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1 Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H. The mapping T :
C — C is called nonexpansive if | Tx — Ty|| < ||x — y|| for all x,y € C. An element x € C is
said to be a fixed point of T if Tx = x and F(T) = {x € C: Tx = x} denotes the set of fixed
points of T'. Fixed point problem has been widely studied and developed in the literature;
see [5, 11, 26, 27, 29] and the references therein.

We now recall some well-known concepts and results in a real Hilbert space H.

The variational inequality problem (VIP) is to find a point x* € C such that
(Ax*,y—x*) >0

for all y € C. The set of all solutions of the variational inequality is denoted by VI(C,A).
Since its inception by Stampacchia [24] in 1964, the variational inequality problem has
become interesting in several topics arising in structural analysis, physic, economics, op-
timization, and applied sciences; see [1, 3, 6, 8, 11-13, 15, 18, 20, 30, 32] and the references

therein.
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Several algorithms for solving the VIP are projection algorithms that employ projections
onto the feasible set C of the VIP, or onto some related set, in order to iteratively reach a so-
lution. In 1976, Korpelevich [19] proposed an algorithm for solving the VIP in a Euclidean
space, known as the extragradient method. In each iteration of her algorithm, in order to
get the next iterate x**!, two orthogonal projections onto C are calculated, according to

the following iterative step. Given the current iterate xX, calculate

y* = Po(xf - tf (), 1)

&L = Po(x* — o (7)) (2)

for all k € N, where 7 is some positive number and P¢ denotes the Euclidean least distance
projection onto C.

The convergence was proved in [19] under the assumptions of Lipschitz continuity and
pseudo-monotonicity. However, there is still the need to calculate two projections onto C.
If the set C is simple enough so that projections onto it can be easily computed, but if C is a
general closed and convex set, a minimal distance problem has to be solved twice in order
to obtain the next iterate. This might seriously affect the efficiency of the extragradient
method. Korpelevich’s extragradient method has been widely studied in the literature; see
[2,4,7,9, 14, 16, 17, 22, 28, 31] and the references therein.

In the past decade years, Censor et al. [10] developed the subgradient extragradient al-
gorithm in a Euclidean space, in which they replaced the (second) projection (2) onto C

by a projection onto a specific constructible half-space as follows:
Algorithm 1 (The subgradient extragradient algorithm)

Step 0 : Select a starting point x° € H and t > 0, and set k = 0.

Step 1: Given the current iterate x*, compute
= Pl — of (),
construct the half-space Ty the bounding hyperplane of which supports C at y¥,
Ty := {weH|((xk—rf(xk))—yk,w—yk)fo}, (3)

and calculate the next iterate

R )]

Step 2 : If XX = y* then stop. Otherwise, set k < (k + 1) and return to step 1.

Furthermore, under some control conditions, they proved weak convergence theorems
for their algorithms.

Very recently, Sripattanet and Kangtunyakarn [23] introduced the following split
modified system of variational inequality problems (SMSVIP), which involves finding
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(x*,9*,2*) € C x C x C such that

(w* — (I —¢Dy)(ax* + (1 - a)y*),x—x*) >0, VxeC,
= -¢Dy)ax* + (1 —a)z*),x—y*) >0, VxeC, (4)
(" - U -C¢D3)x*,x-2z") >0, VxeC,

and finding (x* = Ax*, y* = Ay*,z* = Az*) € Q x Q x Q such that

(" — (I - Dy)(ax* + (1 —a)y*),x —x*) >0, VieQ,
(o —(I = ¢Dy)(ax* + (1 —a)z*),Xx —y*) >0, VxieQ, (5)
(25— (I -7 Ds)é*,%—2*) >0, VZeQ,

where Dy, D,,D; : C — Hi, D1,D5, D5 : Q — H, are six different mappings, {,g: >0, and
a € [0,1]. The sets of all solutions of (4) and (5) are denoted by Wp, p, p; and ¥j5, 5, 5.,
respectively. The set of all solutions of the SMSVIP is denoted by \I-’gll’gzz'g:, that is,

Yoip = {92 € oy (5%, 2°) € W, 5, )

If we put a = 0 in (4) and (5), we have

(x* —(I-¢Dy)y*x—x*) >0, VxeC,
(y* = (I - ¢Dy)z*,x—y*) >0, VxeC,
(= (I-¢D3)x*,x—2z*) >0, VxeC,

and

(¢ —(I-Dy)y*, % —x*) >0, VxeQ,
(* = -¢Dy)z*,x~y*) >0, VieQ,
(z*— (I - {D3)x*,%—2*) >0, VieQ,

which is a modified the split general system of variational inequalities (SVIP) [21].

Based on the above works and observation of a half-space in Algorithm 1 related to the
VIP, we introduce a new half-space related to the SMSVIP and prove weak convergence
theorems of the sequence {x,} generated by our new half-space for approximating the so-
lutions of the SMSVIP. Moreover, using our main result, we obtain the additional results
involving the split minimization problem. Finally, we perform numerical examples to il-

lustrate the computational performance of the proposed algorithms.

2 Preliminaries
We denote the weak convergence and the strong convergence by ' —” and “ —”, respec-
tively. For every x € H, there exists a unique nearest point Pcx in C such that ||x — Pcx|| <
llx—y| forall y € C. Pc is called the metric projection of H onto C.

The metric projection Pc is characterized by the following two properties:

1. Pcx e C,
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2. (x—Pcx,Pcx—y) >0,YxeH,yeC,
and if C is a hyperplane, it follows that

lx = ylI> > llx — Pcx|l* + lly = Pcx|)?, (6)
VxeH,yeC.

