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1 Introduction

Throughout this paper, (X, || - ||) will denote a normed space. A sequence (x,) C X is said
to be strong Cesaro convergent to L if lim,, « % Y ko1 llxx = LIl = 0. The strong Cesaro
convergence for real numbers was introduced by Hardy-Littlewood [15] and Fekete [14]
in connection with the convergence of the Fourier series (see [25] for historical notes and
the most recent monograph [6]).

A sequence (x,) C X is said to be statistically convergent to L if for any ¢ the subset {#:
|z, — L|| > €} has zero density on N. The term statistical convergence was firstly presented
by Fast [13] and Steinhaus [23] independently in the same year 1951. Actually, a root of
the notion of statistical convergence can be detected in [26], where the author used the
term almost convergence, which turned out to be equivalent to the concept of statistical
convergence.

Interest in statistical convergence arises from its important applications in Approxima-
tion Theory. For instance, Korovkin-type approximation results have been obtained in
(4, 5,12, 18, 20] for different types of statistical convergence. Furthermore, Korovkin-type
results for double sequences are especially interesting (see the results of H. Aktuglu [3]

and the pioneering result of K. Demirci et al. [11]).
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The strong Cesaro convergence, and the statistical convergence, two notions introduced
at different times and different contexts, are related by J. Connor’s result [10], which was
sharpened by Khan and Orhan [16]. Among other results, Khan and Orhan [16] show that
a sequence is strongly Cesaro convergent if and only if it is statistically convergent and
uniformly integrable. Recently in [17], the authors obtained Connor-Khan-Orhan’s (see
[10, 16]) result for different kinds of statistical convergence defined by moduli.

In [19], Mursaleen and Edely obtained Connor’s result for double sequences. We stress
here the difficulty of obtaining these results in several variables. First of all, in two dimen-
sions, the convergent sequences are not necessarily bounded. Moreover, there are different
methods to define the limit for double sequences.

In this paper, we aim to obtain the results in [17] for double sequences and for differ-
ent types of statistical convergence, which are defined by a density in N using a modulus
function f.

Let us recall that f : R* — R* is said to be a modulus function if it satisfies:

1. f(x)=0ifand onlyifx = 0.

2. flx+y) <f(x)+f(y) for every x,y € R*.
3. f is increasing.

4. f is continuous from the right at 0.

The results in [17] are summarized as follows. It was shown that the f-statistical conver-
gence and the f-strong Cesaro convergence are not always equivalents for any modulus
function f. In [17], it was shown that for any modulus function f, a f-strong Cesaro con-
vergent sequence is always f-statistically convergent. The converse of this result is not
true even for bounded sequences; then, it was characterized analytically by the modulus
functions f for which the converse is true for bounded sequences. It was also proved that
these modulus functions are those for which the statistically convergent sequences are
f-statistically convergent.

Since the Mursaleen-Edely result [19], a research program has been developed to ex-
plore different types of convergence for double sequences and their interconnection (see
[7, 8]). For instance, there are efforts to understand different types of convergence (lacu-
nary statistical, f-lacunary statistical of order «) for double sequences and to see their in-
terconnections with the Cesaro-type convergence for double sequences (see [9, 21, 22, 24].

The difficulty of this paper relies on the different ways to define the convergence for
double sequences and the different manners that could exist to define the concept of f-
statistical convergence for double sequences. Moreover, the computations that appear in
[17] become much more complicated for double sequences and the statistical convergence
defined by a modulus function f. At first glance, the concept of f-statistical convergence
for double sequences (introduced in [1]) seems too artificial. However, as we will see, the
concept is defined perfectly because it guarantees the regularity of the method.

In Sect. 2, we analyze the problem and see the difficulties, and we will show that when f
is a compatible modulus function, an equivalent reformulation of f -statistical convergence
for double sequences is possible, which is easier to use, and it simplifies the computations.

In Sect. 3, we will introduce the concept of f-strong Cesaro convergence for double
sequences. As we will see, this concept adapts like a glove to f-statistical convergence for
double sequences. With this notion in hand, we will establish that if a double sequence
is f-strong Cesaro convergent, then it is f-statistically convergent to the same limit. We
show that the converse of this result is not true even for bounded sequences; however, we
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characterized the modulus functions f for which the converse of the result is true. We will
see also in Sect. 3 that the equivalence between f-strong Cesaro convergence and strong
Cesaro convergence for double sequences is only true for compatible modulus functions.
Moreover, under the hypothesis of compatibility on f, we will show that a double sequence
is f-statistically convergent if and only if it is statistically convergent.

