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1 Introduction
In 1931, Wilson [1] initiated the notion of quasimetric spaces, which was defined with-
out the symmetric condition comparing to the axioms of the standard metric. Later,
Matthews [2] defined the concept of partial metric space in 1994, in which the distance
of each object to itself is not necessarily zero. Additionally, he constructed quasimet-
ric ¢ and weighted metric p” by partial metric p, where g(x,y) = p(x,y) — p(x,x) and
P (%) = 2p(x,y) — p(x, x) — p(y,y), respectively. Over the past few decades, these methods
of construction have appeared in many papers on partial metric spaces, and the fixed-
pointed theory has been one of the most important topics in topology ([3—12]).

The object of this paper tries to give a generalized quasimetric p, i.e., dj, [6] is its special
case, p [13] and p* [9] are equivalent. Furthermore, we obtain some results on (strong)
complete partial metric spaces.

2 Preliminaries
Throughout this paper, X is always a nonempty set, the letters R, R*, N* always denote the
set of real numbers, of all positive real numbers and of all positive integers, respectively.

Definition 2.1 ([1]) A quasimetric is a function d : X x X — [0, +00) satisfying the fol-
lowing conditions: Vx,y,z € X,

(M1) x=y <& dxy) =d(y,x)=0;

(M2) d(x,2) <d(x,y) +d(y,2).
A quasimetric d is called a metric if it also satisfies

(M3) d(x,y) = d(y,x).
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A (quasi)metric space is a pair (X, d) such that d is a (quasi)metric on X.

Definition 2.2 ([2]) A partial metric is a function p : X x X — [0, +00) satisfying the
following conditions: Vx,y,z € X,

(P1) x=y & p(x,x) = p(x,y) = p(»,);

(P2) plx,x) < p(x, );

(P3) p(x,y) = p(y,%);

(P4) p(x,2) < p(x,9) + p(y,2) = P, )-
A partial metric space is a pair (X, p) such that p is a partial metric on X.

Apparently, each metric is precisely a partial metric on X, and a partial metric p is a met-
ric if and only if p(x,x) = O for all x € X. Similar to the definition of open balls in metric
spaces, thatis BY(x) = {y € X : d(x,7) < e}, Matthews used B (x) = {y € X : p(x,y) < &} to de-
note open p-balls for all x € X and ¢ > 0, we can see that some open p-balls may be empty
(see more details in [2]).

Lemma 2.3 For each partial metric p: X x X — [0, +00), set p(x,y) = p(x,y) — [ap(x,x) +
Br(,9)], where 0 < o, 8 <1, o + B = 1. Then, the following statements hold.:
(1) pis a quasimetric.

(2) pisa metricifand only ifoa = B = %, where we denote

Plx,y) = plx,y) - IM '

(3) q is a metric, where g(x,y) = max{p(x,), p(y,x)}.

Proof (1) We verify the conditions (M1) and (M2) one by one.

(M1): (=) Suppose that x = y. It is clear that p(x,y) = p(y,x) = 0.
(<) Suppose that p(x,y) = p(y,x) = 0. Then, p(x,y) = apx,x) + Bp(y,¥), and p(y,x) =
ap(y,y) + Bp(x, x), which implies p(x,y) + p(y,%) = p(x,x) + p(y,y). Since p(x,x) < p(x,y) by
(P2), we have p(x, x) + p(y,x) < p(x,x) + p(y,y), namely p(y,x) < p(y,). By (P2) and (P3), we
have p(y,x) = p(y,y). Analogously, we can deduce p(x, y) = p(x,x). Hence, p(x,y) = p(x,x) =
p(,y), which implies x = y by (P1).

