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1 Introduction and basic definitions

The theory of convexity is not only important in itself but also it contributes to almost all
areas of mathematics. Convexity gives rise to inequalities, the Hadamard inequality is the
first consequence of convex functions. The book by Hardy [1] has played a key role in pop-
ularizing the subject of convex analysis. Over the years, the idea of convex sets and convex
functions has been largely generalized. Today, the study of convex functions has evolved
into a broader theory of functions including quasiconvex functions [2, 3], coordinated
convex functions [4, 5], preinvex functions [6], GA-convex functions [7], strongly convex
functions [8], (g, ¢x)-convex functions [9], E-convex functions [10] and so on. Youness [10]

defined the E-convex set and the corresponding function as follows:

Definition 1 A set S C R is called E-convex if and only if there is a function E: R — R
such that tE(¢) + (1 - £)E(n) € S for each ¢,n € Sand ¢ € [0,1].

Definition 2 A function f : R — R is called E-convex on a set S C R if and only if there

isamap E: R — R such that S is an E-convex set and

FEQ) + (1 =0Em) < tf (E(©)) + A - O)f (E(n)) (1.1)
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holds for each ¢,n € S and ¢ € [0,1]. On the other hand, if the inequality sign in the in-
equality (1.1) is reversed then f is called E-concave on the set S.

Every convex function f on a convex set S is an E-convex function provided that E
is an identity function. For a detailed explanation of E-convex functions see [10]. The
Hadamard-type inequality for E-convex given in [11] is as follows:

Theorem1 LetE:] C R —> R bea continuous increasing function and ¢,n € J with ¢ < n.
Letf:1 € R — R be an E-convex function on [¢, 1], then we have

E(¢) + E(n) Et) SEQ@) +f(E®m)
155 = Bt o, ) a0 <M, .

inequality (1.2) is Hadamard's inequality for E-convex functions.

Convexity is mixed with other mathematical concepts such as; optimization [12], time
scale [13, 14], quantum and postquantum calculus [15, 16], and fractional calculus [3, 11,
17-19]. Fractional calculus is basically a generalization of integer-order calculus. Strictly
speaking, it is a generalization of operators beyond the integral order to real or complex
order. Many fractional models have been proposed so far [20-27]. The key drivers behind
such proposals are identified with the various real data corresponding to different systems
under consideration requiring different kernels. Raina [27] and Agarwal [26] defined the
following generalized fractional operators:

Definition 3 Let f € L(¢,n), then for o, p > 0, w € R the right-handed and left-handed
generalized fractional integrals of f are, respectively, defined as follows:

Tepenad = [ =007 Jots— 07 Jode 6>0),
¢
and
n
jf,p'n,;af(s):/ (t—s)p’lfg‘p[w(t—s)”]f(t)dt (s<mn),

where 7 (s) is defined in [27] as follows:

o]

o Ot o a(n
T (s) = FeOaba). ZF(0n+p) (0,0 >0,Is| <R),

n=|

where R is a real positive constant. The coefficients «(n) (n € Ny = N U {0}) are terms of
a bounded sequence of positive real numbers and R is the set of real numbers. Moreover,
the operators J, .,..f and J;, ... .f are bounded on L(¢,n), i.e.,

|72 v O] < B0 =P I1f I
and
|72 e O < B =P 1f I

where P := F2 [o(t —5)7] < 0o and |f|, = f{ t)|dt.
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These fractional integrals are really important because of their generality. Many other
fractional operators can be obtained by specifying the coefficients «(#). For instance, if
we set # =0, «(0) = 1 and w = 0, we obtain the well-known Riemann-Liouville fractional

operators

IO =705 /{ (-0 Odt (550)

and

1

],?f(s) = m

n

/ (t=s)"f(t)ydt (s<n).

Lemma 1 ([28,29]) ForO<a <1and 0 <x <y, we have
|xa_ya| < (y_x)a'

Fractional calculus has useful applications in almost all areas of applied mathematics
and other sciences, see [30] and the references therein. In the present work, notions of
E-convexity and generalized fractional operators are joined together. These ideas are in-
dependently utilized before, however, in combined form we obtain even more generalized
results.