2 Preliminary results

Throughout the paper, we denote by #A4 the cardinality of a finite set A. Every double
limit we use will be considered in Pringsheim’s sense unless otherwise stated. The f-strong
Cesaro convergence for double sequences is defined as follows:

Definition 2.1 Let f be the modulus function. A sequence (x,,,) is said to be f-strong
Cesaro convergent to L if

i SOEL Y ey — L) N

,1—>00 f(mn)

Let us observe that if f is bounded, then the constant sequence x,,, = L is the only se-
quence that is f-strong convergent to L. Indeed, let us denote ||f|| = sup,, |[f(#)|, and let
us observe that if for some (i,7) e N x N, [lx;; — L|| = ¢> 0 then

S UL 3 s~ L1
fllso = f(mn) ’

which gives the desired result. For this reason, from now on, we will assume that if f is a
modulus function, then f is unbounded.

In [2], by means of a new concept of density of a subset of N, it is defined the following
non-matrix concept of convergence. A sequence (x,) is said to be f-statistically convergent
to L if for every ¢ > 0,

. fEHk<n:|x—L| >e})
Jm, f(n)

=0.

At first glance, one might think that the natural extension of the above definition for two

variables can be stated with the following notion of the density of two variables:

Given a modulus function f. A subset A € N x N has f-density if the following limit

exists

. f@{G) €A i<nandj<m})
drr(4) = mlr}goo f(nm)

Given (x;) and L, we denote
Ae(m,n) ={(i,j),i <nmandj <m,|lx; - L| >}

Based on the above notion of density, we could define the f-statistically convergence as
follows:
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Let f be a modulus function. Then we say that a sequence (x;) “f-converges” statis-

tically to L if for any € > 0,

lim S#A(m, n))

mn—co  f(nm) =0. (1)

However, as it was pointed out in [1] with the above definition of f-density on the
hand, there are modulus functions f for which N x N has no density 1. For this reason,
it was necessary to define a normalization factor for the f-statistical convergence of dou-
ble sequences. Let (x;;) be a double sequence and L € X, forany ¢ >0, p <mand g <n
(p,g,m, n € N), let us define the subsets A, (p, g, m, n):

A.(p,q,m,n) = {(i»f) ENxN:ip<i<mqg=<j=<n|x;-L| >8}~
Definition 2.2 Let f be a modulus function. Then (x;) is f-statistically convergent to L if

lim  lim f(#Aa(P»q’Wl»Vl)) _

0.
Prg—> 00 11,1n—> 00 f(mn)

Let us point out that, in general, the above limits (in Pringsheim’s sense) may not exist.
Next, we will see that for a compatible modulus function f, it is not necessary to introduce
the above normalization factor, and Definition 2.2 is equivalent to the definition given by

equation (1). Let us recall what a compatible modulus function is.

Definition 2.3 A modulus function f is said to be compatible if for any ¢ > 0, there exist

&’ >0 and ny(¢) € N such that f}'gfl;) < ¢ for all n > ny.

Example 2.4 The following functions f(x) = &” + 29, 0 < p,g < 1, f(x) = #” + log(x + 1),
f(x) = x + 5 are modulus functions, which are compatibles. And f(x) = log(x + 1), f(x) =
W (x) (where W is the W-Lambert function restricted to R*, that is, the inverse of xe*) are
modulus functions, which are not compatibles. Indeed, the function f(x) = x + log(x + 1)

is compatible since

. f(ne" . neg' +log(1+ne’)
lim = lim —c
n—00 f(n) n—»oo  u+ log(}’l + 1)

On the other hand, if f(x) = log(x + 1), since

log(1 + ne’)

n—oo log(l+m)
we obtain that f(x) = log(x + 1) is not compatible.

Theorem 2.5 Let f be a compatible modulus function, then (x;) is f-statistically conver-
gent to L if and only if for any ¢ > 0
S (#As(m, m))

Iim —~—=0.
M,n—>00 f(nm)
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Proof One implication follows directly without the compatibility’s hypothesis on f. Let us
observe that A, (p, g, m, n) C A.(m, n); hence, since f is increasing

f(#AS(p’ q,m,n)) Sf(#As(m’n)):

the implication follows dividing the above inequality by f(mn) and taking limits as
(m, n) — oo.

