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1 Introduction

For r € (0, 1), Legendre’s complete elliptic integrals of the first kind X(r) and second kind
E(r) [1-8] are defined by

/2
K=K =/ (1-r*sin>0)"* do
0
and
/2 12
S:E(r):/ (l—rzsin29) do,
0

respectively.
It is well known that K(7) is strictly increasing from (0,1) onto (/2,00) and £(r) is

strictly decreasing from (0, 1) onto (1, 77/2), they satisfy the derivative formulas

dKk  €-r?K
dr
dé E-K
dr 1
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and Landen identities

K(zf) = (1 + 9K, 5(2‘/;> _%-rK

r
1+r 1+r 1+r

where and in what follows we denote 7' = /1 — 2 for r € (0, 1).

Let a,b > 0 with a # b. Then the harmonic mean H(a,b), geometric mean G(a,b),
arithmetic mean A(a, b), arithmetic—geometric mean AG(a,b) [9-11], and Toader mean
TD(a, b) [12—15] are given by

2ab b
Hlab)= ==,  Glab)=ab, Alab)="", (1.1)
a+b 2
—_Ta___ ash,
_ T ) 2k 1-(bla)?)
AGa,b) = —7 2 a2 2n2@)-12 4o 1)
2 [y " (a?cos? 0 + b sin® 0)~12 d6 N(=TTER a<b,

and

1/2

271—“5(\/ 1-(bla)?), a>b,
28(/1-(alb)?), a<b.

2 /2
TD(a,b) = ~ / (a®cos? 6 + b*sin®0) " db =
0

Recently, the complete elliptic integrals (r) and £(r) of the first and second kinds have
attracted the attention of many researchers [16—22] because they have wide applications
in many branches of mathematics including the geometric function theory, differential
equations, number theory, and mean value theory. For instance, the perimeter L(a, b) of
an ellipse with semi-axes @, b and eccentricity e = /1 — b2/a? is given by

/2
L(a,b) = 4/ Va?cos? + b2 sin®6 do = 4a€(e). (1.2)
0

Many remarkable inequalities and properties for the complete elliptic integrals KC(r) and
E(r) can be found in the literature [23—-31]. Barnard et al. [32] and Alzer and Qiu [33]
proved that A = 3/2 and u = log2/log(w/2) are the best possible constants such that the

double inequality
1 AN 1/ 1 /1L 1/
(=) <em<Z (2 (13)
2 2 2 2

holds for all » € (0, 1).
Later, Wang and Chu [34] improved the lower bound of (1.3) and proved that the double

inequality
alla+ 1 -a))?+ 1 -a+ar)?]?
(1+7)3 <&
a[(B+1=B)r)+(1-p+pr)]"
il ; ]

holds for all r € (0, 1) with the best possible constants « = ‘L*,Tﬁ and 8 = “—V(‘;/”)_l.
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Very recently, Yang et al. [35] found the high accuracy asymptotic bounds for £(r) and
proved that

Ty - (21 1) e T~ 2T 6
](r) (160 l)r <5(r)<2](r) 3X231r

for all r € (0,1), where

5172 + 20r/7 + 50r + 204/7 + 51
16(5r + 2./r + 5)

J(r) =

The following Seiffert-like elliptic integral mean

H(a,b)  nmH(a,b)
la— 2(a,
( ) 2&( fzgu,gg )
7G*(a,b)

- (1.4)
2 foﬂ/z VA%(a,b) cos? 6 + G2 sin®6 do

V(a,b) =

was introduced by Witkowski in [36], in which Witkowski investigated the so-called
Seiffert-like means

la—b|
- a#b,
My(a,b) = | ¥V’
a, a=b,

where the function f : (0,1) > R (called Seiffert function) satisfies the double inequality

x
1-

etk

From (1.3) we clearly see that
2
r<—E@r)<1
T
for r € (0,1), which in conjunction with (1.4) gives
H(a,b) < V(a,b) < G(a,b) < A(a, b) (1.5)

forall a,b > 0 with a # b.

Inspired by (1.5), the main purpose of the article is to find the optimal bounds for V(a, b)
in terms of the harmonic combinations of H(a, b) and G(a, b) (or H(a, b) and A(a, b)). Our
main results are the following Theorems 1.1 and 1.2.

Theorem 1.1 The double inequality

ay +1—051< 1 - B1 +1—,31
H(a,b) G(a,b) V(a,b) H(a,b) G(a,b)

holds for all a,b > 0 with a # b if and only if oy <1/2 and B, > 2/m = 0.6366....

