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Abstract
In this article, we consider a bivariate Chlodowsky type Szász–Durrmeyer operators
on weighted spaces. We obtain the rate of approximation in connection with the
partial and complete modulus of continuity and also for the elements of the Lipschitz
type class. Moreover, we examine the degree of convergence with regard to the
weighted modulus of continuity and Peetre’s K-functional. Further, we construct the
associated GBS type of these operators and estimate the degree of approximation
using the mixed modulus of continuity and a class of the Lipschitz of Bögel type
continuous functions. Finally, with the help of Maple software, we present the
comparisons of the convergence of the bivariate Chlodowsky type Szász–Durrmeyer
operators and associated GBS type operators to certain functions with some graphs
and error estimation tables.
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1 Introduction
The approximation of the continuous functions via the sequences of linear positive opera-
tors, which have many applications in disciplines such as engineering and physics, besides
mathematics, has been an important research topic since the last century. In [1], Bernstein
proposed one of the elegant proof of the Weierstrass approximation theorem. A gener-
alization of Bernstein operators on an unbounded set was introduced by Chlodowsky
[2]. In 1930, an integral modification of the classical Bernstein operators was presented
by Kantorovich [3]. In [4, 5], Szász–Mirakjan considered the linear positive operators
on [0,∞), which are related to the Poisson distribution. In 1957, Baskakov [6] studied
a sequence of positive linear operators for the convenient functions defined on the inter-
val [0,∞). To approximate the Lebesgue integrable functions, Durrmeyer [7] introduced
and studied the integral modification of the Bernstein operators. In recent years, a lot
of generalizations and modifications of above-mentioned operators over finite or infinite
intervals have been studied by several authors. One of the prominent components of ap-
proximation theory, the Korovkin type theorems, on weighted spaces was introduced by
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Gadzhiev [8, 9]. Ispir [10] presented a modification of the Baskakov operators for the inter-
val [0, bm] and derived some approximation results in terms of the Korovkin theorems. In
[11], Ditzian studied a necessary and adequate condition on the degree of convergence of
Szász–Mirakjan and Baskakov operators on weighted spaces. In 2005, Ibikli and Karsli [12]
proposed the Bernstein–Chlodowsky operators in terms of Durrmeyer type operators and
reached some approximation results of these operators. Mazhar and Totik [13] considered
a modification of the integral type of the Szász–Mirakjan operators and proved direct es-
timates and saturation results of these operators. In [14], Mursaleen and Ansari defined
the Chlodowsky version of the Szász operators by the Brenke type polynomials and estab-
lished degree of convergence with a classical method, Peetre’s K-functional and second-
order modulus of continuity. Dogru [15] investigated some properties of the continuous
functions on [0,∞) by the modified positive linear operators. In 2013, Izgi [16] introduced
and studied the following composition of the Chlodowsky and Százs–Durrmeyer opera-
tors on weighted spaces

Zm(μ; x) =
m
bm

m∑

k=0

pm,k

(
x

bm

)∫ ∞

0
sm,k

(
t

bm

)
μ(t) dt, (0 ≤ x ≤ bm), (1.1)

where pm,k(q) =
(m

k
)
qk(1 – q)m–k , (0 ≤ k ≤ m), q ∈ [0, 1], sm,k(w) = e–mw (mw)j

j! , w ∈ [0,∞),
and (bm) is a positive and increasing sequence with the following assumption:

lim
m→∞ bm = ∞, lim

m→∞
b2

m
m

= 0.

He investigated the uniform convergence, rate of approximation on weighted spaces,
and proved a Voronovskaya type asymptotic formula for the operators (1.1). Recently, the
univariate or bivariate cases of several well-known linear positive operators have been
studied in many papers [17–24].

The structure of this research is organized as follows: In Sect. 2, we propose the bivariate
extension of operators (1.1). We introduce the uniform convergence of these operators and
estimate the order of approximation in terms of the partial and complete modulus of con-
tinuity for the elements of the Lipschitz type class, weighted modulus of continuity, and
Peetre’s K-functional, respectively. In Sect. 3, we discuss the associated GBS type of these
operators and investigate the order of convergence by the mixed modulus of smoothness
and the Lipschitz class of the Bögel continuous functions. In the final section, we present
some graphs and error estimation tables to compare the convergence of bivariate and as-
sociated GBS type operators to certain functions.

2 Construction of the operators
Let Iαnβm := [0,αn] × [0,βm] and the space C(Iαnβm ) be the set of all real-valued functions
of bivariate continuous on Iαnβm . The weighted function is given by

ρ(z, y) = 1 + z2 + y2, (z, y) ∈ Iαnβm .