Definition 2.1 A mapping A : C — H is called «-inversestronglymonotone if there exists

a positive real number « > 0 such that
(Ax - Ay, x - y) = o[ Ax - Ayl
forallx,y € C.

The following lemmas are needed to prove the main theorem.

Lemma 2.2 Let ‘H be a real Hilbert space, and let C be a nonempty closed convex subset

of H. Let {x*}2° C H be Fejer-monotone with respect to C, i.e., for every u € C,

”xk+1

—u” Ska—u , Vk=>0.

Then {Pcx* Jooo converges strongly to some z € C.

Lemma 2.3 Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,} C H

with x, — x, the inequality
liminf ||x, — x|| < liminf ||x, — y||

n— 00 n— 00
holds for everyy € H with y # x.
Lemma 2.4 ([23]) Let H, and H, be real Hilbert spaces, and let C,Q be nonempty closed
convex subsets of Hy and H,, respectively. Let D1,D,, D3 : C — Hy be dy,d>,ds-inverse
strongly monotone, respectively, where ¢ € (0,2d*) with d* = min{d,, d,, ds}. Let Dy,Dy,D5:
Q — H, be dy, dy, ds-inverse strongly monotone, respectively, where ¢ € (0, 251) with d =

min{czl, d, d_g}. Let A : H) — H, be a bounded linear operator with adjoint A* and n € (0, %)
with L being the spectral radius of the operator A*A. Define Mc : C — C by

Mc(x) = Pc(I = ¢ Dy)(ax + (1 — a)Pc(I - ¢ Dy)(ax + (1 — a)Pc(I - ¢ Ds)x)),
Vx € C, and define Mg : Q— Q by
Mq(R) = Po(I - ¢Dy)(ax + (1 — a)Po(I - ¢ Dy)(ax + (1 — a)Po(I - ¢ D3))),

Vi € Q. Define M : C — C by M(x) = Mc(x — nA*(I — Mq)Ax) for all x € C. Then M is a

nonexpansive mapping for all x € C.
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Remark 1 From the study of Lemma 2.4, we have

| (= A" - Mo)Ax) - (y - nA™ (I - MQ)A) [

2
<Ilx=ylI> = n(1 = nL)|(I - Mo)Ax — (I - Mo)Ay |
forall x,y € H;.

Lemma 2.5 ([23]) Let Hy and H, be real Hilbert spaces, and let C,Q be nonempty closed
convex subsets of Hy, Hy, respectively. Define the mappings Dy, Dy, D5, Dy, Dy, D3, M¢, and
Mg as in Lemma 2.4, where ¢ € (0,2d*) with d* = min{d,, d,,ds}, z € (0, 2;1) with d =
min{d,, d,,ds}. Let A : H, — H, be a bounded linear operator with adjoint A* and n € (0, %
with L being the spectral radius of the operator A*A.

Assume

\Ijgll"g;:g: = {(x*,y*,z*) € \Ile'Dz,Ds : (x_*,y_*,z_*) S \IJD_LD_Z,D_s} 7’@

The following statements are equivalent:

N e o D1,D2,D

(i) &%y, 2") € W5,

(ii) «* = Mc(x™ —nA*(I - Mq)Ax*), where y* = Pc(I - ¢ Dy)(ax™ + (1 - a)z"),
z* = Pc(I - ¢ D3)x*, x* = Ax* = Po(I - £Dy)(ax* + (1 — a)y*),

y* = Ay* = Po(I — ¢Dy)(ax* + (1 — a)z*), and z* = Az* = Po(I — ¢ D3)x*.

Lemma 2.6 ([23]) Let H, and H, be real Hilbert spaces, and let C, Q be nonempty closed
convex subsets of Hy, Hy, respectively. Define the mappings Dy, D5, Ds,Dy, Dy, D3, M¢, and
Mg as in Lemma 2.4 where ¢ € (0,2d*) with d* = min{d,,d,,ds}, z € (0, 2;1) with d =
min{a?l,cig,d_g} and a € [0,1]. Let A : H) — H; be a bounded linear operator with adjoint
A* and n € (0, %) with L being the spectral radius of the operator A*A. Let ﬂil D; # P and
®; = {we VI(C,D))|Aw = w € VI(Q,D,)} for all i = 1,2, 3. Then

3

[ ®: = F(Mc(I - nA*(I - MQ)A)).
i=1

In order to prove our main result, we need to prove the lemmas involving the split vari-
ational inequality problem.

Lemma 2.7 Let Hy and H, be real Hilbert spaces, and let C, Q be nonempty closed convex
subsets of Hy, Hy, respectively. Define the mappings Dy, Do, D3, D1, Dy, D3, M, and Mqasin
Lemma 2.4 where ¢ € (0,2d*) with d* = min{d;, dy,ds}, T € (0, 221) with d = min{d;, dy, ds)
and a € [0,1)]. Let {x,} be a sequence in Hy, and let A : Hi — H, be a bounded linear
operator with adjoint A* and n € (0, %) with L being the spectral radius of the operator
A*A.ForeveryneN,let T, =aW,+ (1 —a)Pc(I - ¢D3)(aW, + (1 —a)Pc(I — ¢ D3)W,)) and
W, = (I - nA*(I = Mo)A)x,. If x* € (2., ®;, then

17 =" < oo =" [* = 1 = nD) | 1 = M)A |

forallneN.
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Proof Let x* € (., ®;. From Lemma 2.6, we have
x" € F(Mc(I - nA*(I - Mg)A)).

