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1 Introduction
Let X3, X>,... beasequence of independent and identically distributed (i.i.d.) random vari-
ables and write M,, for the partial maximum, i.e.,

M, = max{X1,Xs,...,X,}.

If there exist suitable normalizing constants a,, > 0 and b, € R, and a distribution G(x)
which is nondegenerate such that

lim P(M,, < a,x + b,) = lim F"(a,x +b,) = G(x) (1.1)
n—0oQ0

n—00

for all continuity points of G. Then G has one of the following three parametric forms:

Type I (Gumbel): A(x) = exp{—e"‘}, X ER,

0 ifx <0,
Type Il (Fréchet): ®g4(x) =
exp{—x~*} ifx>0,

) exp{—(-—«x)*} ifx<0,
Type III (Weibull) : W, (x) =
ifx>0,

where « is a positive constant. If (1.1) holds for some sequences {a, > 0}, {b,}, we say that
distribution F belongs to the domain of attraction of G and write F € D(G). Necessary and
sufficient criteria for F € D(G) can be found in Leadbetter [15] and Resnick [23].
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One meaningful issue in extreme value theory is to study the convergence rate and ex-
tremal properties related to the normalized maximum of a sample. Hall [10] studied op-
timal rates of uniform convergence for standard normal distribution. Nair [19] derived
asymptotic expansions for the distribution and moments of extremes of normal samples
with the same normalizing constants. Liao et al. [17] studied optimal convergence rates for
the skew-normal distribution SN(A) with shape parameter A € R. Peng et al. [21] obtained
similar results for the skew-¢ distribution. Beranger et al. [2] derived Mills inequalities and
ratio, and then the convergence rate of the univariate extended skew-normal ESN(2, 7),
where the parameters A € R and 7 € R are known as the slant and extension parameters,
respectively. For more efforts about asymptotic expansions and rates of convergence, see
Lin et al. [18], Liao et al. [16], Jia et al. [13], Du and Chen [5], and Huang and Wang [11].

Our interest in this article is to study the extremal properties and convergence rate of
the beta-normal distribution. The beta-normal distribution (BND) was first introduced by
Eugene et al. [6]. It is a generalization of both the normal distribution and the normal order
statistics. A random variable X is said to have a standardized BND with shape parameters

a >0and B > 0 if its probability density function (p.d.f.) is given by

_ I+ B) a-1 B-1
Zap(X) = m[q)(x)] [1 - q’(x)] #(x), (1.2)

where —0o < x < 00, 0 < @, 8 < 00, I'(:) denotes the gamma function, ®(-) and ¢(-) de-
note the standard normal cumulative distribution function (c.d.f.) and the standard nor-
mal probability density function (p.d.f.), respectively.

Note that @ = 2,8 =1 and « = 1, 8 = 2 respectively stand for the skew-normal distribu-
tion with shape parameter A = 1 and A = —1 (Azzalini [1]). In addition, the normal dis-
tribution is a special case when « = 1 and 8 = 1. Several properties of the beta-normal
distribution have been studied in the literature: nth moment (Gupta and Nadarajah [9]);
bimodality properties (Famoye and Lee [7]); bimodality region, hazard rate function, mo-
ments, quantile measures, generating function, mean deviations, and Shannon entropy
(Régo, Cintra and Cordeiro [22]).

Throughout the paper, let {X},, # > 1} be a sequence of independent and identically dis-
tributed (i.i.d.) random variables with the c.d.f. G, g which obey the beta-normal distri-
bution. Let M,, = max{Xy, 1 < k < n} denote the partial maximum of {X,, n > 1}.

In order to derive the asymptotic expansions of normalized maximum from BND, we
introduce some preliminary but important results from Jiang and Li [14]. First the Mills
type ratio of BND is stated as follows:

for fixed «, 8 > 0,

Lﬂ'ﬂ(x)fvi as x — oo. (1.3)
ga,ﬂ(x) ﬁx

Jiang and Li [14] also showed that

1-Ggpx) = c(x) exp(— lx% dt) (1.4)
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for large x, where

[(a + B) s

c(x) —> W(Zne)’z as x — 00, s
1 1 '
h(x)=1+;, f(x)zﬁ.