It is endowed with the norm ‖μ‖ρ = sup(z,y)∈Iαnβm
μ(z,y)
ρ(z,y) . Moreover, by Bρ(Iαnβm ), we denote

the real-valued continuous functions on Iαnβm and verify |μ(z, y)| ≤ Cμρ(z, y); here Cμ is
fixed and depends just on μ. We also denote by Cρ(Iαnβm ) the subspace of every continuous
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function depending on Bρ(Iαnβm ), and by Ca
ρ the subspace of every functions μ ∈ Cρ(Iαnβm ),

satisfying lim(z,y)→∞ μ(z,y)
ρ(z,y) = a, where a is a constant depending on μ. In what follows, let

eu,v(z, y) = zuyv, (z, y) ∈ Iαnβm , (u, v) ∈ N0 × N0 with 0 ≤ u, v ≤ 4 be the bivariate test func-
tions.

Now, based on the method of parametric extensions (see: [25, 26]), we define two-
dimensional Chlodowsky–Szász–Durrmeyer operators as follows:

Rn,m(μ; z, y) =
n
αn

m
βm

n∑

k=0

m∑

j=0

Pn,m,k,j

(
z
αn

,
y

βm

)

×
∫ ∞

0

∫ ∞

0
Sn,m,k,j

(
t
αn

,
s

βm

)
μ(t, s) dt ds, (2.1)

where Pn,m,k,j(u1, v1) =
(n

k
)(m

j
)
uk

1vj
1(1 – u1)n–k(1 – v1)m–j, (0 ≤ k ≤ n, 0 ≤ j ≤ m), (u1, v1) ∈

[0, 1] × [0, 1], and Sn,m,k,j(u2, v2) = e–nu2 e–mv2 (nu2)k

k!
(mv2)j

j! , (u2, v2) ∈ [0,∞) × [0,∞); (z, y) ∈
Iαnβm and the sequences (αn), (βm) are increasing of positive numbers, satisfying:

lim
n→∞αn = ∞, lim

m→∞βm = ∞ and lim
n→∞

α2
n

n
= 0, lim

m→∞
β2

m
m

= 0. (2.2)

Lemma 2.1 ([16]) For the test functions ep(t) = tp, p = 0, 1, 2, 3, 4, the following identities
hold:

Zm(e0; y) = 1, Zm(e1; y) = y +
bm

m
,

Zm(e2; y) = y2 +
(4bm – y)y

m
+

2b2
m

m2 ,

Zm(e3; y) = y3 +
(18b2

m + 9(m – 1)bmy – (3m – 2)y2)y
m2 +

6b3
m

m3 ,

Zm(e4; y) = y4 +
{

96b3
m + 72(m – 1)b2

my + 16(m – 1)(m – 2)bmy2

–
(
6m2 – 11m + 6

)
y3} y

m3 +
24b4

m
m4 .

Lemma 2.2 Let the operators Rn,m(μ; z, y) be given by (2.1). Then the following identities
hold true:

(i) Rn,m(e0,0; z, y) = 1,

(ii) Rn,m(e1,0; z, y) = z +
αn

n
,

(iii) Rn,m(e0,1; z, y) = y +
βm

m
,

(iv) Rn,m(e2,0; z, y) = z2 +
{4αn – z}z

n
+

2α2
n

n2 ,

(v) Rn,m(e0,2; z, y) = y2 +
{4βm – y}y

m
+

2β2
m

m2 ,

(vi) Rn,m(e3,0; z, y) = z3 +
{18α2

n + 9(n – 1)αnz – (3n – 2)z2}z
n2 +

6α3
n

n3 ,
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(vii) Rn,m(e0,3; z, y) = y3 +
{18β2

m + 9(m – 1)βmy – (3m – 2)y2}y
m2 +

6β3
m

m3 ,

(viii) Rn,m(e4,0; z, y) = z4 +
{

96α3
n + 72(n – 1)α2

nz + 16(n – 1)(n – 2)αnz2

–
(
6n2 – 11n + 6

)
z3} z

n3 +
24α4

n
n4 ,

(ix) Rn,m(e0,4; z, y) = y4 +
{

96β3
m + 72(m – 1)β2

my + 16(m – 1)(m – 2)βmy2

–
(
6m2 – 11m + 6

)
y3} y

m3 +
24β4

m
m4 .

Proof The desired result can be obtained easily from Lemma 2.1 and (2.1). �

Lemma 2.3 Let the operators Rn,m(μ; z, y) be given by (2.1). Then in view of Lemma 2.2, we
have

(i) Rn,m(e1,0 – z; z, y) =
αn

n
,

(ii) Rn,m(e0,1 – y; z, y) =
βm

m
,

(iii) Rn,m
(
(e1,0 – z)2; z, y

)
=

(2αn – z)z
n

+
2α2

n
n2 ,

(iv) Rn,m
(
(e0,1 – y)2; z, y

)
=

(2βm – y)y
m

+
2β2

m
m2 ,

(v) Rn,m
(
(e1,0 – z)4; z, y

)
=

z
n3

(
72α3

n – 12(6n – 1)α2
nz – 4(n – 8)αnz2

+ 3(n – 2)z3) +
24α4

n
n4 ,

(vi) Rn,m
(
(e0,1 – y)4; z, y

)
=

y
m3

(
72β3

m – 12(6m – 1)β2
my – 4(m – 8)βmy2

+ 3(m – 2)y3) +
24β4

m
m4 .