2 Main outcomes
In this section, mainly the Hadamard inequality for E-convex function (1.2) is extended us-
ing Definition 3 of generalized fractional integrals. Then, an identity is established for dif-
ferentiable functions that is used to develop right Hadamard-type inequalities for the said
extended Hadamard-type inequality. Likewise, another important identity is developed
for twice-differentiable functions that is further used to develop more right Hadamard-
type inequalities for the said extended Hadamard-type inequality for E-convex functions.
In the following, we use J to represent the interval of nonnegative real numbers and /
to represent the interval of real numbers. Moreover, we use the following notations for
brevity;

A=n-t,  E(A):=E(n)-EQ)

f@)+f(m) T(+1)
MUY= 2 - 2(A)- []2+f(77) +],'7\_f(§)],
._f(§)+f(77)_ 1 . )
M(T) = 2 2A)FE ,lw(A)] [T s M) + T3 o O],
M(JE) = w
1 ., )
T 2B T [(ED))] [T seread EM) + T s E)]

Theorem 2 Let E:] —> R be a continuous increasing function and ¢,n € J with ¢ < n. Let
f:1— Rbea function such that f € L[E(¢), E(n)], where E(¢), E(n) € 1. Iff is an E-convex
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function on [¢,n], then the following inequality holds for generalized fractional integral
operators

EQ)+E
f( (c); (n))

1

= 2(E(A))pf5,p+1[w(E(A))”][ costcrvad (ED) + T EO)]

RIGIRIGU] o)

forallo,p e R* and w € R.

Proof Since f is an E-convex function on [¢, ], therefore for E(x), E(y) € I we have

f(E(x) ;r E(y)> < f(Ex)) ;rf(E(y))

and we let E(x) = tE(¢) + (1 — t)E(n) and E(y) = (1 — t)E(¢) + tE(n), so that we have
zf(L ) ;E(’”> < F(EE@) + (1 - DEM)) + £(( ~ DEQ) + EE (). 22)

On multiplying both sides of inequality (2.2) by t*~' F2 ,[@(E(A))?¢°] and then integrating
the resultant inequality with respect to ¢ over [0, 1], we have

1
2f<jL);E(n)>/o 1 72 [w(E(A)7 7] dt

1
< /O "1 FE [0(E()) ) (EEQ) + (1 - OEm)) dt
1
+ /0 7 Y [o(E(A)) 7 1f (1= O)E() + tE(n)) dt.

Further suppose that u = tE(¢) + (1 — t)E(n) and v = (1 — £)E(¢) + tE(¢) and using the defi-
nition of generalized fractional integrals

zf(w)f:,pﬂ[w@w“]

1 E(n) bl 3
EW/E@ (E() — )" Fg. [0 (E2))” [f (w)du

1 E(n) 1 gy i
 E@) /Em (v=E@©)" T, [o(E@) ) 0)dv (23)

E(t)+E
f( (C); (n))

1

= 2(E(A))ﬂfg’p+1((E(A))a)[ ;[,p,E(I)ﬂwf(E(n)) + ‘Zf,p,E(n)—;mf(E(())]‘

Considering again the E-convexity of f over the interval [¢, n], we have

FEE@) + A =0E®)) < tf(EQ)) + (1 - t)f (E(n)), (2.4)

Page 4 of 18
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F(A-1EEQ) +tEMm)) < (1 - )f (E©)) + tf (E(n)), (2.5)

and on adding inequality (2.4) and inequality (2.5), we have

SEEQ) + (1=0E®)) +f((1 - EQ) + tE™)) <f(EQ)) +f(Em)). (2.6)

On multiplying both sides of inequality (2.6) by t”‘l]:g‘, ,[@(E(A))7t7], integrating with
respect to ¢ over the interval [0, 1] and finally using the definition of generalized fractional

integrals, we have

1
| Lo E@) eI + - o) dt

0

1
[ JolE @) (0 - 00 )

0

< [F(E©) +f EW)] [ 17 [o(E@) e

on letting u = tE(¢) + (1 — t)E(n) and v = (1 — £)E(¢) + tE(¢) and then using the definition

of generalized fractional integrals, we have

1

W[ 3 @yl EM) + T3 ) b= (EQ))]

= F5 @ E@)]F(E@) + £ (Em)]. (2.7)

On combining inequality (2.3) and inequality (2.7), we obtain the required result. Hence

it is proved. d

Remark 1 If in Theorem 2, the function E is chosen to be an identity function, then the

following inequality holds for all o, p € R* and w € R:

C+7 1 3 ) £+
f( 2 ) = 2(A)PFY [w(A)] [ja,p,;ar;wf(rl) + ja,p,n—;J(C)] < T,

o,p+1

which was given in [31].