Since limy_, o0 #'(x) = 1, f(x) > 0on [1, 00) and lim,_, o f'(x) = 0, G, g(x) € D(A) by Corol-
lary 1.7 of Resnick [23]. The norming constants a, and b, can be given by

1-Guplby)=n"", an=f(by) = B'b;,' (1.6)
such that
lim Gg'ﬂ(a,,x +b,)=Ax) = exp(— exp(—x)). (1.7)

By using Mills ratio of BND and Khintchine theorem in Leadbetter et al. [15], Jiang and Li
[14] obtained another pair of normalized constants such that (1.7) holds:

a, = (2B log n)’%,

1
- 2 2 1 r
b, = (— logn> + lo @+ B)

B (2Blogn)? ET@r@+1)
IR log 4 — 1 log1 1.8
‘E(zlogn) [log 4 — log § + loglog ] (18)

The remainder of this paper is organized as follows. Section 2 derives the main result
on pointwise convergence rate of the maximum of BND and asymptotic expansions for
distributions and densities of maximum from the BND sample. Some auxiliary lemmas
and related proofs are given in Sect. 3.

2 Main results
In this section, we establish first the pointwise convergence rate of the distribution of M,
for the norming constants @, and b,, given by (1.8).

Theorem 2.1 Let G, g(x) represent the c.d.f. of BND. For normalizing constants a, and
b, given by (1.8), we have

B2A(x)e* (loglog n)?
16 logn

Glt (@nx + by) — A(x) ~
asn— o0,

Remark 2.1 Beranger et al. [2] deduced the pointwise convergence rate of the extended
skew-normal ESN(A, t) of M,,:

A(x)e™ (loglog n)?
c logn
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where ¢ = 16 when A > 0 and ¢ = 4 when A < 0. When 7 = 0 the extended skew-normal
distribution reduces to the skew-normal SN(1). The result is exactly the same as that of
Liao et al. [17], regardless of the slant parameter A and extension parameter t. But in The-
orem 2.1, the pointwise convergence rate of the BND is affected by the shape parameter S.

In the following, we shall derive asymptotic expansions for the c.d.f. and the p.d.f. of M,
under the norming constants a, and b, given by (1.6).

Theorem 2.2 Let G, g(x) be the c.d.f. of BND. For normalizing constants a, and b, given
by (1.6), we have

bfl [bi(GZ,/s (@auwx +b,) - A(x)) - K(x)A(x)] — (w(x) + K(;C)2>A(x)

as n — oo, where
1 -1(,2 —x

Kk(x) = E'B (x* +2Bx)e

and
sl lpoa 1,05 1 S1),2
o) =—e*| <+ BT+ (14 7" + 2x ).
8 2 2

Remark2.2 According to the definition of b,,, one can check that 1/bft = O(1/logn). Hence,

the convergence rate of Gy, 5(a,x + by) to its limit c.d.f. A(x) is proportional to 1/logn by
Theorem 2.2.

In the end of the section, we establish the high-order expansion of density of maxima
from the BND.
Let
ru(%) = (Gl y(@nx + by)) = 12y Glig (@nx + by)go,p(@nx + by)
denote the density of (M,, — b,,)/a,, and
Ap(rm A5x) = ra(x) — A ().
By Proposition 2.5 in Resnick [23], we have A, (r,, A’;x) — 0 as n — oo.

Theorem 2.3 Let G, g(x) denote the c.d.f. of BND, then for normalizing constants a, and
b, given by (1.6), we have

b [bﬁ (Gz,ﬁ(anx +b,) - A(x))/ - S(x)A/(x)] — R(x)A'(x)

as n — 0o, where

S(x) = e-x(% B1x% + x) - % Bl + (B -1)x+1 (2.1)
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and

1 1 1 3 1
— —2x -2, 4 -1,3 2 —X -2, 4 -2 1 3
Rx)=e (—8,3 X +—2ﬂ X +—2x)—e (—8,3 X +—2,B (38 -1)x

1.3 2 L, o4 1,5 3
+§,B (38 -2)x +x>+§,3 X +§/3 (B-1)x

1
+ 5,3-1(;9 -2+ (1-p")x-2. (2.2)
Remark 2.3 Since 1/b% = O(1/logn), by Theorem 2.3, we could derive the speed of
(Gg p(@nx + by))' converging to its appropriate limit is proportional to 1/log n.

