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1 Introduction

Sobolev spaces are vector spaces whose elements are functions defined on domains in
an N-dimensional Euclidean space R" and whose partial derivatives satisfy certain inte-
grability conditions. In order to develop and elucidate the properties of these spaces and
mappings between them, we require some machinery of general topology and real and
functional analysis.

In one of the classical approximation theories, the properties of approximation of or-
thogonal function systems, polynomials, and trigonometric have been studied in L7-norm,
and mostly in the maximum norm by [3-5, 25, 27, 28, 30, 31].

The L7-norm for g < oo captures the “height” and “width” of a function. In mathemati-
cal terms “width” is same as the measure of support of the function. The Sobolev norms
capture “height’, “width’, and “oscillations”. The Fourier transform measures oscillation (or
frequency or wavelength) by decay of the Fourier transform i.e. the “oscillation” of a func-
tion is translated to “decay” of its Fourier transform. Sobolev norms measure “oscillation”
via its derivatives (or regularity).

The idea of the best approximation of a function by a polynomial was aggravated by P.
L. Chebyshev. This idea chronologically pioneered the discovery of Weierstrass theorem
and formed the basis of the modern constructive theory of functions.
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The quantity

E,(f)=E,(f;a,b) = Ignf vrai sup V(t) —Pv(t)‘ [29],

® a<t<b
which gives a measure of the deviation(error) of f(¢) from the polynomial P, (¢) = co + ¢c1£ +
.-+ + ¢, t¥ corresponding to it, has been given the title of the best approximation of order

v of this function. If the polynomial P, is a trigonometric polynomial T, of degree v, then
the best approximation of a function f € C* is given by

Ev(f) = n%in ”f_ Tv”’ ”f_ Tv” = mtax[f(t) - Tv(t)|'

In this paper, we study the degree of convergence of the functions of Fourier series and
conjugate Fourier series in Sobolev norms using Riesz means. However, detailed objec-
tives of this paper will be presented in Sect. 3. Organization of the paper is as follows: In
Sect. 2, we give important definitions and known results related to our work. In Sect. 3,
we mention detailed objectives of the proposed problems and obtain their results. Appli-
cations and their numerical results are discussed in Sect. 4, while conclusion is given in
Sect. 5.

2 Notations and preliminaries

In this section, we present notations, definitions, and known results.

2.1 Notations
(i) C* —CI[K] with the continuous 27 -periodic functions on R.
(i) vraisup —The essential upper bound vrai sup f(¢) is the lower bound of all the
numbers M, for which f(¢) > M on a set of measure zero.

2.2 Sobolev spaces
For 1 < g < o0, the space L?[0, 2rr] consists of all measurable functions on [0, 277 ] such that

21
/ [f@)|" dt < oo,
0

and the norm is defined by

(L (2 If@)1de)i, 1<q<o0;

Ifllg =
€SS SUPfe(0,2m) f@®l, ¢q=o0.

When g =2,

Il = (% /0 " [f(t)\zdt>%.

The vth order modulus of smoothness of a function f : A — R is defined by

w,(f,t) = sup {sup{|AZf(t)| it t+vh GA}}, t>0, (1)

0<h<t
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where
A=) (-1)"7 C)f(t +jh), veN.
j=0

For v =1, w:(f,t) is called the modulus of continuity of f [8].

Assume that X is an open subset of RY. The Sobolev space W"(X), v = 1,2,3,..., con-
sists of functions f € L9(X) such that, for every multi-index g with |8] < v, the weak
derivative D?f exists and D?f € L1(X).

Thus,

W(X) = {f € L1(X) : Df € LX), |8l < v} [1]. 2)

The norm of (2) is defined by

1

Il wraco = (Z ”DﬁfHZq(x)) ’1, 1<g<oo, (3)
|Bl<v
and
W o) = fgg”Dﬂ i s v

The semi-norm of (2) is defined by

1
q
lf|W"'q(X) = (Z ”DﬂfH‘LIq(x)> , l=g<oo, (5)
|Bl=v
and
I.f'W”'OO(X) = T}}ﬁf”Dﬁf”Lw(x)' (6)

When g = 2, the Sobolev space W"%(X) is a Hilbert space with the inner product

(f’g>W"'2(X) = Z (Dﬂf’Dﬂg)LZ(x)r
|Bl=v

where
(Dﬁf’Dﬁg)LZ(x) = ADﬁﬂ)ﬂgdt
and
1
"f” wv2(X) = (f’f) éyv,Z(x)'
For v =1, g = 2, the Sobolev space is defined by

W (X) = {f € L*(X) : Df € LA(X), 1Bl < 1}, (7)
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and its norm is defined by

A llwizeo = (ZHDﬁf ||iz<x>) : @

|B1<1

Example 2.1 ([2]) For 1 < q < oo, the function f(£) = |¢| belongs to W4(X), where X =
(-1,+1) and

) +1 if0<t<1,
f0)=
-1 if -1<¢<0.

