M)ujH2 > ?1611{[1 Ay — kj|>.

Thus, when ||(M —M)uj||> < miny e |3:,»/ —Aj], the valid domain of x; is [0, 1]. The statement
about the tightest bound then follows from the fact that the function f(«) = =5, k € [0,d]

b—kc
(with d < %) is minimized with k¥ = 0 when a > b, and with x = d when a < b. O

The key achievement in the above proposition is to provide an upper bound on the
distance (in terms of dg,) between the invariant subspaces span(u;) and span(ty) in terms
of the distance between the matrices M and M and their eigenvalues. For a given/fixed
matrix perturbation (M —M) and appropriately chosen7, inequality (17) can be interpreted
as a relation between the perturbation in the eigenvalues {};|j € J} and the perturbation in
the invariant space span(uy). This relationship, in general, can be expected to be an inverse
one — with higher perturbation in the eigenvalues we will have a lower (upper bound on
the) perturbation in the invariant space, and vice versa.

It is easy to note that the equality in (17) holds when
(1) mm/elc I)»/ Al

(i)

m > 1, Vj €, allowing us to choose k; = 1, Vj € J, and
. 5 il

min [Ay —A; | =min [Ay — Aj,|,  Vj1,j2 €J,
jel j'e]

min |)u —Aj
jee

(I =minfky =5l Viij €T
j'ere
(These conditions hold, for example, when Xy and Xﬂ- are small translations of A;
and Ajc respectively in C.)

In Proposition 1, without loss of generality, we can interchange the roles of J and J¢
(likewise J and J°). Observing that span(uyc) and span(tjy) are (# — ¢q) dimensional sub-
spaces of C" which are orthogonal complements of span(u;) and span(uy) respectively, we
then obtain

dsp (span(uy), span(ry))
[n—q ~
= [——dy (span(u/c), span(u7c)) (due to Lemma?2.3)
q

1 (M - M)w||3 - kj miny, 7 e |)\ A2 (23)
B min, e/|)L/—)L| — Kj miny e |)u—k |2

for any «; € [0, min(1, (mm,glk/ il 7)) j €J°.

min, /e]C |A g )‘l

Page 15 of 31
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min

el 5 p"
max E/mm/e] \A/ Aj |2) )] and

Corollary 4 For any k; € [0, min(1, (

. min; Yere i/ F \)u A}
keye & [0’ mln(l (max jeje ming e |2y =2 |2) )]

1.
dsp (span(u/), span(ﬁ7))
- lmin( Zje] (M —M)uj||% — Ky Zje] miny y |A - A2
- mln/,gc |)w — Aj|? — ky max;e; min /€7|)\]«/ - A2
Zje]c ||(M —M)ll]‘”% —Kjc Zje]c mini/ejc |)\1‘/ - )»1'|2> (24)
minjee [Ay — A;|* = kje maxjeze miny e [Ay — A1
j'el
2.
dsp (span(uw), span(i¥y))
~ Ky D _jey Miny |)w—)»|
2 | 1M =M= ( . Z]e} mmej A — 2] »)
Jje¢ ieJc e i
< . j€l s (25)
min ;g A A . ~
g | il (g maxjymingy[hy — A2 |
\ + mm]‘si |)sz - Aj|2 + Kje MaX;efe minj/e7c [Aj — ijZ
J
. mm/e/C \)»/ )»]
Proof With K/ [O mln(l (m) )] ] 6],
~\\\2
q(dsp(span(wy), span(ty)))
(M = M)w;|} — iy min 5 [%; — 4]
< /2 G (due to Proposition1)
i min, Ly e |A | Kjminy Ellk /|
_ ey 1 — M3 — 5 sy miny (3 — 1
~ minje(miny e [Ay — A% — iy miny |A - X1%)
¢ c
(since PO @)
kes dk Mminjes dk
_ Loy 1T~ Myw13 37 s miny 7 oy = 112
~ min jg |X,v = Aj|? = max;es i miny iy |A/ - A2
jeJe
(min(ck —di) > min¢; — max dk>. (26)
keS keS keS

We next choose «; = k¢, Vj, k € ] and denote this value by

min; CIA Al
e fomafs (2250
miny gy [y — A% /-

jel

min j/ IA -2
2 [O,min<1,< ]EI i 2) >}‘
max;ey miny gy [Ay — A%/ _

Page 16 of 31
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Thus,

q(dsp (span(wy), span(@)))*

Y 2 SN 2
- Zje] ||(M—M)ll1||2 — Ky Zje] mlnj/ej |)\}/ - )\.}|
~ min /’ZC |Aj — 4| — ky max;e; minj,g Ay — 2502
J