(M2): By (P4), we have

Px,y) +p(3,2) = p(x,y) - [ap(x, %) + Bp(, )] + P, 2) - [ap(,y) + Bp(z,2)]
=p(x,y) +p(y,2) - p(y,y) - [ap(x,x) + Bp(z,2)
Zp(x, Z) - [Olp(x»x) + ﬂp(% Z)] :la(x, Z),

for all %, y,z € X. Therefore, p is a quasimetric.
(2) and (3) are trivial in that p and g satisfy (M1)-(M3). O

Remark 2.4
(1) If =1 and B =0, then p is g (see [2]).
(2) Ifa=p8= %, then p and p° are equivalent (see [4]).
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Proposition 2.5 Let X be a nonempty set, p be a partial metric, and (X, p) be the corre-
sponding quasimetric space defined in Lemma 2.3, i.e., p(x,y) = p(x,y) — [ap(x,x) + Bp(y, )]
forany x,y € X. Then, the following statements hold.
(1) The set of all open p-balls B (x) is the basis of a topology T (p) on X, where
Bl(x) = {y € X : p(x,y) < &} for any & > 0. We call T (p) the topology generated by the
partial metric p on X.
(2) The set of all open p-balls B’g (x) is the basis of a topology T (p) on X, where
Bf(x) ={ye X :p(x,y) <&} forany e >0. We call T (p) the topology generated by the

quasimetric p on X.

Proof (1) It s trivial by Theorem 3.1 in [2].

(2) It is not difficult to prove that X =, Bf (x), where ¢ > 0.

Moreover, we have Bé’ (x) N Bf (y) = U{Bf;’(z):z er (x) ﬂB? (y)}, where n = Bp(z,z) +
min{e — p(x,z) + ap(x,x),8 — p(y,2) + ap(y,y)}. O

Theorem 2.6 Let X be a nonempty set, p be a partial metric and p(x,y) = p(x,y) —
lap(x,x) + Bp(y,»)], where 0 <o, <1l,a+B=1and a #1/2, B #1/2, for any x,y € X.
The following statements hold:

(1) Each partial metric p on X generates a Ty topology T (p) on X.

(2) Each quasimetric p on X generates a Ty topology T (p) on X.

3) T)=T@).

(4) (X, T (p)) and (X, T (p)) are first countable.

Proof (1) It is trivial by Theorem 3.3 in [2].

(2) By Lemma 2.3(1), we know that p is a quasimetric. Suppose that x # y. By (P2) and
(P3), we have ap(x,x) + Bp(y,y) < ap(x,y) + Bp(x,y) = p(x,y). Set & = LEVLLEIIPOI,
Then, x € BE(x) and y ¢ B (x). Therefore, (X, T (p)) is a Ty topology space.

(3) For any x € X and ¢ > 0, suppose y € Bf(x), namely, p(x,y) < &. Since ap(x,x) +
Br(,y) < p(x,y), we have ap(x,x) + Bp(y,y) < €. Set § = ¢ — [ap(x,x) + Bp(y,¥)]. We can
deduce p(x,y) < 8 + [ap(x,x) + Bp(y,¥)], which implies y € Bf;7 (). Therefore, B (x) € Bf;’ (x).

On the other hand, for any x € X and & > 0, suppose y € BE (x). We have p(x, y) — [ap(x, x) +
Br(,y)] < e.Setn = ¢+ [ap(x,x) + Bp(y,y)]. Then, we can deduce p(x, y) < n, which implies
y € B)(x), thus Bf (x) C By (x). Hence, T (p) = T (D).

(4) Set ¢ € Q*, where Q* denotes the set of all positive rational numbers. For any
x € X, B(x) and Bf () are countable neighborhoods at x in (X, 7 (p)) and (X, 7 (p)), re-
spectively. O

3 Some results on (strong) complete partial metric spaces
Definition 3.1 Let (X, p) be a partial metric space and {x,} be a sequence in X.
(1) A sequence {x,} converges to a point x € X if p(x,x) = lim,_, 00 p(%, %1,);
(2) A sequence {x,} is called a Cauchy sequence if limy, ,—, ;00 (X, X4,) €xists and is
finite;
(3) (X,p) is said to be complete if every Cauchy sequence {x,} in X converges, with
respect to 7 (p), to a point x € X such that

P(x, x) = 1imn,m—>+oop(xn:xm) = 1imn—>+oop(xm x).
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Lemma 3.2 Let (X,p) be a partial metric space and (X,p) be the corresponding metric
space defined in Lemma 2.3(2), i.e., p(x,y) = p(x,y) — w,for allx,y € X. Let (X, q) be
the corresponding metric space, where q(x,y) = max{p(x,y), p(y,x)}, and p(x,y) = p(x,y) —
[apx,x) + Bp(y,9)], 0<a,B<l,a+B=1land o # %, B+ %,forallx,y € X. The following
statements hold:

(1) A sequence is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in

X 9.

