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Abstract

Some topological and geometric behavior of the space of all sequences whose
generalized mean transforms are in Nakano sequence space, the multiplication
mappings acting on it, and the eigenvalue distribution of mappings ideal generated
by this space and s-numbers are discussed. We construct the existence of a fixed
point of Kannan contraction mapping on these spaces. Several numerical
experiments are presented to illustrate our results. Moreover, some successful
applications to the existence of solutions of nonlinear difference equations are
explained. The strength here is that the current results are constructed under flexible
setups given by controlling the weight and power of these spaces.
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1 Introduction

Since the principle of variable exponent function spaces have built upon the bounded-
ness of the Hardy-Little-wood maximal mapping, this explains its technique in image
processing, differential equations, and approximation theory. We will use the following
conventions in this article, if others are used we will notate them.

Conventions 1.1

Z* ={0,1,2,...}. €: The space of all complex numbers.

[a]: The integral part of a.
R: The set of real numbers.
¢Z" . The space of all sequences of complex numbers.

(0,00)*" :  The space of all sequences of positive reals.

foo i The space of bounded sequences of complex numbers.
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£,: The space of r-absolutely summable sequences of complex numbers.
¢o: The space of null sequences of complex numbers.
e =(0,0,...,1,0,0,...),as 1 lies at the /th coordinate, for all / € Z".
F: The space of each sequences with finite nonzero coordinates.
J: The space of all sets with a finite number of elements.
S 1 The space of all monotonic increasing sequences of positive reals.
B8: The ideal of all bounded linear mappings between any arbitrary Banach
spaces.
§: The ideal of finite-rank mappings between any arbitrary Banach spaces.
2A: The ideal of approximable mappings between any arbitrary Banach spaces.
RK: The ideal of compact mappings between any arbitrary Banach spaces.
BN, M): The space of all bounded linear mappings from a Banach space A/
into a Banach space M.
B(N): The space of all bounded linear mappings from a Banach space
into itself.
FW, M): The space of finite-rank mappings from a Banach space A/
into a Banach space M.
SWN): The space of finite-rank mappings from a Banach space /N into itself.
AN, M): The space of approximable mappings from a Banach space A/
into a Banach space M.
2A(N):  The space of approximable mappings from a Banach space NV into itself.
AW, M): The space of compact mappings from a Banach space N/
into a Banach space M.

AW): The space of compact mappings from a Banach space \ into itself.

Definition 1.2 ([1]) A mapping s : BN, M) — [0, 00)Z" is named an s-number, if the
sequence (s;(H ));fo, for all H € B(N, M), verifies the following conditions:
(@) |H|l = s0(H) > s1(H) > s3(H) > --- > 0, with H € BN, M),
(b) sjpi-1(Hy + Hy) < sj(Hy) + si(H>), with Hy, Hy, € BN, M) and j, [ € Z*,
(©) s;(ZYH) < || Z|Is{(Y) | H||, for every H € B(Np, N), Y € BN, M) and
Z € B(M, M,), where N and M, are any two Banach spaces,
(d) suppose G € B(N, M) and y € €, hence s5;(y G) = |y Is;(G),
(e) assume rank(H) <j, then s;(H) = 0, for all H € BN\, M),
() si=j(Ij) = 0 or s;;(I;) = 1, where I; marks the identity mapping on the j-dimensional
Hilbert space Eé.
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We explain a few examples of s-numbers as follows:
(1) The jth Kolmogorov number, d;(H), where
d;j(H) = infgimj<; Supy; <, infgey [|HA - B|.
(2) The jth approximation number, o;(H), where
o;(H) =inf{|H - Z|| : Z € BN, M) and rank(Z) < }.

Notations 1.3 ([2])

% = [ BV, M); \ and M are Banach Spaces}, where
Bi N, M) := {H e BN, M): ((55(H)) S, € £}

% = {BEW, M); N and M are Banach Spaces}, where

KW, M) = {H e BNV, M): ((o(H)) S € K.
B := {B% (N, M)N and M are Banach Spaces}, where
BELW, M) := {H e BNV, M): ((¢(H)), € K}.

Functional analysis places a high value on the operator ideal theory. Operators ideal
can be constructed using s-numbers, one of the most important ways. The theory of s-
numbers of linear bounded operators between Banach spaces was introduced and investi-
gated by Pietsch [3—6]. He offered and explained some geometric and topological structure
of the quasi-ideals B . Then, Constantin [7] generalized the class of £,-type operators to
the class of ces,-type operators by using Cesaro sequence spaces. Makarov and Faried
[8], showed that for any infinite-dimensional Banach spaces A, M and [ >j > 0, then
%Z(N,M) & BN, M) G BWN, M). As a generalization of ¢,-type operators, Stolz
mappings and operators ideal were examined by Tita [9, 10]. In [11], Maji and Srivas-
tava studied the class Al(f) of s-type ces, operators using s-number sequence and Cesaro
sequence spaces and they introduced a new class A;,S,L of s-type ces(p, q) operators by us-
ing a weighted Cesaro sequence space for 1 < p < 0o. In [12], the class of s-type Z(u,v; £,)
operators was defined and some of their properties were explained. Yaying et al. [13], de-
fined and studied the sequence space, x,, whose r-Cesaro matrix is in ¢,, with r € (0,1]
and 1 < 5 < oo. They explained the quasi-Banach ideal of type x,, with r € (0,1] and
1 < n < 0o. They offered its Schauder basis, «—, B— and y-duals, and evaluated certain
matrix classes connected to this sequence space. The compact mappings were studied by
many authors for different sequence spaces, for this see [14—20]. Komal et al. [21], ex-
plained the multiplication mappings defined on Cesaro sequence spaces equipped with
the Luxemburg norm. The multiplication mappings acting on Cesaro second-order func-
tion spaces was discussed by Ilkhan et al. [22]. The nonabsolute-type sequence spaces
are a generalization of the corresponding absolute type. Hence, there is great interest in
studying these sequence spaces. Recently, many authors in the literature have explained
some nonabsolute-type sequence spaces and published new, exciting papers, for example,
see Mursaleen and Noman [23, 24] and Mursaleen and Basar [25]. In the field of the Ba-
nach fixed-point theorem [26], Kannan [27] discussed an example of a class of mappings
with the same fixed-point actions as contractions, although it failed to be continuous.
Ghoncheh [28] was the only one who investigated Kannan mappings in modular vector
spaces. He proved the existence of a fixed point of Kannan mapping in complete modular
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spaces with the Fatou property. Bakery and Mohamed [29] offered the concept of the pre-
quasinorm on a Nakano sequence space such that its variable exponent is in (0, 1]. They
discussed enough setup on it equipped with the known prequasinorm to form prequasi-
Banach and closed space, and investigated the Fatou property of different prequasinorms
on it. They proved the existence of a fixed point of Kannan prequasinorm contraction
mappings on it and on the prequasi-Banach mappings ideal constructed by s-numbers
that lie in this sequence space.

Lemma 1.4 ([30]) Assume n; >0 and )}, p; € €, for all j € Z*, and h = max{1, sup; n;}, then
A+ BiI" < 2P (121 + 1 B1"). e

The aim of this article is confirmed as follows: In Sect. 3, we offer the definition and
some inclusion relations of the sequence space (I1(¢, 7)), equipped with the function p.
In Sect. 4, we explain the sufficient conditions on I1(¢,n) with definite © to construct
premodular private sequence space (pss). This investigates whether (I1(¢, 7)), is a pre-
quasinormed pss. In Sect. 5, we examine multiplication mappings on (I1(£,7)),, and in-
troduce the necessity and enough setups on this sequence space so that the multiplication
mapping is bounded, approximable, invertible, Fredholm and closed range. In Sect. 6, first
we introduce the enough conditions (not necessary) on (I1(¢,7)),,, so that 5= By €
This offers a negative answer to Rhoades [31] open problem about the linearity of s-type
(I1(z,n)),. spaces. Secondly, we investigate the setups on (I1(¢, 1)), such that the elements
of prequasi ideal B, are complete and closed. Thirdly, we explain the enough condi-
tions on (I1(¢, n)), so that B, M
We introduce the setups for whlch the prequasi ideal B{}; M is minimum. Fourthly, we

is strictly included for different weights and powers.

suggest the conditions for which the Banach prequasi 1deal % My 18 simple. Fifthly, we
explain the enough conditions on (I1(¢, 1)), so that the class ‘B Wthh sequence of eigen-

values in (T1(¢, n)),, equals B} In Sect. 7, the existence of a fixed point of Kannan

n
prequasinorm contraction mzipglgg on this sequence space and on its prequasi-mappings
ideal generated by (I1(¢, 1)), and s-numbers with several numerical experiments to illus-
trate our results are presented. Moreover, in Sect. 8, some successful applications to the
existence of solutions of nonlinear difference equations are explained. Finally, we give our

conclusions in Sect. 9.