In addition to the theory of univariate maxima, multivariate cases have found an in-
creasing interest in literature since the articles by Hiisler and Reiss [12], Nikoloulopoulos
etal. [20], Fung and Seneta [8], Beranger et al. [3], and others. Sarabia et al. [24] introduced
a bivariate BND which also is a beta-generated distribution. Further research on extremal
properties of the bivariate beta-normal distribution is meaningful. It is obvious that our
results will stimulate further multidimensional research work.

3 Proofs
In order to obtain expansions of a distribution and density for the maximum of the BND,
we provide the following distributional tail decomposition of BND.

Lemma 3.1 Let G, g(x) represent the c.d.f. of BND. For large x, we have

o+ B)
C(e@)T(B8 +1)

+0(x7°)) exp<— /Ix% dt) (3.1)

with g(t) and f(t) given by (1.5).

1- Gapx) = (2me) 2 D) (1- a2 + 27 (B + 5)x

Proof By integration by parts, we have

(@ —1)(x-2)

1 ( x) -1 -1 2
1-Geplx) = E ¢()ga/3( )|:1+/3 1( (%) - ) m(q’ (x)—l)
(0-1D(a-2)...(¢a—n),_ 4 Y
T RS T L)
(@-1D@-2)...(a-n-1) [ - 20" P0)* " (1) dt} (32)
B+1)(B+2)...(B+n) ( )“ "[1-®x)]° S
It is easy to check by L'Hospital’s rule that
Xy _ B+n a-n-2

i da L= POIPR@ g0 dt 33)

x=>00 D (x)* 11— D(x)] P+

and

& (@) -1) >0 forallr. (3.4)

Page 5 of 14
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Notice that

1-dx) = @(1 —x 37t O(x_6)) (3.5)

for large x (Castro [4]). Thus, by (3.2), (3.3), (3.4), and (3.5), we have

a-1
B+1
(¢ -=1)(a=2)...(¢ — 1)
+ot
B+1)(B+2)...(B+n)
- Tla+p)
CT@r(B+1)
(0-D(@-2), 2
fEean @Y
(¢ -=1)(a=2)...(x—n)
+ot
B+1)(B+2)...(8+n)
)% I'x + B)
(e)l'(B +1)
*g@)
Xexp<— : %dt

I'x + B)
C(e)I'(B +1)

x ®(x)* Lexp (— lx% dt) (3.6)

Mg%ﬂ(x)[l N

1 (@ -1(@-2)
B o)

(B+1)(B+2)

1-Gupx) = (@7 ') 1) + (07 (x) - 1)°

(@7 ) -1)"(1+ o(1))]

a—-1

& (—x)P ()% |:1 +

(@7 (%) -1)"(1+ 0(1)):|

(2me (I-x2+3x"+ 0(96’6))'3‘~’I>(x)""1

= (271@)’g (1-Bx>+27'B(B +5)x~* + O(x7°))

for large x, where g(¢) and f(¢) are given by (1.5). The proof is complete. O
In order to prove Theorem 2.2, we need the following auxiliary result.

Lemma 3.2 Let Hy g(by;x) = Gy planx + b,) and he g(b,;x) = nlog Hy g(by; x) + e with
constants a, and b, given by (1.6). Then

lim bﬁ(bflha,ﬁ(b,,;x) — /c(x)) = w(x),
where k(x) and w(x) are given by Theorem 2.2.

Proof Since 1 - Gy 4(b,) = n', b, — oo if and only if # — oco. The following facts can be
obtained:
1- Ga n bn _
lim L= Gep @t ba) _ (3.7)

n—00 n-1
and

1_ o n n
lim Gopla x+b):

n—00 b;[4

0. (3.8)
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Set

O(b,)* 11 = Bb;% + 271 B(B + 5)b;* + O(b;,°))
(b, + B1b; )21
x (1= B(by + B0, %) > + 27 B(B + 5)(by + B7'b; %)

+ O((b,, + ﬂ’lb;lx)%))fl.

