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1 Introduction
The subject of fractional calculus has gained considerable popularity and importance over
the past few decades, mainly due to its validated applications in various fields of sci-
ence and engineering [1-4]. Integral inequalities, especially fractional integral inequal-
ities, have been paid more and more attention in recent years. These inequalities play
important roles in the study of fractional differential equations and fractional integral
equations. At present, many scholars are devoted to studying various integral inequali-
ties, such as Volterra—Fredholm and Hermite—Hadamard-type inequalities. In [5-10] the
authors generalized and analyzed the Volterra—Fredholm-type and delay integral inequal-
ities. In addition, some applications in fractional differential equations were presented to
illustrate the validity of their outcomes. Convex functions have found an important place
in modern mathematics, as they can be seen in a large number of research papers and
books today. In this context, the Hermite—Hadamard inequality can be regarded as the first
fundamental result for convex functions, which is defined over an interval of real num-
bers with natural geometric interpretation and many applications. In [11-20] a number of
Hermite—Hadamard-type inequalities are deduced involving the classical and Riemann—
Liouville fractional integrals for different classes of convex functions such as (s, m)-convex,
m-convex, log-convex, and prequasi-invex functions. In this paper, we consider Volterra—
Fredholm and Hermite—Hadamard-type inequalities involving fractional integrals.

The structure of this paper is as follows. The first part gives some preliminary re-
sults about fractional integrals, derivatives, and convex functions. In the second part,
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we derive some new nonlinear Volterra—Fredholm-type fractional integral inequali-
ties on time scales for one- and two-variable functions. In the third part, we estab-
lish Hermite—Hadamard-type inequalities and some other integral inequalities for the

Riemann-Liouville fractional integral. Finally, we give some concluding remarks.

2 Preliminaries

In this section, we recall several definitions needed for the discussion.

Definition 2.1 ([21-23]) The Riemann-Liouville integral of a function f(x) of order & > 0
is defined as

rLD,Gf(2) = ﬁ / (t—-w)Yf(uw)du, t>a>0, (2.1)

where I' is the gamma function.

Definition 2.2 ([21-23]) The Riemann-Liouville derivative of a function f(x) of order «

is defined as

rLDg f (2) = LD, f(t))

il
n-a-1
mdt”/(t_ u) fu)du, t>a>0,

wheren-1<a<neZ*.

Definition 2.3 ([21-23]) The Caputo derivative of a function f(x) of order « is defined as

D% f(8) = DY F (1)
¢ (2.3)
_ 1 _ L yn—a-1g(n)
_7””_“)/“@ W du, ¢ a,

wheren-1l<a<neZ*.

Definition 2.4 ([11, 12]) A function f: [4,b] C R+ R is said to be convex on [a, ] if
F(rx+ (1 =2)y) <af () + (1= 1f ), (2.4)

for all x,y € [a,b] and A € [0, 1].

Definition 2.5 ([11]) A function f: [a,b] C R+ R is said to be (s, m)-convex with mod-

ulus u > 0 (in the second sense) if

F(x + m(1 = 1)y) <25 (%) + m(1 = A (y) — ut(1 = £)(x — y)? (2.5)

forall x,y € [a,b], . € [0,1], and s, m € [0, 1].
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Definition 2.6 ([18,24]) A functionf : [4,b] C R Rissaid to be s-convex (in the second

sense) if

S+ (1=2)y) < AF@) + (1= 1) () (2.6)
forall x,y € [a,b], > € [0,1], and s € [0, 1].

Definition 2.7 ([25]) Let f : [a,b] C R R be a convex function. Then the Hermite—

Hadamard inequality is given by

a+b 1 b fla)+f(b)
f( 5 )Em/;f(t)dtff- (2.7)

3 Nonlinear Volterra-Fredholm-type fractional integral inequalities
In this section, we show and prove certain Riemann—Liouville fractional integral inequal-
ities of nonlinear Volterra—Fredholm-type by amplification, differentiation, integration,
and inverse functions.

In the following discussion, we assume that

1. x(2),f(¢), c(t), g1(2), g2(2), r(¢t) € C([a, b), R, ) with r(£) <t,

2. h(t) € C(R,,R,) is a nondecreasing function with a(t) > 1,

3. QW) = J, % for v>0.

However, for fractional order «, we only consider the case 1 <« < 2.