(27)

. min;_; 7 _jc \3:4/—)»'|2
for any x; € [0, min(1, (—ZLLL L )],
maxjey miny iy \Aj/ =Ajl

By interchanging the roles of J and J¢ (accordingly, J and J¢) and noting that span(uyc)
and span(tj) are (1 — g) dimensional sub-spaces of C”, we get

(n—gq) (dsp (span(u/c), span('ﬁ;c)))2

Y 2 Y 2
- Zje]c ||(M—M)u}||2 — K]c Zje}f mlnj/elc |)\1/ — )\/|

mln,-f/; [A = Aj1? = kye maXjeye ming e [Ay — ]2
je

(28)

minjE]gJ/Ej ‘)Lj,,)\],|2

7)-)].

On the other hand, since span(u;) and span(uy) are orthogonal complements (likewise,

for any «jc € [0, min(1, (

max;eye minj/ejc ‘A.,'/—)\.jl
span(uy) and span(uj.) are orthogonal complements), using Lemma 2, we can write (28) as

q (dsp (span(u;), spam(ﬁ7)))2

~ 2 L
- Zje]c ||(M—M)Uj||2 —Kje Z/EIC mmj/elc |)‘j’ —)\1'|2

< — ~ . ~ (29)
I’Illn/e]i |)\}/ - )‘j|2 — Kje MmaXjejc mln//ejc |)\.}/ - }‘}'|2
j'eJ
. minjE]C,i/ET “Xﬂ—kﬂz
for any «jc € [0, min(1, (max}_dc mins e 377 )1
Combining (27) and (29) proves part ‘1’
Again, adding (27) and (29), we have
in %y — Aj|% + min iy — 4|2
q(ﬂ},lelinl j = Ajl +r/r51}crll sl
jeje i€l
— kymaxmin |y — A;|% — kje maxmin [Ay — A; 2)
7 joI je |4 jl J jelt e |2 jl
~ )2
X (dsp (span(u]), span(uy)))
~ 2 ~ 2
= 21 - w4 3 (M - My
jeJ jeJe
— 1y min[ky = [* — ke Y min Xy - 11"
jer /€ jege /¥
The part 2’ of the result then follows by observing that
~ 2 ~ 2 ~ 2~
D =y |+ 31 (6 - My [ = 01 - | = 131 - M. _

jel jeJe

Corollary 5 (Generalized Davis—Kahan [1] sin ® theorem for normal matrices — see Sec-
tion VIIL3 of [2])

Page 17 of 31
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1.
min(1, /%) _
dq, (span(uy), span(iry)) < ~ ~— [|M - M||2;
P( ]) max(sep(As, Aje), sep(Ase, A7)
2.

L
L3 - M

dsp (Span(uj), Span(ﬁ7)) <

\/sep()\/,x7c)2 + sep()\/c,x7)2

M =M.

< rla ||
- sep()\],')\Cjc)Z + sep()\]c,')})Z

Proof In (27), setting k; = 0, we get

1 Y 2 I/
w2 o g M =Mwl (M- M)|2
(dsp (span(wy), span(y)))” < 2 ]:e PR < ~ ;
p(As, Aje) sep(Xy, Aye)

Interchanging the roles of the tilde and nontilde terms in this result, we analogously obtain

(dsp (span(@y), span(wy)))” < sep(iz, Aye)?

The above two together give

(30)

- 1M - M)113
d ), ’ < — EE—
( p(SpaIl(u]) Span(u]))) — max(sep()g, )‘7”)’ Sep()L]C,)L’/”))Z

In the above inequality, interchanging the roles of J and /¢ (accordingly, 7 and J¢) and
observing that by Lemma 2 dp(span(wy), span(uy)) = . / "T_qup(span(ﬁjc), span(uyc)), we ob-
tain

n-q |41 - M5

~ 2
(dsp(span(u]), span(u;))) = q max(sep(k;,%yc), sep()\,c,ﬂ)}))z. (51)

(30) and (31) together conclude the proof of part ‘1’
The second result follows directly from part 2’ of Corollary 4 by setting «; = kjc = 0 and
using the fact that for Q € C**”, ||Q||r < /x| Q|l2- O

3.3 Bound on perturbation of invariant subspace of a normal matrix with
well-clustered spectrum

In this section we specialize the earlier results for the situation when A; and Ajc are

well-clustered (i.e., the separation between them is large) compared to the perturbation

(M - M). In the following lemma we outline the conditions under which the perturbed

eigenvalues 4y will also remain well clustered.