Proof Since the proofs of (ii), (iv), and (vi) can be obtained with similar calculations, we
will only prove (i), (iii), and (v).

Using the properties of linearity of operators (2.1) and Lemma 2.1, one has

(i) Rn,m(e1,0 – z; z, y) = Rn,m(e1,0; z, y) – zRn,m(e0,0; z, y)

=
αn

n
,

(iii) Rn,m
(
(e1,0 – z)2; z, y

)
= Rn,m(e2,0; z, y) – 2zRn,m(e1,0; z, y) + z2Rn,m(e0,0; z, y)

= z2 +
{4αn – z}z

n
+

2α2
n

n2 – 2z
(

z +
αn

n

)
+ z2

=
(2αn – z)z

n
+

2α2
n

n2 ,

(v) Rn,m
(
(e1,0 – z)4; z, y

)

= Rn,m(e4,0; z, y) – 4zRn,m(e3,0; z, y) + 6z2Rn,m(e2,0; z, y)

– 4z3Rn,m(e1,0; z, y) + z4Rn,m(e0,0; z, y)
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= z4 +
{

96α3
n + 72(n – 1)α2

nz + 16(n – 1)(n – 2)αnz2 –
(
6n2 – 11n + 6

)
z3} z

n3

+
24α4

n
n4 – 4z

(
z3 +

{18α2
n + 9(n – 1)αnz – (3n – 2)z2}z

n2 +
6α3

n
n3

)

+ 6z2
(

z2 +
{4αn – z}z

n
+

2α2
n

n2

)
– 4z3

(
z +

αn

n

)
+ z4

=
z

n3

{
72α3

n – 12(6n – 1)α2
nz – 4(n – 8)αnz2 + 3(n – 2)z3} +

24α4
n

n4 . �

Lemma 2.4 As a consequence of Lemma 2.3, we have

(i) sup
0≤z≤αn

Rn,m
(
(e1,0 – z)2; z, y

) ≤ 3α2
n

n
,

(ii) sup
0≤y≤βm

Rn,m
(
(e0,1 – y)2; z, y

) ≤ 3β2
m

m
,

(iii) sup
0≤z≤αn

Rn,m
(
(e1,0 – z)4; z, y

) ≤
(

12
α2

n
n

)2

,

(vi) sup
0≤y≤βm

Rn,m
(
(e0,1 – y)4; z, y

) ≤
(

12
β2

m
m

)2

.

Proof In view of Lemma 2.3, one can obtain

(i) sup
0≤z≤αn

Rn,m
(
(e1,0 – z)2; z, y

) ≤ 2(n + 1)α2
n

n2 ≤ 3α2
n

n

and

(iii) sup
0≤z≤αn

Rn,m
(
(e1,0 – z)4; z, y

) ≤ 3(n + 47)α4
n

n3 ≤
(

12
α2

n
n

)2

.

Analogously, the proof of the inequalities (ii) and (iv) can be obtained by the same meth-
ods; thus we get the desired result. �

In the next theorem, with the help of theorems related to the weighted approximation
of functions of several variables proved by Gadzhiev et al. [27], we show the uniform con-
vergence of the operators given by (2.1) on Iαnβm .

Theorem 2.5 Let the linear positive operators Rn,m : Cρ(Iαnβm ) → Bρ(Iαnβm ) verify the fol-
lowing conditions:

lim
n,m→∞

∥∥Rn,m(e0,0) – 1
∥∥

ρ
= 0,

lim
n,m→∞

∥∥Rn,m(e1,0) – z
∥∥

ρ
= 0,

lim
n,m→∞

∥∥Rn,m(e0,1) – y
∥∥

ρ
= 0,

lim
n,m→∞

∥∥Rn,m
(
e2

1,0 + e2
0,1

)
–

(
z2 + y2)∥∥

ρ
= 0.
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Hence,

lim
n,m→∞

∥∥Rn,m(μ) – μ
∥∥

ρ
= 0

for all μ ∈ Ca
ρ(Iαnβm ).

Proof Taking into account the following relations from Lemma 2.2:

(i) Rn,m(e0,0; z, y) = 1, (ii) Rn,m(e1,0; z, y) = z +
αn

n
,

(iii) Rn,m(e0,1; z, y) = y +
βm

m
, (iv) Rn,m(e2,0; z, y) = z2 +

{4αn – z}z
n

+
2α2

n
n2 ,

(v) Rn,m(e0,2; z, y) = y2 +
{4βm – y}y

m
+

2β2
m

m2 .

Thus, it clear that ‖Rn,m(e0,0) – 1‖ρ → 0 as n, m → ∞ on Iαnβm .

∥∥Rn,m(e1,0) – z
∥∥

ρ
= sup

(z,y)∈Iαnβm

|Rn,m(e1,0) – z|
1 + z2 + y2 =

αn

n
sup

(z,y)∈Iαnβm

1
1 + z2 + y2 .

Hence, we get

lim
n,m→∞

∥∥Rn,m(e1,0) – z
∥∥

ρ
= 0.