It implies that x* = Mc(I - nA*(I - Mg)A)x*, y* = Pc(I — {Dy)(ax* + (1 — a)z*), and z* =
Pc(I - ¢ D3)x*, where x* = Ax* = Po(I — (D) (ax* + (1 — a)y*), y* = Ay* = Po(I - {D,)(ax* +

(1 -a)z¥), and z* = Az* = Po(I — { D3)x*. From Lemma 2.5, we have (x*,y*,z*) € Qg;g;gz.

That is, (x*,y*,2*) € Qp, p,p; and (x*,y%,2*) € Qp, 5, 5,- From (x%,y*,2%) € Qp, 55, 55, We
obtain that

x* = Po(I - ¢Dy) (ax* + (1 - a)y*),

y* = Po(I - ¢ Dy) (ax* + (1 - a)z*),

z* = PQ([ - Eljg)x_*
It implies that

Ax* = x* = Po(I — £ Dy)(ax* + (1 — a)Po( - ¢ Dy)(ax* + (1 — a)Po(I — £ D3)x*))
= MQ?C_* = MQA?C*
From the definition of x*, we get x* = Pc(I — ¢D1)T;, where T = aW; + (1 — a)Pc(I -
{D)(@W + (1 —a)Pc(I - ¢Ds)W)) and W = (I — nA*(I - Mg)A)x*) = x*.
From Lemma 2.6, we have that Pc(I — ¢D;), Pc(I — ¢ D,) and Pc(I — ¢ D3) are nonexpan-
sive.
By the definition of 7, Lemma 2.4, and Remark 1, we have
| T, =] = [|aW,, + (1 = @)Pc(l - £Dy) (aW, + (1 - a)
X Pc(I = ¢D3)W,,)) = (aWie + (1= a)Pc(I — £ D2)(a Wi
+(L=a)Pcl - tD3)W,e))) |
= ”('Z(Wn - W)+ (1~ ﬂ)[PC(]_ ;DZ)(aWn +(1—a)Pc(l - ;D3)Wn))
— Pc(l - ¢ Do) (aWi + (1 - @)Pcl - £ D3) Wie)) ]|
<allW, = Wes||* + (1 - a) | Pc(I - ¢ Do) (aW,, + (1 = a)Pc(I — £ D3) W)
~ Pc(l - £ Do) (aWi + (1 - @)Pcl - £ D3) Wie)) |
<al|W, - W > + (1 -a)|aW, + (1 - a)Pc(I - ¢ D3) W,
— (aWy + (1 - a)Pc(I - £D3) W) |°
= a| W, = W > + (1 - @) [a(W,, - Wis) + (1 - a)
x [Pl - ¢ D)W, — %] |
< al|Wy = W > + a(l = @) | W, = W | + (1 - @)
x | Pell = ¢ Do) W, — % ||

= (2a-a®) | W, = Wi |2 + (1 - @) Pc(l = ¢ D3) W,y —
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< W, —x|’
= | %, — nA*(I - Mg)Ax, — x* ||2

< |lxu —a*|* = 01 = nD)|| (I = Mo)Ax,||”. )

3 Main results

Theorem 3.1 Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy and
H,, respectively, and let S : C — C be a nonexpansive mapping. Let D1,D,,Ds3 : C — H; be
dy, d», d3-inverse strongly monotone, respectively, with d* = min{d,,d,ds}. Let D1,D,, D5 :
Q— H,; be dy, dy, ds-inverse strongly monotone, respectively, with d-= min{d_l,oiz,a?g}. Let
A : Hy — Hj be a bounded linear operator with adjoint A* and n € (0, %) with L being the
spectral radius of the operator A*A. Define M¢ : Hi — C by

Mc(x) = Pc(I - £ Dy)(ax + (1 — a)Pc(I — ¢ Dy)(ax + (1 - a)Pc(l - ¢ D3)x)),
Vx € Hy, where a € [0,1), ¢ € (0,2d*), and define Mg : Hy — Q by
Moq(x) = Po(I - g:ljl)(ufc + (1 —a)Po( - Eﬁg)(ufc + (1 —a)Po( - Eljg)fc)),

Vi € Hy, wherea € [0,1), ¢ € (0, 221). Let the sequences {x,} and {y,} be generated by x; € H,
and

Yn :MCWn :PC(I_ng)Tm

where W, = (I - nA*(I - Mq)A)x, and T, = aW,, + (1 — a)Pc(I — ¢ Dy)(aW,, + (1 —a)Pc(l -
{D3)Wy)).

Qu={zeH:(I-¢D)Ty = ynyn—2) >0},

K1 = 0 Ty + (1 - Oln)SPQn (Tn - CDl(yn))

forallneN.
Assume that the following conditions hold:
(i) I=FSN m,-3=1 ®; #0, where ®; = {w € VI(C,D;)|Aw € VI(Q,D;)} for all i = 1,2, 3.
(i) ay, € [c,d] C(0,1).
Then {x,} converges weakly to xo = Pyx,, which (xo,y0,20) € Qg-;g-igz, yo = Pc( -
¢Dy)(axo + (1 — a)zo), and zg = Pc(I — ¢ Ds3)xo with %o = Axo, yo = Ay and zy = Azy.