Lemma 7 Forany] C N, define]°=N —]. 1f||]\71—M||2 < % sep(Aj, Aje), then:
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1. Anisa separation-preserving perturbation of .y and hjc. More explicitly, defining

-~

=17 i 3\.4'/—)\, -mi ’X‘,_)\,}

J [/|112}\I[1| i /| I}lel}'l' j 1| and
~ ~ - (32)
¢=17/|min|As — A;| = min )L.,_)L.]
7= |/ min 3y - 1 = min 7 -

makes {3:7,3:75} a separation-preserving partition of hy, with
sep(iy,iyc) > sep(Ay, Aje) — 2||]T/I - M||>.

2. |Xy| = |Aj| (equivalently, |Xﬁ| = |Aje|), where | - | denotes the number of elements in the
multi-sets (recall that Aj and Xj are multi-sets, allowing them to contain multiple
copies of nondistinct eigenvalues, if any, of M and M respectively).

Proof
1. We first observe that
||]~VI - M|y > max(max min |le — Aj|, max min |’)t]«/ - A,|> = dH()»N,XN). (33)
jeN j'eN jeN jeN
As a consequence, dH()\N,’XN) < ||A~/[ -M|; < % sep(As, Aje). Then the proof of the
first part follows directly from Corollary 1 by setting P = A;, Q = Ajc and R="n.
2. We prove the second part by contradiction.
If possible, let |Xy| #|As|. Without loss of generality, we will assume |3:7| < |2 (if the

|X7| > |As], we can show the contradiction for |3:7c| < |Aje| instead).
Define a path M : [0, 1] — R"*" connecting M and M as

M(t) = tM + (1 - M.

Although M(¢) is not necessarily normal for all ¢, its characteristic equation is a
degree-n polynomial equation in its eigenvalue with coefficient of the highest degree
term equal to 1 and other coefficients being polynomials in . Since the roots of such
a polynomial are continuous functions of the coefficients, the eigenvalues of M(t) are
continuous functions of ¢. Thus, we define Xj :[0,1] — C to be the paths of the
eigenvalues such that X,-(O) =Ajforallje(1,2,...,n}. Xj(l) are the eigenvalues of
M(1) = M, so that Xj(l) = X(,(j) for some permutation o : {1,2,...,n} — {1,2,...,n}
(see Fig. 4).

Since |’)ty| < |As], there exists at least one k € J (with Az = Ax(0) € A;) such that
(1) ¢ 3:7 (equivalently, Ax(1) € 3:70).

Define g(£) = minjes |24 (£) — ;| and A(¢) = minjee |Ax(£) — A;]. Thus,

g(0) = mi}nﬂk(O) - = mi]n |1k — Aj| = 0 (since Ax € Aj) < h(0).
je je

Figure 4 lllustration for the proof of Lemma 7
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Again,
h(1) = min|ax(1) - 2
jeJe
< mi]n|xk(1) - )»,| (since (1) e st, from the definition of J¢,
je
min|7(1) - 3y| = min (1) - 1)

=g(1).

Thus, by intermediate value theorem, there exists ¢’ € [0, 1] such that g(¢') = A(¢').
That is, minje; [Ax(t) - Ajl = minjeze [t = A;]. Equivalently,

sep()g, {Xk (t’) }) = sep(klc, {Xk (t’) }) for some ¢’ € [0,1]. (34)
Now,
||M(t/) —M”2 > I]}é}\l{l|xk(t/) - Aj| (Corollary3.1)

_ . . -~ ’ _ .
= m1n<r§161]n|)»k(t) Aj

() -3
1, . — =
- g(t;gnlkk(t/) = %] + min[2(¢) - )
(since from (34), 1}161]11|Xk (¢) -2 = 1}2}9@( (¢) - Aj|)

= %(SGP(M’ {R(@)}) + sep(he, {24(£)}) + diam({24(£)}))

(since the diameter of a point is zero)

1
> 5 sep(Aj, Ajc)  (using Lemma3). (35)
However, |M() = M|y = £'||M — M||5 < t/% sep(ry, Aje) < % sep(Ay, Ajc). We thus
end up with a contradiction. O

In the following propositions, we express the upper bounds on dg, (span(u;), span(W;)) in
terms of (1\~/I — M) and nontilde terms only.