Remark 2.2 Here, we discuss some important properties of the Sobolev space.
(i) Forl<g<ooandv=1,2,..., the Sobolev space W"4(X) is a Banach space.
(i) Forl1 <g<ooandv=1,2,..., the Sobolev space W"4(X) is separable.

Remark 2.3
(i) For v =0, the Sobolev space reduces in L? space i.e. W%4(X) = L1(X).
(i) Forv=1,2,3,..., W"(X) = Lip(v, q).
(iii) For B = v, we have W4(X) = Lip(1, g).
(iv) Forv=1,q— oo, Lip(1,q) = Lip(1).

2.3 Fourier and derived Fourier series
Let f be a 27 -periodic Lebesgue integrable function defined on [-, w]. The Fourier series

of f is given by
f@t)~ % + Z(a,, cos vt + b, sin ve). )

v=1

The v partial sum of (9) is given by

(/51 =500 1) = 5 f $:(5)D, () ds, (10)
T Jo
where
9(5) = (¢ +9) + £t —5) — 2 (D), (11)

and D, (s) (Dirichlet kernel) is defined by

. 1
D, (s) = M (12)

F)
Sln2

The derived Fourier series of (9) is given by
o0
f(t)~ Zv(b,, Cos vt — a,, sin vt), (13)

v=1

which is obtained by differentiating (9) term by term.
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The v¥ partial sum of (13) is given by

Mﬂﬁwﬁkf@=§jamw@mx

0

where

&(s) =f(t+s)—ft—s) - 25'(t)

and

dgi(s) = d(f(t +5) —f(t—5)) — 2 (£) ds.

2.4 Conjugate Fourier and conjugate derived Fourier series
The conjugate series of (9) is given by

f(t) ~ Z(av sinvt — b, cos vt),

which is said to be a conjugate Fourier series.
The v¥ partial sum of (15) is given by

- - ~ 1 (7 cos(v + 3 )s
St) =5 —fO) =—— | @ls)——2—ds,
2 sin 5

where the function f , the conjugate to a 27 -periodic function f, is given by

f(t)=—$/0ﬂ (/)t(S)COt( )ds,

where

©i(s) =f(t+s)—f(t—5s).

The derived series of (15) is given by
~ [o¢]
f@e)~ Z v(a, cos vt + b, sinvt),

v=1

which is said to be a conjugate derived Fourier series.
The v¥ partial sum of (19) is given by

5.(f5t) =5,(6) - F'(8)

_ 2(v+1)/ 0:(s) sin( v+1)sd l/” 0:(8) cos(v+%)sds
0

4sin 5 T 4sin 5

_2_1; 7 py(s) sin(v + %)s s l/” p:(s)cosvs s
0

T Jo 4sin 5 b4 4sin’ 3

Page 5 of 21

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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where the function f/, the conjugate to a 27 -periodic function f, is given by

F(e) = —ﬁ fﬂ p:(s) cosec? % ds, (21)
0
where
pe(s) =f(t+s)+f(t—s). (22)

The following result is relevant to our discussion.

Theorem 2.4 ([10]) Let f € L1(R) with 1 < q < oo. The following properties are equiva-
lent:

(i) £ € WH(R);

(i) 3 a constant C such that for all s € (R)

lzof —fllza(R) < Cls].
Moreover, one can choose C = ||f'||1a(R) in (ii) and (t5(f))(£) = f (¢ + 3).

2.5 Riesz means
Let > 7, u, be an infinite series such that s; = Z]::o u,. Let p, be a nonnegative, nonde-
creasing sequence of numbers such that

v
Pv=Zpk#0 V>0, Pi=p1=0 and P, — 00 asv— oo.
k=0

The sequence-to-sequence transformation defined by

1 v
by=— Zpksk
Pz

is called Riesz means or (R,p,) means of the sequence {s,}. The series ) - u, is said to
be summable to the sum s by Riesz method if we can write t, — s as v — oco.