Proof Denote k, := P, (T, — ¢D1(y,)) for all n > 0. Let x* € 3. From the definition of Py,
we have y, = Po,(I - ¢D1)T,. Let M,, = T,, — { D1(y,). From C € Q,,, and applying (6), we
have
2 2
[fen = 27" = | Po, My — 7|
2
< | My -2 |" = IM,, - P, M, |2

= || Tn _CDI(J/VI) —x" “2 - || Tn _é‘Dl(yn) _PQ,,,]\/IHH2
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= | T = ||* = 2¢(T = %%, D1 () + £ | D1 )|
— 1T, = Po, My |1* +2¢(T,, = Po, M., Di(3,)) - ¢ [ D1 (90) ||

2
= ” Tn —-x" H - ” Tn _PQnMn”Z - 2§<PQnMn - x*’Dl(yn»' (8)
From the monotonicity of D;, we have

0 < (D1yy = D1x*,y, —x%)
= (D19, yu = x*) = (D1x", 3 — &%)
< (D1 yn — %)
= (D1Y,yn = Po,My) — (D1yn x* = Po, M),

which implies that

(D1yns&* = P, M) < (D1Yn, yu — P, My). 9)
From (8) and (9), we have

Voo =2 |* < | T =% |* = 1T = Pa, Mll? + 2 (D19 s — P, M) (10)
From (10) and Lemma 2.7, we have

w2 |* < [ =% * = (1 = 1) | (1 ~ MQ)Ax, |* = 1P, My — T

+ 20 (D1, yn — P, My)

= [ =% * = (1 = 1) | (I ~ MQ) A%, ||* ~ 1P, Mis — yull?
—19n = Tull* = 2(Pg, My, = Y, ¥ — T)
+ 28 (D1yn, Yn — P, My)

= [l —2*|* = 0@ = 4L) | (I ~ M)Axs|* ~ 1Po, Mis — y,l?
—Nlyn = Tull® + 2(Pg, My = Y, T = Yn = L D1yn)

= [l —2*|* = 0@ = 4L) | (I ~ MQ)Ax,|* ~ 1Pg, Mis — y,?
~llyn = Tull® + 2(( = £D1) Ty = s Py, My = 3
+2(¢Dy Ty~ ¢ D1y, Po, My — ¥i)

< [l =% * = n(1 = nL) | (I ~ MQ)Ax, |* = 1P, Mis — yull?
~yn = Tull® + 22 |D1 T~ D1yl P, My —

<[l —&*||* = n(1 = D) || T - M)A, ||* = 1Po, M, — 3,12
—lyn = Tull* + dil[nTn = ¥ull® + 1P, My = yull*]

= [l =2 = 001 = 1L) | (1 - M)A, |*
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i = (1= DT =l
_<1—d1)||PQﬂMn ull (1 d1>)”T” Yull™. (11)

By the definition of x,,,1, (11), and Lemma 2.7, we have
[t = = fleta (T = 27) + (1 = ) Sk =) |
< || T =% |* + (1= ) | Sk — 7|
= | T, x| + (1 = )| Sk — 2%
- ay(1 = @) | T, — Skal|? (12)
= | T = P+ (1 = ) [l = * >

<a| T |+ (1 —oc,,)[”xn x|

(1= L) | (I - Mo)Ax, |

_(1-% oo (1L P
(1 d1>”PQnMn yn” (1 dl))”Tn yn||:|

< o[ o0 — & |* = @tun(1 = nL) | (1 - M)Ax, %]

L _an)[”xn P = 0L = D) = Mo)Ax, |

_(1-% (1L g
(1 d1>”PQnMn yn” (1 d1>)”Tn yn||:|

= [xu —a* | = 01 = nL)A + @,) || (I - Mo)Ax, ||

_(l_an)(l_di)[”Tn_yn”z"' “yn_kn”z] (13)

1
So,
] Ly P

Therefore lim,,_, o [|%,41 —x*|| exists, Vx* € J. So, we have {x,,}°°, and {k,}>°, are bounded.
From the last relations it follows that

n(1 = L)1 + o) [ (1~ M)Az, |” < = |* = o1 — "]

or

”([—M )Ax HZ < ||xn_x*||2_ ”xn+1_x*”2
R =T -l + e

Thus
lim || (1 - Mg)Ax, | = 0. (14)
n—00

By using the same method as above, we have

lim || T, =yl = 0. (15)
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From (12), we get

[t = * < | T = [* + (1 = ) Sk — 7]
— (1 = )| T — Skall®

<, | Tu=2"” + (L= ) 27
— (1 = )| Ty = Skl

=ay ”xn - “2 —a,(1 = )| T, _Skn”z»

)
X, — x* 2 _ x _ x* 2
” Tn_Skn”2 < ” n ” ” n+l ” ,
an(l - an)

which implies that
lim ||T,, — Sky]|| = 0.
n—00

Consider

W — %, = —nA*(I — Mq)Axy,

and by (14), we have

lim || W, — x,]| = 0.
n—00
From the property of Pc, we have

|Pctt = ¢ D)W, — 2%
= | Pcll - ¢D3) W,y ~ Pcll - £ D3)x*|)*
< |t~ ¢Ds)W, — (1 - ¢Ds)x* |
= [ (Wy - %) = ¢ (Ds W, - ") |

= | W —a*|* = 22 (W), — x*, D3 W, — D3x”)
+ 22| Ds W, — Dax* ||

< |W, -«* ||2 - 2¢d3| D3 W, — Dax* ||2
+ 22| Ds W, — Dax* ||

= | W, —2"|” — ¢ 2ds = £)| D3 W, - D" [

< Jn = 2[|* - £ (2ds - ) [ D3 W, — Dx* |
By the definition of T, (7), Remark 1, and (18), we have

| T = x| < @l Wiy = Wee % + a1 - @) | W, — Wi |2

(16)

(17)

(18)