Similarly, one can obtain

lim
n,m→∞

∥∥Rn,m(e0,1) – y
∥∥

ρ
= 0.

Also,

∥∥Rn,m
(
e2

1,0 + e2
0,1

)
–

(
z2 + y2)∥∥

ρ

= sup
(z,y)∈Iαnβm

|Rn,m(e2,0; z, y) + Rn,m(e0,2; z, y) – (z2 + y2)|
1 + z2 + y2

≤ 2
(

α2
n

n2 +
β2

m
m2

)
sup

(z,y)∈Iαnβm

1
1 + z2 + y2 + 4

(
αn

n
+

βm

m

)
sup

(z,y)∈Iαnβm

z + y
1 + z2 + y2 .

Thus, we have

lim
n,m→∞

∥∥Rn,m
(
e2

1,0 + e2
0,1

)
–

(
z2 + y2)∥∥

ρ
= 0.

Since all conditions of the bivariate Korovkin type theorem are satisfied, we arrive

lim
n,m→∞

∥∥Rn,m(μ) – μ
∥∥

ρ
= 0,

for all μ ∈ Ca
ρ(Iαnβm ). Consequently, the proof is complete. �
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Let Icd := [0, c] × [0, d] ⊂ Iαnβm . For μ(z, y) ∈ C(Icd), we give the complete modulus of
continuity as follows:

� (μ,γn,γm) = sup
{∣∣μ(u, v) – μ(z, y)

∣∣ : (u, v), (z, y) ∈ Icd,

|u – z| ≤ γn, |v – y| ≤ γm
}

where � (μ,γn,γm) verify the subsequent properties:

(1) � (μ,γn,γm) → 0, γn → 0,γm → 0

(2)
∣∣μ(u, v) – μ(z, y)

∣∣ ≤ � (μ,γn,γm)
(

1 +
|u – z|

γn

)(
1 +

|v – y|
γm

)
.

For the integers z and y, the partial modulus of continuity is given by

ω1(μ,γ ) = sup
{∣∣μ(u1, y) – μ(u2, y)

∣∣ : y ∈ [0, d], |u1 – u2| ≤ γ ,γ > 0
}

,

ω2(μ,γ ) = sup
{∣∣μ(z, v1) – μ(z, v2)

∣∣ : z ∈ [0, c], |v1 – v2| ≤ γ ,γ > 0
}

.

Let the space C2(Icd) denote the functions of μ such that ∂jμ
∂zj

, ∂jμ
∂yj

(j = 1, 2) belongs to C(Icd).
For μ ∈ C(Icd), the norm on C2(Icd) and Peetre’s K-functional are defined as follows:

‖μ‖C2(Icd) = ‖μ‖C(Icd) +
2∑

j=1

(∥∥∥∥
∂jμ

∂zj

∥∥∥∥
C(Icd)

+
∥∥∥∥
∂jμ

∂yj

∥∥∥∥
C(Icd)

)

and

K2(μ, ζ ) = inf
{‖μ – h‖C(Icd) + ζ‖h‖C2(Icd) : h ∈ C2(Icd)

}
,

respectively, where ζ > 0. Also, the following inequality:

K2(μ, ζ ) ≤ D ∗
ω2(μ,

√
ζ ) (2.3)

holds, where ∗
ω2(μ,

√
ζ ) denotes the second order of the modulus of continuity, and D > 0

is an absolute constant independent of μ, ζ and ∗
ω2.

Theorem 2.6 For any (z, y) ∈ Icd and all μ ∈ C(Icd), we arrive

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ 2�

(
μ,γn,m(z, y)

)
,

where γn = γn(z) =
√

Rn,m((e1,0 – z)2; z, y), γm = γm(y) =
√

Rn,m((e0,1 – y)2; z, y) and γn,m =
γn,m(z, y) =

√
γ 2

n (z) + γ 2
m(y).

Proof Taking into account the properties of � (μ,γn,m) and utilizing the linearity of the
operators (2.1) yield

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ =

∣∣Rn,m
(
μ(t, s); z, y

)
– Rn,m

(
μ(z, y); z, y

)∣∣
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≤ Rn,m
(∣∣μ(t, s) – μ(z, y)

∣∣; z, y
)

≤ Rn,m(�
(√

(e1,0 – z)2 + (e0,1 – y)2; z, y
)

≤ � (μ,γn,m)
[

1 +
1

γn,m
Rn,m

(√
(e1,0 – z)2 + (e0,1 – y)2; z, y

)]
.

Next, using the Cauchy–Schwarz inequality and Lemma 2.2, one can obtain

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

≤ � (μ,γn,m)
[

1 +
1

γn,m

(
Rn,m

(
(e1,0 – z)2 + (e0,1 – y)2; z, y

)) 1
2

]

= � (μ,γn,m)
[

1 +
1

γn,m

(
γ 2

n (z) + γ 2
m(y)

) 1
2

]

= 2�
(
μ,γn,m(z, y)

)
,

which gives the proof. �

Theorem 2.7 Suppose that the operators Rn,m(μ; z, y) are given by (2.1), and μ ∈ C(Icd).
Then the following relation verifies

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ 2

(
ω1(μ,γn) + ω2(μ,γm)

)
,

where γn = γn(z) and γm = γm(y) are given as in Theorem 2.6.

