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1 Introduction

The Banach fixed point (or contraction) theorem is one of the most useful tools in func-
tional analysis and its applications. It states conditions sufficient for the existence and
uniqueness of a fixed point, and the theorem also provides an iterative system by which we
can approximate to the fixed point and error bounds. This classical result of Banach has
been described in different classes of distance spaces. In 1969, Nadler [19] generalized the
concept of contraction theorem based on multi-valued mappings. He used the Hausdorff
metric on it. Following the module of distance spaces, a number of authors have extended
several results in this direction (see [1-30]). In 2007, Proinov [22] extended a contraction
theorem with high order of iterative convergence of successive approximation by a new
approach of contractive condition with respect to gauge function, high order of gauge
function, and Bianchini—Grandolfi gauge function.

In 1989 Bakhtin [6] and in 1993 Czerwik [12] generalized for the first time the concept of
metric space by reorganizing just the triangle inequality and called it a b-metric space. Af-
ter that, Aydi et al. in [5] constituted common fixed point theorems for single-valued and
set-valued contractions gratifying a weak structure of ¢-contraction in b-metric spaces
(see [8, 13-15, 20]).

In 2012 Wardowski [27] developed the concept of new contraction mappings named
F-contraction and proved some fixed point theorems, which were a generalization of the

contraction theorem. In the recent time, Jleli and Samet [17] provided the idea of a new
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class contraction called 6-contraction, which is a new aspect of the contraction theorem
in the associated approach.

2 Preliminaries
Firstly, we recall the Hausdorff-Pompeiu b-metric and some basic manners of b-metric
space for the main sequel.

Let (T",0) be a b-metric space. For k € ', A C T and let 0, (k, 1) = inf{O(x,y) : y € Q25}.
Define a mapping Hy: CB(I') x CB(I") — [0, +00) by

Hy($1,22) = max{ sup By (e, Ra), sup 9, 21)
ke ye2y

for all 1,92, € CB(I'). Then ]:Ih is known as Hausdorff—-Pompeiu b-metric induced by
0 on CB(I"), where CB(T") is the class of all nonempty closed and bounded subsets of I.
A point ¥ € T is called a fixed point of I:T — CL(T) such that « € Ik, where CL(T")
is the class of all nonempty closed subsets of I'". If for kg € I' there is {;} in I" such that
i; € Ix;_1, then O(, ko) = {ko, k1,K2, ...} is called an orbit of I : T — CL(').Amapf:I' > R
is called I -orbitally lower semi-continuous if {«;} € O, ko) and k; — 0, which implies
(o) < liminf (k).

Definition 2.1 ([12]) A b-metric space ona nonempty set M isa functionb:I' xI' - R*U
{0} such that for each «1, x5, k3 € I' with s > 1 being a given real number, if the following
hold true:

(b;) O(k1,12) = 0 if and only if k1 = xy;

(bii) O(k1, k) = Olx2, 1);

(byi) O(k1,k3) < s[O(k1,k2) + O(ko, k3)]. The pair (I, 0) is known as a b-metric space.

Example 2.1 ([12]) Let " = L,[0,1] be the space of all real-valued functions «(r),0 <r <1
such that fol |/<(r)|ll’ dr < +00. Define b: T' x T' — R* by b(k1,k3) = (fo1 lk1(r) — K2(7)|p)ll’,

1
then (T, 0) is known as a b-metric space with s = 27.

Lemma 2.1 Let (I',0) be a b-metric space and 21, Q, € CB(T") with Hy(Q1,2) > 0. Then,
forevery h>1 and k € Q1, thereisy = y(k) € Qg such that

3(ic, ) < hHj(Q1, Q).

Lemma 2.2 ([12]) Let (", 0) be a b-metric space. For any Q1, Q3 € CB(I') and any k,y € T
such that

(9) Op (K, Q22) < O(«, 2) for every z € Qy;

(i4) D (1c, ) < Hp(Q1, R0

(#id) Op(r, 21) < s[O(x,y) + Op (K, 22)].

Some other related recent developments are being recalled. Proinov [22] put forward

the following concept.

Definition 2.2 Let i > 1. The function ©: /] — J is called a gauge function of order i on /,
where J = R* U {0}, if the following conditions are satisfied:
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(@) 9 (Ak) < A'9 (k) for each A € (0,1) and « € J;

(b) ¥(x) <k Yk €] —{0}.

Easily, we conclude that the first case of Definition 2.2 is equivalent to (i) ©*(0) = 0 and
(i) 9 («)/xk" is nondecreasing on J — {0}.