2 Definitions and preliminaries
Lemma 2.1 ([5]) IfH € BN, M) and H ¢ AN, M), we have X € BN) and Y € B(M)
so that YHXe; = ej, forallj € Z*.

Definition 2.2 ([5]) A Banach space K is said to be simple if the algebra B(KC) contains
one and only one nontrivial closed ideal.

Theorem 2.3 ([5]) Let K be a Banach space with dim(K) = oo, one has
F(K) & AK) & RIK) & B(K).

Definition 2.4 ([32]) A mapping U € *B(K) is said to be Fredholm if dim(Range(l/))¢ < oo,
dim(ker(U/)) < oo and Range(U) is closed, where (Range(U/))¢ denotes the complement of
Range(U).
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Definition 2.5 ([33]) A class W C ‘B is said to be a mappings ideal if every component
WWN, M) =W N BN, M) satisfies the next setups:
(i) Iq € W, if Q explains a Banach space of one dimension.
(i) W(N, M) is a linear space on €.
(iii) Let X € BNy, N), Y € WN, M) and Z € B(M, My), then ZYX € W(Ny, M),
where Ay and M are normed spaces.

Definition 2.6 ([2]) A mapping A : W — [0, 00) is called a prequasinorm on the mappings
ideal W, if it verifies the next setups:
(1) Forall X e WN, M), A(X)>0and A(X)=0<= X =0,
(2) we have Ey > 1 so that A(kX) < Ep|«|A(X), with X €e WN, M) and « € €,
(3) there are Gy > 1 so that A(Z; + Z5) < Go[A(Z)) + A(Z,)], for all Z1,Z, € W(N, M),
(4) there are Dy > 1 so that if X € BNy, N), Y € WWN, M) and Z € B(M, M), then
AZYX) < Dol ZI| AV IX].

Theorem 2.7 ([2]) Every quasinorm on the ideal W is a prequasinorm on the same ideal.

Definition 2.8 ([34]) The linear space of sequences [ is said to be a private sequence
space (pss), if it satisfies the following conditions:
(1) ¢ e K, withje Z*,
(2) Kissolid, ie., for f = (fj) € ez, lgl = (Igi]) € K and |f;| < |g;|, with j € Z*, then
Iflek,
(3) ([f[%-]|)1‘.fo € K, if (IfiD7% € K.

Theorem 2.9 ([34]) Let the linear sequence space K be a pss, then B is a mapping ideal.

Definition 2.10 ([34]) A subspace of the pss is said to be a premodular pss, if there is a
mapping u : KL — [0, 0o) that satisfies the following conditions:

(i) Foreveryi e, 2 =0 <= u(|r|) =0,and n(r) > 0, where 6 is the zero vector of K,

(ii) suppose A € KL and p € €, there are Ey > 1 with p(pA) < |p|Eou(A),

(iil) w(A + B) < Go(u(A) + u(B)) holds for some Gy > 1, with A, 8 € IC,

(iv) ifj € Z*, |Aj] < 1B;l, we have u((|2;])) < u((181)),

(v) the inequality, u((14;1)) = 1((IA ;1)) = Dou((I21)) holds, for Do > 1,

(i) F=K,,

(vii) one has @ > 0 such that u(p,0,0,0,...) > @|p|u(1,0,0,0,...), with p € €.

Definition 2.11 ([34]) The pss K, is called a prequasinormed pss, if i satisfies the setups
(i)—(iii) of Definition 2.10. When K is complete and equipped with u, then IC,, is called a
prequasi-Banach pss.

Theorem 2.12 ([34]) Every premodular pss KC,, is a prequasinormed pss.

Theorem 2.13 ([34]) The function A is a prequasinorm on ‘Bf,c)ﬂ, where A(Y) =
w(s;(Y) ffo,for everyY € %f,c)u N, M), if (K),, is a premodular pss.

Definition 2.14 ([29]) A prequasinorm p on K satisfies the Fatou property, if for ev-
ery sequence {A*} C K, with lim,_,o, u(A* — 1) = 0 and every B € K, then u(8 - 1) <
sup; inf,>; w(B —1%).
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Definition 2.15 ([29]) A prequasinorm A on the ideal B5%, where A(W) = u((s.(W))320),
satisfies the Fatou property if for every sequence {W,}sez+ S B (N, M) with
lim,_, o0 A(W, — W) =0and every V € B (N, M), then

AV -W) <supinf A(V - W)).
Definition 2.16 ([29]) A mapping W : K, — K, is called a Kannan p-contraction, if
thereis 8 € [0, %), such that uw(Wp - Wg) < B(w(Wp —p) + n(Wqg - q)), for every p,g € K,,.

An element p € K, is called a fixed point of W, if W(p) = p.

Definition 2.17 ([29]) A mapping W : B (N, M) — B5.(N, M) is called a Kannan A-
contraction, if there is 8 € [0, %), so that A(WV — WT) < B(A(WV = V) + A(WT - T)),
for every V, T € B5-(N, M).

Definition 2.18 ([29]) Suppose K, is a prequasinormed (sss), W : K, — K, and b €
KC,.. The mapping W is termed pu-sequentially continuous at b, if and only if, when
lim,_, o0 u(t, — b) = 0, then lim,_, oo u(Wt, — Wbh) = 0.

Definition 2.19 ([29]) For the prequasinorm A on the ideal B, where A(W) =
w((sa(W))220), G : BN, M) — B5(N, M) and B € B (N, M). The mapping G is
termed A-sequentially continuous at B, if and only if, when lim,_, .o A(W}, — B) = 0, then
lim,_, oo A(GW, — GB) = 0.

Definition 2.20 ([34]) If ¥ = () € ¢Z" and IC,, is a prequasinormed pss. The mapping
Ly : K, — K, is termed a multiplication mapping on IC,,, if LyA = (%;1) € K\, with A €
IC,.. The multiplication mapping is termed created by o, if Ly € B(/C,,).

Theorem 2.21 ([35]) Suppose s-type K, := {A = (s;(X)) € RZ" . X € BWN, M)andu()) <
oo}. If %jcﬂ is a mappings ideal, then the following conditions are satisfied:
1. FCs-type K,..
2. Let (sj(Xl))l‘?fo € s-type K, and (s/(XZ))}‘?fo € s-type K, then (s;(X1 + Xz))l‘?fo € s-type
K.
3. Suppose ¢ € € and (s,»(X));?f0 € s-type K, then |8|(Sj(X))]»°fo € s-type K.
4. The sequence space KC,, is solid, i.e., if(s,»(Y))}fO € s-type K, and sj(X) < s;(Y), for
everyj € Z* and X,Y € B(N, M), then (5/(X))% € s-type K.

3 The sequence space (I1(£, 1)),
In this section, the definition and some inclusion relations of the sequence space (I1(¢, 1)),
equipped with the function u are considered.

Definition 3.1 Let (), (1;) € (0, 00)Z". The sequence space (I1(¢, 7)), with the function
w is defined by: (IT(¢,n)), = {A = (A)) € ¢Z" : (pA) < 0o, for some p > 0}, where w(X) =
oG Yoo M)

Theorem 3.2 Let (1)) € (0, 00)2" N Lo, then we have

(r(z, n))u ={r=0y€ =" u(pi) < oo, for any p > 0}.
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Proof Suppose (n;) € (0, 00)Z" N £+, we have

(T1(¢, 77))# = {)» =(\) e ¢%" : ju(pA) < oo, for some p > 0}

=1r=0y)ec? :Z(;j

Jj=0

J

Z PAl

=0

nj
) < 00, for some p > O}

J

>

=1r=(1) € ¢ :iljlfp”i Z(gj

nj
) < 00, for some p > 0}

j=0 1=0
o0 j nj
=1r=0y)ec? :Z(;j > n ) <ooI
j=0 1=0
= {k:(k,») ce? : m(pA) < oo, for anyp>0}, O

Remark 3.3 Assume n; =1, {; = /%1, for every j € Z* and n > 1, then T1(¢, n) = ces”, as

defined and studied by Ng and Lee [36].
Theorem 3.4 If (n;) € (0, 00)%" M loo, one has that (TI(¢, 1)), is a nonabsolute type.