Aot,ﬂ (bn) =

Then lim,,_, oo Ay,p(b,) = 1 and

Agp(®) =1 = (D(by)*™ = ®(by + B710;'%)" " = Bb;2D(b,)* !
+B(by + ﬂ_lbglx)_zdb(bn + ﬁ_lb;lx)a_l +2718(8 +5)

X b D (b,) ™ =27 (B +5)(by + B0 %) D (b, + BB )

+ O(bf))(l + 0(1)).
Then
. Agpby) -1
and
. Aa, (bn) -1
lim ‘3T = 2x. (3.10)

n

By (3.1), we have

1- Goz,ﬁ (bn)
1- Gep(by + 87105 )

=Aqp(by) exp(/ox (b;zﬁ_lt + #22,3—11:) dt)
=Aa,ﬂ(bn)(1 + /x<b"2ﬁ_1t + b4"2) dt + l</‘x(19"2;3_1t
o " 1+b,2871t 2\Jo "
b;? >
+ #%ﬁ”t) dt) (1+ 0(1))). (3.11)

Combining (1.3), (3.7), (3.8), (3.9), (3.10) with (3.11), we thus have

—X

nli)rglo biha,ﬂ (by;%)

log Hy g(bys x) + nte™
m

n— 00 n_lb;z
- lim log Gy p(by + B, %) + (1 — G p(b))e™
n—00 /S_lga,ﬂ(bn)b;lg

- tim <_[1 = Guplbn + B2 - 51~ G+ 787 5) (1 (1)

n—00
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- Ga,f;(b,,)]e‘x>

/B2 ,)0;

1_Got,/3(bn) -x _ 1
- lim ball = Gap(by + B0, %)] 1-Go g b6 1b71%)
= n— 00 ﬁilgot,ﬁ (bn) b;Z
%012 p-1 by?
Aupbn)(fo (05 Bt + 1355,) A1+ 0(1)) + A p(by) = 1
=e™* lim u —
n—00 bn
—x 1 Yy b,
=e nllpo]o/(; bn(bn /3 t+ W)dt
=271 871 (% + 2Bx)e ™ 1=k (%), (3.12)

where the last step is based on the dominated convergence theorem. By similar calculation

we have

nli)nolo bfl [bf,ha,,g (by;x) — /c(x)]

. log Gy (b, + B0, %) + n7le™ — n71b 2k (x)
= lim
n—00 n—lb;ll
1*Ga,/3(br1) —x _2
o L= Gaplby + B10,19) TGt i B @)
= lim

n—00 nl b;4

x b—z
x 4 —2 p-1 n x7,-2
=e ,,ILIgo(A“'ﬂ(b”)hn </0 (bn ﬂ t+ W) dt—/c(x)e bn )dt
L BB / b2 e — 2V ar) - Agp(bmiie
+2 o,p\¥n)y 0 n 1+b;2}3_1t —Aq,p\0n)0,€

x b;2
X K(x)/o (b,,zﬂlt + W) dt + bi(Aa,,g(bn) - 1))

- —e"‘(%ﬁ‘zx4 + %ﬁ‘lxg + %(1 +B7)a% + 2x>
= w(x).
The proof is complete. d
Lemma 3.3 Let a, and b, be defined by (1.6). For large n, we have
Gy (@nx + by) = Dy() A (%), (3.13)

where D,,(x) = 1 + b, %k (x) + b, (w(x) + 56(%)?)(1 + 0(1)), k (x) and w(x) are given by Theo-
rem 2.2.

Proof Obviously, by Theorem 2.2, we have

Gg,ﬂ(a,,x +b,) = [1 + b;zk(x) + b;l4 <w(x) + %K(x)2> (1 + 0(1)):|A(x). (3.14)
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Noting that

Gy g(anx + b,) — exp(—e™) asn— oo,
we have

n(1 -Gl 4(anx +by,)) — €™
and

1- Ggyﬁ(a,,x +b,) = O(n'l)

as n — 00, which implies

a1 b) Gy p(anx + by)
o O T (1 Gaplans + b))
= Ggyﬂ(a,,x + b,,)(l + O(n_l)). (3.15)