Page 10 of 22
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+(1-a)?|Pc(l - tDs) W, — x|
<, -+ all - @), -]

+(1-a)?|Pc(l - tDs) W, — x|
< (2a-a) |0 - |* + (1 - @)?|| Pl - ¢ D3) W, - x* |
< (22 =) | =" | + (1 = @ [0 ="

—¢(Qd3 - £)| D3 W, — Dax*||*]

= ow = 2" |* = ¢ 25 - )1 - @)* | Ds W, - Dax* . (19)
In addition, by the definition of x,,,; and (19), we have
e =" * < 0| T =7 * + (1 = ) [ = 27|
< an[Hxn _x* Hz - {(st - é‘)(l - ﬂ)z ”DSWn _DBx* Hz]
+ (1 —a)|ky —a
= o0 = % = a2 (25 — £)(1 - @)* | D5 W, — Dax*|)*
+(1-ay) ||x,, —x* ||2
= [atn 2| * — ctnt (2d3 — £)(A — @)*| D3 W — Dsx*|*,
1)
a2 _ ln =1 = % — &%
e I w7 s T
which implies that
(20)

lim | DsW,, — Dsx*|| = 0.
From the property of Pc, we have
|Pc(I - ¢ D3) W, — x* ||2
< (U - ¢D3)W,, — (I - £ D3)x*, Pc(I — { D3) W, — &)
1
= LU= eD)W, = (= D) *] + | Pel ¢ Do) W, =27
— U~ ¢D3) W, ~ (I = £ D3)x* ~ (Pe(l ~ £ D3) Wiy — x°) |

< SUWa=a + [ Pct = D)W, —2° |

N =

— | = D)W, — (I = ¢ D3)x* = (Pell - ¢ D3) Wi - x7)|)*]
= S[Wa ="+ [Pt - cDYW, -2

~ [(Wy ~ Pl ~ £D5)W,,) ~ ¢ (Ds W, ~ Dsx") ]

Page 11 of 22
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1
= (W =" + [ Pctt - D)W, —° |

— | W, = Pe(l - £D3) W, | = ¢2| D5 W, — Dax®||?

+2¢(W,, = Pc(I — ¢ D3)W,,, D3 W, — Dsx)],
SO

|Pc(l = ¢ D)W, —2*||* < | Wi —*||* = | W = Pl - ¢ D3) W, |

+2¢ | W,y — Pc(I - ¢ D3)W,,|| | Ds W, — D™ . (21)
By the definition of 7, (7), Remark 1, and (21), we have

|7 -
<al|W, - Wee | + a(1 - a) | W,, - Wi ||?
+ (1 - )| Pell - ¢ D)W, —x*|)?
<alw, | +all @), - x|
+ (1 - )| Pell - ¢ D)W, —x*|)?
< (2a-a®)|x, - «*|* + (1 = @)*| Pl - ¢ D3) W, —*|*
< (0= s~ | + (L= @P[| W -]~ | W - P
x (I = ¢ D)W, ||* + 22 | W, = Pe(l = ¢ D)W, || D3 W, — D]
= (2a-a®) o, — 2" + (1 - @) |20 —x*|?
~ (1~ a)*| Wy~ Pcll - £ D3)W,|*
+2¢(1-a)*| W, = PcI - ¢ D3) W, ||| Ds W, — Dax*||
= [ = 2*|* = (1 = )| W,y = Pc(l = ¢ D)W, |

+2¢(1—a)*| W, = Pc(I = {D3) W, || Ds Wy, — D3x™ | (22)
In addition, by the definition of x,,,1, (11), and (22), we have

[ =" | < | T ="+ (1 = ) [y =2
< o[ an = a7 [” = (1 = @)*| W, = Pcll - ¢ D5) W, ||
+20(1-a)*| W, — Pc( — t D3)W, ||| Ds W, — Dsx*||]
+ (1 - )|k — x|
< |20 = 27| * = (1 = @) | W, = Pl - £ D)W |
+20,¢ (1 = a)?|| Wy, — Pc(I = ¢ D3)W,,|| | D3 Wi, — D™ |
+(1—a)|x, -]

= n = 2" |* - 0ta(1 = @) | W,y = Pc(l = £ D5) W, |*
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+20,¢ (1 - a)*|| Wy, — Pc( - ¢ D3)W,, || Ds Wi, — D3x™|).

From (20) and (23), we get

lim | W), - Pc(I - ¢ D3)W, | =0.
n—00

Let G, =aW, + (1 — a)Pc(I — A3D3) W,,. From the property of Pc, we have

|Pcll - £D2)G, - ¥
= |Pcll - £D2)G, ~ Pcll — ¢ Dy)x* ||
< |t -¢DyG, ~ (1 -t D)
= (Gu —x") = ¢ (D26, — Dox") |

= |Gy = #*|* = 2¢(G, — &%, D2 G, — Do)
+ 22| DyG,, - Dox*|?

< % —#°|* - 2| D26, - Do |*
+22||D,G, - Dox*|?

= =" = 52 — )| DGy — D"
By the definition of T, and (25), we have

| T = 2| * < all Wy = Was 2 + (1 - @)|| Pe - D) G — |
<afx,-2"|" + Q= @) |, -2
—¢Qds — £) | D2G,y - Dox* ]
= [ = 2| * = ¢ (1 = )2 - ) | D2G, — Dox*||”.