The necessary and sufficient conditions for the (R, p,) method to be regular are given by
v
Y il <clPyl, 1P|~ 0.
k=0

2.6 Degree of convergence
The degree of convergence of a summation method to a given function f is a measure how
fast T, converges to f, which is given by

1
=T - O(r) (141,

v

where A, — oo as v — 0.
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3 Main results
In this section, we study the following results.

3.1 Degree of convergence of a function of Fourier series

The degree of approximation of a function in function spaces, viz. Lipschitz, Holder, gen-
eralized Holder, generalized Zygmund, and Besov spaces, using different means of Fourier
series, has been studied by the authors [7, 12, 13, 15, 17-19, 21, 22, 24] etc.

Since the degree of approximation of a function of Fourier series in the above mentioned
spaces only gives the degree of the polynomial with respect to the function, but the degree
of convergence of a function of Fourier series gives the convergence of the polynomial
with respect to the function. The degree of convergence of a function of Fourier series in
Sobolev spaces gives a much better result than that of the earlier results obtained using
the spaces other than Sobolev spaces.

Therefore, in this subsection, we study the degree of convergence of a function in
Sobolev spaces using the Riesz means of Fourier series and establish the following the-

orem.

Theorem 3.1 Let f be a 2rw-period and Lebesgue integrable function belonging to Sobolev
spaces WY2, then the degree of convergence of a function f of Fourier series using Riesz
means is given by

i} Py pylogr(v+1)
||Tv(t)”1,2_o[(Pu(V+1))+< B )

1
Po(v+1) vl Py T 1
+ <—Pv )/(; |dgt(3)| + (1?,) /i S_2|dgt(5)|:|~

v+l

The following lemmas are required for the proof of Theorem 3.1.

Lemma 3.2 Let {p,} be a nonnegative and nondecreasing sequence, then for 0 <s < ﬁ,
M, (s) = O(24D),

1 wings . 1 1
Proof For 0 <s < -,sin(3) > = and sin(k + 5)s < (k + 5)s.

S
b4

1 < sink+3)s
Zpk

27 P, g

|M\,(s)| = -
sin 5

k=0

" (2k+1)s
Zp L
k=0

b

1
<
“A4x P,

v

Zpk(Zk +1)

k=0

1
1P, O(pv(v + 1)).

<
~ 4P,

=

Thus,

M, (s) = O(M)

p,
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Lemma 3.3 Let {p,} be a nonnegative and nondecreasing sequence, then for ﬁ <s<m,
M, (s) = O(F5)-

s2P,

1 .
Proof For — <s <, sm(%) >

v . l
1 o s1n({( +3 )s
2P, Z sin £
k=0 2

‘ 1
Zpk sin(k + —)s
2
k=0

|Mv(5)| =

=

1
2sP,
Now, using Abel’s transformation, we have

- 1
Zpk sin(k + —)s

2
k=0

v-1 k v
1 1
Z(pk — Pi+1) Z sin<r + 5)3 +py Z sin(k + E)S
k=0 r=0 k=0
1 v-1
= O(;) |:Z |Px = Prs| + |Pu|:|

k=0

oft)

Thus,

M, (s) = O(sf;)v)' O

Proof of Theorem 3.1 Using (10), the Riesz transform of the sequence {s,(¢)} is given by

1 o 1 o 1 7 ¢u(s)sin(k + 1)s
To() = 86 - £(8) = — O-fO)) =+ [— Posink+ s }
f P, ;Pk{é'k fo) P, ;Pk 7 /0 sin? s

Thus,
1 m ", sin(k+3)s
T,(t) = 2P, /0 @1 (s) ;ka ds (23)
_ /O " u(s)M, () ds. (24)

Using (14), the Riesz transform of the sequence {s/(¢)} is given by

T = 480~ 0 = o S pelsid)—f )
V' k=0

BN 1 (7 sin(k + %)s
— S sin(k + 3)s | 2
Pu gpk[Zﬂ' \/0‘ sin & dg[(s):| ( 5)

2

Thus,

1 2 sin(k+ L)s
T)(6) = >
o) 2P, /0 = Pr sin 5 dgi(s) (26)

Page 8 of 21
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- /0 M, (s) des). 27)

Now, using the definition of Sobolev norm given in (8), we have
7.0, = 1T.@], + [T, (28)

Using the definition of L? norm, we have

2w %
ol = |5 [ 1o el

LT siontds
B

Using generalized Minkowski’s inequality [6], we have

e 2w %
||Tv(t)||25f0 {%fo |¢r(s)|2dt} IM,(5)| ds

< / " 6e5)], | M) ds.