Remark 2 If in Theorem 2, the function E is chosen to be an identity function, «(0) = 1,

p =X and w = 0, then the following inequality holds:

¢+ LA +1) F©&)+f(n)
7(557) = Sa Ut 0] LT,

which was given in [32].

Lemma 2 Let E: ] — R be a continuous increasing function and {,n € ] with { <n. Let
f I —> R be a differentiable function on I°. If f' € L([E(¢), E(n)]) for E(¢),E(n) € I, then
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the following identity holds for generalized fractional operators:

E(A) o o o
M(jE) 2]:?,)”[&)(19 A) ] _t)p]: p+1[ (E(A)) (1_t) ]
-t FY o [w(E (A))”t"]}f’(tE(;) +(1-0)E(n)) dt. (2.8)

Proof Solving the subsequent integral by integration by parts, then using a change of vari-
able and finally the definition of the left generalized fractional integral operator

" fol( 100 Fg pa[0(E(@)) (=07 Jf () + (1 - O)E(m)) dt
E(A)‘Fgml[ o (E(8)"f(E(m))
E(A)/ 1 -0 Fy [0(E(A))° A=) Jf (L&) + (1 - OE(m)) dt
= mfa S [@(EA)7JF(E(m)

1 200 . ) )
T (E(A))PH /E() (v=E@©)" 7 [o(EWR))" (v-E©)" () dv
:

1
"I F2 o a[oEWR) I (EM) - E A))p“,zf‘p,,mf( 0)). (2.9)

Similarly,
= [ o) ) 68 + - o) e

o 1
E(A)Fg’“l[ o(E(8))" Jf (E@)) + * E@ayt k(@) (E)) (2.10)

and on subtracting inequality (2.9) and inequality (2.10), then multiplying by

E(A) .
T A BT we obtain

o,

E(A)

W ED))7] (51 — 1] = M(JE),

27

o,p+1

and on submitting the expressions for I; and I, we obtain the required result. O

Theorem 3 Let E:] — R be a continuous increasing function and ¢,n € ] with { <.
Let f : I — R be a differentiable function on I° and ' € L([E(¢), E(n)]) for E(¢),E(n) € 1.
If|f'| is an E-convex function on [¢,n], then the following inequality holds for generalized
fractional integral operators:

E(A) FoL [wEA)°] /
|M(*75)i =" ]:ap+1[w(E(A))U] [lf (E({))| + lf (E(n))

]

forallo,p € R* and w € R, where

ai(n) = () <1— 1 > forn=0,1,2,.... (2.11)

(on+p+1) 201+p

Page 6 of 18
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Proof Using Lemma 2, the properties of modulus, and the E-convexity of ||, respectively,

we have

272 (A

E(A)

1
/0 {A-0F a[e(EA) 1 -1)7]

]|M(jE)\

CeFe [oE@) ) (E@) + (- DER) dt‘

a

a(n) aqn
Fn+p= )]

L

1
x /0 |(L= )7 — 7P| |f"(¢kE(C) + (1 - O)E(n)) | dt

> o fo(E@) T

— n+p+1)

IA

- e [ele (E@) | + (- ol (Ew)[) e

X
0

l[tanﬂo -(1- t)“"‘fﬂ[tb”(E({))} +(1-1¢) V/(E(ﬁ)) H dt]

N.._\a 1

+
= a(n) o
= 26‘ m[a)(E(A)) "[I5 + L. (2.12)