Theorem 3.1 If

x(2) < (t — a)c(t) + / t(t — ) ()b (x(u)) dus, (3.1)

then

a-1 t
(1) < (2‘ a > Q! [(b —a)* Mt - a)>c(t) + (b—a)* / £(s) ds:|. (3.2)

Proof From (3.1) it follows that

(t—a)"x(t) < (t - a)*c(t) + (t—a)'™ /t(t —u)* f(u)h (%(u)) du

a

t
<(t-a)"%c(t) + f f(u)h(x(u)) du.
For ¢ € [a, b], defining the function y(¢) by the right-hand side of (3.3), we have

y(t) = [t —a)*ct)] +fOh(x(t))
< [t-a*c®)] +fOh((t - a)* 'y(2))
<[t -a)*“ct)] +fOh((b-a)*y(0)),
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which implies

0 (6~ af“cle))
Wb -ar @) = Wo-are) 7 G

<[t-a*c®)] +£@.

Multiplying both sides of (3.4) by (b —a)*~1, we get

(b—a)y ()

o-1 2-a 4 a-1
Wb - 50) ~ b-a)* [t -a)c@®)] +b-a)*f (). (35)

Setting ¢ = s and integrating both sides of (3.5) over [a, ], we find
Q((b-a)*'y(1)) < (b-a) (t-a)“c(t) + (b-a)*" / tf (s)ds.
In fact, Q7! is nondecreasing, and y(a) = 0. We can deduce that
y(t) < (b-a)'™Q! |:(b —a)* N t-a)c(t) + (b-a)! /tf(s) ds]. (3.6)

Using (3.3) and (3.6), we can derive the desired inequality (3.2). This ends the proof. [J

Theorem 3.2 If x(t) satisfies

x(t) < (t—a)c(t) + / (t- u)“’lgl(u)f(u)h(x(u)) du

, . (3.7)
+ / (t—u) g1 (u) / (u - V)"_lgz(v)h(x(v)) dvduy,
then
t—a a-l 1 a—1 2—w a-1
x(t) < (f) Q {(b—a) (t—a)c(t) +(b-a)
t s N (38)
X / a1(s) |:f(s) 427l / o) dv- / vVl v) dv:| ds}.
Proof Simplifying (3.7), we can easily get that
(t—a)'™x(t) < (t—a) ™ “c(t) + / g (u)f w)h(x(w)) du
t . “ (3.9)
+ / gl(u)f (—-v)* @ Wh(x(v)) dvdu.
It is known that (u — v)*~! < 22-¢y*1 _y*-1 Therefore
(t—a) ™% (t) < (t—a)*%c(t) + / gl(u)f(u)h(x(u)) du
¢ (3.10)

+ /tg1(u)/u(22"“ua‘1 —v* g () (x(v)) dvdu.
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For the convenience of calculation, denote the right-hand side of (3.10) as y(¢). Then

Y& =[(t-ayc®)] -a1®) / v g (Wh(x(v)) dv

+41(2) |:f(t)h(x(t)) + 22t f gz(v)h(x(v)) dv:|

a

. (3.11)
<[t -a)*c®)] +g(Oh(E - a)* () [f () + 277! / &) dV}
-g®h(t-a)*y(@)) / vl (v)dv.
Hence
Y (&) <[t -a) )] + @ e)h((b - a)* ' y(®)) [f (t) + 227! / &) dV}
t “ (3.12)
—gl(t)h((t - a)“_ly(t)) / v lgv)dv.
By the same steps from (3.4)—(3.6), as in the proof of Theorem 3.1, we have
¥t =(b-a) Q! { (t=a)*“c(t) + (b~ )" f a6 (s) + 2
. . “ (3.13)
x [/ o) dv- / V¥l (v) dv] ds}‘
Combining (3.10) and (3.13), we can easily find (3.8). The proof is completed. O

Theorem 3.3 Let S(¢) = Q(2t + c(b) — 2¢(a)) — Q(t) be a nondecreasing function. If there is
a function x(t) such that

r(t)
x(t) < c(t) + / (r(t) - u)a_lgl (u)f(u)h(x(u)) du

r(a)

) a-1
+f() (r(b)—u) gl(u)f(u)h(x(u)) du

. (3.14)
+ / (r@) - u)a_lgl(u) / (—v)* ' @Wh(x(v)) dvdu
r( r(a)

a)

r(b) u
+ / (r(b) - u)a_lgl(u) / (u - V)"‘_lgg(v)h(x(v)) dvduy,
7( r(a)

a)

then
x(t) < Q1 {c(t) —cla) + Q[51 (c(b) —c(a) + (r(b) - r(a))w_1

r(b) s
X f a1(s) <f(s) + f (22_"‘;’"‘_1(5) - v"“l)gg(v) dv) ds):| (3.15)
r(a) r(a)