Proposition 2 For any ] € N such that |J| = q, define ] = N - J. If ||]\7[ - M|y <
3 5ep(hy, Age),
1.

dsp (span(u;), span(i'lf))

1 M- M), 2
5—min< Z( . ¢ ) ;||3 ) ,
NZi o \mineye [Ak = Ajl = |M = M|,

Y 2
Z( (M - M)u;ll» ) ) (36)

=\ mings [1x = 351 - 141 - Ml>

Page 20 of 31
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- M-M
< min(l, " q) I Il> . (37)
q /) sep(Ay, Age) = |M — M,
2.
e
—= M- M|F
~ 2
. (span(uy), span(iip)) < ——/21— : (38)
sep(Ay, Aje) — [|M — M||2
where/]\and/]\c are as defined in (32).
Proof Foranyje],
r,an Ay — Al = sep({)\j},Xﬁ)
€ (4
> sep({Aj}, Ase) — dH(A/c,ch) (due to Lemma4)
> sep({Aj}, ) — dp(nis don)
(due to Lemmab5 4., dH()L/c,Xyc) < dH(AN,xN))
> sep({A}, Age) — |M - M], (using (33))
= min |Ax — Aj| — [|M — M||,. 39
min [Ax = Al = | Il2 (39)
Thus, in Proposition 1 choosing «; = 0, Vj € /, we get
~ 2 _ L I = Myw)3
(dsp(span(u]), span(u7))) <- A—~’22
q o min e [Ay = Ajl
1 M — M)uj||?
<- — il 5 (40)
15 (mingese [Ax — Ajl — [|M — Ml|2)
13 1M - Mw 3
~ minjey(mingege [Ax — Ajl — |M — M||2)?
. Ck > kes Ck )
since - ==
< ggj dk MiNges dk
M - M2
< Il ll5 (a1)

(sep(hy, Age) — M = M)

(since M- M| > ||(1\7[—M)“1'H2 and
2

min(cx —a)? = (min Cr — oz) )

keJ keJ

In the above, switching the roles of J and J* (likewise,Tand 75) and noting that span(uyc)
and span(tjy.) are (1 — q)-dimensional subspaces of C”, we get

1 Z( I(M - M)u; |13

dsp (span(uyc), span () 25 - ~
(o ) n—q < (mingg | A — 4| - |M - M])5)?

jee
- 1A - M3
= (sep(iys Aye) — 1M — M[l)?
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But since span(uyc) and span(ttjc) are orthogonal complements of span(u;) and span(u;)
respectively, from Lemma 2 we have (n — g)(dgp(span(uyc), span(ﬁyc)))2 = q(dsp(span(uy),
span(ﬁj)))z. This gives us from the above

e 1 1M - M)yw|13
(dsp(span(wy), span(t;)))” < — Z . /2 5 (42)
q i (miney [Ax = Aj] = |M = M)
- M- M]|?
_"-q I 5 43)

q  (sep(hs, Age) — [|M — Ml|2)>”

Combining (41) and (43) gives the first result of the proposition.

The second result can be obtained directly using Corollary 5.2 and observing that due
to (39), sep(k,,%yc) > sep(Ay, Aje) — |M - M]|» (and analogously sep(k/c,17) > sep(Aj, Aje) —
1A = M]2). O

Assuming g < n/2, it is worth noting that defining € = % sep(ry, Aje) — ||1\~/I — M]|,, the sec-

ond inequality of the first result in the above proposition becomes dp(span(uy), span(tiy)) <
IM-M]12

[M—M]lp+2¢

ing the result uninformative /redundant. Thus, the higher the separation between A; and

. Thus, with € — 0, this inequality becomes di,(span(uy), span(u;)) < 1, render-

Aje (relative to |M — M]|,), the tighter will be the upper bound in the result of the propo-
sition.

An interpretation of the result in the above proposition is that a perturbation M-M
of the matrix M will result in a perturbation in the invariant subspace span(u;) such that
the distance between the subspace and its perturbed counterpart is bounded by the upper
bounds mentioned in the proposition. One key feature of the proposition, however, is that
the upper bound in the inequality does not depend onJ. Asa consequence, for any other
size-q subset 7 of N such that span(uy) is closer to span(u;) than span(uj) still satisfies the
same upper bound. That is, if M - M|l < % sep(As, Asc), then

- . = M-M
‘min dj, (span(uy), span(@;)) < min (1, " q) ( I l2
sep

&S q My dge) = |M = Ml
1M - M| )
5= 1M —Ml|p
‘min d, (span(uy), span(ﬁ7)) < V2 ~ ,
J€Sqn sep(A], )\,]c) —||M - M|,

where S, , is the set of all g-element subsets of N = {1,2,...,n}.