Proof Let A =(1,-1,0,0,0,...), then |A| = (1,1,0,0,0,...). One has
w(A) = 2% # 0 + (22)™ + (20)" + ... = pu(IA]).
Therefore, the sequence space (I1(¢, 7)), is a nonabsolute type. O

Definition 3.5 ([37]) Assume (), (1) € (0, 00)%". The generalized Nakano sequence
space, (£(£,7))y, is defined as: (£(Z,7n))y = {A = (&) € ¢Z" : p(pA) < oo, for somep > 0},
where p(1) = >-750(¢; >0 1MD)".

Theorem 3.6 If (¢;),(n;) € (0, 00)2" N Lo with (&) e £y and G+ 1)) ¢ L), one has
(L, m)y G (T, )y

Proof Suppose A € (£(5,1)),, as

j

2 M

=0

i (47

Jj=0

oo j nj
) SZ(C/ZMZI) < 00.
j=0

1=0

Therefore, A € (I1(¢,n)),. We take B = ((-1))jez+, we have B € (I1(¢,n)), and B ¢
(€&, M) 0

4 Premodular private sequence space
In this section, we explain the enough setups on I1(¢, n) with definite function p to be
premodular pss. This implies that I1(¢, n) is a prequasinormed pss.

Theorem 4.1 TI(¢,n) is a pss, if the next setups are verified:
(fl) (7’]1) (S ANS/ N Eoo with No > 0.
(f2) (C]),ofo €(0,00)2" N (-
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Proof (1-i) Assume A, B8 € I1(¢, n). One obtains

00 nj 00 j
> n+py ) <2t (Z (C; A ) > <§j Bi
j=0 j=0 1=0

> (;7

j=0

J
=0 =

)

hence, A + 8 € T1(¢, n).
(1-ii) Let p € €, A € TI(¢, 1) and as (1;) € I » N £, we have

7j
Iy ) < 00.

Then, pA € T1(¢, n). From setups (1-i) and (1-ii), we have that T1(¢, n) is a linear space.
As () € I » N Ly and 1o > 0, one has

2(;, S i

j=0

. -
) <sup|p|” Z(Q >
1=0

] j=0

ZGZWI

j=0

Wi oo
.
= E g“j’ < 00.
j=b

Therefore, e, € T1(¢, n), for every b € Z*.
(2) Suppose |Ap| < |Bp|, with b € Z* and |B]| € T1(¢, n). One has

lj 00 j Mj
) Z<§] ) =
=0 1=0
hence |A| € TI(Z, n).

> 18
(3) Let (|A;]) € TI(¢, n), with (17;) € I ~ N Lo, we have

Z(;, Zw

j=0

00 j 7j
Z(fiZM[éJ')
=0

j=0

o) 12j o0 2j+1 12j+1
g(;mzp\[ L ) +Z<§2}’+IZ|)"[%]|>

J Jj=0

£t )

(k) St ) Bl

j=0

00 j j
< (221 4 2M 1 4 2R Z( Zw) < 00,

j=0 1=0
therefore (|)L[L~]|) e I1(z, n). a
2
In view of Theorem 2.9, we conclude the next Theorem.

Theorem 4.2 Suppose the setups (f1) and (f2) are verified, one has By, .\ is a mappings
ideal.
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Theorem 4.3 (I1(¢, 7)), is a premodular yss, if the setups (f1) and (f2) are confirmed.

Proof (i) Definitely, (1) > 0 and pu(|A]) =0 < A =0.

(ii) There are Eg = max{1, sup; |p]"™1} = 1 with u(pA) < Eolp|p(r), for each A € TI(¢, )
and p € €.

(iii) The inequality (A + B) < 2" 1(1u(A) + n(B)) explains this, with A, 8 € TI(¢, ).

(iv) Clearly, from the proof part (2) of Theorem 4.1.

(v) Obviously, from the proof part (3) of Theorem Dy > 221 4 21 4 27 > 1,

(vi) It is clear that F = [1(z, 7).

(vii) Onehas0 < w < sup; lo|" ! with u(p,0,0,0,...) > @|p|u(1,0,0,0,...), for each p #
Oand @ >0, if p = 0. a

Theorem 4.4 Assume the setups (f1) and (f2) are satisfied, then (I1(¢,n)),, is a prequasi-
Banach pss.

Proof According to Theorem 4.3, the space (I1(¢, 7)), is a premodular pss. According to
Theorem 2.12, the space (I1(¢, 7)), is a prequasinormed pss. To show that (I1(¢, 7)), is a
prequasi-Banach pss, assume A% = (A;’);’jo is a Cauchy sequence in (I1(¢, 7)), one has for
all € € (0,1) that there is ayg € Z" so that for all a, b > ay, one has

j
) <eh

Hence, for a,b > ag and j € Z*, we have |A{ — )ij| < ¢. Hence, ()Lf’) is a Cauchy sequence in
¢, for fixed j € Z*, which gives lim,_, o, A]’? = A;’, for fixed j € Z*. Therefore, (A% — 1°) < &”,
for all @ > ao. Moreover, to show that A’ € (I1(¢, 7)), one obtains p(1°) < 2P (u(A* -
19) + 11(A%)) < oo, then A € (T1(¢, n)),., which implies that (T1(¢, 7)), is a prequasi-Banach
pss. |

J

DM

1=0

-3 (s

j=0

In view of Theorem 2.21, we conclude the following behaviors of the s-type (T1(¢, 7)),

Theorem 4.5 Let s-type (I1(¢,n)), := {* = (s;(V)) € RZ" .V € BW, M)andu()) < oo}.
The next conditions are confirmed.:
1. One has s-type (I1(¢,n)),. D F.
2. Suppose (s,-(Vl));fO € s-type (I1(¢, n)),, and (sj(Vz))ffo € s-type (T1(¢, n)) ., then
(si(V1+ Vz))]‘?fo € s-type (I1(¢, n)) .
3. Foreveryre Cand (s,-(\/));?f0 € s-type (TI1(Z, 1)), then |r|(s;(V) ;’jo € s-type (I1(Z, 1)) ..
4. The s-type (T1(¢, 1)) is solid.

5 Multiplication mappings on (I1(Z, 7)),

In this section, we perform the multiplication mapping on pss, (I1(¢, 1)), and explain the
necessity and enough setups on (I1(Z, 7)), so that the multiplication mapping is bounded,
invertible, approximable, Fredholm, and closed range.

Theorem 5.1 Fix ¢ € €7, the setups (f1) and (f2) are satisfied, and one has

vels = LyeB((TE,n),)
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Proof Let ¥ € . Hence, there is v > 0 so that || < v, for every j € Z*. Assume A €
(T1(z,n)) ., one obtains

u(Lpd) = p(dr)

j= 0
S (
j=0

<supv" Z (4“

] j=0

Z Y

1

U)\.
j

>

1=0

)

= sup vl u(d).
j

Therefore, Ly € B((T1(¢,n)),.)-
Next, assume Ly € B((I1(¢,n)),) and & ¢ €. Hence, for all b € Z*, there are j, € Z* so
that ¢, > b. We have

Z V(e

) = Z(CJWJ‘H)W > Z(fjb)"’ > b ue;,).

J=ib J=Jb

w(lye;,) = n(dej,) = Z(é“,

j=0
Then, Ly ¢ B((T1(¢,n)),). Hence, ¥ € £o. O

Theorem 5.2 Suppose ¥ € €% and (T1(¢, n)u is a prequasinormed pss. Hence ¥; = g, for
everyjeZ" and g € € with |g| =1, ifand only if, Ly is an isometry.

7][
) =n )\)’

Suppose the necessity setup is verified and || < 1, for some j = jo. We obtain

Proof Let the enough setup be confirmed. One obtains

s

for every A € (I1(¢, n)) .. Therefore, Ly is an isometry.

D Vi D lglh

pu(Lyh) = Z(z,

j=0

)
) Zm |”’<Z§"’— 14(ejp)-

j
i(ejo)k
=0 Jj=jo Jj=jo

u(Loey) = p(ej,) = Z(g

j=0

k

Also, when [8,] > 1, obviously, (Lyej,) > ti(ej,). This gives a contradiction for the two
cases. Therefore, || = 1, for all j € Z*. O

Theorem 5.3 Assume O € €2', the setups (f1) and (f2) are confirmed. Hence, Ly €
AT, m) ), if and only if, (95);2, € co.