Consider the following integral

—_

= [Fla-ore =l (B)] + 0 - ol (E) ) ds

1

T
+ /(;7 [(1 - t)0n+p+1 — t0n+p+1(1 - t)] V/(E(n)) ‘ dt

1 e e

- |:(cm +p+1)(on+p+2) B 20m+p+l (o 4+ p + 1)

Noms e

(on+p+2) 20m0+l(on+p+1)

Page 7 of 18
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Similarly,

1

L= | [ =@ -0"*][¢|f (E@)] + Q= 0|f' (E(m)|] dt

_—

1 1 /
) [(0n+p+2) T 2om (gptp+ 1)}lf (E©)]

1 1
_ "(E
+|:(an+p+1)(an+,o+2) 2””+P+1(an+p+1)}lf( (77))|
and on submitting values of integrals /3 and /4 into inequality (2.12), we have

272 o(E(A)]
E(A)

=Y o le(E@) T

(on+p+1)
n=0 p

| (1= 5 ) U Q)] )}

on+p+1
]’

= Fopa[@(EQ) I ()] + [f (Em)

| M(Tp)|

where o is as defined in (2.11). On rearranging we obtain the required result.

Hence it is proved. O

Remark 3 If in Theorem 3, the function E is chosen to be an identity function, then the

following inequality holds for all o, p € R* and w € R:

Fo ()]
M) < 2—[ AELAE

I

which was given in [31].

Remark 4 If in Theorem 3, the function E is chosen to be an identity function, «(0) = 1,

p =X and w = 0, then the following inequality holds:

MO < %[%1( - —)][lf(c)l

which was given in [32].

]

Theorem 4 Let E: ] — R be a continuous increasing function and ¢,n € ] with { <.
Let f : I — R be a differentiable function on I° and f' € L([E(¢),E(n)]) for E(¢),E(n) €
L. If |f'|1,q > 1, is an E-convex function on [{,n], then the following inequality holds for

generalized fractional integral operators:

| M(Te)| <

E(A) F22, o [o(E(8))°] [If’(E(g“))Iq ¥ lf’(E(n))IqF
2 7o [e(ED))] 2
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forallo,p € R* and w € R, where p, q are conjugate indices and

2 1 b
oy (n) = a(n) (p(an S (1 - 2p(0n+p))> forn=0,1,2,.... (2.13)

Proof Using Lemma 2, the properties of modulus, and the well-known Holder’s inequality,

respectively,

2F2

o ps1[W(E(A))7]
pE(A) | M(TE)|

1
= /0 (-t Fe a1 [0(E@)° (1 -1)7]

o F  [w(E) €] Q) + (- 0Em) dt‘

[e.¢]

Y )T

— I'on+p+1)

1
X / [(1—8)7™P — 7P| (¢EC) + (1 - £)E(n)) dt

0

Sy

Fon+p+1)

1
x /0 |(1 = )7 — 7P| |[f (¢E(¢) + (1 - )E(n)) | dt

. on+p+1
(f ’ £)OIHe NP ‘pdt)p (/IV’(tE(E) +(1- lf)E(T)))‘th)q
0
= Z r(a:frn,c)) + 1 (E(A))U]n(ls)’l’(la)%. (2.14)

Solving the first integral from the right side of inequality (2.14) and using Lemma 1, we

have

1
15 — / |(1 _ t)an+p _onte |l’ dt
0
% 1
— f [(1 _ t)crn+,0 on+p] dt +/ [tan+p _ (1 _ t)an+p]l7 dt
0 2

i 1
- /2 [(1 _ t)p((mw) _ tp(rrnw)] dt + / [tp(ww) —(1- t)p(rfmp)] dt

1
0 b

2 1
= 1- . (2.15)
plon+p)+1 2plon+p)

Page 9 of 18
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Solving the second integral from the right side of inequality (2.14) by using the fact that

|f'14, for any g > 1, is E-convex, therefore we have

1
I = /0 If (¢E(¢) + 1 - )E(m))|" dt

<[ el (B[ + (- ol (En) |7 de

_ VEON + [ Em)I
5 .