>\
ar)

(29)

Using Theorem 2.4, we get
I 7.0], < /0 2Cs|M, (s)| ds
< ch s|M,(s)| ds
0

=2C[/ms}MU(s)’ds+/n s|M,,(s)|ds]
0 1

v+l
=2C[L + b). (30)

Now, using Lemma 3.2, we get

1

L :fms‘Mv(s)‘ds
0
1

v+l
SpV(V+l)/ sds
Pv 0

_ Py
- O(Pv(v + 1)>'

Now, using Lemma 3.3, we get

(31)

I = / s|M,,(s)| ds

v+

5/ Py ds
1_sP,

v+l

—
|

B
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1 [* P
=— 2 ds
P, 18

_ O(p\, log (v + 1))'
p,

From (31) and (32), we have

_ Py pylogm(v+1)
im0l -0 () - (45}

Using the definition of L norm, we get

1

21 3
7.0~ { 55 [ mef ]

1 2
s

Using generalized Minkowski’s inequality [6], we get

7 2 %
/ M, (s) dg:(s) dt} .
0

|70, < [ 14,6l deto)

< [ /Omin(s)Hdgt(sn . / |Mu(s)||dgt(s)|]

1

v+l

=13 +I4.

Now, using Lemma 3.2, we get

IL- /0 "M, 9)]| d )|

1
p\)l)+ m
=(9( Igy“)/o | dgi(s)|-

Now, using Lemma 3.3, we get

L= [ | 4.9l deto)

T Py
= /1 2D, |dgt(s)|

v+l

v 1
~o(2) [ ldeo.

v+l

From (35) and (36), we have

1
, _ Pop+) \ [T
o (%52)

v+l

v [F1
de)|+ (5) [ 5lde]|

(32)

(33)

(34)

(35)

(36)

(37)

Page 10 of 21
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From (33) and (37), we have

_ P pylogm(v+1)
Hﬂﬁwu-OK3@+n>+< Py )

1
Po(v+1) v Py T 1
(PR) [ asol () [ sl 0

1

3.2 Degree of convergence of a function of conjugate Fourier series
Consider a series

Z sin(vt)' 38)

= logv

oo cos(vt)

=2 Togy ? but it is not a Fourier

We note that (38) is a conjugate series of a Fourier series Y

series that can be easily observed by the following theorem.

Theorem 3.4 ([9]) Ifa, >0, % = oo, then ) a,sinvt is not a Fourier series. Hence, there

exists a trigonometric series with coefficients tending to zero which are not Fourier series.

One can see [9] for more details on conjugate Fourier series.

The degree of approximation of a conjugate function in function spaces, viz. Lips-
chitz, Holder, generalized Holder, generalized Zygmund, and Besov spaces, using different
means of conjugate Fourier series, has been studied by the authors [7, 11, 12, 16, 17, 19,
20, 23, 26] etc.

As discussed in Sect. 3.1, the degree of convergence of a function of conjugate Fourier
series also gives the convergence of the polynomial with respect to the function. The de-
gree of convergence of a function of conjugate Fourier series in Sobolev spaces gives a
much better result than that of the results using the spaces other than Sobolev spaces.

Therefore, in this subsection, we study the degree of convergence of conjugate of a func-
tion in Sobolev spaces using the Riesz means of conjugate Fourier series and establish a
following theorem.

Theorem 3.5 Let f be a 21 -period and Lebesgue integrable function belonging to Sobolev
spaces W2, then the degree of convergence of a function f of conjugate Fourier series using
Riesz means is given by

i o L\ [
] (D) ()

1
by 1 o !
R (17) L o), ds + ( / o], ds)

v+l

v i 1
(2 [ 1ol as)

v+l

The following lemmas are required for the proof of Theorem 3.5.

I:emma 3.6 Let {p,} be a nonnegative and nondecreasing sequence, then for 0 < s < ﬁ,
y(5) = O(b).
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Proof ForO0<s < +1, sin(3) > = and |cosks| < 1.