4 Application to null-space perturbation in the context of a graph connection
problem
We consider a simple application of the above results in the context of a graph theory
problem. Some definitions and basic properties of a weighted, undirected, simple graphs
are listed below [10].
1 A graph G consists of a set of n vertices V(G) = {v1,va,...,v,} and an edge set
E(G) S V(G) Xsym V(G) (where “x g’ represent the symmetric Cartesian product
so that for the undirected graph the order of the vertices in an edge is irrelevant,
making (vi, vi) = (v, vi)). Each edge (vk, vi) € £(G) is assigned a positive real weight
A= Ai). Nonexistent edges are implicitly assumed to have zero edge weight so
that Ag = 0,V(vk, v1) ¢ £(G). The matrix A € R"™*" is called the weighted adjacency
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matrix of the graph G and is a symmetric matrix with zero diagonal for an
undirected, simple graph.

2 The weighted degree matrix D is an n x n diagonal matrix in which the kth diagonal
element is the sum of the elements in the kth row (equivalently, kth column) of A.
Thus Dy is the sum of the weights of the edges emanating from vy (also called the
degree of the vertex).

3 The weighted Laplacian matrix of the graph is defined as L = D — A. An eigenvector
of L is an n-dimensional real vector and can be interpreted as a distribution over the
vertices (with the kth element of the vector being the value associated to vx € £(G)).

4 The eigenvalues of L are nonnegative. The null-space of L for a graph with ¢
disjoint components is g-dimensional, with the null-space spanned by vectors
corresponding to distributions that are uniform over the vertices of each of those
components. Without loss of generality we index the eigenvalues in an increasing
order of their magnitudes sothat 0 =A; =dy =+ =5 < Age1 <Agua <+ < Ay
The corresponding unit eigenvectors are uj, uy, ..., u,. Note that since a graph has
at least one connected component, A; = 0 for any graph. Furthermore, without loss
of generality, we choose u; to be a distribution that is uniformly positive over the
vertices if G; and zero over the rest of the vertices in the graph.

5 Define J ={1,2,...,q}, so that span(uy) is the null-space of L.

If G has g disjoint components, we define Gj,j = 1,2,...,4, to be the subgraph consti-
tuting of the vertices and edges in the jth component only. Thus, V(G) = 7:1 V(G;) and
£(G) = 7:1 &(Gj) (more compactly, we write G = U;IZI Gj). We also define the collection
of these subgraphs as

G={G1,Gy,...,G,).

We are interested in understanding perturbation of the invariant subspace span(uy) (the
null-space) of L as new edges are established between the different disjoint components
(henceforth also referred to as “clusters”) of the graph. Let the graph constructed by estab-
lishing the inter-cluster edges be G with 4, D, and T its adjacency, degree, and Laplacian
matrices respectively. Note that since G is constructed by just adding edges between the

subgraphs {G;};-12..4 of G, all of these subgraphs are induced subgraphs of G.

4.1 Computation of ||(L - Du;ll;
For any induced subgraph H € G, we consider the edges that connect vertices in H to
vertices not in H (inter-cluster edges). These are edges of the form (v, v;) such that vy €

V(H),v; ¢ V(H). We define a few quantities involving the weights on such edges.

Definition 5
1. External degree of a vertex relative to a subgraph: Given a subgraph H C Ganda
vertex vx € V(H), the external degree of vy relative to H in G is defined as the sum of

the weights on edges connecting v to vertices outside H:

EDugv)= Y. Au (45)
{lvi&V(H)}
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Figure 5 An example graph G and induced

subgraph H. Weight values on the inter-cluster edges
are written symbolically. In this example, g'DHE(\/) =W
+wa, CPEH) = (w1 +wa)? + w2 + wl) + Wi + w3 +
(w3 +wa)?)), and MEDx(H) = max(wi + wa, w3, wa)

2. Coupling of a subgraph in a graph: Given an induced subgraph H C G, we define the
coupling of H in G as

CPg(H)
=|V<1H)|( 2 (D) + (SD@_H),a(w))Z)
{klvkeV(H)} {lv & V(H)}
1 _\2 N2
=|V(H)|< 2 ( 2 Akl) DY ( > Akz) ) (46)
{klvkeVH)} Mllvi¢V(H)) U EV(H)) Mklvg eV (H)}

where (G — H) is the induced subgraph of G constituting of all the vertices not in H.

That is, V(G - H) = {v € V(G)|v & V(H)} and £(G - H) = {(v,w) € E(G)|v,w & V(H)}.
3. Maximum external degree of vertices in a subgraph: Given a subgraph H C G, the

maximum external degree of vertices in H in G is defined as the maximum value of

the external degrees of vertices in H relative to H in G:

MEDg(H) = EDy ) = Ay. 47
G(H) = max EDyg(v)= max D Au (47)
Uy &V (i)

Note that the computation of the above quantities requires the knowledge of only the
weights on edges connecting vertices in H to vertices outside H in G (see Fig. 5 for an

example).