Definition 2.3 ([22]) A gauge function ¢: /] — ] is called a Biachini—Grandolfi gauge func-
tion on J if

o(k)= Zﬁi(x) <00, Vke]=R"U{0}.
i=0

In view of the above observations, a Biachini—Grandolfi gauge function also satisfies the
following functional equation:

o(k)= 0(0(/{)) +K.

Lemma 2.3 ([22]) For given ko € A (A is a closed subset of T') such that Do, o) € ] and
k; € A for some i > 0. Then 6(/(5,}/(,-) e].

Definition 2.4 Let ko € A and 5(/(0,]/{0) € J. Then, for each iterate «;(i > 0) € A, define
the closed ball b(k;, p) with center ; and center p > 0.

Lemma 2.4 If an element ko € A such that ko, Ixo) € J and blki, p) C A for some i > 0,
then ki1 € A and b(kisq, p) C blks, p).

In light of the above hypothesis the structure of a b-metric space in the class of Biachini—
Grandolfi gauge function ¢ proceeds as follows.

Definition 2.5 A nondecreasing function ¥:J — J is called a b-Biachini—Grandolfi gauge
function on J if

o(k) = Zsiﬁi(K) <00, Vi €], (1)
i=0

where / = R* and s > 1. In light of the above observation, a b-Biachini—Grandolfi gauge
function also satisfies the following functional equation:

o (k) =s0(9(k)) +«. (2)

Remark 1 Every b-Biachini—Grandolfi gauge function is also a Biachini—-Grandolfi gauge
function, but the converse may not be true in general. Furthermore, some definition of a
gauge function in a b-metric space is the following:

s (k) .
i if K 6],

0 ifk =0,

Pk) =

where s is the coefficient of a b-metric space.
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Example 2.2 (i) 9 (x) = %" for each X € (0, 1) is a gauge function of order 1 on k € J;
(i) 9 (k) = %()\ >0,k > 0) is a gauge function of order k on J = (0,/) where [ = (%)ﬁ.

Definition 2.6 Suppose kp € A and (Ko, Iko) € J. Then, for every iterate k;(i > 0) € A, we
define the closed ball b(k;, p;) with center «; and radius p; = o @(k;, Ik;)).

From now on, Jleli and Samet [17] examined the idea of a 0-contraction as follows.

Theorem 2.5 Let (I',d) be a complete metric space and1:T — T bea mapping. Suppose
that there are 0 € B and k € (0, 1) such that

i1,k €T, 3y, Iics) > 0 imply 9[5(}/(1,]/(2)] < [9(5(K1,K2))]k,

where B is the set of mappings 6 : (0,00) — (1, 00) that satisfy (6;)—(6;:):
(6:) 0 is nondecreasing and right-continuous;
(63) for all {s;} in (0,00), lim,_, , 6(s;) = 1 if and only if lim;_, o (s;) = 0;

961 _ . Then I has at least

(0:ii) there are r € (0,1) and k € (0, +00] such that lim_, o+ =

one fixed point.

Example 2.3 The functions 6 : (0,00) — (1,00) defined by 61(r) = €’, 0,(r) = eV",05(r) =
e, 0,(r) = eV, and 05(r) = 1 + J/rarein E.

The main purpose of this manuscript is to introduce a new concept of ),-contraction
in a b-metric space, which is an extension of 6-contraction [17]. We prove multi-valued
fixed point theorems via the b-Bianchini—Grandolfi gauge function in the class of b-metric
spaces. As our generalized results are based on b-Bianchini—Grandolfi gauge function in-
stead of the conventional operator, our newly proved works are the generalization of Ali
et al. [2] and Proinov [22].

3 Main result
Further aspects of 6-contraction [17]. First, we give the following generalized definition.
We denote by E,, the class of functions 6, : (0, 00) — (1, 00) satisfying the following state-
ments:
(6;) By is nondecreasing;
(6;) for each {x,} C (0,00), lim,_, o Op(k,) = 1 < lim,,_, (k) = 0;
(6;;) there are r € (0,1) and [ € (0, +o¢] such that lim,_, ¢+ % =1
(0) 05 is right-continuous;
(6,) for each {k,} C (0,00) such that 6)(sk,) < [0p(sk,_1)]* Yn € N, s > 1 and k € (0,1),

we have
O (s"kn) < [Qb(s”’lfcn,l)]k Vn e N.