On submitting the values of integrals /5 and /5 on the right side of inequality (2.14), we

have
M) < 2]—'“p+1[ (E(A))" X{; F(Gn tp+1) [o(E)]
x ( 2 (-5 )) (e V’(Em))w)%
plon+p)+1 oplan+p) 2
E(8) Fypa [0(E(8))] [lf’(E(E))Iq - If’(E(n))IqT
2 F2,aloEA)e] 2 ’
where o is as defined in (2.13). Hence it is proved. O

Remark 5 1f in Theorem 4, the function E is chosen to be an identity function, then the

following inequality holds for all o, p € R* and w € R:

[w(A)] [w;)w ¥ tf/(n)w]%

ap+1
M= 5% ;

« Tw(A)]
which was given in [33].

Remark 6 If in Theorem 4, the function E is chosen to be an identity function, «(0) = 1,

p =i and w = 0, then the following inequality holds:

Al 2 L\ TP + 1/ ()]s
’MU”S?(pAH(l_@)) [ 2 ] ’

which was given in [33].

Theorem 5 Let E:] — R be a continuous increasing function and ¢,n € ] with ¢ < n.
Let f : I — R be a differentiable function on I° and f' € L([E(¢),E(n)]) for E(¢),E(n) €
L. If |f'|1,q > 1, is an E-convex function on [{,n], then the following inequality holds for

generalized fractional integral operators:

|IM(Tp)| <

E(A) F, o [o(E(8))°] [ww(c))w ¥ V'(E(n»w]é
2 72 (eER)F] 2

Page 10 of 18
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forallo,p € R* and w € R, where

1
on+p+1< ~Qomp

as3(n) = a(n) ) forn=0,1,2,.... (2.16)

Proof Using Lemma 2, the well-known power mean inequality, and the E-convexity of

If'14, respectively, we have

2F2  [w(E(A)]

E(A)

| M(T)|

1
/O (-0 7o [o(E@) (1 -0°]

o F [w(E) €] Q) + (- 0Em) dt‘

~ s a(n) N
. ‘nzom[w(E(A)) ]
1

X /0 [(1 =) — 7P f"(¢tE(¢) + (1 — £)E(n)) dt

- a(n) aqn
=D Tonso i@ ED)]

1
x /0 |(1 = )7 — 7P| |[f'(¢E(¢) + (1 - )E(n)) | dt

Mon+p+1

e8] 1 1—%
=3 Aﬂw(li(A))”]"( fo (L= — t"”*p|dt)

1 q
x (fo ](1 —)OIP P | V’(tE(;) +(1- t)E(n)) \th)

o0 1 1_%
< Z o a(n) [w(E(A))U]n[/O |(1 ) tcrn+,0| dt]

on+p+1)

Q=

1
([ 1= 0me -y )| - ol )]
= a) o[ 2 1 \T"
I GL N Fowet (= |

<|orri (1= g ) I EO) I e

on+p+1

Q-

> a(n) on
- n2=0: I'on+p+1) [a)(E(A)) ]

. 2 <1 1 )[lf/(é)l"ﬂf/(n)lq]? (2.17)

on+p+1 - Qomp 2

Page 11 0f 18
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and on rearranging we obtain

| M(Te)| =

E(A) F, 1 [0(E(0))°] [Lf/(g“)l‘f + wn)q%
2 FY lo(E(A)°] 2 ’

o,p+1

where o3 is as defined in (2.16).
Hence it is proved. O

Remark 7 1f in Theorem 5, the function E is chosen to be an identity function, then the

following inequality holds for all o, p € R* and w € R:

A FE AT + [f (n)e 7
IM(T)| < 37 p+1[a)(A)"][ 5 ] ,

which was given in [33].

Remark 8 If in Theorem 5, the function E is chosen to be an identity function, «(0) = 1,
p =X and w = 0, then the following inequality holds:

[f" 1+ [f" (4
I

which was given in [33].

Lemma 3 Let E:] C R* U {0} — R be a continuous increasing function and ¢,n €]
with ¢ <n. Let f : I — R be a twice differentiable function on I°. If f" € L([E(¢), E(n)])
for E(¢),E(n) € 1, then the following identity holds for generalized fractional operators:

(E(A))?