(2) (X,p) is complete if and only if (X, q) is complete.

(3) (X,p) is complete if and only if (X, p) is complete.

(4) im0 P(xy, %) = 0 if and only if

plx,x)= lim p(x,,x)= lim p(x,,x,).
n—+00 n,m—>+0Q0

Proof (1) (=) Let {x,} be a Cauchy sequence in (X, p). There exists 7 € [0, +00) such that

1imy, s 00 P(®4, %) = 0. Then, for any ¢ > 0, there exists n, € N* such that
&
[P, 2m) — 1] < 2 Vu, m > H,.
Then, we have that

|ﬁ(xn’xm)| = |p(xn»xm) - [ap(xn»xn) + :Bp(xm»xm)“

S |p(xmxm) - ’7| + a|p(xmxn) - ’7| + ﬁ|p(xm,xm) - 77|

This implies that {x,} is a Cauchy sequence in (X, g).
(<) Suppose {x,} is a Cauchy sequence in (X, ) and let ¢ > 0. Then, there exists n, € N*,
such that
lo — Ble

G(Xns Xm) < 5 Vn,m > n,.

Set ¢ = 1. Then, there exists ny € N* such that

o — Bl

é(xmxm) < 9 , Vm,m> no.

We prove that {x,} is a Cauchy sequence in (X, p) in the following steps.
Step 1: Since p(x,,, %4,) = p(Xsy, %) by (P3) for all n > 1y, we have

PXns Xng) + [P0 %) + BP Xy Xg) | = D %) + [P (g Xng) + BDGEns %) ]

Thus, we have (o — B)p(xu, %) = P(Xny, %) + (& = B)P(Xg» Xng) — D(Xn» %Xy), which implies
that

1 ., n
P(xn:xn) = m[p(xno:xn) _p(xn:xno)] +p(xno:xn0)~
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Then, we have

1
|p(xrnxn)| = m[
2

o — B

<1+ p(Fuys X))

ﬁ(xnojxn)| + |]9(xn’xno)” +P(xn0¢xno)

=

‘é(x”’xﬂo)’ +p(xn0rxn0)

for all n > ny, which implies that the sequence {p(x,,x,)} is bounded in R. Hence, the se-
quence {p(x,,x,)} exists with a subsequence {p(x,,,,, )} that is convergent and we denote
1imnk»+oop(xnk;xnk) =a.

Step 2: By Step 1, we have

1
o — B

‘p(xn:xn) _p(xm’xm)’ = |p(xm:xn) _ﬁ(xn:xm)’

=

1 ~ ~
|Ot _13| [|p(xm’xn)| + |p(xn1xm)|]

< L !é(xmvxn)} <§,

o — Bl

for all n, m > n,. In addition, since

1 . A
p(xmxn) = r p(xmrxn) _p(xmxm)] +p(xmxxm);

5

we have

lim p(xm xn) = mgToop(xm’xm) =a,

n—+00

for all 5, 7 > n;, where 7, = max{u,, o).
Furthermore,
|p (s %) — a
= |t Xm) — [P Xy %) + BOComs %m) | + (€D (s %) + BP Xy X1) | - a
< |Pns %m) = [Py %) + BPEns %) || + | Xy %) + By %) —
= D Xm) + &t|p(n,20) — a| + B|p Koy 2m) — al
o= B @-pl+2

e+a-e+fe=
2 a-e+p 2

<

’

for all n, m > n;. This implies that {x,} is a Cauchy sequence in (X, p).

(2) («) First, without loss of generality, we claim that 0 < g < % (infact,by0<ea,8 <1,
(x+/3=landa#%,ﬂ#%,then,wehaveoz< % or 8 < %).