Proof Using the linearity of operators (2.1) and Lemma 2.2, we arrive

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

=
∣∣Rn,m

(
μ(t, s); z, y

)
– Rn,m

(
μ(z, y); z, y

)∣∣

≤ Rn,m
(∣∣μ(t, s) – μ(z, y)

∣∣; z, y
)

≤ Rn,m
(∣∣μ(t, s) – μ(z, s)

∣∣; z, y
)

+ Rn,m
(∣∣μ(z, s) – μ(z, y)

∣∣; z, y
)

≤ ω1(μ,γn)
[

1 +
1
γn

Rn,m
(|t – z|; z, y

)]

+ ω2(μ,γm)
[

1 +
1
γm

Rn,m
(|s – y|; z, y

)]
.

Utilizing the Cauchy–Schwarz inequality,

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ ω1(μ,γn)

[
1 +

1
γn

{
Rn,m

(
(e1,0 – z)2; z, y

)} 1
2

]

+ ω2(μ,γm)
[

1 +
1
γm

{
Rn,m

(
(e0,1 – y)2; z, y

)} 1
2

]
.

Hence, for all (z, y) ∈ Icd , taking γn = γn(z) and γm = γm(y) as in Theorem 2.6, we have the
proof of this theorem. �
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With the help of the Lipschitz class, we will also estimate the order of approximation of
operators (2.1). Let μ ∈ C(Icd), (z, y), (t, s) ∈ Icd and ϕ1,ϕ2 ∈ (0, 1] the class of Lipschitz for
the bivariate case is given by

LipL(μ;ϕ1,ϕ2) =
{
μ ∈ C(Icd) :

∣∣μ(t, s) – μ(z, y)
∣∣ ≤ L|t – z|ϕ1 |s – y|ϕ2

}
. (2.4)

Theorem 2.8 Suppose that μ ∈ LipL(μ;ϕ1,ϕ2). Then for all (z, y) ∈ Icd , we obtain

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ L

(
δn(z)

) ϕ1
2

(
δm(y)

) ϕ2
2 ,

where δn(z) and δm(y) are given as in Theorem 2.6.

Proof Using the linearity and monotonicity properties of operators (2.1), in view of
Lemma 2.2, it becomes

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ Rn,m

(∣∣μ(t, s) – μ(z, y)
∣∣; z, y

)

≤ LRn,m
(|t – z|ϕ1 |s – y|ϕ2 ; z, y

)

= LRn,m
(|t – z|ϕ1 ; z, y

)
Rn,m

(|s – y|ϕ2 ; z, y
)
.

Utilizing the Hölder’s inequality for (p1, q1) = ( 2
ϕ1

, 2
2–ϕ1

), (p2, q2) = ( 2
ϕ2

, 2
2–ϕ2

), one has

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ L

(
Rn,m

(
(e1,0 – z)2; z, y

) ϕ1
2 Rn,m(e0,0; z, y)

2–ϕ1
2

× Rn,m
(
(e0,1 – y)2; z, y

) ϕ2
2 Rn,m(e0,0; z, y)

2–ϕ2
2

)

≤ L
(
δn(z)

) ϕ1
2

(
δm(y)

) ϕ2
2 .

Hence, the proof is completed. �

Next, we will examine the degree of approximation of functions μ ∈ Ca
ρ on Iαnβm . Anal-

ogously as in [18], for each μ ∈ Ca
ρ , we consider the weighted modulus of continuity as

below:

�n,m(μ;γ1,γ2) = sup
|r|≤γ1,|s|≤γ2

(z,y)∈Iαnβm

|μ(z + r, y + s) – μ(z, y)|
ρ(r, s)ρ(z, y)

.

Additionally, �n,m(μ;γ1,γ2) → 0 for γ1 → 0, γ2 → 0. Also, for μ1 > 0, μ2 > 0, the following
relation satisfies

�n,m(μ;μ1γ1,μ2γ2) ≤ 4(1 + μ1)(1 + μ2)�n,m(μ;γ1,γ2).

Theorem 2.9 Let Rn,m(μ; z, y) operators be given by (2.1). For all μ ∈ Ca
ρ and n, m the

following inequality

sup
(z,y)∈Iαnβm

|Rn,m(μ; z, y) – μ(z, y)|
1 + z2 + y2 ≤ K�n,m

(
μ;

√
α2

n
n

,
√

β2
m

m

)

holds and is sufficiently large, where K > 0 is a constant.
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Proof For all (z, y) ∈ Iαnβm , (t, s) ∈ [0,∞) × [0,∞), using the definition of operators (2.1),
we get

∣∣Rn,m
(
μ(t, s); z, y

)
– μ(z, y)

∣∣

≤ Rn,m
(∣∣μ(t, s) – μ(z, y)

∣∣; z, y
)

≤ 8
(
1 + z2 + y2)�n,m(μ;γn,γm)Rn,m

(
B1(z)B2(y); z, y

)
, (2.5)

where

B1(z) =
(

1 +
|t – z|

γn

)(
1 + (t – z)2),

and

B2(y) =
(

1 +
|s – y|
γm

)(
1 + (s – y)2).