MUTE) = S TalE@)]

/ {75 pal@(E@)" ] - A -ty Fe o o(E(A)) (1 -1)7]
— 1 FE A [w(E) ) (LEE) + (- £)E()) dt
forallo,p>0and w>0.

Proof Solving the following integral by simple integration

L _/ Y [ (E(Q) " ((E@) + (1 - H)E(n)) dt
1
- F L [w(ED)] /0 FUE) + (- DEG)) de
E(A)fffmz[ (B ] (Em) -1 (E@)].

Solving the next integral by applying integration by parts twice, we have

18_/ Q-0 F2 L o[o(E(A) Q=0 " (LE(C) + (1 - H)E(n)) dt
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18 fg p+2 [w(E(A))U] / ‘Fg,p+1[w(E(A))a]

= Tf (E(m)) - Wf(f(n )
_ A\l 4 _ o _
A) / 1 -0 F2 [w(E(A))" (A=) |f(LEZ) + (1 - D)E(n)) dt

- Sent (o) oy EW)
1

E(n)
p=1 o p-1
T E@)ye fE@) (x=E@)" Fy [oE(x - EQ))" [fw)dx

F3 paal@(E(A))] F3 pa1l@(E(A))]

Tf ) = gmp 7 )

(E(A))erZ j;lp n+; J(E(; )

and similarly

b= [ R o) Y () + - D) e

Fo [(E(A)]

‘FO(
f(E@©))

_ T pnloER)]
= n L EO) - ay
1
* W*ﬁpfmmf (E(m),

2
on subtracting Ig and Iy from I, then multiplying by %, we obtain
o,p+1

(E(A))?
[I7 - Is — Iy] = M(JE)
278 olwEA)7] 70 :
and on submitting the values of I7, Iy and Iy we obtain the required result. O

Theorem 6 Let E:] — R be a continuous increasing function and ¢,n € ] with ¢ < n.
Let f : I — R be a differentiable function on I° and f" € L([E(¢), E(n)]) for E(¢),E(n) € 1.
If|[f"| is an E-convex function on [, 1], then the following inequality holds for generalized

fractional integral operators:

| M(Tp)| <

(E(A)? o, slo(E(A)°] [lf”(E O)l+ If”(E(n))I}
2 Fo[wER)] 2 !

forallo,p € R* and w € R, where
ag(n) =a(n)(on+p) forn=0,1,2,.... (2.18)

Proof Using Lemma 3, the properties of modulus, and the E-convexity of |f”|, respectively,

| M(Tp)|

= o7 [cu(E(A))" Z F(on ookl

o,p+1 n=0
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1
x / [1-@—g)7mrt — e |7 (¢E(C) + (1 - £)E(n)) | dt
0

(E(A))?

T 2T lw(E(A)” Z(; Tlon+p +2 [@(E(A))7]

1
x [1 _ (1 )tm+,o+1 ton+p+1][tV//( é.))| + (1 t)lf//(tE(n))H
0

o0

(E(A) () -
T 275 alw(E(A))7] 4 Z Flon+p+2) [w(E(A))7]

s el )+ e

_ (B FoloEQR) [lf”(E(c )|+lf”(E(n))|}
=2 Fe[wEA)] 2 ’

where a4(n) is as defined in (2.18).

Hence it is proved. O

Remark 9 1If in Theorem 6, the function E is chosen to be an identity function, then the

following inequality holds for all o, p € R* and w € R:

M| < LY Topnle(A)] [lf”( (¢ ))|+lf”(E(n))I],

2 F5 palo(A)7] 2
which was given in [33].

Remark 10 If in Theorem 6, the function E is chosen to be an identity function, «(0) = 1,

p =X and w = 0, then the following inequality holds:

M) <

(A)? A [lf”(E(C))I + Lf”(E(n))l]
2 A+1D(A+2) 2 ’

which was given in [33].