Step 1: Let {x,} be a Cauchy sequence in (X,p). It is clear that {x,} is a Cauchy se-
quence in (X,g) by Lemma 3.2(1). Since (X, g) is complete, there exists x € X such that
lim,,_, ;00 (%, %) = 0, i.e., for any ¢ > 0, there exists 7y € N* such that

1-28
2

|G, %) < e

Page 5 of 11
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for all # > ny. Since g(x,y) = max{p(x, ), p(y,x)}, we have lim,_, ,» p(x,%,) = 0. This shows
that {x,} is a convergent sequence in (X, p).
On the other hand, we have

(s %) — P, %)|
|a+ﬁmxw)(a+ﬂW@mMﬂ
= | [ap(, %) + Bp(u %) — P, %) | + [P(%, %) — ap (o0, %) — Bp(, )]
-28 [p(xn,xn) - p(x,)]|
< |p(x, %) — ap(x, %) — Bp(Ensx0)| + | (% %) — 0P (%, %) — Bp(x, %) |

+ Q‘ﬁ |p(xn1xn) _P(x,JC)|

Then,

(1= 2B)|p(n, %4) — p(, )|
< |p(x, %) = [ap(x, %) + Bp(xn, %) || + | X) — [p(%n, %) + Bp(x, %) |
= P, %) + Py, )
<24(x,%,) < (1-2B) - &,

forall n > ny. Therefore, we can deduce |p(x,, x,) — p(x,x)| < &, which implies lim,,_, , o, p(x;,
%) = p(x,%).

Step 2: Since p(x,y) = p(x,y) — [ap(x,x) + Bp(y,y)], by Step 1, we have lim,,_, .o, p(x,%,,) =
lim,,—s 00 p(X, %) — ap(x, x) — Blim,,_, , oo (%, %,,). Then, we can deduce lim,,_, , p(x, x,,) =
limy,—s 400 p(X0, %) = p(x, %).

In addition, by (P4) we have p(x,,x,) < plx.,x) + plx,x,) — plxx). Hence,
1imy, s 400 P(%n, Xm) < p(x,x). Moreover, by (P2), we have p(x,,x,,) > p(x,,%,), which im-
plies limy, ;- 100 P(Xy1, %) > p(x,%). Then, we have

lim  p(x,,x,) = p(x,x).

n,m—>+00

Therefore, (X, p) is complete.

(=) Let {x,} be a Cauchy sequence in (X,g). Then, {x,} is a Cauchy sequence in
(X,p) by Lemma 3.2(2). There exists a point x € X, such that lim, ;00 p(Xy, %) =
lim,, 100 p(x, x,) = p(x, x). Therefore, for any € > 0, there exists ny € N* such that

’p(xrxn) _p(xrx)’ <é&
and

| 24) — p(%,%)| <&,

for all n > ng. Then, we have

D, x0)| = (%) = [, %) + Bp( %) |
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= a|[p(x»xn) —P(x,x)“ + :3|[P(x’xn) _p(xmxn):”
<o &+ Blp, xa) — p(x,x)| + B|p(%ns %) — (%, %)|

<a-e+2B-e=p-¢.

Therefore, we have lim,,_, ,», p(x,x,) = 0.
Analogously, we have

[P, %)| = [P, %) = [P (s x0) + B (%, %) |
< :3 €+ 0‘|l9(x’xn) —P(x»x)| + a|p(xmxn) —P(x,x)i

<f-e+20-e=a-e¢.

This implies lim,,_, ;o p(x,, %) = 0.

Furthermore, by (M2), we have p(x,, x,,,) < p(x,,, %) + p(x, %,,,). Therefore, lim,, ;s 4 00 P,
%) = 0, which implies (X, p) is complete. It is not difficult to show (X, g) is complete.

(3) It is trivial by Lemma 3.2 in [14].

(4) It is trivial by Lemma 2.1 in [4]. O

Corollary 3.3 Let (X, p) be a partial metric space. Then, lim,,_, . (%, x,) = 0 if and only

iflimn,m%+oop(xn:xm) =lim,_, 100 p(%, %) = p(x, %).

Lemma 3.4 ([4]) Let (X,d) be a complete metric space, ¢ : X — [0, +00) be a lower semi-
continuous function, and T : X — X be a given mapping. The following statements hold:
(1) Suppose that for any 0 < a < b < +00, there exists 0 < y(a, b) < 1 such that for all
Px)+¢(y)

xy€X, a=<dxy) + =5 < bimplies

d(Tx, Ty) + w <vyl(a,b)ldxy) + M]. Then, T has a unique fixed point
x* € X. Moreover, we have ¢(x*) = 0.