Page 3 of 11



Zhang et al. Journal of Inequalities and Applications (2022) 2022:33 Page 4 of 11

Theorem 1.2 The double inequality

as +1—0l2< 1 < B2 +1—,32
H(a,b) A(a,b) V(a,b) H(a,b) Ala,b)

(1.7)

holds for all a,b > 0 with a # b if and only if ay < 2/7w and B, > 3/4.

To further improve and refine the lower bound in (1.6) and the upper bound in (1.7), we
also establish the following Theorems 1.3 and 1.4.

Theorem 1.3 The double inequality

3 1 ey 1 1
“3[41{(4,19) " 1A, b):| T |:2H(a, b) " 2G(a, b)] “Viab)
3 1 1 1 1

<’33[4H(a,b) * 4A(a,b)} + _'33)[2H(a,b) ¥ 2G(a,b)]

holds for all a,b > 0 with a # b if and only if a3 < 1/4 and B3 > 2(4/w — 1) = 0.5464. ...

Theorem 1.4 The double inequality

3 1 ™ 1 1 b
|:4H(a, b) " 1A, b)] [211(4, b 26, b)]

Vb

3 1 17 1 1 1
< |:4H(a,b) e b)] [2H(a, b " 2G(a, b):|

holds for all a,b > 0 with a # b if and only if oy < 1/4 and B, > [log(4/m)]/log(3/2) =
0.5957....

2 Lemmas
In order to prove our main results, we need several lemmas which we present in this sec-

tion.

Lemma 2.1 (See [1, Theorem 1.25]) Let —co<a<b< oo, and f,g: a,b] — R be contin-
uous and differentiable on (a, b) such that f(a) = g(a) = 0 or f(b) = g(b) = 0. Assume that
g'(x) #0 for each x € (a,b). If f'Ig is (strictly) increasing (decreasing) on (a,b), then so is
flg.

Lemma 2.2 The functions
(i) r (€ =7r?K)/r? is strictly increasing from (0, 1) onto (1 /4, 1);
(i) > (K =E)/r? is strictly increasing from (0,1) onto (7 /4, 00);
(i) 7> (E2 = r2K2)/r* is strictly increasing from (0,1) onto (w2/32,1);
({v) 7> [(1+ 2K = 2E)/r* is strictly increasing from (0,1) onto (7 /16, 00);
) ro(r) = [(1 =73+ r)]/r? is strictly increasing from (0,1) onto (2,3);
i) r p(r) = (1 =r)E/r? is strictly increasing from (0,1) onto (7 /4, 1).
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Proof Parts (i)—(iv) can be found in [1, Theorem 3.21 (1) and Exercise 3.43 (11), (16), (29)].
For part (v), o(r) can be rewritten as

_a-rB+r) 2

o(r)

)
r2 1+7

which gives the monotonicity of ¢(r). Note that 0(0*) = 2 and o(17) = 3.
For part (vi), differentiating p(r) and making use of part (iii), we get

o) r(l-7r) E*-r2K? 0
r) = . > 0.
PR vEr) —
This in conjunction with p(0*) = /4 and p(1~) = 1 gives the desired result. O

Lemma 2.3 The function

Y[(1 +7r2)E - 2r2K]
p(r) =

4

is strictly decreasing from (0, 1) onto (0,37/16).
Proof Differentiating ¢(r) yields

Brt =112+ 8)K + (77 = 8)E o1 (r)

¢'(r) = e =5 (2.1)
where
@1(r) = (3r* — 1177 + 8)K + (7r° - 8)E.
Simple computations lead to
¢1(0) =0, (2.2)
0,(r) = —9r5 [ 1+ r/ZILIC - 28j|. 03)

Therefore, Lemma 2.3 follows easily from (2.1)—(2.3) and Lemma 2.2(iv) together with
¢(0%) =37/16 and ¢(17) = 0. a

Lemma 2.4 The function

5(r) = r[(3+ r’2)ICrA— (4+r*)&]

is strictly decreasing from (0, 1) onto (0,37/8).