It is clear that since

B1(z) ≤
⎧
⎨

⎩
2(1 + γ 2

n ), |t – z| ≤ γn,

2(1 + γ 2
n ), |t – z| ≥ γn,

then for each z, t ∈ [0,∞), we derive

B1(z) ≤
{

1 +
(e1,0 – z)4

γ 4
n

}
. (2.6)

Analogously, we get

B2(y) ≤
{

1 +
(e0,1 – y)4

γ 4
m

}
. (2.7)

Using (2.6) and (2.7) in (2.5) yields

∣∣Rn,m
(
μ(t, s); z, y

)
– μ(z, y)

∣∣

≤ 4
(
1 + z2 + y2)�n,m(μ;γn,γm)

×
[

1 +
Rn,m((e1,0 – z)4; z, y)

γ 4
n

][
1 +

Rn,m((e0,1 – y)4; z, y)
γ 4

m

]

≤ 4
(
1 + z2 + y2)�n,m(μ;γn,γm)

×
[

1 +
144
γ 4

n

(
α2

n
n

)2][
1 +

144
γ 4

m

(
β2

m
m

)2]
.

Choosing γn =
√

α2
n

n , γm =
√

β2
m

m and taking the assumptions for the sequences (αn), (βm) in
(2.2), we get the proof of this theorem. �
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Theorem 2.10 Suppose that μ ∈ C(Icd). Then the following inequality satisfies

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

≤ N{ ∗
ω2

(
μ;

√
An,m(z, y)

)
+ min

{
1, An,m(z, y)‖μ‖C2(Icd)

}
+ �

(
μ; ξn,m(z, y)

)

where a constant N > 0 independent of μ and An,m(z, y). ξn,m =
√

( αn
n )2 + ( βm

m )2, An,m(z, y) =
γ 2

n (z) + γ 2
m(y) + ξ 2

n,m and γn(z), γm(y) are given by Theorem 2.6.

Proof Firstly, we consider the following auxiliary operators:

Rn,m(μ; z, y) = Rn,m(μ; z, y) – μ

(
z +

αn

n
, y +

βm

m

)
+ μ(z, y). (2.8)

It follows by Lemma 2.2 that

Rn,m(t – z; z, y) = 0 and Rn,m(s – y; z, y) = 0.

For μ ∈ C2(Icd), (s, t) ∈ Icd , using the Taylor expansion formula, we get

μ(s, t) – μ(z, y) = μ(s, y) – μ(z, y) + μ(s, t) – μ(s, y)

=
∂μ(z, y)

∂z
(s – z) +

∫ s

z
(s – u)

∂2μ(u, y)
∂2u

du

+
∂μ(z, y)

∂y
(t – y) +

∫ t

y
(t – v)

∂2μ(z, v)
∂2v

dv. (2.9)

Operating Rn,m on (2.9), it becomes

Rn,m(μ; z, y) – μ(z, y)

= Rn,m

(∫ s

z
(s – u)

∂2μ(u, y)
∂2u

du; z, y
)

+ Rn,m

(∫ t

y
(t – v)

∂2μ(z, v)
∂2v

dv; z, y
)

= Rn,m

(∫ s

z
(s – u)

∂2μ(u, y)
∂2u

du; z, y
)

–
∫ z+ αn

n

z

(
z +

αn

n
– u

)
∂2μ(u, y)

∂2u
du

+ Rn,m

(∫ t

y
(t – v)

∂2μ(z, v)
∂2v

dv; z, y
)

–
∫ y+ βm

m

y

(
y +

βm

m
– v

)
∂2μ(z, v)

∂2v
dv.

Hence,

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

≤ Rn,m

(∣∣∣∣
∫ s

z
|s – u|

∣∣∣∣
∂2μ(u, y)

∂2u

∣∣∣∣du
∣∣∣∣; z, y

)
+

∣∣∣∣
∫ z+ αn

n

z

∣∣∣∣z +
αn

n
– u

∣∣∣∣

∣∣∣∣
∂2μ(u, y)

∂2u

∣∣∣∣du
∣∣∣∣

+ Rn,m

(∣∣∣∣
∫ t

y
|t – v|

∣∣∣∣
∂2μ(z, v)

∂2v

∣∣∣∣dv
∣∣∣∣; z, y

)
+

∣∣∣∣
∫ y+ βm

m

y

∣∣∣∣y +
βm

m
– v

∣∣∣∣

∣∣∣∣
∂2μ(z, v)

∂2v

∣∣∣∣dv
∣∣∣∣

≤
{

Rn,m
(
(s – z)2; z, y

)
+

(
z +

αn

n
– z

)2
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+ Rn,m
(
(t – y)2; z, y

)
+

(
y +

βm

m
– y

)2}
‖μ‖C2(Icd).