(2) Suppose that for all x,y € X, there exist a, b, c € [0,+00) with a + b + ¢ < 1 such that
d(Tx, Ty) + oTx + 9 Ty) <
ald(x,y) + o(x) + p(»)] + bld(x, Tx) + p(x) + o(Tx)] + c[d(y, Ty) + ¢(y) + p(Ty)]. Then,

T has a unique fixed point x* € X. Moreover, we have ¢(x*) = 0.

Theorem 3.5 Let (X,p) be a complete partial metric space and T : X — X be a given
mapping. The following statements hold:
(1) Suppose for any a,b € (0, +00), there exists 0 < y(a, b) < 1 such that for all x,y € X,
a < p(x,y) < b implies p(Tx, Ty) < y(a,b)p(x,). Then, T has a unique fixed point
x* € X. Moreover, we have p(x*,x*) = 0.
(2) Suppose for all x,y € X, there exist a,b,c € (0,+00) and a + b + ¢ < 1 such that
p(Tx, Ty) < ap(x,y) + bp(x, Tx) + cp(y, Ty). Then, T has a unique fixed point x* € X.
Moreover, we have p(x*,x*) = 0.

Proof (1) We have p(x,y) = p(x,y) — ’w by Lemma 2.3(2). Then,

px,x) + p(¥,y)

P(xr)’)=l~9(x’y)+ 9

’

for all x,y € X. Since (X, p) is complete, we have that (X, p) is complete by Lemma 3.2(3).
Define a function ¢ : X — [0, +00). Set ¢(x) = p(x,x) for all x € X. Since p(x,y) = p(x,y) +
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, there exists 0 < y(a,b) < 1 for any a, b, c € (0,+00). From Lemma 3.4, we can

deduce that a < p(x,y) + ’w < b implies p(Tx, Ty) + w < y(a,b)p(xy) +
w(x)w(y)]
5]

Pxx)+p(y)
2

On the other hand, let {x,} be a sequence in X such that lim,_, ;o p(x,,%) = 0, where
x € X. Then, we have lim,_, .o, p(x,,x) = p(x,x) by Lemma 3.2(4), i.e., lim,_ .00 ¢(x,) =
@(x), so ¢ is continuous. By Lemma 3.4(1), the result follows.

(2) It is not difficult to show that

2p(Tx, Ty) + p(Tx, Tx) + p(Ty, Ty)

< a[2i)(x,y) + p(x, x) +p(y,y)] + b[2[9(x, Tx) + p(x,x) + p(Tx, Tx)]

+¢[2p(, Ty) + p(9,9) + p(Ty, Ty)].
Set d = 2p and ¢(x) = p(x,x). By Lemma 3.4(2), then this statement holds. O

Example 3.6 Let X = [0, +00). Define p: X x Xx — [0, +00) as follows: p(x, y) = max {x, y}
for all x,y € X. It is clear that (X, p) is a partial metric space. Define a mapping 7: X — X
by Tx = {1 for all x € X, and taking y(a,b) = @b for all a,b € (0,+00). Thus, all the

1+a+b

conditions of Theorem 3.5(1) are satisfied and obviously x = 0 is a fixed point of T.

Definition 3.7 Letp be a partial metric and (X, p) be the corresponding quasimetric space
defined in Theorem 2.6, i.e., p(x,y) = p(x,y) — [ap(x,x) + Bp», )], 0 <o, <la+pB=1
and o # %, B# %, for all x,y € X. (X, p) is said to be a strong complete partial metric space

if imyps—s 400 P(Xns %) = 0 can imply lim,,_, .o %, = x for some x € X.

Remark 3.8 A strong complete partial metric space is a complete partial metric space, but
the converse may not be true.
In fact, by (P4), we have

P&, %) = plax, %)
< P&, %) + P, Xm) — 2p(%, %)
= P, %) + PO%, %) + P, %) + BP (X, %) — P, %),
for all n,m € N*. Since (X,p) is a strong complete partial metric space, we have

limy,,s - 100 P&y %) = 0 and lim,,, .o %, = x, which implies that lim,, ;o [p(%n, %) —

p(x,%)] = 0, namely, (X, p) is complete.

The following example shows that a complete partial metric space may not be a strong

complete partial metric space.