In addition, by the definition of x,,1 and (26), we have

Jsenss =2 < e T =" + (1 ) = °[

< a,[[xn—*|* = £(1 - a)(2dy - )| D2G,y — Dox*|*]

+ (1 - o) | %y —&* ||2

= [ = 2| * = ¢@n(l — @,) 2 - ) | D2G, — Doa*

SO

”D G.—-D x*||2 < ”xn _x*||2_ ||xn+l _x*HZ
T = (- ,)(2ds - €)

It implies that

lim | D,G, — Dox*|| = 0.

2

’

(23)

(24)

(25)

(26)

(27)

Page 13 of 22
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From the property of Pc, we have

|Pc(l - ¢Dy)G,, — x|
= (I -¢D2) Gy — (I = ¢ Dy)x*, Pc(l - £ D) Gy — ¥)
- %[”(1 —1D5)G, — (I = £Dy)x*||* + | Pell - ¢ D) G, — x*)?
— |- ¢D2)G, - (1= ¢ D) - ((I = ¢D2)Gy - 27) | ]
< S[1Gu =" + [Pt~ £D2)G, — |
— |- ¢D2)G, - (I = ¢ D) - ((I = ¢D2)Gy — ") |]
= S[IGu |+ [Pt ~5D2)G, |
~ (G = Pcll = ¢ D2)G,) = £(D2G, — Dax*) || ]
- %[”Gn —x*|* + | Pell - ¢ D) G, - x|
~ |Gu = Pl - £ Dy)G|*
+2¢(Gy = Pc(I = £D5)Gy, D2 G, — Dox™)
-8 D26, - Do ]

It implies that

|Pet - ¢D2)G, - x*|
< |Gy =2*|* = | Gu = Pcll = £D2)G |
+2¢(Gy — Pc(I — £ D2) Gy, Dy Gy, — Dox™)
< |Gy =2*|* = | Gu - Pell — £D2) G|

+2¢ |Gy = PcI - £D3)Gy | | D2G, — Dax™|. (28)

By the definition of 7, and (28), we have

| T = 2*|* < @l Wy = Was |2 + (1= @) | Pell - £D2)Gy - |
<=5+ -G, -5 - | G, - Pc
x (I = ¢D)Gy|* +2¢ || Gy = Pell = £D,)G, || | D2Gy — Dox*[]
<=5+ 1= )5
~(1-a)|Gy — Pcll - £Dy)G, |
+20 |Gy = PcI = £ D2)Gy || D2G, — Dax*||]
= |2 =" * = (1 = @) | G — Pcll — £ D2)G |

+2¢ || Gy = P = £D2) Gy ||| D2G, — Do 1. (29)
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In addition, by the definition of x,,,; and (29), we have

s =2 < o T =" + (1 - ) [ =]

< o[ % =2 |* = (1 = @) | G = Pell - ¢ DG, ||

+2¢ |Gy = Pc - £D5)Gy || | D2G, — Dax™|]

+(1 —a,,)”x,, —x* ||2

= [%s = *|* = @1 = @) | G, — Pell - ¢ D)G, ||

+20a,(1 - a)| G, = Pc - £ D5)Gy | | D2G, — Dax*

by (30) and (27), we get
lim |G, - Pc(I - ¢D2)G,| = 0.

Since

Tn - Wn = (1 _a)(PC(I_ ;DZ)(‘ZWH + (1 _"Z)PC(I_ §D3)Wn) - Wn)

From the property of norm, we have

|Pc(I = ¢Dy)(aW, + (1 - a)Pc(I - ¢ D3)W,,) — W |
< |Pcl - ¢Dy)(aW,, + (1 - a)Pc(I - £ D3) W)
- (aWn + (1 - d)Pc(I - ;DS)Wn) H

+](@W,, + (1 = a)Pc(I - ¢ D3)W, — W,

= |Pcl = ¢D2)G, = Gy || + (1 = @) | PcI - £ D3) W, — W]

Then we have

1T, = Wall < (1 -a)[|Pcl - tD3)G, - G|

+ (1 - (l) ”PC(I - §D3)WVI - Wn ”]
From (24) and (31), it implies that
lim ||T,, — W,| =0.
n— o0
From (15), (17), (33), and
Iy =%l < N1Yn = Tall + 1T = Wall + | Wy — 2l
we have

lim [y, - %, = .
n—o0

(30)

(31)

(32)

(33)

(34)

Page 15 of 22
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Moreover, from (16), (15), (34), and
1% = Sknll < 1 = Yl + 1y = Tull + 1 T = Skl
we have
lim ||, — Skl = O. (35)
H—0Q
Since {x,};2, is bounded, it has a subsequence {x,, }2, which weakly converges to some
xeC.
Assume x ¢ F(S). By the nonexpansiveness of S and Opial’s property and (35), we have
klim inf [|x,,, — || < klim inf [|x,,, — Sx||
< lim inf[||x,,k — Sk || + 1 Skin, —Sa'c||]
k— 00
< lim inf[jlay, = Sk |+ 1k 1]
= klim inf ||k, — x|
< lim inf||%,, —%||.
k— 00
This is a contradiction, then we have

x €F(S).

Assume X ¢ ﬂil ®;. From Lemma 2.6, we have x ¢ F(Mc (I — nA*(I — Mq)A)). By Opial’s
condition, (34), and Remark 1, we have

lim inf ||x,, — X[ < lim inf||x,, —Mc(I - nA*(I - M)A)X|
k—o00 k— o0

IA

lim inf [|%,, — yp |l + lim inf|Mc(x,, — nA*
k— o0 k— 00

x (I = Mq)Axy,) — Mc (I - nA*(I - Mo)A)X|

IA

tim inf(x, — i | + 2, —Z)
k— o0

lim inf [|x,, — x||. (36)
k— o0
This is a contradiction, then we have

x € F(Mc(I - nA*(I - Mg)A)).