Thus,

M, (s) = (’)(1>
s

O

Lemma 3.7 Let {p,} be a nonnegative and nondecreasing sequence, then for % <s<m,

Mv(s) =

1 .
Proof For T <s=<m, sm(%) >

. " cos(k + 3 3)s
|MV(S)| 27 P, Z Pi sin £ ’
. 1 |< cos(k+3)s

M6 = 55 2
k=0 ™
<o omens(k+3)
= 55B, |2 preos| k+ = s

Now, using Abel’s transformation, we have

(r3)-e(%)

Thus,

v Py
M, (s) = O(S%).

Lemma 3.8 Let {p,} be a nonnegative and nondecreasing sequence, then for 0 <s <

M, (5) = O(Le),

v+1?

Page 12 of 21
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Proof ForO0<s < +1,sm( ) > = and sin(k + 1)s<(k+ 1)s

sin(k +

o, ’—Zp doin’

sin(k + 1)s

v
2
k N
ZP 4sin
0 2

<
2P, =

2
=— pr(2k +1)
4w P, pars

< L(9((1} +1) U)

47
Thus,
. (v+1p
M;I (S) = O(Tv . O
Lemma 3.9 Let {p,} be nonnegative and nondecreasing, then for ﬁ <s<m, 1\7[/Ul (s) =
O(L2).
s#Py

1 s (S s
Proof For T <Ss=m, sm(i) >

1, 9] = | =X Zp 4“
= 2:Pv ki;p , sn;(/;: % g
- 4:Pv kaO:Pk sm(k; s
2s;lT<PU D P Sm<k " %)’

Now, using Abel’s transformation, we have

v v-1 k v
Zpk sin(k+ %)‘ = Z(pk —pk+1)25in<r+ %)s +py Zsin<k+ %)s
k=0 k=0 =0 k=0
1 v-1
< O(;) [Zl(pk —pi1)| + Ipul}
k=0

0(‘%).

Thus,

v Py
le(s)=(9<szpv). N
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Lemma 3.10 Let {p,} be a nonnegative and nondecreasing sequence, then for 0 < s < V—L,
() = O(4).

Proof ForO<s < ﬁ, sin(3) > = and |cosks| < 1.
. 1 o cos ks
M (s)| = |-
’ ”2()| 7P, ;pk4sin2%‘
T v
< cosks|.
= 252P, kZ:;P k
Thus,
-~ o 1
MVZ(S): 5_2 . O
Lemma 3.11 Let {p,} be nonnegative and nondecreasing, then for V—L <s<m, f\/[;2 (s) =
O(Lv),
s°Py,

1 s (S s
Proof For Tg<Ss=m, sm(§) >

. 1 o cos ks
U = |—= E
|M"2 (S)| - ‘ TP, pk4sin2 z

k=0
v
< g | 2prcosk
< % COS ks|.
22, | &P

Now, using Abel’s transformation, we have

of2)

> 1
k+ —
Zpkcos( ; 2)

k=0

Thus,

v by
MVZ(S)Z(Q(E)' O
Proof of Theorem 3.5 Using (16), the Riesz transform of the sequence {5,(¢)} is given by
- . ~ 1 & . -
T, =80 -1 = 5- Y _pefs®) -F )}
Y k=0

) 1 v pk[—i /” @s(s)cos(k + %)s dsi|-
0

in s
s1n2

Thus,

B 1 ” Y cos(k + 1)s
T, = ——— A L
=55 |, %(s)%pk s @
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_ /0 " u(s) () ds.

Using (20), the Riesz transform of the sequence {s,(£)} is given by

T =80 70 = o Y el - )

Y k=0

v

1 2k ™ p.(s)sin(k + 1)s 1 [7 k
_ IT Zpk (__/ ,Ot( ) ( i 2) ds — _/ Pt(S).C;)SS S ds).
v T Jo 4sin 35 wJo  4sin® g

v 1
T/(t) = —ni ( /0 kpg(s) Zl’k sm(k +3)8 ds)
v nj
cos ks
_an</o o )Zpk4 1n25 )