Before going to our main exposition, first we prove an auxiliary lemma for our main

sequel.
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Lemma 3.1 Let (T, 0,s) be a b-metric space and {k,} be any sequence of " for which there
are k € (0,1) and 0 € E such that

005006, kn11)] < [0 (Oicn1, k)|, mEN.
Then {k,} is a Cauchy sequence in T.
Proof In view of the given hypothesis, we have
0[50 k1) < [05@lcn1,60)) ], meN. 3)
From (3), together with the equation (6,), we write
O [5"0(kns k1) < [0 (5" 0(kn-1,4)) ], mEN.
Consequently, we obtain
1< 0, (5" 0(kns k1)) < [0 (5" Do, k) |* < - < [65(Bc0r 1)) |- @)
Taking the limit as # — oo in (4), by appealing to ), € Ej, we can write
nlLrI;OQb(S"6(KV,,Km1)) =1.
In view of (0;;), we have
lim §"0(ku, kns1) = 0. ()

n—00

Now, we examine that {«,} is a Cauchy sequence in I". Upon setting 8, := O(k,, k,+1) and
in light of (6;;), there are r € (0,1) and « € (0, 00] such that

9;,(5"8,4) -1 _

e (8,)
Taking A € (0, «) and from the definition of limit, there is ny € N such that
[s"én]r <A 0p(s"8,) - 1], (Vi > ng).
Using (3) and in view of the above inequality, we obtain
n[s”Sn]r < A‘ln([eb(S”rSo)]kn - 1), (Vn > nyp),
which yields
nli}ngon[s"c‘?,,]r = nli)rgon[s”(sn]r =0.

Hence, there is n; € N such that

8, <— (Vu>m). (6)
n r
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Let p > n > n;. Then, using the triangular inequality and (6), we get

p-1 oo oo 1 oo 1
Olicwskcp) < Y 8"0Kjy k1) < Y 8"Dlcjhj1) <D 7= < D =
j=n j=n j=n J j=n J

Based on the convergence of the series } =, ],1%, we get {k,} is a Cauchy sequence in I". [J

We start with the following.

Definition 3.1 Let (I',d,s) be a b-metric space, A be a closed subset of I, and ¢ be a
Bianchini—Grandolfi gauge functionon /. A mapping] : A — CB(T") is called multi-valued
0),-contraction, if there is 6, € E, such that, for Ix N A £,

1 N N
% min{?)h(x,lx NA), 0 IyN A)} <0(k,y)
s
implies that

Oy [sHy(Ic 0 A, Ty 0 A)] < [0, (8 (R0, ) ] 7)

where

. . I D
Qc.y) = maX{5(K,y), B, 1), 1y, 2D 00 ")}
S
foreachk € A,y € Ik N A with 5()/,]/() € J, where k € (0,1).

Remark 2 Let (T',0,s) be a b-metric space and 1:A— CB(T") be a multi-valued 6,-
contraction mapping satisfying (7) such that

In6y (Hy(Iiey N A, Iy N A)) < kIny(Qk1, 42)) < In6y (R, 42)).
Owing to ), € E;, we have
Hb(}xl N A,]Kz NA) < Q(kq,ky) forall k1,k9 € /c,]/q NA #}Kg NA.

Theorem 3.2 Let (I',0,s) be a complete b-metric space and 1: A — CB(T) be a multi-
valued 0y-contraction. Suppose ko € A such that O(«o,c*) € J for some c* € Ixo N A. Then
there is an orbit {k;} of] in A and 0* € A such thatlim,_, » k; = 0*. In addition, V* is a fixed
point of I if and only if the function g(k) := D(k, I N A) is I-orbitally lower semi-continuous
at 9%,

Proof Upon setting k1 = ¢* € ](KO) N A. In the case that d(xg, k1) = 0, then our proof of
Theorem 3.2 proceeds as follows. Thus, we assume that 0(k, x1) # 0. On the other hand,
we obtain

2% min{d, (Ko,i(/co) N A),F)b(Kl,](K]) N A)} < d(ko, k7). (8)
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Define p = o (d(ko, k1)). From (2), we have o (r) > r. Hence d(ko, k1) < p and so k1 € b(ko, p).
Since d(kg, k1) € J, from (7) and (8) it follows that

Oy [sHa(I(co) N A, I(ic1) N A)] < [65 (59 (3o, k1)) | < [0 (R0, 1)) ] )
By the right continuity of 6, there is a real number h; > 1 such that

0 [sh Ha(I(co) N A, (1) N A)] < [65(Qc0, 1)) (10)
From Lemma 2.2, we can write

59 (i1, L(1) N A) < sHa(I(ko) N A, 1(k1) N A < shiHa(Iko) N A I(k1) N A).