In the definition of CPg, referring to H as a cluster and considering the rest of the graph
another cluster, the quantity within the innermost brackets is the sum of the weights on
inter-cluster edges connected to a vertex, which is squared and summed over all the ver-
tices that have at least one inter-cluster edge connected to it. This quantity is then divided
by the number of vertices in H. Thus a large subgraph which is weakly connected to the
rest of the graph will have a lower coupling value.

The following lemma provides bounds on CPg(H) in terms of a simpler summation over

the inter-cluster edge weights (or square thereof).

Lemma 8
2 Z A2 <cp (H)<—2 ( Z A )2 (48)
0= Pl < ki) -
VD {kllvgeV(H), VH Wllv €V (H),

viEV(H)) v V(H))
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Proof The proof follows directly using the fact that for a set of positive numbers oy, s € S,
Y nes @ = (Lpes o). O

Notations and assumptions for the rest of the paper In the rest of the paper we assume
that G is a graph with g disjoint components G = {G1, Gy, ..., G,} and G is the graph ob-
tained by establishing edges between the components (so that each G; is an induced sub-
graph of both G and G). The Laplacian matrices of the two graphs are L and L respectively.
Since G has g connected components, its null-space is g dimensional (with correspond-
ing eigenvalues A; = A = - -+ = A,), for which we choose a basis {u;};-1... ; such that the
distribution corresponding to w; is uniform and positive on the vertices in G; and zero
everywhere else.

A weaker version of the following lemma appears in the author’s prior work [11, 12] and
expresses the quantity || (Z — L)u;|, in terms of the weights on edges connecting vertices
in Gj to vertices outside G; in G.

Lemma9 Forallje({1,2,...,q},
|-y, =CPz(G). (49)

Proof Suppose v € V(G;) € V(G). Since lNDkk and Dy are the degrees of the vertex in the
graphs G and G respectively, they are equal iff all the neighbors of vy are in Gj. Otherwise
Dix — Dy is the net outgoing degree of the vertex v, from the subgraph G;. That is, if
vk € V(Gj), then

Du-Du= Y. Au (50)
(v eV(G))

An edge (vk, ;) exists in both G and G (and have the same weight, i.e., Zkl =Ay) iff v
and v; belong to the same subgraph G;. Otherwise Ay, = 0 (the edge is nonexistent in G).
Thus,

Ay, ifve V(G)),vi ¢ V(G)),

Ay - Ay = (51)

0, otherwise.

Next we consider the vector u; (for j = 1,...,q), which by definition is nonzero and uni-
form only on vertices in the subgraph G;. Let u;; be the /th element of the unit vector w;.
Since |V(G;j)| of the elements of the vector are nonzero and uniform, we have

—L_ ify e V(G),
wy= | VG () (52)

0, otherwise.
Thus the kth element of the vector (L — L)u,,

[(T-Lyw], = > (Du- A = Dig + Ay
l

= (Dix — D)y — Z(Zkl — A)uy
/
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(since D and D are diagonal matrices)
1 (Di — D), if vk € V(G)

V(G)l |o, otherwise

—_ A A ) (using (52))
( *{IMGZV(G K — Ak

1 valw Akz, if ve e V(G))

- VIV(G))] 0, otherwise

Z Zkl: if v ¢ V(G))

{lvieV(G)) 0, otherwise

(using (50) and (51))

_ 1 Z{zmev Aklr if vy € V(G])
vV |V(G])| - Z{IWIEV(G]')}AH’ if Vi ¢ V(G])

Thus,
~ 2
| €~ Dyw
1 N2 N2
=|V(G»)|< 2 ( 2 A“) s ( 2 A“) )
71 Nkeev(6)) Mivigv(6)) kv @V(G))} MilvieV(G))
Lemma 10

IL- Llp 2 max MEDG(G)

,,,,,

(53)

(54)

(55)

Proof Suppose v € V(Gjp) (where j:{1,2,...,|]V(G)|} = {1,2,...,q} maps the index of
a vertex to the index of the subgraph in G that the vertex belongs to). The sum of the

elements of the kth row of (Z —-A)is

Aw, ifv ¢ V(G;
ko Gjw) (using (51))

Y Au-Aw) =)
!

7 |0, otherwise
= 2 A
{lviEV(Gj)}

= SDGj(k),G(Vk) (Definition5).