It implies that

Page 16 of 22
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Hence

R
m
2]

In order to show that the entire sequence {x,} weakly converges to X, assume {x},,, — X
as k — 0o, with X # % and & € 3. By Opial’s condition, we have

lim ||x, —x|| = lim inf||x,, —x]|
n—00 k— o0
< lim inf %, — |
k— 00
= lim [lx, — ||
n— 00
= lim inf||x,, —X||
n— 00
< lim inf||x,, —X||
n— 00
= lim ||x, — x|
n— 00

This is a contradiction, thus

It implies that the sequence {x,};°, weakly converges to x € 3.

From (34), we have {y,}>°, weakly converges to x € 3.

Finally, if we take
U, = Pxx,, (37)
by Lemma 2.2, we see that {Pyx,}°, converges strongly to some z € J. From (37), we get
x-Uy,U,—x,) >0, Vxel.
Take n — oo, we also have
(*—2z,z—x) >0,
and hence x = z. Therefore U, converges strongly to x € 3, this completes the proof. [
4 Application
Let C be a closed convex subset of H. The standard constrained convex optimization prob-
lem is to find x* € C such that
S(x*) = I;lelg I(x), (38)

where 3 : C — R is a convex, Frechet differentiable function. The set of all solution of (38)
is denoted by ®s.
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Lemma 4.1 ([25] Optimality condition) A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (38) is that x* solves the variational

inequality

(V3(x*),x—x") =0 39)
for all x € C. Equivalently, x* € C solves the fixed point equation

x* =Pc(l - VI)x*

for every ¢ > 0. If; in addition, I is convex, then the optimality condition (39) is also suffi-
cient.

By using the concept of the split modified system of variational inequalities problem
(SMSVIP), we consider the problem for finding (x*,y*,z*) € C x C x C such that

(' — (I -¢V)(ax* + (1 —a)y*),x—x*) >0, VxeC,
(== ¢V ax* + (1 -—a)z"),x—y*) >0, VxeC, (40)
("= (I -¢V33)x™,x—2z*) >0, VxeC(C,

and finding (x* = Ax*,y* = Ay*,z* = Az*) € Q x Q x Q such that

(= ([ - VI (ax* + (1 - a)y*),x —x*) >0, VxeQ,
(y* —(I - VIy)(ax* + (1 —a)z*),x—y*) >0, VxeQ, (41)
(2t —(I-¢VI3)at,x—2") >0, VxeQ,

where 31, 33,33 : C — R with V3, V3,, V33 are the gradients of 3, Iy, I3, respectively,
and 31,35, 33 : Q = R with V3, V3,, V35 are the gradients of I, 3y, 33, respectively,
¢,¢ >0and a € [0,1]. The sets of all solution of (40) and (41) are denoted by Wys, v, v3s

and Wy, vy, v, respectively. The set of all solutions of the split modified system of vari-
V31,V32,V33

ational inequalities (SMSVIP) is denoted by \IIW- VS VS that is,
N1, VA2, VA
V31,V32,V33 _ ok ok (S Tk o o
VS,V Vs {(x 75 2") € Uyg, vayvay ¢ (85 9%,2%) € \IJVM,VEz,ng}'

Lemma4.2 ([23]) Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy
and Hy, respectively. Let 31, 32,33 : C — R be real-valued convex functions with the gradi-
ents V31, V3, VI3 being i, L%ﬂ, é—inverse strongly monotone and continuous, respec-

, L%) with L% = min{L%, L} , L%}. Let 31,352,335 : Q — R be real-valued
) ) Jl J2 03 1 1

convex functions with the gradients V31, V3,, V33 being L%, 1= [ -inverse strongly
31 R} 33

tively, where ¢ € (0

monotone and continuous, respectively, where E € (0, L%) with L% = min{L%, L%, L%}. Let
~3 3 \\1 \\2 \\3

A : Hy — Hj be a bounded linear operator with adjoint A* and n € (0, %) with L being the

spectral radius of the operator A*A. Define Mc : H — C by Mc(x) = Pc(I — ¢ V31)(ax +

(1 —a)Pc(l — ¢V)ax + (1 — a)Pc( — ¢ VI3)x), Vx € Hy, and define Mg : Hy — Q by

Mo®) = Po(I = £ V3))(ax + (1 — a)Po(I — EVIa)(ak + (1 — a)Po(l — LVI3)R)), V& € Hy.
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Let ﬂil Oy, #0 and dy, = {J;(x) = mingrec Ji(x*) : Ji(Ax) = mingecq Si(Ax*)} for all
i=1,2,3. Then

3
[ @, = F(Mc(I - nA*(I - Mg)A)).
i=1

Theorem 4.3 Let C and Q be nonempty closed convex subsets of real Hilbert spaces H;

and H,, respectively, and let S : C — C be a nonexpansive mapping. Let 31,3,,33: C — R
11
’ L32 ) L33 -

inverse strongly monotone and continuous, respectively, where { € (0,%) with ﬁ =

be real-valued convex functions with the gradients VI, V3q, V33 being %
~1

min{L%, L%, L%}. Let 31,392,353 : Q = R be real-valued convex functions with the gra-
\\1 \\2 \\3
dients V31, V3y, V33 being L%, Llf s L%—inverse strongly monotone and continuous, re-
J J9 33
spectively, where ¢ € (0, L%) with Li = min{L%, L%, L%}. Let A : Hi — H, be a bounded
3 3 31 8y 153

linear operator with adjoint A* and n € (0, %) with L being the spectral radius of the opera-
tor A*A. Define M¢ : Hy — C by Mc(x) = Pc(I = ¢V31)(ax + (1 —a)Pc(l — ¢ VIa)(ax + (1 -
a)Pc(I - £ V3)x)), Vx € Hy, and define Mg : Hy — Q by Mq(#) = Po(I — £ V1) (@& + (1 -
a)Po(l - V) ak + (1 - a)Po(l - CVI3)R)), V& € Hy. Let the sequences {x,} and {y,} be
generated by x, € H, and