Conversely, let £ > 0. Since (x;) is f-statistically convergent to L, there exist (p,q) € Nx N
and N € N such that, if m > N > p and n > N > g, we have that

f#Ap,qmn) e
T fmm) 2 )

fne)

Since f is compatible, there exist &’ > 0 and 1y > N large enough such that Jit)

< %, for all
n > ny. We can take N large enough such that

for all n,m > N. Let us denote by B, (m, n) = A.(m,n) \ A:(p,q, m, n).
We claim that for all m,n > N

f#B.(m,n)) ¢

fomn) "2 ®)

Indeed, we observe that
#B:(m,n) < #A.(p,n) + #A,(m,q) < pn + qm.

Therefore, by dividing the above inequality by mn, we obtain

#B,(m, n)
mn

/

V4
<=—+=<e
m

NN

for all m,n > N. Thus, since f is increasing

S (#B:(m,n)) <f(e'mn),
which implies that

S #Be(m, n)) <f(8/mn) &

fomn) = fomm) 2

the last inequality follows from the compatibility of f.
Finally, the result follows from (2) and (3). Indeed, if m, n > max{N, ny} we obtain:

f(#A:(m, n)) <f(#Ag(p,q, m,n)) +f(#BS(m, n)) . e
f(mn) - f(mn) f(mn) 2

3
+- =g
2

which yields the desired result. O
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Let us recall that f is a compatible modulus function provided lim,_,¢limsup, J}((";)) =

0. We will say that a modulus function f is compatible of second order or 2-compatible,

provided lim,_,¢ limsup,, }CEZE; = 0. Clearly, if f is compatible, then f is 2-compatible. The

next result complements Theorem 2.5.

Proposition 2.6 Assume that for any f-statistical convergent double sequence (x;;) we

have that for any ¢ >0

. f(#A:(0,0,m,n))
lr}gzl f(mn) =0

then f must be 2-compatible.

Proof Indeed, assume that f is not compatible. Let €, be a decreasing sequence converging
to 0. Since f is not compatible, there exists ¢ > 0 such that, for each £, there exists m; such

that f(myiex) > ¢f (my). Moreover, we can select m; inductively satisfying

1 (1 - ex)my
> )

(4)

1-¢p—
M1 Mit1

Now we use an standard argument used to construct subsets with prescribed densities. Set
ni = [mrer] + 1. And extracting a subsequence if it is necessary, we can assume that n; <
My <---,my <my<---.Thus, set Ax = [mp,1 — (nry1 — 1x)] N N. Condition (4) guarantee
that Ax C [mg, mp,1].

Let us denote A = | J, Ax, and x,, = xa(n).

An easy check show that the sequence %, , = x, is f-statistical convergent to zero, but

%7’;")’“% > ¢ which yields the desired result. O
k

3 Main results
Let us start this section recalling the concept of f-strong Cesaro convergence for double

sequences.

Definition 3.1 Let f be a modulus function. Then a double sequence (x;) is said to be

f-strong Cesaro convergent to L if

lim f(Z:’:l Z,'Zl ”xij —-Ll) _0

M,n—>00 f(mr[)

We aim to establish Mursaleen’s result [19] for f-statistical convergence and f-strong

Cesaro convergence.

Theorem 3.2 Let f be a modulus function.
(@) If (xy) is f-strong Cesaro convergent to L, then (x) is strong Cesdro convergent.
(b) Additionally, if f is compatible, then for every strong Cesaro convergent sequence (x;),

we have that (x;) is f-strong Cesaro convergent.
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Proof Let us establish (a). Let p € N, since (x;) is f-strong Cesaro convergent to L, there
exists Ny > 0 such that

SO X0 e = LI 1

Flmn) “p

for all m,n > Njy. That is,

"z 1 mn
f(ZZ nx,-,»—Ln> < ~fomn) <7("2).

i=1 j=1

To obtain the last inequality, it is enough to observe that the condition f(x +y) < f(x) +f(y)

implies f (mn) :f(% Foeet %) Spf(%).

Since f is increasing, we get

YL X e Ll 1
<

mn p

for all m,n > Np. That is, the sequence (x;) is strong Cesaro convergent.
To prove (b), let us fix & > 0 arbitrarily small. Since f is compatible, there exist ¢’ > 0 and
no(e) € N such that

fne)
f(n)

<&

for all # > ny. Since (x;) is strong Cesaro convergent to L, there exists Ny € N such that
n m

Z Z i — LIl < &'mn

i=1 j=1

for all m, n > Ny. Now, since f is increasing, dividing by f(mn), we obtain

SOCL Y xg = LI f(e'mn)
F(mn) < Fomm) ~°

for all m, n > max{ng, No}. That is, (x;) is f-strong Cesaro convergent as desired. O

Remark 3.3 Let us observe that the compatibility condition on f is necessary in (b) of The-
orem 3.2. Indeed, let us consider the modulus function f(x) = log(1 + x) and the sequence

1 i=j,
Xij = y
0 iFj
then, an easy check shows that x;; is strong Cesaro convergent to 0; however, x; does not
converge f-strongly Cesaro to 0.