Proof Let Ly € A((T1(¢, 1)), then Ly € RUTI(¢,n)),). Assume lim;_,  ¥; # 0. Therefore,
we have o > 0 such that the set K, = {j € Z* : || > o} g J. Let {aj}jez+ C K,. Hence,



Bakery and El Dewaik Journal of Inequalities and Applications (2022) 2022:55

{eq; 10 € Ko} € £oo isan infinite set in (T1(¢, )),.. Since

;
;

for every a,, a5 € K,. Therefore, {ey, : o € K,} € £o, which cannot have a convergent
subsequence under Ly. Hence, Ly ¢ R((I1(¢,1)),). This gives Ly ¢ A((T1(¢,n)),), hence
suggesting a contradiction. Hence, lim;_, o, ¥¥; = 0. On the contrary, assume lim;_, o, 9¥; = 0.
Then, for all ¢ > 0, one has K, = {j € Z* : || > ¢} C J. Then, for every ¢ > 0, we obtain
dim(((T1(¢, M), )x,) = dim(¢Xe) < 0o. Hence, Ly € F(((T1(¢, M)k, ) Let ¥, € ¢Z" for every
a € 7", where

u(Lye, _Lﬁeab) = u(Pey, — ﬂeab)

_ i(;,

Jj=0

> (Cj
=0

> info" pu(eq, — €qy)s
]

j
Z D ((ea)k — (€ay)k)
k=0

J

>~ 0((ea )k — (€ay k)

k=0

Yy, beK 1,
(ﬁa)b = a+l
0, otherwise.
Obviously, Ly, € §(((T1(¢,1)),)8 , ) such as dim(((T1(¢,7n)).)s , ) < 0o, for all a € Z*.
@it @it
Since (1;) € I » N £ with 9 > 0, we obtain

o0 j nj 00 j nj
=y (Cj > (95— @a)o) 1 > oy (é“, > (95— Wado) 1 )
j=0jeK 1 b=0 j= OjéKL b=0
a+ +1
0 j j 1 o0 J j
= > (;7 DOy ) ST (c, b )
j=0,¢K 1 b=0 j=0,jeK 1 b=0
a+ 1
) nj
1 U 1
(a + 1) 2(;( bX: > (@ +1)mo @t ®:
Hence, ||[Ly — Ly, |l < (Wj),,o, which explains Ly is a limit of finite-rank mappings. Then,
Ly € A((TI(E, 7)) O

Theorem 5.4 Suppose © € €', the setups (f1) and (f2) are verified. Hence, Ly €
R(T(E, m) ), if and only if, (9))7% € co.

Proof Obviously, since 2A((TI(¢,7)),.) & KT, 7)) O

Page 11 of 30
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Corollary 5.5 If the setups (f1) and (f2) are confirmed, then R((I1(¢,n)).) &
BT, m))-

Proof As ¥ = (1,1,...) creates the multiplication mapping I on (I1(¢,n)),, which gives
1¢ R((T1(¢,m),.) and I € B((T1(Z, n)w)- O

Theorem 5.6 If(I1(¢,n)), is a prequasi-Banach pss and Ly € B((T1(¢,n)),). Hence, there
isp>0andq>0such that p < 9| < q, with j € (ker(?))¢, ifand only if, Range(Ly) is closed.

Proof Suppose the enough set-up is verified. Hence, there is ¢ > 0 so that || > o, for all
j € (ker(}))¢. To show that Range(Ly) is closed, assume g is a limit point of Range(Ly). We
have LyX; € (I1(¢,n))y, for every j € Z* so that lim;_,, Ly A; = g. Obviously, the sequence
Ly, is a Cauchy sequence. As (7)) € S » N £o, with 19 > 0, one has

i

j
D (ki = 96 (o))
k=0

w(Lors —Lyhp)

i (é“i

j=0

j
Z(l?k(?»a)k — (p)k)

k=0

> (o

i

Jj=0,j€(ker(
e8] j nj
+ Z (é“, Z (% (hadk = D(Ap)i) )
j=0jéker@)° \ | k=0
[ee) j nj
=Y (Cj D (ki = 95 (o)) )
j=0je(ker(#))¢ =

(O (@a)ic — Ox(up)i)

;

nj
) > inf 0" ju(u, — up),
]

M- I

where

()"a)jv je (ker(ﬁ))c)

(ua)j = .

0, j ¢ (ker(9))°.

Hence, {u,} is a Cauchy sequence in (I1(¢,7)),. As (I1(¢, 7)), is complete, there is A €
(IT(¢,n)),. so that lim;_, o #; = A. Since Ly € B((I1(¢,7n)).), we have lim;_, o Lyu; = Ly
However, lim;_, o Ly#; = limj_.o, LyA; = g. Then, LyA = g. Hence, g € Range(Ly). Hence,
Range(Ly) is closed. Then, assume the necessity setup is satisfied. Hence, there is ¢ > 0 so
that u(LyA) > o (A), with A € (TI(Z, 7)) ) (ker(w))e- If K = {j € (ker(9))¢ : |9} < 0} # ¥, then
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for ay € K, one obtains

/’L(Lﬂeao) = /’L((ﬁb(eﬂo)b))zio)

00 J
=y <§j > Dleay)s

j=0 b=0

j
Z eao 124
b=0

i

00 nj
Z( ¢ ) < sup@” u(eay)
]

j=0

which gives a contradiction. Hence, K = ¢, and we have |9;| > o, with j € (ker(¢#)). This
proves the theorem. d

Theorem 5.7 Assume 9 € ¢ and (T1(¢,n)) u IS a prequasi-Banach pss. Hence, there are
p>0andq>0sothatp <|%| <q,foralljeZ*, ifand only if, Ly € B(I1(¢,n)),) is invert-
ible.

Proof Assume the enough setup is verified. Let k € ¢Z" with Kj = l,ij. In view of Theo-
rem 5.1, the mappings Ly and L, are bounded linear. Hence, Ly.L, = L,.Ly = I. Hence, L, =
L;'. Now, assume L; is invertible. Hence, Range(Ly) = ((T1(¢,7)),.)z+ . Hence, Range(L)
is closed. From Theorem 5.6, there is p > 0 so that || > p, for every j € (ker($}))*. We
have ker(?) = @, when 9, = 0, with j, € Z*, which explains e;, € ker(Ly), this gives an in-
consistency, as ker(Ly) is trivial. Therefore, |;| > p, for every j € Z*. Since Ly € £o. From
Theorem 5.1, there is g > 0 so that |¥;| < g, forevery; € Z*. Therefore, onehasp < || < g,
withje Z*. O

Theorem 5.8 Let (I1(¢, 7)), be a prequasi-Banach pss and Ly € B((I1(¢,n)),). Hence,
Ly is a Fredholm mapping, if and only if, (i) ker(?) ; Z* is finite and (i) |9;| > o, with
j € (ker())°.

Proof Suppose the enough condition is confirmed. Assume ker(¢) G Z* is infinite, hence
e; € ker(Ly), for every j € ker(¢). Since ¢;s are linearly independent, one obtains that
dim(ker(Ly)) = oo, which suggests an inconsistency. Hence, ker(:) ; Z* must be finite.
The condition (ii) follows from Theorem 5.6. Next, suppose the conditions (i) and (ii) are
verified. From Theorem 5.6, the condition (ii) implies that Range(Ly) is closed. The con-
dition (i) gives that dim(ker(Ly)) < oo and dim((Range(Ly))¢) < co. Therefore, L is Fred-
holm. O

6 Prequasiideal behavior

In this section, first we investigate the enough (not necessary) setups on (I1(¢, 1)), such
that § = %?n(m))ﬂ. This gives a negative answer to Rhoades [31] open problem about the
linearity of s-type (I1(¢, 1)), spaces. Secondly, we ask for which conditions on (I1(¢,7)),.,
are %(n(c ), complete and closed? Thirdly, we explain the enough setups on (I1(¢, 7)),
such that % T is strictly contained for different weights and powers. We offer the
setups so that B - is minimum. Fourthly, we explain the conditions so that the class

%S
(n(f:ﬂ))u
space of all bounded linear mappings which sequence of eigenvalues in (T1(¢, 7)), equals

S
DB

is simple. Fifthly, we introduce the enough conditions on (I1(£, n)),, such that the

{»77));/.‘
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6.1 Finite rank prequasi ideal
Theorem 6.1 ‘B(H({ ) (./\/ M) = TN, M), if the setups (f1) and (f2) are verified. But the
converse is not necessarzly true.

