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~D(IDVIP?Dv) = AvP?v, 1 <p<oo,

where D is the Dirac operator. Moreover, we obtain general weighted versions of the
Caccioppoli-type inequalities for the Dirac operators.
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1 Introduction

In the Euclidean setting, we recall the Caccioppoli inequality

/¢F|W|ﬂdx5p!’/ V|V dx (1.1)
Q Q

for all nonnegative functions ¢ € C§°(2), where a positive function v is a subsolution of

the Dirichlet boundary value problem for p-Laplacian

V- (IVVP2Vv) =AvfP2v inQ,
v=0 on 0%2.

(1.2)

See, for example, [4] for the problem in the Euclidean setting. We also refer to [1, 5, 6, 8,
10] and references therein for discussions on the Caccioppoli-type estimates in different
settings.

The main aim of this paper is to obtain the Caccioppoli-type inequality for the nonlinear

equation

-D(|Dv|P2Dv) = A|v|P~?v  in Q,
v=0 on 0%2,
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where v is the subsolution, D is the usual Dirac operator, and D is its conjugate. Also, we
obtain weighted versions of the Caccioppoli-type inequality for the Dirac operator.

In what follows, we will work in H, the skew-field of the quaternion. This means that
each element x’ € H has the following representation:

n
x' =% + E eixi,
i-1

where 1,¢ey,...,e, are the basis elements of H. For these elements, we have the multiplica-
tion rules
. e%:...:efl:_l,

o eejt+ee =-28+ijforallij=1,...,n
The conjugate element &’ is given by x’ = xo — Y 1, ex;, and we have the properties

n
2 J— J—
|| =xx’=x/x=x(2)+g x?
i=1

and

for the norm on H.
We recall the usual Dirac operator, which factorizes the n-dimensional Laplace operator,

4

N
Df—;elax’

and its conjugate operator

n
_ of
Df =- i—.
f Z ¢ ox;
i=1
The products of these operators
DD=DD = A,

where A, is the Laplacian for functions defined over domains in R”. For further discus-
sions in this direction, we refer, for example, to [9] (see also [3] for theory of QDEs).

In Sect. 2, we discuss Picone’s identity for the Dirac operator. The main results of this
paper are presented in Sect. 3.

2 Picone’s identity for the Dirac operator
Lemma 2.1 Let u, v be a differentiable functions defined a.e. in Q@ C H such that v >0 a.e.
in Q and u > 0. Define

14
R(u,v) := |Dul’ — D(%) \Dv|”2Dv, (2.1)
=
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p-1
L(u,v) := |Dul? — p(ﬁ) \DvP2DvDu
12

where p > 1. Then

L(u,v) = R(u,v) > 0.

Also, L(u,v) =0 a.e. in Q if and only if u = cv a.e. in Q with positive constant c.

Proof of Lemma 2.1 A direct computation gives

P

R(u,v) = |Duf? —D( Y

?) |Dv|P~2Dv
-

puP ' Duv?™t —uP(p — 1) 2Dy

- P _
= |Du| )2

w1 u’
= |Dul? = p—|Dv|"*DvDu + (p — 1)— |Dv|
v w

=L(u,v).

This proves the equality in (2.2). Now we rewrite L(x, v) to see that L(u, v) > 0:

up_l 1 up
L(u,v) = |Dul’ — p——|Dv|’""|Dul + (p — 1) — |Dv|?
w1 v

up1
+p—— |Dv"*(|DVI|Du| - DvDu)

=51 +5,
where
e (oo )]
p p v
—pbv‘j—j D Dul
and

up1
Sy := p——|Dv|”~*(|1Dv||Du| - DvDu).
-1

|Dv|P2Dv
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(2.2)

We can see that S, > 0 due to |Dv||Du| > DvDu. To check that S; > 0, we need to use

Young'’s inequality

P pa
abfd—+—, a>0,b>0,
r 4

(2.3)
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1
wherep >1,4>1,and % + % = 1. The equality holds ifand only if a” = b9, that is, ifa = b7-T.
Let us take @ = |Du| and b = (£|Dv|)?"! in (2.3) to get

u p-l 1 p-1((u poIN 51
p|Du|<—|DV|> §p|:—|Du|”+ —<<—|DV|> ) ] (2.4)
v P P v

From this we see that S; > 0, which proves that L(x,v) = §; + S; > 0. It is easy to see that
u = cv implies R(x,v) = 0. Now let us prove that L(u, v) = 0 implies # = cv. Due to u(x) > 0
and L(u,v)(xo) = 0, x € §2, we consider the two cases u(xg) > 0 and u(xg) = 0.
(1) Inthe case u(xg) >0, from L(u, v)(xo) = O it follows that S; =0 and S, = 0. Then
S1 = 0 implies

u
|Du| = —|Dv|, (2.5)
v
and S, = 0 implies
|Dv||Du| — DvDu = 0, (2.6)