Choosing ξn,m =
√

( αn
n )2 + ( βm

m )2, An,m(z, y) = γ 2
n (z) + γ 2

m(y) + ξ 2
n,m, we obtain

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣ ≤ An,m(z, y)‖μ‖C2(Icd). (2.10)

Additionally, using Lemma 2.2 and (2.1), (2.10), we derive

∣∣Rn,m(μ; z, y)
∣∣ ≤ ∣∣Rn,m(μ; z, y)

∣∣ +
∣∣∣∣μ

(
αn

n
,
βm

m

)∣∣∣∣ +
∣∣μ(z, y)

∣∣ ≤ 3‖μ‖C(Icd). (2.11)

Next, (2.1) and (2.11) yield

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

≤ ∣∣Rn,m(μ – h; z, y)
∣∣ +

∣∣Rn,m(h; z, y) – h(z, y)
∣∣

+
∣∣h(z, y) – μ(z, y)

∣∣ +
∣∣∣∣μ

(
αn

n
,
βm

m

)
– μ(z, y)

∣∣∣∣

≤ 4‖μ – h‖C(Icd) +
∣∣Rn(μ; z, y) – μ(z, y)

∣∣ +
∣∣∣∣μ

(
αn

n
,
βm

m

)
– μ(z, y)

∣∣∣∣

≤ (
4‖μ – h‖C(Icd) + An,m(z, y)‖h‖C2(Icd)

)
+ �

(
μ; ξn,m(z, y)

)
. (2.12)

Consequently, in (2.12), utilizing the infimum on the right-hand side over all μ ∈ C2(Icd)
and taking (2.3), we attain

∣∣Rn,m(μ; z, y) – μ(z, y)
∣∣

≤ N{ ∗
ω2

(
μ;

√
An,m(z, y)

)
+ min

{
1, An,m(z, y)‖μ‖C2(Icd)

}
+ �

(
μ; ξn,m(z, y)

)
.

Hence, the required result is obtained. �

3 The GBS type of Rn,m(μ; z, y)
The notion of the B-continuous and B-differentiable functions were firstly used by Bögel
[28, 29]. Dobrescu and Matei [30] proposed the Generalized Boolean Sum (GBS) type of
Bernstein operators. Next, Badea [31, 32] presented the B-continuous functions with the
GBS type operators. We refer readers to interesting research in this direction [33–38].

Let us now give some definitions that we will use in this section.
A function μ : U ×V →R, where U , V are compact intervals ofR. For any (z, y), (t0, s0) ∈

U × V , the mixed difference of μ is given as

φ(t0,s0)μ(z, y) = μ(z, y) – μ(z, s0) – μ(t0, y) + μ(t0, s0). (3.1)

If a real-valued function μ satisfies the following relation, it is called a Bögel-continuous
(B-continuous) at (t0, s0) ∈ U × V .

lim
(t0,s0)→(z,y)

φ(t0,s0)μ(z, y) = 0.



Aslan and Mursaleen Journal of Inequalities and Applications         (2022) 2022:26 Page 13 of 19

If the following limit denoted by DBμ(z, y) exists and is finite, then a function μ is called
a Bögel-differentiable (B-differentiable) at (t0, s0) ∈ U × V .

lim
(t0,s0)→(z,y)

φ(t0,s0)μ(z, y)
(t0 – z)(s0 – y)

= DBμ(z, y). (3.2)

Note that by Cb(U × V ) and Db(U × V ), we denote the sets of each B-continuous
and B-differentiable functions on U × V , respectively. Considering the definition of B-
continuous, one gets C(U × V ) ⊂ Cb(U × V ), see [39] for details.

A function μ : U × V → R is called a Bögel-bounded (B-bounded) on U × V if there
exists W > 0 such that |φ(t0,s0)μ(z, y)| ≤ W for all (t0, s0), (z, y) ∈ U × V .

Also, if U ×V is a compact subset ofR2, hence all Bögel-continuous functions are Bögel-
bounded on U × V →R.

Further, by Bb(U × V ), we denote the space of all B-bounded functions on U × V , and
it is endowed with the norm ‖μ‖B = sup(z,y),(t0,s0)∈U×V |φ(t0,s0)μ(z, y)|.

For μ ∈ Bb(Iαnβm ), the mixed modulus of smoothness is defined as:

ωmixed(μ; δ1, δ2) := sup
{∣∣φ(t0,s0)μ(z, y)

∣∣ : |t0 – z| < δ1, |s0 – y| < δ2
}

,

where (z, y), (t0, s0) ∈ U ×V and δ1, δ2 ∈ R
+. Also, for all λ1,λ2 ≥ 0, the following inequality

holds

ωmixed(μ;λ1δ1,λ2δ2) ≤ (1 + λ1)(1 + λ2)ωmixed(μ; δ1, δ2), (3.3)

for more details, see [31, 32].
Let Cb(Icd) denote the set of all Bögel-continuous functions on Icd . For μ ∈ Cb(Icd), the

Lipschitz class LipL(ϕ1,ϕ2) by L > 0, (z, y), (t0, s0) ∈ Icd and ϕ1,ϕ2 ∈ (0, 1] is given by

LipL(ϕ1,ϕ2) =
{
μ ∈ Cb(Icd) :

∣∣φ(t0,s0)μ(z, y)
∣∣ ≤ L|t0 – z|ϕ1 |s0 – y|ϕ2

}
.