Proof To show that FN, M) C B, N, M). As e € (TI(¢, 7)), for every j € Z*
and (I1(z, 7)), is a linear space. Suppose Z € (N, M), one has (s,(Z));’f0 € F. To show
that By (N M) C N, M), assume Z € B, (N, M), we have (sj(2))%, €
(T1(¢, n))# As M(S,(Z)) %0 < 00, assume p € (0, 1) then there is qo € Z* — {0} with

((s4(2))52,,) < 2ﬁ+3nd’ for some d > 1, where n = max{1, Zq 0 qu}. Since s;(Z) is de-
creasing, we have

240 q Nq 240 q Ngq
3 (ng%@) -y (cqzsw)
=0

q=qo+1 j=0 q=qo+1

< Z(;qzs,(Z)) < zm’ﬁ. @)

q=490

Hence, there is Y € §a4, (N, M) so that rank(Y) < 2go and

390 q q 290 0

> (ng 1z - Y||> <y (gZ 1z - Y||) < Jird’ (3)
q=2q0+1 \  j=0 a=qo+1 =0

since (174) € I » N Lo, we have
q0 g 0

oo
sup(Z ||Z—Y||> < g (4)
=00\ n

Therefore, one has

Z(qunz Yn) < ﬁ (5)

q=0

In view of inequalities (1)—(5), one has

d(Z,Y) = u(s(Z- 1),

3qijl<€qis/<2—¥)>ﬂ * Z (chs,z Y))

q=0 Jj=0 9=3q0

340 q g oo q+240 Mq+240
< Z(zq dolz- Yu) £ <¢q+2q0 > sz - Y))

q=0 Jj=0 9=90 Jj=0

340 q g oo q+2q0 lq
< Z(cqz 1Z - Y||) > (;q > sz - Y))

q=0 Jj=0 9=90 Jj=0

q0 i q oo 290-1 q+2q0 g
< BZ<;qZ 1Z - Y||) + Z(;q( Y osz-n+ Y s5@- y>))
q=0 j=0 j=0

q=40 J=240
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< 3Z<cqz 1Z - Y||)
q=0
00 2q0-1 g 00 q+2q0 g
+201 [Z (;q > sz Y)) £y <gq > sz Y)) }

=40 j=0 q=40 j=2q0

ssi(;ngZ—Yn)w
+zh—l{z(5q2qfnz Y||> +Z(cq2s,+zqoz Y)> }

q=490 q=490

2q0-1 g oo
< 3Z<;q2||z Y||) + 2" s%"p(Z ||Z—Y||) >
q=0 j=0

=10 a=q0

+201 Z <§q Zs,(Z)) <p.

q=490

Contrarily, one has a counter example as I € stE(;,(o))),l (N, M), but ng > 0 is not verified.
This implies the proof. g

6.2 Banach and closed prequasi ideal
Theorem 6.2 Let the setups (f1) and (f2) be confirmed, hence (B
Banach ideal, where A(X) = u((sj(X ))} 0)-

e’ A) is a prequasi-

Proof As (I1(¢,n)), is a premodular pss, from Theorem 2.13, A is a prequasinorm on
Bl Assume (Xj)iez+ is a Cauchy sequence in B D N, M). As BWN, M) D
B, (N,/\/l), one has

o0 j nj
AXy - X;) = Z(c, > siXa —Xb)) > (LollXa = Xl)"
j=0 =0

hence (Xp)pez+ is a Cauchy sequence in B(N, M). Since B (N, M) is a Banach space, then
there is X € BN, M) with lim,_, o | X, — X|| = 0. Since (s](Xb)) € (T1(¢, n)),., for every
b € Z*. In view of Definition 2.10, setups (ii), (iii), and (v), one obtains

AX) = Z(z, stX))

j=0 1=0
o0 j nj 00 j nj
36 Tngor-m) 2136 00)
j=0 1=0 j=0 =

<2 Z(; DoIx- an) +2h 1%2(;2&(}@)) <00,
j=0

j=0

Therefore, (s](X)) € (T1(¢,n)),., then X € %s e W, M). O

Page 15 of 30
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Theorem 6.3 Assume N and M are normed spaces, the setups (f1) and (f2) are verified,
hence (%fn( A) is a prequasi closed ideal, where A(X) = M((S](X)) )

Proof As(I1(¢,1n)), is a premodular pss, by using Theorem 2.13, then A is a prequasinorm
on B Suppose Xp € By e (N, M), for every b € Z* and limy_, o, A(X}, — X) = 0.

As %(N M)D%S NG, W, M) we have

o0 J nj
AX = Xp) = Z(z,Zsz(X—Xb)> > (Lol X - X,11)™

j=0 =0

hence (Xp)pcz+ is a convergent sequence in B(N, M). Since (S,(Xb)) <% € (T1(¢,m)),., for
every b € Z*. By using Definition 2.10, setups (ii), (iii), and (v), one obtains

AX) = Z(z,Zsz X))

j=0

00 j nj
<2363 ng0- 1) #2363 ey 00)

j=0 =0 j=0

sz’“Z(; DoIx- an) +2M IDOZ<;,Zsz(Xb)> <00,
j=0

j=0

Then, (sj(X))5%, € (T1(¢, 1)), and hence X € By )“(N,./\/l). O

6.3 Minimum prequasi ideal

Theorem 6.4 Suppose N and M are Banach spaces with dim(N) = dim(M) = oo, and
the setups (f1) and (f2) are confirmed with 0 < 77](-1) < r)}z) and 0 < {,'j(z) < g“l.(l),for alljeZ*,
then

B° N, M) & B N, M) S BN, M).
(s((;,.“)x(n}”)))u( )& <s<(;}2)>,(n}”>»ﬂ( )= Bl )

Proof Let Z € B°

@G ))M(N , M), hence (s5;(2)) € (& (( ), (77, ))),.. One obtains

(1)

Z( (2 qu@)) . <Z( ”qu@)) <00,

j=0

then Z € B* @
(8 (( )( n

we have Z ¢ %(./\/',./\/l) such that

(N, M). Now, if we choose (5i(2))5%, with Z{Fo s4(Z) = )(;,

S{ege) g

j=0
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and
,@

00 j ; 00 . (2) ~ ’—1
Z(gj@)ZSq(Z)) Z( qu(z) ZZ(HLJ /D .
n =

j=0 q=0 -0

Then, Z ¢B° )
ElGRITIN
Clearly, B*

E(? >,<n,

W MandZe B o o, W, M).

(N,M) C %(N,M) Next, 1f we put (si(2))%5, such that
1-05¢(Z) = W \X/ehaveZe‘B(N M)suchthatZé%s e (2))))M(N,M).This

j+1 U

finishes the proof. O

Theorem 6.5 Assume N and M are Banach spaces with dim(N) = dim(M) = oo, and the

setups (f1) and (f2) are satisfied with ((j + 1)¢j)jez+ ¢ £ () ), hence % is minimum.

TI(E M)

Proof Assume the enough setups are confirmed. Then, (%‘}I(m), A), where A(Z) =
> 0(G X -0 #q(Z)), is a prequasi-Banach ideal. Suppose B, (N, M) = BN, M),
then there is n > 0 with A(Z) < n||Z||, for every Z € B(N, M). By using Dvoretzky’s theo-
rem [38], for every b € Z*, one has quotient spaces /Y, and subspaces M, of M that can
be mapped onto €5 by isomorphisms V}, and X, with ||V} || V; ]| <2 and |1 X, |1 X1 < 2.
If I, is the identity mapping on 5, T, is the quotient mapping from A onto A//Y}, and J,
is the natural embedding mapping from M}, into M. Suppose 1, is the Bernstein number
[4] then
L= my(ly) = mg (X X5 1,Vi V3"

< 1 Xpllmg (X3 1 V3) [ Vi |

= IXollmg (X 1 V5) [ V3|

< 1Xplldg (6 Xy 1o Vi) | V3|

= 1 X1l dq UsX; 1 Vo Tp) | V3|

< IXpllog (7X5 IV To) | V5,

for 0 <j < b. We have

j
GG+1) <Y 1Xpllog (X LV To) | Vi |
q=0

, ”
= (50 +D)" = (IXl[V;'])" (92% Jo Xy, IthT”)> '

gq=0

Hence, for some ¢ > 1, one obtains

b b j nj
Y (GG+1)" < el |V Z(c,Zaq JoX; IbvbTb))
j=0

j=0 q=0

b
= (G0 + )" <ol Xl | Vi |AUsX;, Ve Ts)
j=0
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b
= > (GG +0)" <onllXll | Vi | 16X 1 Vo T |
j=0

b
= Y (gG+ )" <onlXoll [ V5| 7:X5 | 1111 Vi Tl
j=0

=onlXpll [V, || X5 [ 126111 VoIl < 4on.