In the light of Lemma 2.1, there is «; € ](Kl) N A such that O(kq,k7) < thd(](/co) n
A,I(k1) N A). Due to (6;) and (10), this inequality gives that

0y (s0(kc1, k2)) < Op[sh1Ha(I(ko) N A, I (k1) N A)] < [eb(Q(KO»Kl))]k: (11)

where

By ko, (1)) + B (kc1, I (ko)) }
’ 2s

Q(Ko, Kl) = max{?)(/co, Kl), 6};(/60,](/(0)): 61) (KI:I(KI))

511(160,](/(1))}

SmaX{ﬁ(Ko,K1),5b(K1y}(K1))’ %

< max {8(ko, 1), 0 (1, 1(ic1)) }.
Now, we claim that
01 (sD(k1,2)) < O [sh1Ha(T(o) 0 A, T0k1) N1 A)] < [0 (30, 1)) ]
Let & = max{d(ko, k1), p(k1,1(kc1))}. If D = By (i1, 1(k1)). Since k3 € I(iky) N A, we have
By (s0(k1, 2)) < O [sh Ha(10) N A, T(er) 0 A)] < [0 (3k1, 52)) |,

which is a contradiction. Thus, we get ® = 0(ko, k1). We consider 0(ky, k3) # 0, otherwise
our proof of Theorem 3.2 proceeds as follows. From Remark 2, we have O(«y, k3) < (o, k1)
and so d(k1,k2) € J. Next, k» € bk, p) because

(Ko, k2) < s0(o, k1) + s0(k1,k2)
< 50(ko, k1) + *0(ic1, k2)
< 50(ko, k1) + 579 (DKo, 1))
= s[0(ko, k1) + 58 (D0, k1))]
<50 (9(ko, k1))
< 0(ko, k1) + 50 (DKo, k1))
=0 (0(ko, k1))
= p.
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Also, by appealing to the above hypothesis, we have

% min{?ﬁb(/q,](fcl) N A),f‘}b(/cz,](/cz) N A)} < Ok, K2),
using (7), we have

Oy [sHa(Icr) N A, T(1c2) N A)] < [85 (59 (31, k2))) | < [0 (Qc1, 1)) - (12)
Since 0y, is right continuous, there exists a real number /4, > 1 such that

O [shaHa(Ic1) N A, T(c2) N A)] < [65(Qc1, 62)) - (13)
Further, from Lemma 2.2, we have

s (kc2,1(1c2) NV A) < sHa(I(k1) N A, L(ie2) N A) < shaHa(10k1) N A, (k) N A),

and by Lemma 2.1, there is k3 € I(x2) N A such that Dk, k3) < haHy(I(k1) N A, I(k2) N A).
By (13), this inequality gives that

01 (50, Kc3)) < Op[shaHa (I0c1) N A, T(1e2) N A)] < [s65 (201, k2)) |

< [Ob(Q(Ko,Kl))]kz,

where

Qi1 ) = max{8<K1,K2),6b(fq,2m>), B (i, 1), 2L 2)) + Duli 1)) }

2s

3;;(/61;](/(2))}

< max{5(/q,Kg),5b(/<2,}(/c2)), 2

< max{d(k1, k2), 51;(/(2,](’(2)) }.
Again, we claim that

0 (59, kc3)) < Op[shaHa (I0cr) N A, T(iez) N A)] < [0 (8, 2)) |

< [0 (8o, )" -
Let @ = max{d(k1, k2), Op(ic2, I (kc2))}. If @ = Dy (ica, (i), since k3 € I(kc2) N A, we have
05 (sD(k2, k3)) < Gb[Sthd(](Kl) NA, (k) N A)] = [917(5(162%3))]](:

which is a contradiction. Thus, we get ® = 0(k1, k3). We consider O(ks, k3) # 0, otherwise

Ky is a fixed point of 1. From Remark 2 we have O(k9, k3) < O(Kk1,K2), and so O(kq,k3) € ].
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Also, we have k3 € b(kg, p) since

DKo, k3) < 5O(Ko, k1) + 520(k1, ko) + $3D(Ka, k3)
= 5[D(ko, k1) + sO(k1, k) + 520K, k3)]
< 5[8(ko, k1) + ¥ (D(ko, 1)) + 9*(D(o, k1))]
< s00(ko, k1)

< 0(ko, 1) + 50 (00, k1))

=0 (0(ko, k1)) = p.