_ /0 p5) (W1, (5) + B, (5)) ds

= /O ’ ()M, (s) ds,

M. (s) =M., (s) + M., _(s).

v V1 vy

Now, using the definition of Sobolev norm given in (8), we have

” T,(t) ” 127 ” T,(1) ”2 + ” Tm/;(t)Hz

Using the definition of L norm, we have

1

2 2

17.0l,- {5 [ 1ol
1 2 2 %
o[ a

Using generalized Minkowski’s inequality [6], we have

||Tv(t)||25f0 {2;/ lu(s)? dt} |71, (5)| ds

< [ 1ol |t ds

/0 " u(s) () ds

Using Theorem 2.4, we get

(FAGI= / 2Cs| M, (s)| ds
0

(39)

(40)

(41)

(42)

(43)

Page 15 of 21



Nigam and Yadav Journal of Inequalities and Applications (2022) 2022:59 Page 16 of 21

< ZC/ s|fVIu(s)| ds
0
1

:2C|:/mS‘]\~/Iv(s)’ds+/7r s’]f/[,,(s)|ds]
0 1

1
v+l

=2C[I + ). (44)

Now, using Lemma 3.6, we get

1

I =fms‘Mv(s)‘ds
0

1
v+l
5/ ds
0
=o( ! ) (45)
v+1

Now, using Lemma 3.7, we get

:O(p,,log;(v+l)). (46)

From (45) and (46), we have

~ ~ 1 pylogm(v+1)
o -o|(12)- (25-0)]

Using the definition of L? norm and generalized Minkowski’s inequality [6], we get

7,00, = [ o010 ds

- [ lo L, 6l ds+ [ o], 0] ds
0 0
Iy +1 (48)

RS

+

w ¥

Now, using Lemmas 3.8 and 3.9, we get

L= [ ool it o] s
0

s

1
- [T lel, s [ o],k o) ds
0 w1

W+1)p,\ [ N 71
o[( a3l )/O Hpt(s)uzm(’;—v) /ﬁs—z”pt(s)||2ds}. @9)
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Now, using Lemmas 3.10 and 3.11, we get
i ~
- [ o), ) as

[ Il it 0] s [NZCINACIE

e . )
o[ ([Tl as)+ (%) L lox9)], 5 5] (50)

+1

From (49) and (50), we have

. Vp,\ [
701 -0 (“52) [ I, a

AN 1 " 1
+ <l;—])) /ul 2 ||,0t(3)||2d5+ (/0 ”pt(s)st_zdS)

+1

(5 [t ) &

From (47) and (51), we have

i 1 D\ [T
||Tv(t)||1,2:0[<1)11) + (17 ogm(v+1) ) ((V+1)17 )/ ||pt(s)||2ds
(&) [ Sl ( [ as)

1

() 2] :

4 Applications
In this section, we study some applications of our main results.

(5)”2 $2

4.1 Application on the degree of convergence of a function of Fourier series in
Sobolev norm using Riesz means
Consider a function f(t) =t>and P_; =p_1 =0andp, =1VYv>0and P, =1 + v.
Then ¢(s) = 0 and dg;(s) = 65> ds.
Therefore, M, (s) = O(1) for 0 <s < ﬁ and M, (s) = O(5—
Then, we have

4 — 1 1 1
||Tu(t)||2_0<(v+1)3+(u+1)|:n_(v+1):|)' )

Since || T, (£)||2 = 0, the degree of convergence of f(¢) = £3 is obtained by

1 1 1
|71, = O((v PRV T [ﬂ S+ I)D'

Now, we draw the graphs of T, (f) for different values of v (see Fig. 1).

L s<
SQ(Hl ) for L —7<s<m.
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Table 1 Degree of convergence of f(t) = t3

__1 1 1
v Tvin)= (v+1)3 +W[”7W]
100 0.031105
1000 0.003139
10,000 0.00031413
50,000 0.00006283
75,000 0.00004189
100,000 0.00003142
(o] 0
Tv Tv
1.0 0.10
0.8 0.08
0.6 0.06 -
041 0.04-
021 0.02-
0 2 20 60 a0 w’ o 200 200 600 800 1000 "
(1_&) For v = 100 (1]:)) For v = 1000
Tv Tv
0.010 0.0030
0.008 - 0.0025
0.0020
0.006 -
0.0015f
0.004 -
0.0010 |
0.002- 0.0005 |
0 20‘00 40‘00 60‘00 80‘00 10(‘)00\/ 0 10(‘)00 20 600 30‘000 40 (‘)OO 50 OOOV
(1.c) For v = 10000 (1.d) For v = 50000
Tv Tv
0.0030 0.0030
0.0025 0.0025
0.0020 0.0020 H
0.0015 0.0015
0.0010 0.0010
0.0005 0.0005
0 10000 20000 30000 40 (‘)OO 50 600 60000 70000 v 0 20 (‘)00 40 600 60000 80000 100 OOOV
(1.e) For v = 75000 (1.f) For v = 100000.
Figure 1 Degree of convergence of f(f) = 3