(56)

Since (Z — A) is a symmetric matrix, its 2-norm is equal to its spectral radius ,0(;{ - A).

Furthermore, since all elements of (A — A) are nonnegative, using the Perron—Frobenius

theorem [13], we get
IA~Allz = p(A - A)<manDG(k &(vi)

= max max €DG z(vi)

ie{1,..., (k|
je{l.q} wevie)

Page 26 of 31
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(since maximizing over all vertices in G is same as
maximizing over the subgraphs G; and for each
subgraph maximizing over the vertices in the subgraph)

= max MEDg(G)). (57)

jetL gl

Again, since (5 — D) is a diagonal matrix with positive diagonal elements (due to (50)),

its 2-norm is the maximum out of its diagonal elements. That is,

D-Dj, = Dik — Dit) = A i
[ ll2 = max(Dy ~ Dige) = max Y. Au (using(50))
{UlvigV(Gj))}

= I]El:}\)[( 5DGJ(](),@(V]()

= r{rllax }MSD@(G,-) (following similar steps as in (56) and (57)).  (58)
jelLiod

Thus,

IZ-Lll, = |(D-D)-(A-A)|, < ID-Dll; + |A-All,

<2 max MEDg(G)). 0
je{l.q}

In the following discussions, without loss of generality, we assume that the eigenvalues

of L are indexed in an increasing order of magnitude 0 = L < Xz <...< X,,. The corre-

sponding eigenvectors are U, Uy, ..., .

4.2 Bounds on null-space perturbation with known spectrum of L

The following proposition gives a bound on the perturbation of the null-space of L upon
introducing edges between the subgraphs in G = {G, Gy, ..., G;} by considering the sub-
space distance between the null-space of L and a specific invariant sub-space of L.

Proposition 3 Choose7: {1,2,...,q}. Then

1

)¥q+l

dgy(span(uy), span(Wy)) < (59)

Proof We first note that due to Lemma 9 ,/CPg(G)) = (T - L)wjll2, Vj € {1,2,...,4}. The
proof then follows from Proposition 1 by setting «; = 0, Vj = 1,2,...4 and noting that

MiNje(12,...q) 7 elg+Lg+2.n) [A7 = Al = Ags1. O

The results of Proposition 3 can be re-interpreted by considering G to be the graph ob-
tained by cutting G into q-subgraphs. We call the set of subgraphs hence constructed upon
performing the cut G = {Gy, Gy, ..., G;} ag-cut of G.Givena graph G, we consider all pos-
sible g-cuts of G.A g-cut G = {Gy, Gy, ..., G,} resultsina graph G = U;’zl G; with g disjoint

components. The following corollary is then a direct consequence of the proposition.
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Corollary 6 Given a graph G (with Laplacian T with eigenvalues 0 =%y < --- < Ton and
corresponding eigenvectors Uy, ..., U,), let 4 be the set of all q-cuts of G. We consider a q-cut
such that the sum of the couplings of the resultant q subgraphs in G is minimum. That is,

G* € argming g Z CP&(G). (60)
G'eG
Let the corresponding graph G* = | Jg g+ G' have eigenvalues 0 = A} = 1} = --- = Ay =
Agi1 =+ = A, and corresponding eigenvectors uj, u3, ..., u,. Then
- . . 1 1 ,
dsp(span({ul,...,uq}),span({ul,...,uq})) < 5 6—1 Z C’P@(G). (61)
q+1 G/ <G*

The interpretation of the above corollary is that the “best” g-cut of a graph G (min-
imizing total inter-cluster coupling, as defined by (60)) results in a graph such that the
distance between the nullspace of the cut graph’s Laplacian and the space spanned by the
first g eigenvectors of the Laplacian of G is bounded above by a quantity proportional to
the total inter-cluster coupling (which was minimized in the first place).

4.3 Bounds on null-space perturbation with known spectrum of L

Proposition 4 If max;c1,..q) MEDE(G)) < A‘{T”, then

.....