Page 5 of 20
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r(t)
+ (r(b) - r(a))%1 f g1(8)f(s)ds + (r(b) - r(a))”

r(a)

-1

r(t) s
x/r &i(s) /r(ﬂ)(22°‘r"‘l(s)—v‘)‘l)gz(v)dvds}.

a)
Proof According to (3.14), we have

r(t)

x(t) < c(t) + (r(b) — (@) / " (@)f @)h(x(w)) du

7(b)

- (0)-r@)” [ i wh(stw) du

r(a)

r(

+(r(b) - r(a))ml/

r(a)

r(b) u
+(r(b) - r(oz))w_1 /( ) g1(u) /( )(u 1) '@ Wh(x(v)) dvdu.

t) u
gl(”)/ (u—v)* g (Vh(x(v) dvdu
r(a)

(3.16)

Denote the right-hand side of (3.16) as y(¢). Inspired by (3.9)—(3.11), y(¢) has the following

estimate:

) =<Q! {Q(y(a)) +e(t) - cla) + (r(b) - r(@) "

a)

(a)
By the definition of y(t) we get

r(b

)
y(b) = c(b) + 2(r(b) - r(oz))q_1 / g (u)f (w)h(x(w)) du

r(a)

r(b) u
+2(r(b) - r(a))a_I/ ) g1(u) /( )(u - v)“_lgg(v)h(x(v)) dvdu

7(

=c(b) + Z(y(a) - c(a)).

According to (3.17), we have

Qb)) < Q@) + c(b) — c(@) + (r(b) — r(@)* ™

(a) (a)

Thus
S(¥(@)) = Q(2y(a) + c(b) - 2c(a)) — Q(¥(a))

< o(b) - c(a) + (r(b) - r(@)"™"

(a) r(a)

r(t) s
x/ gl(s)[f(s)+/ (22_“7"""1(5)—v“_l)gz(v)dv] ds}.

r(b) s
X/ 1(s) [f(s) +/ 277 N s) = v* ) @) dv] ds.

r(b) s
x / a1(s) [f(S) + / (22_0‘r°‘_1(s) - va_l)gz(v) dv] ds.

(3.17)

(3.18)

(3.19)

(3.20)

Page 6 of 20
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Since Q and S are nondecreasing, we have

Q(¥(@))
< Q{ st [c(b) — cla) + (r(b) - (@) (3.21)
r(b) s
. /r(u) £ (f(s) ’ /r(m S Y dV) ds} }

Using (3.17) and (3.21), it follows that

)= Q! {e(t) @)+ Q[51 (c(b) — cla) + (r(B) - r(a@))"”"

r(b) s
x/r gl(s)(f(s)+/r(a)(22ara1(5)_Va1)g2(v) dv) ds)i|

“ : (3.22)
+ (r(b) - r(az))m_1 / (22_"‘r°‘_1(s) - v""l)gz(v) dvds
r(a)
r(t)
+ (r(b) - r(@)*™ / g1(8)f(s) ds}.
r(a)
O

From (3.16) and (3.22) the expected result follows.

Similarly to the above case with single-variable functions, we will consider bivariate

functions.
Let I1 = [ug, ur] and I, = [vo, vr] with ug, v > 0. Assume that:
1. x(u,v),f(u,v), c(u,v), g1(,v), 22 (u,v) € C(I; x I, R,),
2. ri(u) € C(I;,R,) and ry(v) € C(I, R,) with r1 (1) < u, r,(v) <,
3. h(t) e C(R,,R,) is a nondecreasing function with A(£) > 1,

4. QW)= [ ,;}; for v> 0.
Under such conditions, we state the following theorem.

Theorem 3.4 Suppose that x(u,v) satisfies the following inequality:

x(u,v)

<(nw-n (uo))(rz(V) —ra(vo))e(u,v)
/ | / (1) —5)* " () = 1) (s 7 )[f(s, h(x(5, 7))

_ w1 _ -1
+/rl(u0 /WO (s=w)*" " (r-2) gz(w,z)h(x(w,z))dwdz}dsdf

(3.23)

foruel,vel,. Then

-1

(= (o))" (v = ra (o))"

x(u,v) <

x|

x Q! {k(u —r1(0)) " (v = ra(v0)) > e, v) — kokel(uto, v) (3.24)

Page 7 of 20
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r1(u) ra(v)
+k/ [/ ai(st ( S, T) +/ f Iw,z,s,t
r1(uo) LI ra(vo) r1(uo) Jra(vo)

x @ (W, 2) dwdz) dr:| ds},

where [(w,z,s,T) = (227%s%1 — w*1)(22-%7%~L — 2%71), The constants ko and k are defined

by ko = (u = r1(40))*™* (v = r2(v0))*™® and k = (ur — r1(u0))* ™" (v = r2(v9))* ™", respectively.