Given a modulus functions f. It was proved in [1] that if a sequence (x;) is f-statistically
convergent to L, then (x;) is statistically convergent to L. Let us remark that the converse
of this result follows for compatible modulus function.
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Theorem 3.4 Let f be a compatible modulus function. If (x;) is statistically convergent to
L, then (xy) is f-statistically convergent to L.

Proof Letusfix e > 0. Since f is compatible, there exist ¢’ > 0 and ny € N such thatifn > ng
then

!

ne
—<e.
n
Letc>0and &’ > 0. Since (x;) is statistically convergent to L, then there exists Ny € N such
that if m, n > N, we have

#{(lJ) 'lf n¢j§ m, ”xl]_L” >C} <8/

mn

Since f is increasing, we obtain

SO i <nj<m,|x;—L|>c}) <f(é‘/’m’l) <s
S (mn) f(mn)

for all m, n > max{ng, No}. Then, applying Theorem 2.5, we obtain the desired result. [

Now, we are going to see that the hypothesis on compatibility of the modulus function
stated in Theorem 3.2(b) and Theorem 3.4 is not a coincidence.
Let us denote |x] the integer part of x € R.

Theorem 3.5 Let f be a modulus function, then:
(@) If all statistically convergent sequences are f-statistically convergent, then f is
compatible.
(b) If all strong Cesdro convergent sequences are f-strong Cesaro convergent, then f is

compatible.

Proof If f is not compatible, then there exists ¢ > 0 such that limsup, J}((”:)) > ¢. Assume

that g, is a decreasing sequence converging to 0, for each k we can construct inductively

an increasing sequence mi; satisfying f(myex) > cf (my) and

2

MiEi — 1 < my 2 >

e ———< [ 1- - . (5)
* Mic1 Mi+1 /M4

Let us define by m = [myex] + 1, and we set £x = | /mi]. An easy check using (5) yields
(Cier1 = Li)* > Mger — g

Let us fix Ags1 C [€ir1 — L/ Hkr1 — Bk) — 1] X [Lis1 — [/Tike1 — k] — 1] a subset of N x N
such that #(A,1) = ng.1 — ng. Let us denote A = | J, Ax and set x;; = x4(i,/). Let us see
that x;; is statistically convergent to 0, but not f-statistically convergent. Indeed, for any
m, n € N, there exist p and ¢, such that £, < m < £,,; and £; < n < £4,,. Set k = min{p, g}.
We can suppose without loss that k > €41 — | \/fixs1 — k] — 1. Hence, since (/#1x,1 — 1)* <
Eiu < my, for any ¢ > 0:

#(i,)) i <m,j <nand |x;;| > &} M Fie1 — Mk

+
mn TG e = ke — e = 102
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i iyt — N
<=+ >
mi (Migs1 — /Mie1 — 1 — 2)
Mg41 =Mk
< Mk Mk+1

— +
Mg (1- [Za™ 2 )2
V omer Ve
which goes to zero as r — oo as desired. On the other hand, if we set
Ac(pg,mn) ={(i,)) eNxN:ip <i<m,q=<j<mnlxy>¢},

we shall show that there exists ¢ such that the limit

... f#A(p,q,m,n))
1;1721 B«r;rql f(mn)

is not zero. Indeed,

SO = b = bl > 2D flm) _ flomee) _
&) = fom) = fom) =

which gives that

. f(#A1/2(01 0,m, }’1))
1}111111 f(mn) =

On the other hand, for each p, g there exists p’, ¢’ such that £, <p < {,y,1 and £}, <gq <
£y41. Set s = max{p/,q'}. Since A1/5(0,0,m,n) C Ai2(p, g, m, n) UAy(s, s, m, n), we get that
for any § >0

. Alp,gqmmn) . f(A1(0,0,m,n))  f(ns)
) =T oy fomm) =70

which yields part (a). The part (b) follows using the same ideas. d

Next, we will recall Mursaleen’s result [19], which established a result of J. Connor for

double sequences [10].

Theorem 3.6 (Mursaleen [19]) If a double sequence (x;) is strong Cesdaro convergent to
L, then it is statistically convergent to L. Additionally, if the sequence is bounded, then the

converse is also true.