Continuing this set up, we have two sequences {x;} C b(xo, p) and {i;} C (1,00) such that
Kin1 € 10c)) OV A, &; # ki1 with B(k;, k241) € J and

1< 9},(58(/(,‘,/(”1)) < eb(Shin(](Ki_l) N A,}(Ki) N A))

< [eb(8(’<i—1»’(i))]k <0, (D(Kic1, k7))
for all i € N. It follows with (6,) that

1< 91, (Sia(K,',KH.l)) < eb(sihin(](K,'_l) n A,](K,‘) N A))

< [Qb(si_la(’ci—l;/(i))]k < Qb(si_la(/{i—l;’(i))-
Further, we obtain

1<6, (Sia(lq,l(”l)) < Gb(Sihin(](K;_l) N A,](Ki) N A))
< [919(3[’715(/6571,161‘))]](

< [9;, (si_zfﬁ(lq_b Ki-z))]kz

IA

ki

-+ < [0p(B(ko, k1) ]
which yields

1< 0y(sD(ki, k1)) < [05(Ok0,x1))]" (Vi €N). (14)
By Lemma 3.1, {«;} is a Cauchy sequence in b(ko, p). Since (k,d,s) is complete and blko, p)
is closed in T, there is 9* € b(ko, 0) such that k; — 9*. Note that 9* € A, because «;,; €
I k; N A. Now, we claim that

1 N N

% min{ﬁb(/q,llci n A),5b(a*,la* n A)} < 5(@,0*) (15)

s

or

Z%min{&j (a*,]a* N A), Opiciv1, Iiciiy N A)} < 5(/(,-“,0*) (16)
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for every i € N. Based on the contrary there is i’ € N such that
1 N N
% min{?ﬁb(/c,-/,llqz N A),Eﬁb(a*,la* N A)} > 5(/@,0*)
s
and

zismin{ﬁb(o*,]a* N A),?};,(/ci/+1,]/<i/+1 NA)} > 0(ky41,0%).

By (17), we have

259(ky,0*) < min{dp(ky, Iy N A),0p(c*, 10" N A) }
< min{s[d(ks, o) + Ty (0™, Iy N A)],3y(0*, To™ N A))
< [0k, 07) + Fy(*, Ty N A)]

s[0(ki, ™) + 0y (0™, Iy ) |

s[3(kr,0%) +3(0*, ki) ],

N

IA

which implies
5(/@,0*) < 5(0*,/(,-/+1).
From which together with (18), we have

d(ky,0") <B(0* kr41)

IA
8-

min{ab(a*,}a* N A), 6;,(KL'/+1,]KL'/+1 N A)}
Since

1 . . .

% min{3p ki, Icy N A), Op (i1, Iy N A)} < Dk, ki41),

by appealing to (7), we have

0 < Op[sB(krs1, k142)] < Op[shaHy(Ticy N A, Tk N A)] < 6,0 (8(Ki’:’(i’+1)))]kr

where

Ok, iy +1) Op (ks rIKz ), Op (ke +1’1Kl 1)

Q(Kl "y Kir +1) max K/]KL’+1)+6b( 741 ]KL/)
2s
6(Kz 75 Ki +1 6(’@ 1, Ki +2)
K/ K/+2)
<m {6 Kirs Kif +1) 8(/{1 41, Ky +2)}

which yields

Op[$0(kci 415 k742)] < Qb[Sthb(]Kﬂ N A, iy N A)] <6, (8(Ki/v/(i/+1)))]k~

Page 10 of 19

(17)

(18)

(19)

(20)

(21)
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Let A = max{0(ky, k1), O(kis1, kirv)}. If A = Ok 41, ki 42), SINCe K749 € Ixy .1 N A, we have
0p[50(ki 11, k712) ]| < Op[sHyTky N A, Ty N A)] < 0,[0 (5(Ki’,/fi'+1)))]k,

which is a contradiction. Thus, we conclude that A = 0(uy, t41). From Remark 2, we have
O(ky 1, K42) < Oy, K1) (22)

From (18), (19), and (22), we obtain

Ok i1, Kirva) < 0Ky, Kirs1)
< S[6(Ki/,0*) + 6(0*,Ki/+1)]

_ | 5min{Bye*, 20" N A), By ler1, Iivss N A))
= [+ min{0(0%, 1™ N A), Bplicysr, D N A))

< min{fﬁb(a*,jﬁ* N A),5(Ki/+1,Ki/+2)}

= 0Ky 415 K742)s
which is a contradiction. Hence (15) holds true, that is,
% min{?)b(Ki,]Ki N A),5b(a*,]a* NA)} <d(k;0*) Vix2. (23)
In light of (23), we obtain
1 . N <
% mln{ah(’(i;lki N A), Op(kis1, Tk N A)} < O(kis Kis1)-
Moreover, 0(k;, kir1) € E Vi. Thus, from (7) we have