Proof From (3.23) we easily derive that

(= ri(0)) ™ (v = ra(v0)) (s, v) < y(us,v), (3.25)
where
y(u,v)

= (u- rl(u()))*“ (v =ra(v0))* el v)

/ / (s, 7)f (s, 7)h(x(s, 7)) dsdr (3.26)
r1(uo) (vo)

r1(u)

/ 1(s,7) / f w,z,8,7)8 W, z)h(x(w, z)) dwdzdsdr.
r1(u0) Vo) r1(uo)  r2(vo)

Taking the partial derivative of y(u, v) with respect to u, we have

2-a ( 2—o

ay(u,v) _ A(u — r1(uo)* (v — r2(v9))* " c(u, v))

ou ou

ra(v)

+ 7, (u) @ (r@), 7)f (r(w), 7)h(x(r(w), 7)) dr

ra(vo)

ra(v)
+ri(u)\/ gl rl / / W,Z,S,
ra(vo) r1(uo) Jra2(vo)

x & (w, 2)h(x(w,z)) dwdzdr (3.27)

_ - (o)) (v = r2(v0))*“c(u, v))
- ou

+7] (u)h((uT -n (Mo))%1 (VT - Vz(Vo))aily(uy V))

ra(v) r1(u)
X / aQ (rl(u) |: rl(u) r f / w,z,8,T)g2(W,2) dwdzi| dr.
r2(vo) (uo) Jr2(vo)

Through a series of calculations, we get

koy(u,v) - k(s — 1 (u0))* (v = ra(vo))**c(u, v))
h(ky(u,v))ou — ou

ra(v)
+ kry (1) / )gl(rl(u),r)f (ri(w),7)dr (3.28)

+ krl(u)/ f lw,z,s,7)g2(w,z) dwdzdr,
(vo)
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where

k= (MT -n (Mo))a_1 (VT - 7’2(V0))a_1~

Integrating both sides of (3.28) with respect to ¢ over [ug, 4] yields the relation

Q(ky(u,v))

< k(u—r1(u0))" ™ (v=ra(v0)) "™ clus, v)

ri(u)  pra(v)
— koke(uto, v) + k / / a1(s,7)f (s, 7) dr ds (3.29)
r1(uo) Jr2(vo)

riw)  pra(v) s T
+k/ / gl(s,r)/ f (w,z,s,7)g2(w,z) dwdzdr ds,
r1(uo) Jr2(vo) r1(uo) v r2(vo)

where

ko= (u—-r (uo))z_a (v- fz(Vo))z_a'

Since Q7! is an increasing function, in the light of (3.25) and (3.29), we observe that (3.24,)
holds. The theorem is proved. d

To illustrate our results, the following Volterra—Fredholm fractional integral equations

for one and two variables are separately considered in Corollaries 3.1-3.3:

x(t) = A(t) + / (t - u)“’lgl(u) [f(u)x(u) + / (u - v)"”lgz(v)x(v) dv:| du, (3.30)

r(t)

x(t) = A(f) + / (r(t) - u)a_lgl(u)f(u) i yixPi(u) du
i=1

r(a)
| (3.31)
of -0 | R ) S e )
ra) r(a) i=1
and
x(u,v) = Cu,v) + /u /V(u -5)* ' (v—1)*'F(s, 7,%(5,7), G(5, 7)) dsdr, (332)

where G(s, 7) = f;o fV; (s —w)*(t —2)* P (w,z)dwdz, 0 < p < 1.
Corollary 3.1 Suppose that x(t) satisfies

x(t)

u

r(t) vl ol
<c(f) + /r( (r(t) - u) a1(u) [f(u)x(u) +/r (u—v)*" " @) dv] du (3.33)

a) (a)

r(b) w1 u
+ / (r(b) - u) a1(n) [f(u)x(u) + / (u—v)* g ()x((v) dv] du
r( r(a)

a)
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for c(b) < 2c¢(a) + 1. Then we can get an explicit estimation of x(t) in (3.30):

W {exp [C@) ~cla) + (r(b) - r(@)"”

r(t) s
x /r(a) a1(s) (f(s) + /r(m (27" M) = v g (v) dv) ds:| - 1},

x(t) <

(3.34)

where

(b)

M:exp{c(b)—c(a)+(r(b)—r(a))a_l / ) a1(s)

r(a

X [f(s) + fs (22’“r""1(s) - v“’l)gz(v) dv] ds}.