Combination of (2.5) and (2.6) gives

D
ZE_%_¢ witheHo. 2.7)
Dv v

(2) Letusdenote Q* := {x € Q|u(x) = 0}. If Q* # Q, then suppose that x5 € 3Q2*. Then
there exists a sequence xx ¢ Q* such that x; — x. In particular, u(x;) # 0, and hence
by case (1) we have u(xx) = cv(xy). Passing to the limit, we get u(xo) = cv(xp). Since
u(xo) = 0 and v(xg) # 0, we get that ¢ = 0. Then by case (1) again, since u = cv and
u #0in Q\Q%, it is impossible that ¢ = 0. This contradiction implies that Q* = Q.

This completes the proof of Lemma 2.1. d

3 Caccioppoli-type inequalities

Let us consider the Dirichlet boundary problem for the Dirac operator

—D(|Dv|P™2Dv) = Alv)P2v in €,
v=0 on 0%2.

(3.1)

We say that a weak solution of equation (3.1) means a function v € Wl})f (2) such that
/ |DvP"2DvD¢ dx’ — / VP 2vpdx =0 (3.2)
Q Q

for all functions ¢ € Wg P(Q) N C(RQ). The supsolution and subsolution of equation (3.1)

mean a function v € Wl})f (2) such that

/ |Dv|P"2DvD¢ dx’ — A/ VP 2vp dx’ > 0 (3.3)
Q Q
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and

/ |DvP"2DvD¢ dx’ — ) / VP 2vp dx’ <0 (3.4)
Q Q

for the test functions ¢ € W&’p (2) N C(2) with ¢ > 0, respectively.
If we take the test function as ¢ = v, then for the supsolution and subsolution, we have

/ |Dv|P dx’ > A/ [v|P dx’ (3.5)
Q Q
and
/ |Dv|P dx' < A/ vIP dx'. (3.6)
Q Q

Now we are ready to establish a Caccioppoli-type inequality.

Theorem 3.1 Let Q2 € H. Let v be a positive subsolution of equation (3.1) in Q. For any
fixed g>p—1and q< p < oo, we have

p A
/vq_p¢p|Dv|pdx’§ (L) /Vq|D¢|pdx’+—p/ Vg dx' (3.7)
Q q-p+1) Jo q-p+1Jg

for all nonnegative functions ¢ € C3°(2).

Remark 3.2 Note that Theorem 3.1 for the Finsler norm was obtained in [2].

« For the case g = p and A = 0 in Theorem 3.1, we have

/ ¢°|DVIP dx' < pP / VW |D$P dx. (3.8)
Q Q

« For the case ¢ = 0 in Theorem 3.1, we have

, v\ . /
/qb"IDlogvV’dx <|[— / |Do|P dx’ + /d}pdx. (3.9)
Q 1-p) Ja 1-pJa

Proof of Theorem 3.1 Let us begin the proof by replacing u = vgcl) in L(u,v), which gives
/Q L(v?¢,v)dx' = /Q |D(vV7$)[" dx’ + (p - 1) /Q VIP¢P |Dv|P dx’
—p /Q (v'" ¢)" " IDVIP2D(v'7 ) d’
= /Q|D(Vq/p¢) |pdx/ +(p- 1)/91/‘7’1"¢1’|Dv|pdx’
—p/ﬂ(vqﬂ%p qb)p_l |Dv|P~2 (ZV‘%" ¢Dv + vq/pDqu)) dx’

= / ’D(Vq/p(p) |de/ —(g-p+ 1)/ VIP§P | Dy|P dx'
Q@ Q
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+p / (v'7" ¢)" " 1DV 1P| Dg| dx'
Q

In the last line, we have used the Schwarz inequality. Now we apply the Young inequality
of the form

a? p-1

+ ’, a,b>0,7>0.

By choosing a = v??|D¢| and b = vqr%p¢|Dv| and using inequality (3.6) we arrive at
0< /S;|D(vq/p¢) fPdx' —(g-p+1) /Q VvIP P | DvIP dx’
+7i? /s; VD dx' + (p — 1)t /Q VITP$P | Dv|P dx’
< )»/S;Vq(b”dx’ ~(g-p+1-t(p- 1))/S2vq’p¢1”|Dv|pdx’
+ 717 /;2 vi|Dg P dx'.