Op[5p(kiv1, Ikin N A)] < Op[sHy(Iii N A, Iki1 N A)]
< [6o(? (R k11))) |

< [6s(Qict i),

where

B (kirdkis1) +0p(Kir1,1k)
2s

Ok, ki), Dp iy 1), Op (i1, I,
Q(kj, k1) = max

O(kikira)
2s

< {5(Ki,/<i+1), 5(Ki+1,/<i+2),}
< max

= max{ﬁ(/c,-, K1), O(Kis1s Ki+2)}
implies

eb[sa(Ki+HKi+2)] <0p [SHb(]Ki N A, Ik N A)] < [Qb(a(/(i,lfm))]k- (24)

Page 11 0of 19
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Let A = max{0(k;, ki41), O(Kir1, Kivo)}. If A = O(kjr1,Kis2), SINCE Kjpo € Ix;ii1 N A, we have
Op[50(kis1, Kir2) | < Op[sHy(Tk; O A, Tz N A)] < [eb(5(Ki+1,Ki+2))]k,
which is a contradiction. Based on Remark 2, we can write
Bpicin, Iicier N A) < B, K1) (25)
Taking limit as i — +o00 in (25), we find

l1m 8;,(/(,41,]/(,‘.,_1 N A) =0.

1—+00

Since g(k) = Oplic, Ik N A) is -orbitally lower semi-continuous at o*, then
dp(0*, 10" N A) = g(0*) < liminfg(ic;1) = iminfy(k;s1, ki1 N A) = 0.
L I

Since Io* is closed, we have o* € Io*. Conversely, if 0* is a fixed point of ], then g(o*) =
0 <liminf; g(x;) since 0* € A. O

Corollary1 Let(I",0,s) be a complete b-metric space, ¥ be a b-Bianchini—Grandolfi gauge
function on ], and let I : A — CB(T') be a given set-valued mapping. If there exist 6, € S
and k € (0,1) such that

%min{ab("j’( N A), B0, Iy N A)} < B, 9), 26)
= Qh[sHb(]ij)] < [Gb(ﬂ(a(’(’y)))]k

foreveryk ek,ye I with (., y) € J. Suppose that ko € k5.t(ko, c*) € J for some c* € Ix.
Then there is an orbit {k;} of I in T that converges to the fixed point 9* € F = {k € I :
O, 9*) € J} of I.

Corollary 2 Let (I",0,s) be a complete b-metric space, ¥ be a b-Bianchini—Grandolfi gauge
function on J, and let I : A — CB(T") be a given set-valued mapping. If there are 6, € B,
and k € (0,1) such that

iah(x,bc N A) < 3(k,), (27)
28
= Qb[SHb(]ij)] < [Gb('}(a("'y)))]k

foreachk ek,ye Ic with (k,y) € J. Suppose that kg € k5.t ko, c*) € J for some c* € Ix.
Then there is an orbit {k;} of I in U that converges to the fixed point 9* € F = {k € T :
D, 9*) € J} of I.

Corollary 3 Let (I",0,s) be a complete b-metric space, ¥ be a b-Bianchini—Grandolfi gauge
function on an interval ], and letI: A — CB(T) bea given set-valued mapping. If there are
0y € Ep and k € (0,1) such that,for]:c NA#9,

Oy [sHy(Ic 0 A, Ty 0 A)] < [0, (2 (B, »)) ], (28)
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Vk €A, ye I N A with O(k,y) € ]. Suppose kg € As.td(ko,c*) € ] for some c* € Iro N A.
Then there exists an orbit {k;} of] in A and 0* € A such that lim;_, o k; = 0*. Moreover, 9*
is a fixed point of I <, the function g(i) := 3y (i, I N A) is I-orbitally lower semi-continuous
at point 0.

Corollary 4 Let (I',0,s) be a complete b-m.s and O be a b-Bianchini—-Grandolfi gauge
function on an interval ], and letI: A — CB(T") be a multi-valued 6,-contraction mapping.
Ifthere are 0, € Ep and k € (0,1) such that, for Ik N A Z0,

2(114—0') min{ﬁb(KjKﬂA)ﬁb(y,}yﬂA)} <6(K,y) (29)

implies that
Op[sHy(Ic 0 A, Ty 0 A)] < [06 (9 (k7)) ],

where

mmhym@hq

Qi y) = max{a(x,y), By lic, 1), 3y (y, Iy), o

forall k € A,y € Ix N A, o >0 with d(k,y) € J. Moreover, suppose ko € A such that
O(ko, c*) € ] for some c* € Ixko N A. Then there exists an orbit {k;} of] in A, 0" € A such
that lim;_, o k; = 0% and 0% is a fixed point of I <, the function g(k) := Oy(ic,Ix N A) is

I-orbitally lower semi-continuous at v*.