(a)

Proof Since x(t) < x(¢) + 1, using h(t) = £t + 1 in Theorem 3.3, we can get that Q(v) = log(v +
1), Q71(2) = exp(£) - 1, 5(t) = log(2¢ +c(b) - 2¢(a) + 1)~ log(¢+ 1), and S~ (¢) = LLLAAD 7,
So (3.34) can be easily proved. O

Corollary 3.2 Ifr(t),a,b,and x(t) in (3.31) meet ther(t) <t,1 < a, b <log(2) +2c(a)-c(b),

and
r(t) w1 i=n
x(t) < c(t) + /( : (r(t) - u) a1 (u)f () Z yixﬁi () du
r(a ")
r(b) i i=n
[ - ) Yo
- , (3.35)
r(t) u i=n
+ f L, (0= / S e Zl yiai(v) dv du
r(b) u i=n
o[ =0 [ e st dv
then
1
#{e) = log (T—K(t)) (3.36)
where

r(

?)
) gi(s)

K(t) = c(t) - c(a) + (Z mﬂf!‘) (r(6) - (@)™ /
i=1

r(a

X [f(s) + fs (22’“7“_1(3) —v“_l)gz(v) dv] ds,

(a)
and
2 exp[ c(b)K(b)—ZZC(a)K(h) ]
[exp(c(b) — 2¢(a)) — 4K (B)]? + 1

B=1-

Page 10 of 20
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Proof Note that

Zytﬁl < Zy(ﬂ +)fi = Z%ﬁﬂ’ (1 + —) <e Z%ﬂﬂ‘ (3:37)

We take /(t) = e. Then Q(t) =1-¢t Ql(¥) = log(ﬁ), S(t) = exp(—t) — exp(=2¢t — c(b) +

2(a)), s—l(t) = loglexp(=2224@) (exp(c(b) - 2c(a) — 48)? + 1] - log(2¢), and Q[S~(¢)] =

1 Zexp[ b)t— ZC(u) ]

——2 By applying Theorem 3.3 we deduce the corollary. O
[exp(c(b)—2c(a))-4¢] 2 +1

Corollary 3.3 If F(y1,y2,¥3,ya) < A(y1,y2) (s + ya) and C(u,v) < c(u,v)(u — uo)(v — vo) for
u € [ug, url, v € [vo,vrl], then x(u,v) defined by (3.32) satisfies

x(u,v) < %(u o) (v - vo)* (1 - p) T {k(u —u)” (v —vo)*c(u,v)

N (3.38)

u pv T
— kokc(ug,v) + k/ / Als, ‘L')[l + D(s, 7:)] dr ds} ,
ug Jvg
where
D(s, 1) = / / (227 —wA ) (224 - 2 dwdz, (3.39)
ug Jvg

and ky and k are as in Theorem 3.4.

Proof From the assumptions of the corollary we can deduce that

x(u, v) < (u = uo) (v - vo)e(u,v)

/ / (u—-5)"v-1)Als, T)[x"(s, 7) (3.40)
/ / w)* Lt = 2)* 1P (w,2) dwdzj| dsdr.
ug Jvo

Applying Theorem 3.4 to h(t) = ¥ completes the proof. O

4 Hermite-Hadamard-type fractional integral inequalities
In this section, we present some Hermite—Hadamard-type fractional integral inequalities

by integration, differentiation, and convex functions.
Lemma 4.1 Letc,a € (0,1), and let f € C3([a, b]). Then

(b—a)

0t+3
ﬁch(a, b) Ml / Q@) (at + (1 -1)b)dt (4.1)

D/ ()], =
Furthermore, Q(t) and Ty (a, b) can be expressed as follows:

Q1(8) = %2 — 2t € [0, ¢],
Q) = (4.2)
Qa() = £%%2 4+ byt® + byt + by t € (¢, 1],
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and

2c - 1f(a) +2c%f(b) + 2 1-< f(ac +(1- c)b). (4.3)

TC 7b: T .
yela,b) = c—1 (c—1)%

Here b = 55, b = 1%, by = —‘;‘((jj)) —1,and 2(c**' - 1) = (@ + 2)(c - 1).