Proof Let

P1(r) = (3r* — 16 + 16)K - 8(2 - 1*) ¢,
$a(r) = (8 -717)E - (1-77) (8 - 3r7)K.
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Then simple computations lead to

#1(0) = ¢2(0) = 0, (2.4)

¢'(r) = —(/;15? (2.5)

¢y (r) = 37§¢2(r), (2.6)
14

1+rH)K - 2€:|. 2.7)

h(r) = 9r5|: "

Therefore, Lemma 2.4 follows easily from (2.4)—(2.7) and Lemma 2.2(iv) together with
¢(0*) =3x/8 and ¢p(17) = 0. O

3 Proofs of Theorems 1.1-1.4
In this section, we assume that & > b > 0 because all the bivariate means H(a, b), G(a, b),

A(a, b), and V(a, b) are symmetric and homogeneous of degree one.
Proof of Theorem 1.1 Letr = (a— b)/(a + b) € (0,1). Then from (1.1) and (1.4) we obtain

H(a,b) = A(a,b)(1-r*), Gl(a,b)=A(a,b)vV1-r?,

3.1)
21— (
Via,b) = Ala,b) ———.
(a,b) = A(a, b) °F
From (3.1), inequality (1.6) can be rewritten as
Wh "Gl oy
Va, a /. !
T = =10, (3.2)
H(a,b) ~ G(a,b) 7z
where
1-28/m
0=

Letfi(r) = 1-2&/m and fo(r) = 1 — . Then we clearly see that f(r) = fi(r)/f2(r) and f1(0) =
£2(0) =0, and simple computations lead to
firy 27 (K-8)
_2 , 3.3
fir) w1 (3:3)

|:r’(IC —S)]’ _ 2[4+ K - 2€]

wr'yd

. (3.4)

72

Lemma 2.1 and Lemma 2.2(iv) together with (3.3) and (3.4) lead to the conclusion that
f(r) is strictly decreasing on (0, 1). Note that

B 2
f()=1- — (3.5)

N =

f(07) =

Therefore, Theorem 1.1 follows from (3.2) and (3.5) together with the monotonicity of
f(r). |
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Proof of Theorem 1.2 Let r = (a — b)/(a + b) € (0,1). Then it follows from (3.1) that

11 28
/2
Vahl  Awh) _ 7%~ _ 1 _g(p), (3.6)
H(ab) ~ Alab) 2 1
where
1-28/n
gt = —=.

Let g1(r) = 1 - 2&/m and g (r) = r*. Then elementary computations lead to

m=%%, 0(0)=£(0) =0, (3.7)
a(r) /C—é“

1
RN 9

Lemma 2.1 and Lemma 2.2(ii) together with (3.7) and (3.8) lead to the conclusion that
g(r) is strictly increasing on (0, 1). Note that

2(0%) = (3.9)

AN
o
—_
—_
-
Il
—_
|
|

Therefore, Theorem 1.2 follows easily from (3.6) and (3.9) together with the monotonic-
ity of g(r). |

Proof of Theorem 1.3 Let r = (a — b)/(a + b) € (0,1). Then from (3.1) we get

1 1 1

Viah — [2H(a,b) + 2G(a,b)]

[ 3 + 1 ] _ [ 1 + 1 ]
iH@D) T TA@h) (@b t 2G@b)

2‘?2 _(L/z + L/)
_ 3JTV - 27 - 2r - =1-h(r), (3.10)
(a7 +2) = (57 +37)

where

3+r%-8EIm
L
Let i (r) =3+ 72 =8E/m, hy(r) = (1 =1)%, hs(r) = 4(K = E)/(wr?) =1, and ha(r) = 1/7 - 1.
Then we clearly see that /;(0) = /(0) = 43(0) = h4(0) = 0. Simple computations lead to

hy(r) hy(r) _ hs(r)
ha(r)' () ha(r)
Hy(r)  4r'[(1+7*)E-2r°K] 4

W (V) - Tk ;‘P(r): (312)
4

h(r) =

(3.11)

where ¢(r) is defined in Lemma 2.3.
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Lemmas 2.1 and 2.3 together with (3.11) and (3.12) lead to the conclusion that A(r) is
strictly decreasing on (0, 1). Moreover, by Taylor’s formula, one has
1+7)*[3r*/16 + o(r*)] 3 8
n(0%) = tim LY BrA6w Dl 3y 00y 5 8 (3.13)

r—0* 74 4

Therefore, Theorem 1.3 follows easily from (3.10) and (3.13) together with the mono-
tonicity of A(r). (I

Proof of Theorem 1.4 Letr = (a—b)/(a + b) € (0,1). Then it follows from (3.1) that

log[v71- 10g[2H(ab) + (ab)]
1 1
1Og[4Hab ta ab)] logl 57755 + 56w

_ log[8)/(wr?)] = log[(1 +7)/(2r?)]
log[(3 + 2)/(4r2)] —log[(1 + r)/(2r2)]