Thus we have the following inequality:

rlr
VIPHP|DvIP dx’ < VID P dx’
Jreeomran < s [ i
A
+ Vigl dx'. (3.10)
(q—p+1—r(p—1))/sz

Taking a suitable constant 7 = %fl leads to

_ , r \ , Ap ,
VPGP | DvP dx’ < | ——— VDo dx' + ——— | vigP dx'.
Q q-p+1 Q q-r+1Jg

This proves the theorem. g

4 Weighted versions
Let us consider the following weighted operator:

Apuf = l_)(w(x)lDflp_sz), l<p<oo, (4.1)
where 0 < w e C(H).
Theorem 4.1 Let2 < p <oo.Let 0 < F € C*°(H) and 0 < n € L, (H) be such that

nFr1 < -ApF  ae inH. (4.2)
Then we have

/ n(x)[f(x)‘p dx' + Cp/ w(x)’F(x) ’p‘D(f/F)‘p dx’ 5/ w(x)’Df(x) ’p dx’' (4.3)
H H H

for all real-valued functions f € Ci°(H). Here C, is a positive constant.
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Note that the Carnot group version of Theorem 4.1 was obtained in [7].
Proof of Theorem 4.1 For all a,b € R", there exists a positive number C, such that
|al? + C,|bl + plalPa-b<la+bl, 2<p<oc. (4.4)
Using this by taking a = g(x)DF(x) and b = F(x)Dg(x), we get

’g(x)’p’DF(x)‘p + Cp’F(x)‘p‘Dg(x)F +F(x)’DF(x)‘p72DF(x) -D’g(x) ’p

< |g(@)DF(x) + F(x)Dg(%)|" = |Df W)[", (4.5)

where g = f/F. It follows that

/ w(x)|Df(x) |p dx' > / w(x)|DF(x)|p |g(x)|p dx'
H H

+ Cp/ w(x)|Dg(x) | |E(x) | dx’

H
- /H D(w(x)F(x)|DF(x)|"*DF(x))|g(x)|” dx’
>C, fH w(x)|Dg(x) | |F(x)|" dx’
+ f —l_)(w(x)‘DF(x)|p 72DF(x))F(x)|g(x)|p dx’.
H

Using (4.2), this implies that

/ n(x)|g(x)|P|F(x)|p dx' + Cp/ w(x)|Dg(x)|p|F(x) |p dx’
H H
< [ welorwp’ ax. (4.6)
H

Since g = f/F, we arrive at

/ n@)|f ()| dx’ + C, / w(x)|F@)|” |D(fIE)|f dx’ < / w(x)| Df (x)|” dx, (4.7)
H H Q

which proves (4.3). O

Remark 4.2 For p = 2, we have equality in inequality (4.4) with C, = 1, that is, the above
proof gives the following remainder formula:

f w(x)|[F@)|*|D(f1F)|* dx’ = f w(x)|Df (x)|” dx’ — / n@)|f )| dx'. (4.8)
H H H

Remark 4.3 For 1 < p <2, inequality (4.4) can be stated as for all 4,b € R”, there exists a
positive number C, such that

bl

P -
b+ G b

+plalfa-b<la+bPP, 1<p<2. (4.9)
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In turn, from the proof it follows that

/Hw(x)|Df(x)|p dx'
Pd /
> /Hn(x){f(x)l x
-2
+C, fH w(x)( %Df(x)‘ +F D% )p |E@)|ID(f ()1 F ()| dx’ (4.10)
for all real-valued functions f € C3°(H).
Proposition 4.4 For f € C{°(H), we have
lf(x) |p / ( p )P P /
—d O dx’, .
A |x|§ x' < 2 /;2|Df(x)’ x (4.11)

wherel<p<y -2andy <2+nwithy eR.

Proof of Proposition 4.4 In Theorem 4.1, we take w = 1 and

_y=pr=2 ) ) _y-p-2
Fo=lxely © =(1+8)+- +(x,+8)?7) ¥

for a given ¢ > 0. A direct computation gives

n
Dlxelg =l |37 e,
i=1

-2 -2 -2)(p-2)+(p-2
Dl [¢177% = |2 | | 02072,
n
n -2 n -2 —a—,
D(IDlx. |21 D|xg|;)=D(a|a|" |xs|‘;P“PZeixi>
i=1

—2 —o—
= alarl 2 (ap — o — p + )| |2,

y—pr-2
2p

By taking @ = — we compute

~ApF, = -D(|DF,|P>DF,)

_ _y-r=2 ) _y-p-2
= _D(|D|x8|q ? |1;_ D|x8|q ’ )
y-p-2ly-p-2[""(y-p-2 S
= ‘ < —y+2+n>|xs|q
4 4 4
—p-—21° -2y —p_2P?2 _y=p-2p-1) _
:(’y p +y p ‘y p (—y+2+n)>|x5|q p.
p p p
If1<p<y-2andy <2+ n, then the above expression gives
9P
A, F. > yiﬂ LFIH (4.12)
S B P
elg

Page 8 of 9
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that is, according to the assumption in Theorem 4.1, we can put

-p-2F 1
n(x) = ’i — (4.13)
p e [
which shows that (4.3) implies (4.11). O
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