Proof We represent A as

1
A= f Q) (at + (1 - 1)b) dt
0

c 1
_ / Q@ (at + (1 - 0)b)de + / Q) (at + (1 - )b) de (4.4)
0 c
= A1 + Az.
First, we estimate A;. It is clear that
A= f ‘ Qi) (at + (1 - )b) dt
0 (4.5)

1
a-b

/C Ql(t)U(z) (at+(1- t)b)],dt.
0

Using integration by parts and the facts Q;(0) = Q;(c) = 0, Q;(0) = 0, and Q,(c) = ac**?,

we have

1 4
A= [ Q- p) e

:_ﬁfo Q) d[f (at + (1 - 1b)]

aCO{+1

:—(b_a)zf’(ac+(1—c)b) (4.6)

1 /! ¢
- le(t)f(at +(1- t)b) |0
al@+D)(@+2) [° 4
ey ), O /(a1 -0p)de.

In a similar manner, we find that

aca+l

Ay = mf/(ac+ (1-0)b)

1

_ m /2/(t)f(at +(1- t)b) |i .

al@+De+2) [1

G—ap t*7f (at + (1 - t)b) de.

Page 12 of 20
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Thus A can be written as

A:A1 +A2

"0 _la)g [-QI0)f (b) + Q5(1)f (a)]
! (4.8)

“oap [Q1(0) - Q5(O)]f (ac+ (1 - c)b)

b
% / (b—10)"'f () du,

which yields the desired result

(b-a)

(b _ a)a+3 1 )
Ca+3) @D+ W/o Qe P(at+(1-0b) e (49)

RLD;,;f(t)L:b =

with

Tj.o(a,b) = Q(1)f (@) = Q[ (O)f () + [ Q[ (c) - Q5 (0)]f (ac + (1 - c)b)

2 o+l 1 1=c* (4"10)
=« Cc—l f(u)+26"‘f(b)+2ﬁf(ac+(l—c)b).
The proof is completed. g

Corollary 4.1 Letc,a € (0,1), and let f € C*([a, b]). Under the assumptions of Lemma 4.1

for1—a, we have

(b-a)

o (b _ a)4—a 1 @
Do D], = m?}/,c(a, b) + Ta-ar /0 QW)f W (at+(1-t)b)dt.  (4.11)

Theorem 4.1 Letf € C3([a,b)). Denote by d a division of the interval [a,b), i.e.,d: a = ty <
< <tpi1<ty=bh=ty1-t,i=0,...,n—1. Then for c,ax € (0,1),

rRLD,5f (8 |t:tn

he n-2 o3
=0 |:Z Tr, c(ti tiv1) + Tre(tn1, tn):| +
i=0

I'a +3) I'a +3) (4.12)

n-2

1
X /0 Q(t)|: FO(tit + (1= 8)tg1) +fP (bat + (1 - t)tn)j| ds,

i=0

where Fy(u) = (41=2)1f(y), i = 0,...,m — 2.

tn—u

Page 13 of 20
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Proof From Lemma 4.1 we have

DL @) -,

liv1

-1
—FLZ (ty — u)* " f (1) du
i=0

_ FL / = 0 @) du+ = / (6 — 1) (1) du
tz+1 1-«o
_ L / b - (t—”) Flu) du

'« th,—u

tn

+ L (t, — u)"‘flf(u) du

I'(o) ti1

! ) " (b= 1 () du

Liv1

= tin —u)* ' Fi(u)d
F(Q)Zf (s~ B s [
n-2 n-2

L1 — ) tiv1 — ;)3

=) ——Tr(tit; —_—
¥F(a+ 3y Truel ““; e +3)

(tn - tn—l)a

Tctn—:tn
o +3) Pt )

f Q@) tt+( Dti) dt +

(tn - tn—l)a+3

f QP (tuort + (1 - 0)t,) dt
0

I'(a +3)
R he
= N7 Ay T ne\bir Liy T oy c\ln-1>Ln
F(a+3)§ Foe(tin b)) + e 3)f(t Litn)
pot3 1 ”2*2: (3)( )
—_— Q(t) Fi tit + (1 — t)tHl dt
C(e+3) Jo pny
ha+3

(¢ _
a+3)/ Q)™ (st + (1 - t)t,) de

hol+3

hot
= — T,C ti, L Tc ty-1,ty
F(O‘+3)|:,§_o F;, 1)+ f,( 1 ):|+I‘(a+3)

1 n-2
x / Q(t) [ZF}S)(M + (1= )ti1) +fO (Lart + (1 - t)tn)j| de
0

i=0
This proves the theorem. O

Theorem 4.2 Letf € C*([a, b)) and suppose that |f®| is an (s, m)-convex function on [a, b].
Under the assumptions of Lemma 4.1, we have the following inequality for ¢, € (0,1):

_Déf(t)|t b~ )3)

(b- ﬂ)a+3 a3 — ol - C)a+s+3 ‘) (3)
_m{( 1)[ (s+3)(a+s+3) +3](V (@)] + [P (®)]) (4.13)

T}c(“» b)‘

Page 14 of 20
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et (2 ) ()] oo (2)))
a+s+3 s+1 m m

2 2
—/L|:<a—%) + (b—%) ]/Olﬁ(c"—t“)(l—t)dt}.