=j(r), (3.14)

where

() = log[(3 + r?)/4] —log[(2€) /7]
A= log[(3 + 72)/4] —log[(1 + ')/2]

Let j, (r) = log[(3 + r2)/4] —1og[(2€)/m] and ji,(r) = log[(3 + )/4] — log[(1 + #')/2]. Then
elaborated computations lead to

_ ) () —j(0)
j2(r)  ja(r) —j2(0)’
Jir) P4 -rHK -4+ rH)E] o(r)

KO T Q- +3E  onpl) (3.16)

(3.15)

where o(r), p(r), and ¢(r) are defined as in Lemma 2.2(v), (vi) and Lemma 2.4, respectively.
Lemma 2.1, Lemma 2.2(v), (vi), and Lemma 2.4 together with (3.15) and (3.16) lead to

the conclusion that j(r) is strictly decreasing on (0, 1). Moreover, by LHopital’s rule we get

log(37) — 3log2

o /1(7) E 1o\
](O) limg, 4’ ](1)_ log3 —log2

lim > (3.17)

Therefore, Theorem 1.4 follows easily from (3.14) and (3.17) together with the mono-
tonicity of j(r). O

As a consequence of Theorems 1.1-1.4, we can derive the following Corollary 3.1 im-

mediately.

Corollary 3.1 Let I(r) = (1 +r)/2 and u(r) = (3 + r*)/4. Then the double inequalities
%l(r’) <€) <1+ (% - l)r’,
1+ (% - 1)1/2 <&(r) < %u(r’),

Page 8 of 11
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T [u(r’) 3I(r')
- +
21 4 4

:| <&r) < %[au(r’) +(1-0)(r)],
%u(;’/)l/zll(r’)y4 <&(r) < %u(r’)rl(r/)l_r

hold for all r € (0,1), where o = 2(4/m — 1) and t = [log(4/7)]/10g(3/2) are given in Theo-
rems 1.3 and 1.4, respectively.

In order to compare the lower and upper bounds in Corollary 3.1, we provide Theo-

rem 3.2 as follows.

Theorem 3.2 The double inequality

T J 2 /2 JT/ J /2
max){1+<§—1)r2,3—2(3+r) }<8(r)<zr(3—r)+(1—r)

re(0,1
holds for all r € (0,1).

Proof We clearly see that the function

u(r) 1 1 4 )
VI-)W—§<V+ +r+—1—)

is strictly decreasing on (0, 1). Therefore, u(r)/{(r) € (1,3/2) and

A0 ) oule) s 0-o() <uly) 618

It is well known that

> u(r')1/4l(r/)3/4. (3.19)

It is not difficult to verify that the functions 1 + (5 — 1)7? and %[“g/) + 315:/)] are not

comparable on (0, 1) due to

L+ (G- -5+ ¥ f1-F <0 ro0,
r? 1-2Z50, r—1.

This in conjunction with (3.18) and (3.19) implies that

L T N\ oo m[ul) BU)] v 3a
rnax{zl(;"),l+<2 1)r,2|: s " ],2u(r) I(r) }

re(0,1)
T T
=max{l+(=-1 ;”'2,—(3+r’)2 .
re(0,1) 2 32

We now claim that

sx)=oxT+(1-0)x <1 (3.20)

Page 9 of 11
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for x € (1,3/2). Indeed, differentiating s(x) yields

S =0c(l-1)x " [x B M],

o(l-1)

which together with 7(1 - 0)/[o(1 — 7)] = 1.223... enables us to know that s(x) is convex
on (1,3/2). Therefore, inequality (3.20) follows from s(1) = s(3/2) = 1.
It follows from (3.20) and 1 < u(r)/I(r) < 3/2 that

ou(r) + (1 = o)) — u(r)Tl(r)' "

e[ (BN LGRY
= u(r)"i(r)! [0(m> Hl_a)(%) _1}

=u(r)*l(r)t" [s(u(r)/l(r)) - 1] <O0. (3.21)

Moreover, it is not difficult to verify that

Tout) + -] - [1+(F-1)7]--(1-F )ra-n) <o

This in conjunction with (3.18) and (3.21) implies that

min {1+ (3 =1} (), Floutr) + - o(), Tl 167)"

re(0,1

= %r’(?) - r/) + (1 - /)2. O
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