Hence, there is a contradiction, if » — co. Therefore, A" and M both cannot be infinite
dimensional if B, n)(N , M) = B(N, M). This completes the proof. O

Theorem 6.6 Suppose N and M are Banach spaces with dim(N) = dim(M) = oo, and
the setups (f1) and (f2) are confirmed with (§;(j + 1))jez+ € £ () ), then % ) is minimum.

6.4 Simple Banach prequasi ideal
Theorem 6.7 Let N and M be Banach spaces with dim(N) = dim(M) = oo, and the se-
tups (f1) and (f2) be confirmed with 0 < n}l) < n}z) and 0 < {;2) < gj(l),for allj € Z*, hence

B(B_ o . W, M), By W, M))

2o M

— s s
= A(Bge mﬁ”»mw’M)’%(a(c}“) . (N M)

Proof Assume X ¢€ %(% [ N, M), . WS M) and X ¢
EE) 0P &) 0
2A(B* N, M), B N, M)). By using L 2.1, have Y €
( (5((5;(2))'(’7;2))))u( ) (E((:j(l))’(n}l))))u( ) y using Lemma we have
B(B° (M, M)) and Z € B(B* (N, M) with ZXYI, = I,. Hence,

EE M, @My,
for every b € Z*, we obtain

( )

||Ib”%f=((;(l>)((1>)» WM) = Z( qu(fb)>
ARG BT j=0

< 1ZXY |[Ilp Il o5 N, M
& u( )
0o j "}2)
=3(57 2 a)
=0 4=0
This fails Theorem 6.4. Hence, X € Ql(‘B o0 @ N, M), B W, W,M)),
EE) 0P &G0
which completes the proof. O

Corollary 6.8 Assume N and M are Banach spaces with dim(N) = dim(M) = oo, and
the setups (f1) and (f2) are satisfied with 0 < n}l) < r]](?) and 0 < g“j(z) < g“j(l),for allje 7+,
then

Q‘}(%(a«;} 10 M W, M)% cl((s )(n}“)))u(N’M))

B ﬁ(%(u«;}”)(} W M), B

W, M)).

M 2 M

Page 18 of 30
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Proof Evidently, as 2L C R. O

Theorem 6.9 Let N and M be Banach spaces with dim(\) = dim(M) = oo, and the se-
tups (f1) and (f2) are satisfied, hence %fﬂ(c,n))ﬂ is simple.

Proof Assume the closed ideal ﬁ(%s NG, (N, M)) includes a mapping X ¢

Ql(‘B ) (N, M)). From Lemma 2.1, there exist Y,Z € SB(SBS M), (N, M)) with
ZXYIy, = I,, which gives that s VM) € R(B (/\/ M)). Then, B(B _— N,
M)) = ﬁ(%fn(;,n))u (N, M)). Hence, pit NG, isa 51mple Banach space. a

6.5 Eigenvalues of s-type mappings

Notation 6.10
(B5)” = {(B%)” (N, M); N and M are Banach Spaces}, where
(Bic)" WV, M) = X € BV, M): ((000) 5 € K and | X — ;X1

is not invertible, for allj € Z* }

Theorem 6.11 Assume N and M are Banach spaces with dim(N') = dim(M) = oo, and
the setups (f1) and (f2) are confirmed with inf;(§;(j + 1)) > 0, hence

(Bin zn),t) N M) =B ), W M).

Proof Suppose X € (B . ) (N, M), hence (,o,(X)) % € (T1(¢,m), and | X — p;(X)]]| =
0, for all j € Z*. We have X = p,(X)I for all j € Z*, so0 s;(X) = s;(p;(X)I) = | pj(X)|, for every

j € Z*. Therefore, (s;(X )) % € (IT(Z, 1)), hence X € %(n(; ) (N M). Next, suppose X €

By e (W, M). Then, (5i(X))3% € (T1(¢, ). Hence, we have
nj 00
Z(;,qu ) >1nf g“,(]+1 n,z
j=0 j=0

Then, limj_, o, 5;(X) = 0. Assume ||X — .s,-(X)I||‘1 exists, for every j € Z*. Hence, ||X —
s;(X)I||"! exists and is bounded, for every j € Z*. Then, lim;_, |X — s;(X)I|7* = | X

exists and is bounded. As (B¢ A) is a prequasi-operator ideal, we have

(T(g.m)

[=XX" € Bine,), N M) = (50),€0Cn = Jlim (1) = 0.

This gives a contradiction, as lim;_, s;(I) = 1. Hence || X — 5;(X)I|| = O, for every j € Z*,
which explains X € (SB e )?(N, M). This completes the proof. O

7 Kannan contraction mapping
Theorem 7.1 Suppose the setups (f1) and (f2) are confirmed, then the function (1) =
[Z;fo(m > o kD] % satisfies the Fatou property, for all ) € T1(¢, ).
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Proof Assume {8} C (I1(¢, m), with limp_, o w(B? = B) = 0. As the space (T1(¢, m), isa
prequasiclosed space, then g € (T1(¢, 7)),.. Hence, for all A € (IT1(¢, 7)), we have

u(x—ﬂ){;(gle m) }
[El) T[Sl ) T
§s?pig§u(k—ﬁh). 0

Theorem 7.2 Suppose the setups (f1) and (f2) are confirmed with n; > 1, for all j € Z*,
then the function () = Z;E‘):co(fﬂ Yo M) does not satisfy the Fatou property, for every
A eTIZ,n).

Proof Assume {8} C (I1(¢, 1)), with limy_, o w(B? — B) = 0. As the space (I1(¢, n), is a
prequasiclosed space, then g € (T1(¢, 7)),.. Hence, for all A € (IT1(¢, 7)), we have

)

Zkz By

< 2" 1sup infp (A - ,Bb).
j b2j

n—B) = Z(Z, > u-B

j=0

2

< 2oh-1 [Z (Cl

j=0

nj 00 j
) + Z (fj B
j=0 1=0

Therefore, 1 does not satisfy the Fatou property.
Next, we offer enough setups on (I1(¢, 1)), equipped with p so that there is only a fixed

point of the Kannan contraction mapping. O

Theorem 7.3 Suppose the setups (f1) and (f2) are satisfied, and W : (I1(¢, 1)), —
(T1(¢, n))y is a Kannan -contraction mapping, where (L) = [Z;fo(g“jl Zé:o )Lll)”i]%,for
every A € I1(¢, n), then W has a unique fixed point.

Proof Let A € TI(¢,n), then WA € TI(¢, n). Since W is a Kannan p-contraction mapping,

we have

p(WA = W) < B(u(WA = WA) + w(W'A - W'h))

s

= /,L(Wr+1)\.— Wr ) f (Wr Wr—l)\')

1"
< <i> p(W = w2) <
=\1-5 =<
< (55) wown-n.
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Therefore, for every r,q € Z* with g > r, we obtain

w(Wh = W) < B(u(WA = W) + u(Wir - W 'h))

,3 r-1 ﬁ q-1
fﬂ((m) ' (m) )“("“‘“

Hence, {W”1} is a Cauchy sequence in (I1(¢, 7)) .. Since the space (I1(¢, 7)), is a prequasi-
Banach space. Then, there exists g € (I1(¢, 7)), so that lim, ..o W'A = g. To show that
Wg = g, as 1 has the Fatou property, we obtain

.
uw(Wg —g) <sup infM(W”lk - W’A) <sup inf(%) w(Wir—=2x)=0,

i =i

hence Wg = g. So, g is a fixed point of W. To prove that the fixed point is unique, suppose
we have two different fixed points b,g € (I1(¢, 1)), of W. Then, one has

(b -g) < (Wb - Wg) < &(u(Wb-b)+u(Wg-g)) =0.
Therefore, b =g. O

Corollary 7.4 Assume the setups (f1) and (f2) are confirmed, and W : (I1(¢, 1)), —
(I1(¢, n)y is a Kannan p-contraction mapping, where (1) = [Zf:o(m Z]1=o )Ll|)’7/]%,for
all . € TI(¢,n), then W has a unique fixed point b with f(W"x - b) < ﬁ(&)"lu(W)» - ).