Proof Equation (4.1) yields the inequality

b—
D0, - o y “)3)

<(b ar f 1Q®)[|f® (at + (1 - H)b)| de

' +3)

Tf,(a,b) ‘

(4.14)

b a+3
(r(%g)[/ Q@[ |f® (at + 1 - 0)b)| de

o [ lsollr®(ar - 08) |

(b d)a+3
m(ﬁ +1).

Since [f®| is (s, m)-convex, I; can be calculated as
11=/ Q@) ||f® (at + 1 - )b) | dt
0
- /Ctz(ca —t*)|f¥(at + (1 -1)b)| dt
0
< /Octz(c"‘ —ta){fv<3>(a)| +m(1 — t)sp(f‘)(%)’
2
_m_”(ﬂ_g) la
®)(a) / t"'2 dt+m}'/(3)<£>
u(ﬂ—;) /0 £ -t*)(1-t)de
~ otc”"‘*B[fG)(aH @) b c " Y .
= Gi36ras3) +mL/ (Z) /0 (e =) (1 -¢t)°de

b\ [€
_M<a—;) /0 £(c* - t*)(1-t)de.

Furthermore, we have

/Ctz(c” )1 -t de

0
21 C21—“ 1-#)d
<2 [e- -

) Ca+s+3 Cs+3 cs+2

fctz(c“ —t*)(1-¢)de
0

- +
d+s+3 s+3 s+2
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Hence it is easily shown that
+a+3 | £(3) a+s+3 +3 +2
PR Al COI PR E O _e” e (L
(s+3)(s+a+3) a+s+3 s+3 s+2 m
b 2 ¢ 3 (. o
—pula-— £ —t*) 1 -t)de
m 0
+a+3 | £(3) a+s+3 +3 +1
T CO I P et e b
T (s+3)(s+a+3) a+s+3 s+3 s+1 m
b ? ¢ 3( . o
—ula-— t(c —t)(l—t)dt.
m 0

Next, using ¢ — t* < a(c — t)t*!, we have

1
1;,:/ |Q(®)|[f® (at + (1 - t)b)| de
1-c 1-c
®) _ 342 _ 5 _
<l (b)|/0 £l t>|dt+mp (m)‘/o (1= 8| Qo1 - )| dt

a 2 1-c
_“<b_Z)/O t(1-1)|Q(1-1)|dt.

As for |Qy(1 - £)|, we have the inequality
(1= bo)[m(t) -t +2] < |Qu(1 = 1)| < (by + D[m(p) + 1],

in which m(t) = (1 -)*2 +(1-t)%, and (1 -t) +t" <1forr>1.
Thus

o+s+3 s+1 s+3
L<( +b1)|:(1 -c) . 3(1-¢) 3 (1-¢) :|lf(3)(b)|

oa+s+3 s+1 s+3

o+s+3 S+3 Cs+1
+m(1+b1)< ‘ PN )p(s)(i)‘
a+s+3 s+3 s+1 m
a 2 1-c
—u(b——)/ H(1-1)|Q(1-1)|dt
m 0

—0[(1 _c)a+s+3 )

Ca+s+3 Cs+3 Cs+1
+m(1+ by) + + Of id
a+s+3 s+3 s+1 m

a 2 pl-c
—u(b——) / t(1-0)|Qx(1-1)|dt,
0

IA

m

and
1-c
/0 H1-1)|Qu(1-1)|de

1
= / H(1-1)|Qa(t)| de

Page 16 of 20
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1

> / t1- 1) (£ - byt*) dt
1

> / £A-)(c* -t¥)de

By (4.15), (4.18), and (4.19) we get the inequality

S e (e

hi+h S(1+bl)|:wc(s+3)(oz +5+3)
o +5+3 S+1
+2m(L bl)((xc+ s+3 " sc+ 1)H/(3)<2) ’ "[(3)<%) H (420

- ,u|:<a— %)2 + <b— %)2] /01 £(c* —t*)(1-t)dt.