This result connects two concepts quite differently. Sometimes, it is easier to verify that
a double sequence is strong Cesaro convergent than to verify that it is statistically conver-
gent. On the other hand, if our sequence is bounded, we do not know if the sequence has
a limit, and we want to show that it is strong Cesaro convergent, it is better to check that
the sequence is statistically Cauchy because, as it was also proved by Mursaleen [19], the
statistically Cauchy sequences are statistically convergent. The above relationship is very
helpful. The impetus of this work is to know what the situation is in the context of the

f-statistical convergence.
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Theorem 3.7 Let (x;;) be a double sequence and let f be a modulus function.
(@) If (xy) is f-strong Cesaro convergent to L, then (xy) is f-statistically convergent to L.
(b) Additionally, if the sequence is bounded, then the converse of the last statement is

true if and only if f is a compatible modulus function.
Proof To establish (a), we show that it is enough to state (6) for all r € N,

C f#ALp.gmn)
lim lm ———— =

Prg—> 00 Hi,n—>00 f(mn)

(6)

Indeed, let € > 0 be small enough, then there exists r € N such that ﬁ <e< % Hence, we
obtain that for any p,q,m,n e N

A1(p,qmn) S Ac(p,q,m,n) S A (p,q,m,n),
and this implies that

#A% (g, m,n) <#A.(p,q,m,n) < #A% (p,q,m,n).
Since f is increasing, dividing by f (mn), we get

SEALDamn) (A (pgmm) _THA L @.gmm)
fon) = femm) flmm)

the result follows taking limits. Thus, let » € N be large enough, and we will show that (6)
is satisfied. Indeed, let p,q,m,n € N with p < m and g < n, then

f(iiuxij—uo zf(i 3 ||xi,—L||) 7)

i=1 j=1 =1 j=1
[
n n 1 1 m n
53 3 EL D SED SR ®
i a7 "\ j=1
lla—LIl= (6/)€A 1 (mn)
1
= ;f(#A% (m, n)) )
1
> —f(#A;(p, q,m,n)). (10)
v r

Since (x;) is strong Cesaro convergent to L, we have that

i SOEL Y ey — L) N

M,n—>00 f(mn)

Therefore, dividing by f (mn) the inequalities (7), we get that

AL (p.gmn)
lim ——— =

M,n—>00 f(mn)

Page 10 0of 13
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for all p,q € N, which gives that the sequence (x;) is f-statistically convergent to L as we
desired.

To establish (b), let f be a compatible modulus function, and let us suppose that (x;) is
a bounded sequence that is f-statistically convergent to L. Then, we will show that (x;)
is f-strong Cesaro convergent. Let & > 0 be small enough. By Theorem 2.5, since (x;) is
f-statistically convergent to L, and f is compatible, we have that for any ¢’ > 0,

f(#As’(m’ I’l)) _

(11)
Mn— 00 f(mn)
Since f is compatible, there exist ¢’ > 0 and ny(¢) € N such that
flne’) £ (12)
fm) 2

for all m > ny. Let us consider M € N large enough, such that ﬁ <& and ||lwjjlloe + |IL]| <M.
By equation (11), there exists Ny € N such that

S@#A(m,m) e
Fomm)  2M’

for all m, n > Njy. And by equation (12), we have that for all n > n,

fna) L€
fn) ~2°
Therefore,
SO ey = LID - S ipeay tmm 165 = LI +f(2(i,j)éAg,(m,n) lle; = LII) 13)
f(mn) - f(mn) S (mn) '

Since f is increasing, we obtain the following

S peayomm 195 = LI _jeasomn M) _ f@AmmM) & ¢
£ (mn) = £ (mn) T f(mn) =Tom 2

for all m, n > max{Ny, np}. On the other hand, let us compute the second term of the in-
equality in (13)

SO ijea omm 1% = LI <f(;frzrz[\—14) P

f(mn) = f(mn) <9

for all m,n > max{Njy, n0}. Thus, we obtain that (x;) is f-strong Cesaro convergent.

If f is not compatible then there exist two sequences (g), (my) satisfying f(myex) >
cf (my) for some ¢ > 0. We set £ = | \/my], we can select my inductively, such that the
sequence

Mi41€k+1 — MkEk

Tk+1 =
T (ke - )2

is decreasing and converges to zero. Again it is direct to show that x;; = Zw. Tkl X(otgny] (B ))
is f -statistically convergent to zero, but not f-strong Cesaro convergent. g
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