Remark 4.1 From Table 1 and Figs. 1(a) to 1(f), we observe that the result obtained in

Theorem 3.1 is much better than earlier results.
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4.2 Application on the degree of convergence of a function of conjugate Fourier
series in Sobolev norm using Riesz means
Consider a conjugate function f(f) = >, jio“—;vt forv>2and P =p_1=0andp, =1
Vv>0and P, =1+v.
Then ¢i(s) = 3277, 8 gy (s) | = Y207, 1oty and pis) = 207, 2S5, ), (5)] =
o0 1
ZU=2 logv*
Therefore, ( )= (9( ) for O<s<—=
for0<s < -1, M, (s) = O(—

vl’

(’)(5—3)f0r T <s=<m.

Then, we have

- 1 1+1 1)
||Tu(t)||2:(9[(zlogv)|:< + Ofir(lw >H
v=2

Mv(s) (’)( (+1))for—<s<rr le() o)
<s< ()—(9( )f0r0<s<v+1 v (8) =

v+1 ’

iR ) for -

v+1 1

and

oo - 1 1 1 (1
Iol, O[@ logv)[<(v+1>2> (erm(z o)
1 1
(o))

o0 sinvt
v=2 logv

. =1 1+logm(v+1) 1
”TV(t)||1,2:O|:(§10gv>|:< v+1 )+((v+1)2>
1 1 1 1
((v+1)< (””)>> ((v+1)2< ~e D ))H

Now, we draw the graphs of T, (f) for different values of v (see Fig. 2).

Thus, the degree of convergence of f(£) = 3 for v > 2 is obtained by

Remark 4.2 From Table 2 and Figs. 2(a) to 2(f), we observe that the result obtained in
Theorem 3.5 is much better than earlier results.

Remark 4.3 From Table 1 and Table 2, we also observe that the convergence of Fourier
series is faster than the convergence of conjugate Fourier series.

invt
Table 2 Degree of convergence of (1) = 372, 125
7 ) 1 1+log 7w (v+1) (%7(v+1))(71—]727(v+”2)
v Ty(t)= (szz @)[ VH + )2

100 -0.15357
1000 -0.15841
10,000 -0.15906
50,000 -0.15913
75,000 -0.15914

100,000 -0.15914

Page 19 of 21



Nigam and Yadav Journal of Inequalities and Applications

(2022) 2022:59

Tv Tv
-0.10p 04517
-0.152
-0.111
-0.153
-012p ~0.154}
_o3f ~0.155F
-0.156
—0.14f
-0.157
0.5 ~0.158F
0 2‘0 4‘0 6‘0 8‘0 160 0 200 400 600 800 1000 v
(2.a) For v = 100. (2.b) For v = 1000.
Tv Tv
-0.1570 -0.1580
-0.1582
-0.1575
-0.1584 -
-0.1580 |
-0.1586
-0.1585 - -0.1588 -
-0.1590
-0.1590 -
0 2000 4000 6000 8000 10000‘/ 0 10000 20000 30000 40000 50 OOOV
(2.c) For v = 10000. (2.d) For v = 50000.
Tv Tv
-0.1580 -0.1580
-0.1582 -0.1582
-0.1584 -0.1584
-0.1586 - -0.1586
-0.1588 1 -0.1588
-0.1590 - -0.1590
0 10000 20000 30000 40000 50000 60000 70000 0 20000 40000 60000 80000 100000
(2.e) For v = 75000. (2.f) For v = 100000.
. _ o0 sinvt
Figure 2 Degree of convergence of f(f) = Y12, Tog v

5 Conclusion

From Table 1 and Figs. 1(a) to 1(f), we observe that the degree of convergence of Fourier

series f(¢) = £> is much better than that of earlier results, and from Table 2 and Figs. 2(a) to
o0 sinvt
v=2 Togv
for v > 2 is much better than that of earlier results. Also, from Table 1 and Table 2, we

2(f), we observe that the degree of convergence of conjugate Fourier series f(£) = 3

observe that the convergence of Fourier series is faster than the convergence of conjugate

Fourier series.
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