Finally, the proof can be fulfilled by (4.14) and (4.20). O
Lemma 4.2 Let f € C([a,b]). Then for c,x € (0, 1),
_a (b-a)
RLDa,Lf(t)’t=[g = N fl)f(ca +(1- c)b)
(b- a)oul 1 (4:21)
+ m\/o p(t)_f,(tﬂ + (]. - t)b) dt,
where
t*, t€[0,c],
p(t) = [ (4.22)
t*-1, tel(cql].
Proof Let] = [y p(O)f (ta + (1 - t)b) dz. We have
c 1
7= / f" (ta -+ (- 0)b) di + / (¢ = 1) (ta+ (1 - )b) dt
0 c
t* t=c €
= —f(ta+(1-00)[ ;- ﬁfo 7 (ta+ (1 - Db) dt
1
- __ f(ta+(1-1)b)|iZ) - ﬁ C t* 7 f(ta+ (1-t)b)dt (4.23)
fleca+(1-c)b) o v
= — +b—a/0 7 (ta + (1-t)b) de

_f(ca+ (1-c)b) o b o
- a-b +(b_ﬂ)a+1/a (b-1) f(t)dt

Multiplying both sides of (4.23) by ﬁ, we obtain (4.21). The lemma is proved
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Theorem 4.3 Let c,x € (0,1), let f : [a,b] +— R be a differentiable function on [a, b, and
y4
let p > 1. If |[f'| P! is convex, then

,a (b-a)
RLD“’Lf(t)L:b — mf(cﬂ + (1 — C)b)‘

) (4.24)
ZP(b ﬂw pl pl 71
< S @ el w7

Proof By (4.21) we have

b—a)
RLD;f;f(t)| - %f(ca +(1- c)b)‘

(b— )a+1 wlor 1 o

< F(aﬂ+1) i ¢ V(ta+(1-t)b)|dt+/€ (1-)|f'(ta+ 1 -1)b)|dt  (4.25)
(b_a)oul

<

c 1
= Te+D |:/(; t“[f’(m+(1—t)b)’dt+/c (1—t°‘)[f’(m+(1—t)b)‘dt:|

Using the Holder inequality for g, p > 1 such that 1 + 1 = 1, we can prove that

b o
wDf )], - (( %) a1y et @ —c)b)‘

- (b _ a)aul

* Ta+D {(/octapdtyUoﬁv/(m”l_t)b)vdt];
+ [/Cl(l—t")"dt];[[Cl[f/(mul—t)b)]thr}

o+l
_ (-9

= 17{(/ACﬂ?lI’(;lt)P|:62lf/(a)|q + (1 _ (1 _C)Z)lf/(h)|q:|%
20 (a +1) L\Jo

o[ - ey [0- )@l a-orfo)
- (b_a)ol+1

¢ 7 7 4.26
_17{(/ tapdt> +|:/1(1—ta)pdt:| } ( )
24 (o + 1) 0 ¢

% {[szl(ﬂ)‘q + (1 _(1 _C)Z)lf/(b)’q]%
H[-AF @]+ @ - )]

< le—l/p (/C P s 4 /1(1 oy dt)pzll/q(v/(a)}q + Lf/(b)|q)%
24 (o + 1) 0 ¢

B 1(b ﬂ)a+l

' p 1% q q 1
‘W(/O “"’d“fc (1-29) dt) (F@|"+ @)l

2p (b d)D{+1

’ Q%

=

where we used the inequalities A” + B” < 2'""(4 + B) for A,B>0and 0 <r <1, and
(I1-¢*y +t*? <1for 0 <t <1.The proof is completed

O
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Proposition 4.1 Letp,8 >0,c,x €(0,1), and 0 <a < b. Then

(6-1) )
|B(a, B)(b - a)f — (ca+(1-c)b)’| < pr12r(b-a)(a 7T +b'r 1), (4.27)
where B(a, B) = fol w1 - u)f1du.
Proof The proposition comes directly by applying Theorem 4.3 to f(¢) = ¢*. O

Proposition 4.2 Let 8 > 3 and c,a € (0,1) with (o + 2)(c — 1) = 2(c**! — 1). Then

Ty dab) | _pB-1DBE-2)

_af
Bl )b -a) - D@ +2)| = alas D@ s2)

1
(b - a)® /0 Q)| du.  (4.28)

Proof Applying Lemma 4.1 to f(t) = t# and B > 3, we arrive at (4.28). d

5 Conclusion

In this paper, we established some new Volterra—Fredholm and Hermite—Hadamard-type
fractional integral inequalities. They extend some known inequalities and provide a handy
tool for deriving bounds of solutions to fractional differential equations and fractional
integral equations. In the meantime, we obtain new fractional integral inequalities for
convex functions and show their applications. Finally, we present some estimates of the
Riemann-Liouville fractional integral of functions whose absolute value is convex and the
derivative is raised to a positive real power.
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