S , (62)
)\q+1 - ZmaX/Eu ,,,,, q} MgD@(G])
where ] = {1,2,...,q} = {j'| minjen |3:j/ - :’X,v}.
Proof Recall that the eigenvalues of the Laplacian L of G are (0 =)A; = Ay = -+ = A4 <

Agi1 < <Ay Let]={1,2,...,q} sothat J°={g + 1,4+ 2,...,n} and sep(Aj, Ajc) = Ags1.
Using Lemma 10, we have
Ags1 sep(Ay, Aje)

L-Ll,<2 MEDE(G; = T 63
I lla < jerﬁf.’,‘q} z(G) < ) 5 (63)

Thus the conditions for Lemma 7 and Proposition 2 hold, and L is a separation preserv-
ing perturbation of L. Hence, by Lemma 7, there exists a separation preserving partition
{3:7, Xﬁ} of %y such that
7={/1 min 7y — ;| = min (7 ;| = %} (since s =0,vj€)).
Thus, for any j/ eJ,
%y =min[iy =3l <L L[> (due to Corollary3)
jeN

< % (from (63)). (64)
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(a) Graph G with 12 disjoint (b) The spectrum of L with first
components. 12 eigenvalues equal to zero.

Figure 6 Graph G (immersed in R? for visualization) and its spectrum. Each individual cluster in the graph is
Gj=12...,12

This implies that the elements of 7»7 are closer to O(= Ay = Ay = - = A;) than they are to
Agsl- Since J has q-elements (due to Lemma 7.2) and is a unique set (by definition), we
have Xj = {L,Ig, ... ,Xq} to be the set constituting of the lowest g eigenvalues of L. Thus,
T={12...,q).

Since we showed that ||Z —L|, < % sep(As, Aje), as direct consequence of Proposition 2,
we have the following:

(dsp (span(w), Span(fﬁﬁ))2

- 12( I - Dl )2
45 \minkgye [Ak = Ajl = IL = L[>
éZje] CPz(G))

,,,,,

(using Lemma9 and Lemmal0 and the

fact that min|A — ;| = 24,1, € (L,2,..,m)
€ (4

<

( 2maxjc(1,..q MEDE(G)) )2

.....

(using Lemma 9 and 10, ZCP@(G;) = Z || (- L)u; ||§
jel jeJ

~ 2
<qIL-L|3< q({,;{lﬁ?ﬂq) MﬁDa(G/)) ) O

4.4 Example
As an illustration, we consider the graph G shown in Fig. 6 with 12 disjoint components,
thus g = 12. The graph is generated with n = 333 vertices clustered into 12 components in
arandomized manner with only intra-cluster edges. The weight on every edge is chosen to
be 1. Figure 6(a) shows an immersion of the graph in R? just for he purpose of visualization
(the exact coordinates of the vertices have no significance).

We then construct G by establishing randomized edges between the components of
G. The weight on every inter-cluster edge is also chosen to be 1. Figure 7(a) shows the
immersion of the resultant graph.

Page 29 of 31
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(a) Graph G created by

adding randomized inter-
cluster edges in G.

(b) The spectrum of L. Note
the low values of the first 12
eigenvalues.

Figure 7 The graph 5, the spectrum of its Laplacian, and its first 12 eigenvectors (c-n) visualized as
distribution over the vertices (red is positive, blue is negative)

o BB P
AT AT

(k) uf;. (1) u)s.

Figure 8 The basis {u/f}/:umq of the null-space of L visualized as distributions over the vertices (red is
positive, blue is negative). Compare this with Figs. 7(c-n)

Direct computation reveals that for these graphs, X,M =18.436 and 011 Z;Izl CPz(G) =
0.5417. The L.H.S. of (59) is dgp(span(uyi,, .,12)), span(ti,o, .,12})) = 2.516 x 1072, while the

. \/% L1 CPE(G) 2 o i
R.H.S. is = 3.992 x 1074, thus validating the result of Proposition 3.
q+

159 ~
7 Z/:l CPg(G)
Age1—2maxpe(1, . q) MEDE(Gk

Proposition 4. The R.H.S. in (62) is

ing the result of the proposition.

= 6.036 x 1072, thus validat-



Bhattacharya Journal of Inequalities and Applications (2022) 2022:75 Page 31 of 31

Since the chosen basis {u;};-15,..4 for the null-space of L consists of distributions such
that w; is uniform and positive over vertices of G; and zero everywhere else, this basis
is not ideal for a visual comparison with {;};_1..,. For a visual comparison between
span(uyy,,.,,) and span(ﬁu,z,,,.,q}), we choose a basis for the null-space of L that is clos-
est to {W}j-1,.4: Define the g x g matrix R = ([uy, uy, ..., u,])* [0, Uy, ..., U,], where (-)*
indicates the Moore—Pesrose pseudoinverse. We need to chose a unitary matrix that is
close to R. This is given by taking the SVD of R = VEW and defining R’ = VWT. Then
a basis for span(u5,..4) is defined by the columns of [us, uy,..., 0 ]R =: [u}, u),. ,.,u;].
Figure 8 shows these vectors as distributions over the vertices of G.
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