Corollary 5 Let (I',0,s) be a complete b-metric space and ¥ be a b-Bianchini—Grandolfi
gauge function on an interval J, and let I: A — CB(T) be a multi-valued 6,-contraction
mapping. If there are 0, € By, and k € (0,1) such that, for Ik N A #0,

1 . N N
mmm{fﬁb(/c,lk NA), 3@, IyNA)} <d(x,y) (30)

implies that
0y [sHy(Ic 0 A, Ty 0 A)] < [65(8 (B, )|

forallk e A,y € Ik N A, o >0 with O(k,y) € J. In addition, suppose ko € A such that
O(ko, c*) € ] for some c* € Io N A. Then 3 an orbit {x:} of? in A, 0" € As.tlim;_, o k; = 0
and ©* is a fixed point of 1 < the function g(k) := Oy(k, Ik N A) is I-orbitally lower semi-
continuous at v*.

Example 3.1 Let I' = [-10,+00) be an b-metric 0 defined by d(k,y) = |k — y|* for every
k,y €T, and let ] = (0,00). Mapping I:A— CB(T") is defined as

[0,5], «<[0,4],
{0,«}, « €[-10,0)U (4, 00).

I(x) =
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Clearly, % min{Eﬁb(K,?K NA), 5;,()/,?)/0 A)} <0(k,y) & K,y € [0,4]. Let kg = 4, then we have
¢t = % € Ik, such that Dk, c*) € J. Firstly, we claim that 1 satisfies inequality (26) with
setting 0, (r) = evre, ¥(r)=5,and k = % For k €[0,4] and y € Ixc, we obtain

_ 2 1 ey =12
Oy [Hy(Tic, Iy) =eh(|K Sy' ) <etV T [0, (0(0c,))]"

Hence, the requirements of Corollary 1 are fulfilled and 0 is a fixed point of I1.Fork =0

and y =5,
04 [Hy(Iic, Iy)] = 6,[Ha(10, 15)] = 6,(25) > [6,(25)]" = [6(0c, )"

V0, € E and k € (0,1). Therefore, Corollary 1 cannot satisfied.

Example 3.2 Let ' = {k1, k2, K3} be a b-metric 0 with coefficient s > DLZ)—: > 1 where D >3

is any positive integers defined by

1 1 1

O(k1, k) = ﬁ' O(k2,k3) = ——, O(k1,k3) = l_)

The mapping] : A — CB(I') is defined as

(e} ifi=1;
Iii={ (i) ifi=2;
()} ifi=3.

Upon setting 9 (r) = r? and 6, (r) = ¢V then ¥ is a b-Bianchini—Grandolfi gauge function
1

’ D1

example it is easy to conclude that all conditions of Corollary 1 are satisfied.

on the interval ] = (0 ] with coefficient Dlz)—: having order 2. Hence, in light of the above

4 An application

In this frame of study, we summarize by the application of the proposed nonlinear 6,-
contractions to Caputo fractional derivatives. Some new aspects of Liouville—Caputo frac-
tional differential equations (L.C.F.D.E) in the module of complete b-metric space are pre-
sented. Define the L.C.F.D.E based on order /c(lv)(c,,()) by

1

Deew (@) = Ti—x)

/ g(g— = 1a(t) dt, (31)
0

where i — 1 <« <i,i=[k] +1, a € C/([0,+00]), the collection [«] represents positive real
number and I represents the gamma function. Let a b-metric space §. : C(I) x C(I) — R*

be given by

(e = [ (er = &2 = supler(a) - &2’ (32)
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with setting s = 2. Now, consider the following fashion of E.D.E and its integral boundary
valued problem:

Do (@) = L(g. B(©), (33)

where g € (0,1), k € (1,2] and

:3(0) =0,

) (34)
B = [y B@)dg, ¥ €(0,1),

where I = [0,1], 8 € C(I,R) and L : I x R — R is a continuous function. Let P: A — A be
defined by

w5 3@ = O LG, v(e)) dit
Py(r) = (- ,92 )T (i) fo — O LL(E (D) dt (35)
t 02)r fo (J3M (g1 — t1)*'L(t1,v(t1)) dty) dt

for ve A and g € [0, 1]. Now, we start the main result.