Proof By using Theorem 7.3, there is a unique fixed point b of W. Then, one has
w(Wh=b) = u(Wx-Wb)
< B(r(W'h=WL) + w(Wb - b))

,8 r-1
= ﬁ(m) W(WA =2). O

Theorem 7.5 If the setups (f1) and (f2) are satisfied with n; > 1, for all j € Z*, and W :
(T, M)y — (T, ))yer where (k) = S50 (G1 Xt Ml)Y, for all & € TI(¢,n). The point
g € (I(¢,n)) . is the unique fixed point of W, if the next setups are verified:
(a) W is a Kannan p-contraction mapping,
(b) W is u-sequentially continuous at g € (II(¢, 1)) 1
(c) we have ) € (T1(¢, 1)), such that the sequence of iterates {W"L} has a subsequence
{W'iL} that converges to g.

Proof Assume the enough setups are confirmed. Let g be not a fixed point of W, then
Wg # g. By using the setups (b) and (c), one has

lim u(W'k-g)=0 and lim u(W#'-Wg)=0.

ri—>00 ri—>0oo

Since the mapping W is a Kannan p-contraction, we have

0 < u(Wg-g)
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= u((Wg — W) + (W'ik - g) + (W1 - Wi)))

B

<222 (Wt - Wg) + 222 (Wik - g) + 2“’3(@

ri—-1
) w(Wh = 2).

Since r; — 00, one has a contradiction. Hence, g is a fixed point of W. To show that the
fixed point g is unique, assume one has two different fixed points g, b € (I1(¢, 7)), of W.
Therefore, we have

ju(g - b) < (Wg - Whb) < B(1u(Wg - g) + /(Wb - b)) = 0.

Hence, g = b. O
Example 7.6 If T : (H((m+5 ™ o 2’;”:23)”1 oNu = (l'[((m+5 o o 2;:23 _o))u» Where p(p) =
1205)] 2’”*3 m+2\oo m+3\ 0o
Vo B with p € (22 )0, (293, and
1_71 € 071 )
S EaRICICRY
2, unp)ell,00).

Since for all p,q € (IT((-1= 0 2m+3 oo o) with (), u(q) € [0,1), we have

m+5 M2

rp 4q
w(Tp - 1g) = M(Z_Z)

= J%(”(%p) +“(¥)) = 4127 (n(Tp - p) + 1(Tq - q)).

For all p,q € (IT((-1= o 0 2”’*3) _ o)) with p(p), u(g) € [1,00), we obtain

m+5 m+2

w(Tp - 1gq) = M(% - g)

= ¢16_4(”(4?p> +“<4Eq)) = %M(M(TP—P) + 1(Tq - q)).

For every p,q € (TT((-1= o 23 o o)u With (p) € [0,1) and u(g) € [1,00), we obtain

m+5 m+2

w(Ip - 1q) = u(’z - 2)

4 5
1 3p 1 4q
; 27“<Z> 3 64M<?>
1 3p 4q
(%) (3))

1
_ W(M(Tp -p) + u(lg - q)).

IA

IA

~

Therefore, the mapping T is a Kannan p-contraction. Since p satisfies the Fatou prop-

o0
m+5/m=0’

erty, by using Theorem 7.3, the mapping T has a unique fixed point 8 € (IT((-2=

e o)

Page 22 of 30
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Suppose (5} € (T(5)35.00 (222)55.)), With lim .0 1 (p — p¥) = 0, where p

m+2

(H((m+5)r°n°:0, (mefz3 o o)) with w(@P®) = 1. Since the prequasinorm y is continuous, we

obtain

(a) (0) (0)
- @ _ 7O = 1; p- P \_ (P
alggoM(Tp r )_aliglo“<4 5) “(20)>0'

Hence, T is not u-sequentially continuous at p. Therefore, the mapping T is not con-
tinuous at p(©

Suppose u(p) = 3, 0(\2, 0p")zrzl+2 for everyp H((m*z)m o (ZZ2)% ).

m+1 m+2 /m=0
Since for all p, g € (I1 ((m ;fzo,(zr;":; o)) with (p), u(q) € [0,1), we obtain
p 4q
Tp-Tg)=p(= -2
w(Ip - 1q) M(4 4)
2 3p 3q)) 2
v Z2)) = == (w(Tp - p) + u(Tg - q)).
< ( ( ) u(4 _27(u(p p) +u(Tg - q))

Suppose p,q € (1'[((m+5 o (Zr’:’++23)°° o) with (), u(g) € [1,00), we have

w(Tp - Tq) = (g—g)_4<u(4§>+u(45q)) 1( (Ip - p) + n(1g - q)).

e O,(Zr:l":;)oo o)) with u(p) € [0,1) and w(g) € [1,00), we obtain

(1) (2] 9)= 350G (3)

2
= E(M(TP -p)+ u(Tg - q)).

For every p,q € (TT((-1=

Therefore, the mapping T is a Kannan p-contraction and

i €[0,1),
=14 u(p) €[0,1)
53 u(p) € [1,00).
Evidently, T is u-sequentially continuous at 0 € (l'I((m+5 o 2;,":23 o o))y and {T"p}

has a subsequence {T"p} that converges to 6. By using Theorem 7.5, the element 6 €
(I"I((m+5)fn°=0, (2zs3)% 1)), is the only fixed point of 7.

m+2

Example 7.7 Assume T : (l'[((m+5)fn°_0, —2;1":23)%0)) (H((m+5)m 0,(2:::23 o)) With
00 |Z | 2m+3 m+ m+
w(p) =Yoo (=L 05‘”’ Ym+2 , forall p € l'[((mj % (2m+23)°O o) and

iler+p), poe(-00,3),
T(p) = %ely Po=

g’
ielr (% )
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2m+3 oo
m+5 Wl 07\ 2

Since for all p,q € (IT((=1= _ o)) With po, go € (—o0, 3) we have

1
w(Tp—1Tq) = M(E(Po —qo,P1 — G102 — G2 - - .))

0 (2)-+(2)

(1(Tp - p) + u(Tq - q)).

IA

IA

45l

Forallp,q e (H(( =)o (2’”*3),” o)) with po,qo € (%, 00), then for all £ > 0 we obtain

m+2

w(Tp - Tq) = 0 < e(u(Tp — p) + u(Ig - q)).

Forall p,q € (M((== o 2’”*3),,1 o)) with py € (00, 3 ) and g € (%,oo), we have

m+5 m+2

w(Ip - 1q) = u(%)

1

= <3p> \/l_u(p -p) < \/_( w(Ip - p) + u(1q - q)).

Therefore, the mapping T is a Kannan p-contraction.
Obviously, T is u-sequentially continuous at gel 1S (H((m+5)fn° o’(z,;n:;)m o), and
there is p € (1'[((m+5 - 0,(2;":23 o o) with pg € (—oo, 3) such that the sequence of it-

erates {T"p} = {Zu L €1 + =p} includes a subsequence {T"ip} = {Za L mel + 4,].p}

that converges to 61 By using Theorem 7.5, the mapping T has a umque fixed point

—el € (l'[((m+5 o 0,(2;"‘:23)"O o). Note that T is not continuous at —61 € (H((m+5 o o
G o)
Suppose u(p) = \/Zm ol lZW’HOp’l)ZW3 forall p € I"I((Zﬁ)fno 0,(2}:1”:23 o o)- Since for all

P € ()00 (2222)% ), with po, g0 € (—00, 3), we have

1
w(Tp - 1q) = M(Z(Po —go,P1—q1,P2 — G2 - ~))

7 (1(3) (%))

412 (1(Tp - p) + u(Tq - q)).

IA

=

~

Forallp,q € (H(( =)oy (2m+3)fn°=0))M with po, qo € (%, 00), hence for all ¢ > 0, one has

m+2
w(Ip - Tq) = 0 < e(u(Ip — p) + u(Tq - q)).