It is easy to check that
n'=o(b,*) (3.16)
holds for large #. 0
Combining (3.14), (3.15), and (3.16), we obtain the desired result.
Lemma 3.4 Let g, g(x) denote the p.d.f. of BND, then
o p(X) = ﬁx(l a2 -2t O(x_6))(1 - Ga,ﬂ(x)) (3.17)

for large x, and with normalizing constants a,, and b, from (1.6), we have

B7'b;, gu s (B, % + by)
1-Gup(B1b,lx + by)

=1+A1(®)b,” + A (0)b,,* + O(b;°)

for large n, where

Ai(x) = Bl + 1, Ay(x)=—(B'x +2). (3.18)
Proof According to Lemma 3.1 and

x’(CID(x)_1 - 1) — 0 forallr,
we have

1- Ga,ﬂ(x)
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1 &(—x) a-1, _ (0-1D(@-2), 2
=g (x)|:1+ )= 1) + (D) — 1
5o TSRS )

(- a-2)...(a—n), "
e g @Y (“"(1))}

=pxt (1 —x 2437+ O(x76))g“’ﬂ(x)'
Then

Zup@) = Br(1—x72+3x7* + O(x’6))_1(1 — Gup())
= ﬁx(l a2t O(x_G))(l - Ga,ﬁ(x))

i= Cu(x) (1 = Go (), (3.19)

where
Culx) = /Sx(l a2 -2ty O(x_6)).

Therefore, for large n, we have

Bb,' g0 p (B, % + by,)
1-Gup(B1blx + by)

=B7'b,' Cu(B7'b, x + by)

= (BB 2+ 1) (1+ (B0, + b,) 2 = 2(87 b5 %+ b,) "+ O((B7' b x + b,) %))
= (B0, x+1)(1+b,> - 287" b, *x - 2b,* + O(b,°))
=1+ (,B_Ix + 1)19;2 - (,B_Ix + 2)19;4 + O(b;6)

=1+ A1(0)b,” + A, (0)b,,* + O(,°). (3.20)

The proof is complete. d

Proof of Theorem 2.1 Letu, = a,x + b,and T, = n(1 - Gg p(u,)), where a, and b, are given

by (1.8).

. _% % 2 (o + B)
un_(Z,Blong) x+ <’3 logn> * (2ﬂlogn)% o8 F(a)F(,B+1)

1/ B \?
( ) [log4m —log B + loglog n]

2 2logn
implies
2 2 r
ufl =—logn+ i +— ogM —log4m +log B —loglogn
B BB TT@r(B+1)
log 1 2
L Bloelogn)” o\ o), (3.21)

8logn

1
2 w2 logl
u,' = = logn 1+0[ 22087 ) (3.22)
B logn
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and
oy B
O(u,*)=0 ) (3.23)
2logn
Since
log ®(u,) = o((loglog n)*/log 1) (3.24)

for large u, by using (3.6), (3.21), (3.22), and (3.23), we have

Ty =n(1 = Gyp(un))

B
1\? T+p) p -
(52) Fraria o () oe( 308 - voeotan 1+ o)
B

2 1 B? (loglog n)* -
= (E logn> (uﬁ> exp(— - Rw(l + 0(1))) (1+0(u,))

" logn

., B*(loglogn)?
=e (1 - EW(I + 0(1)))

X

Obviously, for 7(x) = 7%,

2 logl 2 2 logl 2
_« B~ (loglogn) (1+0(1)) o+ P~ (oglogn)
16 lognm 16 logn

T(x) —1,(x) =€
for large n. By Theorem 2.4.2 of Leadbetter et al. [15], the result follows. O
Proof of Theorem 2.2 1t is followed by Lemma 3.2 that /4, g(b,;%) — 0 and

2, b (busx)

2

i=3

< exp(ha,p(bp; %)) > 1

as n — 00. By Lemma 3.2 once again, we have

by [b(Gy planx + by) = Ax)) — k(%) Alx)]
= B2[62(exp (o p (b3 %)) — 1) — k() | A ()

- [bi (B2h (b)) — K (x)) + BER2 5(bn,x)( + o (b ) Z o ,s(bn,x))] Ax)

i=3
2
— (w(x)+ K(;) )A(x)

as 1 — 00. The result follows. O

Proof of Theorem 2.3 Set E, g(b,) = 1/Aq g(by), by (3.9) and (3.10), we have

lim b5 (Eq,p(by) —1) =0 (3.25)

n—00

Page 11 of 14
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and
lim b, (Eq,p(by) — 1) = 2x. (3.26)
By (3.11), we have