Theorem 4.1 Let L:1x R — R be a continuous function and nondecreasing on the second
variable. There is 0, € By, such that, for €1,65 € A, g € [0,1], and a € [0,1),

1 N <
% min{8b(el,151 N A),0p(g3,Ie5 N A)} <0(e1, &)
s

implies that

[Per(r) - Pea(r)] < ([ 1+ fmax Viene)n] - 1)2, (36)

where Q = % and
2 2 2
y ~ |e1(r) s |e1(r) = Ter(n)|", [e2(r) = Yea(r)|*,
(€i-1,€:)(r) = max le1 (=T e2 () 2+le2 ()= 1 (1> :
2s

Then equations (33) and (34) have precisely one solution, i.e., €* € A.
Proof For each g € I and owing to operator P, we write
|Pe(r) - Pey(r)|
‘ ( 1 /g(g O IL(t,61(2)) dt
= ~7 N - ) 81
I'(x) Jo

1
k-1 )
T 2= )T (k) /0 (- 6y L(ti1(2)) it

v/ ora
¥ (2_5% fo ( ; (g1—tl)”‘lL(tl,el(tl))da) dt)
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L[y
—((F(K)/O (@- 0 'L(t, e2(0)) dt

1

2 (1 -ty 'L(t, e2(0)) dt

S 2-9)T () Jo

+27g ﬂ( gl(g — 1) L(t1, e2(t ))dt)dt)‘
(2—192)F(K) 0 o 1 1 1, e2\l1 1 ’

which implies
[Pe1(r) - Pes(r)|
1 g
< i [ @0 ) - laato) e

(ZT/ (1= |L(t, e1(0)) = L(t, £2(2)) | it

‘|
_F(K)/(g 1)~ IQ 1+\/m]a 1)2dt

" @- w)F(x)/ - ”19([“\/m]a

e fﬂ)r(x)/ /gl(gl e 19([“\/m 1) dede

g1
(@ —-t)" ( (tl,sl(tl)) —L(t,sz(t))) dt,| dt

o t)" Ldt
< —([1 + fmax V(el,sz)(r - = (-t tdt ,
[(k) g g 19 g1 1
ta 02 fo f (@ -n)tdndt
which yields
Q
’P{-;l sz(r F 1 + /max Ve, 82)(V - 1
g_ ﬁl{+1
K 192) K (2 192) K(K +1)
1 + /max V(el,sz)(r) - 1

{ 2g Hrtl }
X su
gE(Opl) ¢ (2 192) (2-92) (k +1)

2k — 1)
( - 1 + max V(sl,sz)(r)
5K + 2

{ 2g Hrerl }
X Su +
ge(op1) ¢ (2- 19‘2) 2-92) (k+1)

(2/( - 1)
1+ /max V(ey,&)(
2(5c + 2 gel

Page 16 of 19



Ali et al. Journal of Inequalities and Applications (2022) 2022:37 Page 17 of 19

So, we have
a 2
|P£1(r) —Pez(r)| < ([1 + [max V(sl,sz)(r)] - 1) . (37)
gel
Therefore,

8. (Psl(r) - Pez(r)) = sup‘Pel(r) — Pey(r) |2

ael

=([1+ frgxviene] 1)

(38)

By (38), we have

1+ 8(@'1, w'g) < []. ++/ 8(@'1, w'2)]a.

Now, by contractive condition (7) with setting of 9 (¢) = 1 for all ¢ € R and 0,(¢) = 1 + /e,

we get
N N k
Op[sHp(Ie1 N A, Te; N A)] < [05(D(Qers €2))) ]
Ver € A, &5 € Ik N A with 3(ey, Ie1) € J, where k € (0,1). Thus, all the required hypotheses
of Theorem 3.2 are satisfied, and we approached that equations (33) and (34) have at least

one solution of P. O

Example 4.1 Let L.C.ED.E be based on order K(b(c,,()) and its integral boundary valued

problem
> 1 la(g)l
D . — el 39
@) TR T el 39
and
0)=0,
B(0) , w0)
ﬁ(l):fdL ﬂ(g)dg’ 124 6(01 1)’
where k = %, Y= % and L(¢,v(t)) = ﬁ 1‘37% So, the above setting is an example of equa-

tions (3.3) and (3.4). Hence, clearly, equations (39) and (40) have at least one solution.

5 Concluding remarks

The paper deals with 6),-contraction in b-metric spaces, which is an extension of -
contraction. We prove multi-valued fixed point theorems of some generalized contrac-
tions which are defined on b-metric spaces that satisfy a 6,-type condition. Our gener-
alized results are based on b-Bianchini—Grandolfi gauge function instead of the conven-
tional operator. Finally, we present an application dealing with the existence of solutions

for Liouville—Caputo fractional differential equations.
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