Theorem 7 Let E:] — R be a continuous increasing function and ¢,n € ] with { <.
Let f : I — R be a differentiable function on I° and f" € L([E(¢), E(n)]) for E(¢),E(n) €
L If|f"|1,q > 1, is an E-convex function on [{,n], then the following inequality holds for

generalized fractional integral operators:

- (EQ)? Fo il EA)] [lf”(E O + lf”(E(n))I"] g
’M(jE)‘ — 2 ]:aerl[w( (A))”] 2

forallo,p e R" and w € R, where

1

as(n) :a(n)<1— forn=0,1,2,3,.... (2.19)

p(tm+p+1)+1)

Page 14 of 18
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Proof Using Lemma 3 and applying Holder’s inequality, respectively,

| M(TE)|

EQ)P g al .
= 377, B @] 2 Ton+ prEA)]

1

i ;
|:/ ‘1 t)an+p+l _tan+p+l‘17dti| |:/ lf//(tE(é,) + (1 _t)E(n))‘thi|
0

EQP 5~ o -
= 2.7 ,o+1[60(E(A))6] Z T(on+ 0+ 2) [(D(E(A)) ]

1 1
X |:/ [1 -(1- t)P((TVH/Hl) _ gplontp+l) ]dtj|
0
1

xumem%umwmmmﬂq

(E(A))? =
= 2F wED)] Z F(Un il

0,0+ n=

[o(E@)’]

o ]me@W+wwwwr
plon+p+1)+1 2

:GMWfﬁnWE@W’PWHQW+W$mmq
2 T paloER)] 2 '

where a5 is as defined in (2.19). Hence it is proved. O

Remark 11 1If in Theorem 7, the function E is chosen to be an identity function, then the
following inequality holds for all o, p € R* and w € R:

IM(T)| <

(AP Foopalo(A) [W@W+WWWT
2 FY alo(a)] 2 ’

which was given in [33].

Remark 12 If in Theorem 7, the function E is chosen to be an identity function, «(0) = 1,
p =X and w = 0, then the following inequality holds:

(AP 1 2\ P[IF@I + 1wl )
|M(])|S 2 A+1(1_p()\+1)+1> [ 2 ]’

which was given in [33].

Theorem 8 Let E: ] — R be a continuous increasing function and ¢,n € ] with ¢ < n.
Let f : I — R be a differentiable function on I°. If |f"|1,q > 1, is an E-convex function on
[¢,n], then the following inequality holds for generalized fractional integral operators:

| M(Te)| <

wmwfﬁdMEMV[Ww0W+wwmw]
2 FE alwEQR)] 2

Page 15 0f 18
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forallo,p € R* and w € R, where p, q are conjugate indices and

oe(n) mx(n)(ﬂ) forn=0,1,2,.... (2.20)
on
Proof Using Lemma 3 and applying the well-known power mean inequality

| M(Te)|

_ (E@Y
=27 wED)F]

o(n)
I'lon+p+2)

Mg

[0(E@)"]

]
(=]

n

1 1-1
X (/ [1 _ (1 _ t)an+p+1 _ tan+p+1] dt)
0
1

5 (fl[l B (1 _ t)gn+p+1 _ tan+p+1]V‘//(tE(§) + (1 _ t)E(n))’th>q
0

EQP & a) - 2 1"
= 2F wED)] ; Tlon+p+2) [o(E@)] [1_ 0”+P+2}

o,p+1

1
q

q

[ttt

20n+p+2)

EQ)P & aw -
T 275 palw(E(A))7] 4 Z Tlon+p+2) [@(E(A))°]

x ( on+p )[lf”(E(c))IM lf”(E(n))I"r

on+p+2 2

(E(A))* o pal@(E(A))°] [lf”( (¢ ))I“lf”(ﬂn))l"}%
2 Fpale(E(A))] 2 '

o,p+1

where w is as defined in (2.20). Hence it is proved. O

Corollary 1 If in Theorem 8, the function E is chosen to be an identity function, then the
following inequality holds for all o, p € R* and w € R:

|M(j)| < (A)2 ]:%,HZ[U)(A |:lf//(E N9+ lf//(E(n)Hq]

2 Fo o lw(A)] 2

0,0+

Corollary 2 Ifin Theorem 8, the function E is chosen to be an identity function, «(0) = 1,
p =X and w = 0, then the following inequality holds:

M| <

(A)? ( )» )[lf”(E(g“))lq ¥ W(E(n))rf]i
2 \r1+2 2 ’
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