Yn =Man :PC(I_ gv%l)Tm

where W, = (I - nA*(I - Mq)A)x, and T, = aW, + (1 —a)Pc(I - ¢ VI)(aW, + (1 —a)Pc( -
VI3 W)

Qu = {Z € H<(1_ é‘V%l)Tn —YwYn —Z> > 0}:

K1 =y Ty + (1 — 0,)SPg, (T,, - {Vﬁl(y,,)), VneN.

Assume that the following conditions hold:
(i) I=FSN ﬂis:l Oy, # 9, where
Oy, = {Ji(x) = mingsec Ji(x*) : Si(Ax) = ming+eq Si(Ax*)} forall i =1,2,3.
(ii) oy €lc,d] C(0,1).

Then {x,} converges weakly to xo = Pxx,, which (xo, y0,20) € Qg:ig:;g:;,
Yo = Pc([ - KV‘\NYQ)(LZXO + (1 - d)Zo) and Z0 = Pc(l - {V?ﬁg)xo with .?C_o :Axo, y_o :Ayo,

and zy = Azg.

where

Proof By using Theorem 3.1 and Lemma 4.2, we obtain the conclusion. O

5 Example and numerical results

In this section, we give the following example to support our main theorem.

Example 5.1 Let R be the set of real numbers, C:={x € H|1 <2x; +x, <7}, Q:={x €
H| -10 < 3x; —xy <20}, H; = Hy = R2. Let Dy, Dy, D3 : C — R? be defined by D (x1,x,) =
(%1 = 2,29 + 1), Da(x71,%7) = (x1 —3,%0 — %), and D3 (x1,%7) = (%1 + 2,x, — 6) for all (x1,x,) € C.
Let Dy, Dy, D3 : Q — R? be defined by D (51, %) = (% — 4,4 + 8), Dy(¥1,%42) = (47 — 12,45 —

8), and D3 (), %) = (#1 + 16,% — 30) for all (%;,4) € Q. Let A : R? — R? be defined by
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A(xy, %) = (2x1,2%,) and A* : R? — R be defined by A*(x1,%,) = (2x1,2x,). Define Mc :
H; — CbyMc(x) = Pc(I-1Dy)(3x+ 3 Pc(I-1Dy)(Ax+ 1 Pc(I - 1Ds)x)), Vx = (x1,%2) € Hy,
define Mq : Hy — Q by Mq(#) = Po( — 1D1)(3% + 3P — £D2)(3% + 3P — 1D3)3)),
V& = (€1,4,) € Hy, and define S: C — C by S(x1,x5) = (3 + 1,%). Let the sequences {x,}
and {y,} be generated by x; € H; and

1
Yn :MCWn :PC<I— E(xl —2,%2 + 1)) Tn:

where W, = (I - 1A*(I-Mq)A)x, and Ty, = W, + 2Pc(I - 2 (31 - 3,%2 - 2)) A W, + 1 Pc(I -
3 (01 + 2,55 — 6)) W),

Q,= {zeH:<<[—%(x1—2,x2+ 1))T,,—y,,,y,,—z>20},

and

1 1 1
KXpsl = nr T,+(1- nr SPo | T — =1 = 2,20+ 1)(¥,) ), VmeN,
5n 5n 2

where

(%61, %2) — 7[2’””25_7](2‘1) if 2x1 + %9 > 7,
Pcx = § (x1,%2) if1<2x+x <7,

[2x1+2p-1](2,1)
5

(xler) - ifol +x3<1,

for every x = (x1,x;) € H; and

(%61, %02) — % if 301 — 29 > 20,
Pox = (x1,%2) if —10 <3x; —xy <20,

(o¢1,%9) — %&01(3’_1) if 3x; — %9 < —10,

for every ¥ = (x1,%3) € Hy. By the definition of S, Di,D_i,Mc,MQ foreveryi=1,2,3,wehave
(2,0) e F(Mc(I - %A*([ —Mg)A)). From Theorem 3.1, we can conclude that the sequences
{x,} and {y,} converge strongly to (2,0).

Table 1 and Fig. 1 show the numerical results of sequences {x,} and {y,} where x; =
(-5,5) and n = N = 30.

Table 1 The values of {x,} and {y,} with initial values x; = (-5,5) and n=N =30

n Xn = (), x2) Yo = Wp¥3)

1 (-5.000000, 5.000000)

28
29
30

(-0.457465, 2.305332)
(1.223540, 1.203392)

(2.000000, 0.000000)

(2.000000, 0.000000)
(2.000000, 0.000000)
(2.000000, 0.000000)

(0.034028, 1.404266)
(1.309813, 0.647460)
(1.781929,0.337977)

(2.000000, 0.000000)

(2.000000, 0.0000000)
(2.000000, 0.000000)
(2.000000, 0.000000)

Page 20 of 22
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¥n

¥_and
n

Figure 1 The convergence of {x,} and {y,} with initial values x; = (-5,5) and n =N =30
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