Example 39 Let A ={a;:a;=2i,ieN*} and B = {b;:b; =2i+1,i € N*} be two disjoint
infinitely countable sets, and X = A U B. Define a function p : X x X — [0, +00) by

1, x=ycAorx=y€B;

1)( ) ) =
PP et n gy and ) € Uana an b, (b b)),

Page 8 of 11
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It is not difficult to prove that (X,p) is a complete partial metric space. Set x, = 2n,

xn =2m+1 for all m > n, where n,m € N*. Then, we have p(x,,x,) = p(x,, %) —

[ap(x,, 2,) + Bp(Xps %m)] = % + %, and we can deduce lim,;;5,— 100 P(%,,, %) = 0. However,

lim,,_, ;o %, does not exist.

Theorem 3.10 Let p be a partial metric and (X, p) be the corresponding metric space de-
fined in Theorem 2.6, i.e., p(x,y) = p(x,y) — [ap(x,x) + Bp»,9)],0<a,B <lL,a+ B =1and
o %, B %,for all x,y € X, and satisfies the following conditions:
(1) (X,p) is a strong complete partial metric space.
(2) f:X — Risa lower semicontinuous function bounded from below.
(3) Let & >0, there exists xg € X such that f(xo) < infyex f(x) + € forall x € X.
Then, there exists a point x* such that p(xo,x*) < 1.

Proof For any ¢ > 0, we denote T'(x,y) = ep(x,y). Suppose
Su={E: £ + T(t,%,) <f () + QT () + BT (50,,)).

It is easy to see that x,, € S,;, namely, S, # @. Take x,,,; € S,,, such that

S (%) —inf, f

f @) ~inff < 5

We have that the sequence {f(x,)} is nonincreasing and bounded from below. Hence,
{f(x,,)} is a Cauchy sequence. We prove in the following steps:
Step 1: By (P4), we can deduce that

F@) + T(t,x4) = f(2) + ep(t, %)
<f(®)+ €[P(t;xn+1) + p(Xns1,%n) _p(xn+lrxn+1)]

=f(@©) + T(&;%041) + T 415 %) = T (X1, %)
For any t € S,;1, we have
SO+ Tt x011) <f K1) + (6 8) + BT (%41, %11)-
Then,

f@)+ T(t,xn)

Sf(xn+1) + OlT(t, t) + IBT(xn+1:xn+1) + T(xn+1yxn) - T(xn+1:xn+1)~

Since x,,1 € S,;, we have that

f(xn+1) + T(xn+1)xn) Sf(xn) + aT(xn+17xn+l) + IBT(xn)xn)-
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Then,

f@) + T(t,x,)
<f@n) + T X1, %041) + BT (X, %) + €T (£, 8) + BT (X1, %041)
- T(xn+1»xn+1)

=f(x,) +aT(t, 1)+ BT (xy,x4),

which implies that t € S, then S,,,; C S,,.

Hence, for any x,, € S,,, we have

S @) + TXms ) <f0) + 0T Xy %) + BT (X, %),

for all m > n.

Step 2: By step 1, we have

T Xms %) — 00 T (K Xn) — BT (%, %) Sf(xn) _f(xm);

for all m > n. Since {f(x,)} is a Cauchy sequence, we have

lim [T(xm’xn) - aT(xm’xm) - ﬁT(xnrxn)] = 0,

m>n—+00

which implies that limusp—ic0[P&m>%n) — o0pKm, %) — Bp(xn,x,)] = 0, namely,
1imy 51— +00 P(Xm, %) = 0. Since (X, p) is strong complete, there exists some point x*, such
that lim,,,_, ;o0 X, = &%, and lim,,,, ;o0 f (%) = f(x*).

Furthermore, for any m > n, we have

S@m) + TXms ) <f0) + 0T Ky %) + BT (K, %),

which implies that
S &) + T(x" %) <fxn) +aT (x5 5°) + BT (%, %),

sox* e S,.
Step 3: From step 1 and step 2, we have
T (x*,%0) — o T (5%, %) — BT (0, %0)

= 1im [T (x,,%0) — T (%, %,) — BT (%0, %0)]

=f(xo) - af(x*) - /Sf(x*)
=f(x0) —f (x*)
<f(xo) - inff () <&,

which implies p(x*, x0) — ap(x*,x*) — Bp(xo, x0) < 1, namely, p(xo,x*) < 1. (I
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