Forall p,q € (IT((-1= o 2m+3 oo o)u with pg € (—oo, 3) and g € ( ,00), we have

m+5 m+2

w(Tp - 1q) = u(%)
1

=

3p 1
u(—) \/_/L(p ~9) = = (0T =)+ (T = ).

J27 \ 4

Page 24 of 30
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Therefore, the mapping 7 is a Kannan p-contraction. Since u satisfies the Fatou property,
by using Theorem 7.3, the mapping T has one fixed point %el € (M(GE o (2252 0)) -

m+5 m+2

We investigate the existence of a fixed point of a Kannan contraction mapping in the

prequasi-Banach mappings ideal generated by (T1(¢, 7)), and s-numbers.

Theorem 7.8 If the Setups (f1) and (f2) are satisfied, then the prequasinorm A(W) =

[ZI sl Zz oSIW)N"] % does not satisfy the Fatou property, for every W € By, M W,
M).
Proof Let the conditions be verified and {W,},cz+ C NG, (W, M) with

lim, 0o A(W, — W) = 0. As the space B is a prequasiclosed ideal. Hence, W €
%iﬂ({,n))u (N, M). Therefore, forall V e %fn(c ) (/\/' M), one has

T
JREC:

T

Hence, A does not satisfy the Fatou property. O

J

AV -W) = [i (;j

Jj=0

=< [JXO:: (C/

% up 1nf|:Z (;’/

Jj=0

SI(V — W)
1=0

St

> s (W= W)

)

j

D osiy(V-w)
2

=0

J
> o s(V-w)

=0

Theorem 7.9 Let the setups (f1) and (f2) be satisﬁed and G : By (N,/\/l) —

Bl (N, M), where A(W) = Zlo"o({jlzj s (W)= forallWG%s (N M).
The element AeBy (N, M) is the unique fixed point of G, if the next setups are

confirmed:

(&)

(a) G isa Kannan A-contraction mapping,
(b) G is A-sequentially continuous at a point A € %S (N M),

(c) onehasBe %‘En@ ) (N M) so that the sequence ofztemtes {G"B} has a

subsequence {G"i B} L‘hat converges to A.

Proof Let the enough setups be satisfied. Assume A is not a fixed point of G, then GA # A.
By using the conditions (b) and (c), one has

lim A(G"B-A)=0 and lim A(G"'B-GA)=

rj—>00 rj—>00
As G is a Kannan A-contraction mapping, we obtain
0<A(GA-A)
=A((GA-G™'B) + (G"B-A) + (G""'B-G"B))

1

ri—1
<25 A(G'B-GA) + 2 A(GB - A)+2hﬁ( ﬁﬂ) A(GB - B).

;n-
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Since r; — 00, this implies a contradiction. Hence, A is a fixed point of G. To prove that the

fixed point A is unique, assume we have two different fixed points A, D € B¢ ) (N M)
of G. Then, we have

A(A-D) < A(GA - GD) < B(A(GA-A) + A(GD-D)) =0.

So,A=D. O

Example 7.10 Suppose M : S

(O C e kel (N M) — S (L )8 0 (283)2 ) W\,
M), where A(H)_\/Z |ZW,I oS,\)zm+3

forallHeS(H( 1y s (N, M) and

m+

H
M(H) = Ii, A(H) €10,1),
7

Since for all Hy,H; € S(

(k)00 (223)2 ), with A(H;), A(H,) € [0,1), we obtain

H H
AMH, — MH,) = A <?1— 2)

=7 (%) (%))
2

(AMH, - Hy) + A(MH, — Hy)).

7
<Fas(*(7) 1(5))
V2

(AMH; - Hy) + A(MH, - H>)).

()20 0 (23)2 ), with A(H7) € [0,1) and A(H>) € [1,00), we have

6 7
V2 (5H, V2 (6H,
S——=A— )+ =A==
125 6 V216 7
NG

=< A(MHl H1)+A(MH2—H2) .
< )
Therefore, the mapping M is a Kannan A-contraction and

H
Y A(H) € [0,1),
7r

Page 26 of 30
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Evidently, the operator M is A-sequentially continuous at the zero mapping © €

S 1y (Imi3pe and {M"H} has a subsequence {M"7H} that converges to ®. By us-
ing Theorem 7.9, the zero mapping © € § 1y 3y (ami3yeo ) S the umque fixed point of
M. Suppose {H@} C Sm ML )00 o (23)2 ) is such that hma_mo AHD — HO)Y = 0, where
0 ¢ S Lyeo (o0 ) with A(H®) = 1. Since the prequasinorm A is continuous,
we obtain
HO 0 HO
lim A(MH' - MH©?) = lim A<— - —> = A(—> >0.
a—>00 a—00 6 7 42

Hence, M is not A-sequentially continuous at H'”. Therefore, the mapping M is not con-
tinuous at H©,

8 The existence of solutions of nonlinear difference equations

Summable equations such as (6) were discussed by Salimi et al. [39], Agarwal et al. [40], and

Hussain et al. [41]. In this section, we search for a solution to (6) in (T1(z,n)),.» where the

setups (f1) and (f2) are confirmed and () = Z/ o (gl Z o MDY] h ,forevery A € T1(¢, n).
Evaluate the summable equations:

M=yi+ Y Al m)gm hy), 6)

m=0

and assume W : (T1(¢, n)),, — (I1(¢, 1)), is defined by

W (h)sezs = (y: ¥ ZA(l,m)g(m,Am)) : @)
leZ*

m=0

Theorem 8.1 The summable equation (6) contains a unique solution in (I1(¢, 1)), when
A:7* SR, g 7t xC—Cy: 2" - A L" — &,y " — &, assume there exists f € R
so that sup; B # e[o, 2) and for all j € Z*, we have

j
30N AU m)[g(m, dm) - glm, vin)]

1=0 meZ*

A2 |

Proof Suppose the conditions are confirmed. Assume the mapping W : (I1(¢, 7)), —
(I1(¢, n)),, defined by equation (7). We have
)W}é
j

> (s
j=0
[Z (c,» D0 Al m)[gm, Am) - g, )]
j=0 1=0 meZ*

<supft [Z (C;

i j=0

A1+ZAlm (m, Ay

meZ*

Vi + ZAlm g(m, Vi)

mez*

J
> Wh-Wy,
=0

w(Wi-Wy)

T
)

j
Zy[ M4+ Z A(l,m)g(m, L)

1=0 meZ*
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)T

j
Zyl -Vt Z A(l,m)g(m, Vm)

1=0 meZt

+sup T [Z (4“/
]

j=0

= Sl}pﬂ% (W(WA=2) + n(Wy —y)).
]

By using Theorem 7.3, we obtain a unique solution of equation (6) in (IT(, 7)) .. a
Example 8.2 Suppose the sequence space (1'[((17+1 20 (21‘;’:23 20, Where (i) =

13
> ,i+°1 32 for every A € (T1( )0 CEX )

Examine the nonlinear difference equations:

A'r
A= e~ B16) | (_1)l+m $, )
Wgzz AL +m? 41

with r,q,A_5,A_1 > 0 and suppose

o (G (2, (G (220, ),

defined by

W()"l)?zoo _ ( (31+6) + Z 1)l+m )Ll 2 )oo (9)

2
i prm+1

2j+3
Clearly, there is a number g such that sup; 8 i e[o, %) and for all j € Z*, we obtain

Z e 1>lkq V- (7= 17

=0 meZ*

i —(31+6) M+ Z( 1)l+m )“;—2

2
- A f11+m +1

j
)\‘r
§ : —(31+6) -yt § : l+m -2

= A em? 4l

By using Theorem 8.1, the nonlinear difference equations (8) include a unique solution in

2p+3
(TG0 (2202

9 Conclusion

In this article, we discuss some topological and geometric structure of (I1(¢,7)),, of the
multiplication mappings defined on (I1(¢,7)),, of the class SB M), and of the class
(B, _ )?. We explain the existence of a fixed point of the Kannan contraction mapping
acting on these spaces. Interestingly, several numerical experiments are presented to illus-
trate our results. Additionally, some successful applications to the existence of solutions
of nonlinear difference equations are introduced. This article has many advantages for re-
searchers, such as studying the fixed points of any contraction mappings on this prequasi-
normed sequence space that is a generalization of the quasinormed sequence spaces, a new
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general space of solutions for many difference equations, the spectrum of any bounded lin-
ear operators between any two Banach spaces with s-numbers in this sequence space and
recall that the closed mappings ideal are sure to play an influential function in the principle
of Banach lattices.
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