1-Gyp(by + B0, %) o
1 - Gu,p(by)

X x 2
=Ea,,s<bn>[1— [ pa,ﬁ(t)dt+§( [ pa,,s(ndt) (1+o(1>)}

X x 2
:Ea,,g(b,,)[l —/0 Pa,p(t) dt + %(/o Pa,p(t) dt) +0(b;4):|, (3.27)

where

-2
-2 -1 n
)anﬁ(x) = bn ,B X+ l-}—b;w
By (3.13), (3.19), and (3.20), we have
B716, Cu(B7'b, % + by) D)

= (1+ A, (0)b,? + Ax(x)b;,* + O(5;°)) x (1 +b%k(x) + bt (a)(x)

+ %K(x)2>(l + 0(1)))
=1+ (A1(x) + k() b, + (Az(x) + i (X)A; (%) + (%) + %H(aa)) bt
+o(b;*). (3.28)
By Lemmas 3.3, 3.4 and combining (3.25)—(3.28), we have

Ap(rm A5 )
= ru(x) - A'(x)
(1= Gap(ba) " B0, G (B0, 0 + b)gars (B0, % + by) — A ()

(1= Gup(bn) " B75;1Cu(B710; % + b)) A@) (1 = Gop (B7'5; % + b))

x Dy, (x) — A'(x)

= [Ea,ﬁ(bn)(Al(x) + K(x))b;2 +Eq5(by) (a)(x) + %Kz(x) +k(x)A1(x) + Az(x)>bn4
—Ea,f;(b,,)(l + (Al(x) + K(x))b;2 + (a)(x) + %Kz(x) + Kk (x)A1(x) +A2(x)>b;4)
/x 1 R 1,
X Pa,p(t) dt + EEa’ﬂ(b")<1 + (Al(x) + K(x))bn + (a)(x) + EK (x) + k(x)A71(x)
0

x 2
+A2(x))b;4>)</o Pap(t) dt) +Eqp(by) -1+ o(bf)]A’(x). (3.29)
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Hence

lim bflAn(r,,, A’;x)

n—00

= lim (Al(x) +i(x) - b2 /x Pa,p(t) dt) A (%)
n— 00 0

=277 [(#* +2Bx)e™ —&” + 2x(1 - B) + 28] A’ (%)
= S(x) A/ (x). (3.30)
Combining (3.29) and (3.30) together, we have
lim b2 (62 A, (ru Asx) — S(x)A'(x))

= nlingo v’ [(Eo,,,g(bn) - 1) (K(x) +A1(x)) + Ea,ﬁ(bn)<%/c2(x) + K (x)A1 (x)

x As(x) + a)(x))bn2 - /x(,oa,,g(t) — (Bt +1)b,%) dt — E, 5(by) (/c(x)
0

X

+A1(x) + (%Kz(x) + k() A1 (%) + Az (x) + w(x))b;z) / Pa,p(t) dt
0

+ %Ea,ﬂ (b,)b? (1 + (K(x) +A1(x))b;2 + (%Kz(x) + Kk (x)A1(x) + Az (x)

x 2
" w(x)>b;4> ( / Pap(t) dt) + B2 (Eupby) — 1) + o(b;Z)]A/(x)
0

= lim |:bﬁ (Eap(bn) — 1) + %Kz(x) + Kk (x)A1(x) + Ax(x) + o(x)

n—00

b / (Pap(0) = (B¢ + 1)b2) it = (c(x) + A1 () B2 / pap(t)dt
0

0
1 x 2
+ Ebfl(/o pa,ﬂ(t)dt> j|A’(x)
_ [e‘2x<%ﬁ‘2x4+ %ﬂ‘1x3+ %x2> —e‘x(gﬂ_2x4+ %,3_2(3,3—1)963
L, 2 L, o 1,5 3 1,4 2
+§ﬂ (38 -2)x +x>+§ﬂ X +§ﬂ (B-1)x +§,3 (B-2)x
+ (1 - ﬁ_l)x— 2]A’(x)

= R(x)A'(x).

The proof is complete. d
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