Now, we construct the associated GBS type of operators (2.1). For n, m ∈ N, for each
(z, y) ∈ U × V and any μ ∈ Cb(Icd), we derive

Gn,m(μ; z, y) = Rn,m
(
μ(z, s0) + μ(t0, y) – μ(t0, s0); z, y

)
.

Exactly, for any (z, y) ∈ Icd and μ ∈ Cb(Icd), the GBS type operators related to the Rn,m

operators are defined as:

Gn,m(μ; z, y)

=
n
αn

m
βm

n∑

k=0

m∑

j=0

Pn,m,k,j

(
z
αn

,
y

βm

)

×
∫ ∞

0

∫ ∞

0
Sn,m,k,j

(
t
αn

,
s

βm

)[
μ(z, s0) + μ(t0, y) – μ(t0, s0)

]
dt0 ds0. (3.4)

It is clear that the operators given by (3.4) are positive and linear.
Now, with the help of the mixed modulus of continuity, we will estimate the degree of

approximation of operators (3.4).
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Theorem 3.1 Let μ ∈ Cb(Icd). Then for each (z, y) ∈ Icd and n, m ∈N, we arrive

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣ ≤ 8ωmixed

(
μ;

√
α2

n/n,
√

β2
m/m

)
.

Proof In view of (3.3), we get

∣∣φ(t0,s0)μ(z, y)
∣∣ ≤ ωmixed

(
μ; |t0 – z|, |s0 – y|)

≤
(

1 +
|t0 – z|

δ1

)(
1 +

|s0 – y|
δ2

)
ωmixed(μ; δ1, δ2), (3.5)

where (z, y), (t0, s0) ∈ Icd , and δ1, δ2 ∈R
+.

From (3.1), it is clear that

Gn,m(μ; z, y) – μ(z, y) = –Rn,m
(
φ(t0,s0)μ(z, y); z, y

)
. (3.6)

Utilizing the Cauchy–Schwarz inequality to (3.6) and using (3.5) and Lemma 2.2 yield

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣

≤ Rn,m
(∣∣φ(t0,s0)μ(z, y)

∣∣; z, y
)

≤
(

Rn,m(e0,0; z, y) + δ–1
1

√
Rn,m

(
(t0 – z)2; z, y

)
+ δ–1

2

√
Rn,m

(
(s0 – y)2; z, y

)

+
1

δ1δ2

√
Rn,m

(
(t0 – z)2; z, y

)
Rn,m

(
(s0 – y)2; z, y

))
ωmixed(μ; δ1, δ2).

Using Lemma 2.4 and choosing δ1 =
√

α2
n/n and δ2 =

√
β2

m/m, we obtain the proof. �

The next result gives the order of convergence of operators (3.4) in connection with the
Lipschitz type class.

Theorem 3.2 Let μ ∈ LipL(ϕ1,ϕ2). For any (z, y) ∈ Icd , L > 0 and ϕ1,ϕ2 ∈ (0, 1], we derive

∣∣Gn,m(μ; z, y) – μ(x, y)
∣∣ ≤ L

(
δn(z)

) ϕ1
2

(
δm(y)

) ϕ2
2 ,

where δn(z) and δm(y) are given as in Theorem 2.6.

Proof From (3.6), we get

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣ ≤ Rn,m

(∣∣φ(t0,s0)μ(z, y)
∣∣; z, y

)

≤ LRn,m
(|t0 – z|ϕ1 |s0 – y|ϕ2 ; z, y

)

= LRn,m
(|t0 – z|ϕ1 ; z, y

)
Rn,m

(|s0 – y|ϕ2 ; z, y
)
.

Utilizing the Hölder’s inequality with (p1, q1) = ( 2
ϕ1

, 2
2–ϕ1

), (p2, q2) = ( 2
ϕ2

, 2
2–ϕ2

) and Lem-
ma 2.2, we derive

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣ ≤ L

(
Rn,m

(
(t0 – z)2; z, y

) ϕ1
2 Rn,m(e0,0; z, y)

2–ϕ1
2



Aslan and Mursaleen Journal of Inequalities and Applications         (2022) 2022:26 Page 15 of 19

× Rn,m
(
(s0 – y)2; z, y

) ϕ2
2 Rn,m(e0,0; z, y)

2–ϕ2
2

)

≤ L
(
δn(z)

) ϕ1
2

(
δm(y)

) ϕ2
2 .

Hence, the proof is complete. �

Theorem 3.3 Let μ ∈ Db(Icd) with DBμ ∈ B(Icd) (the set of every bounded function on Icd).
There exists a constant C > 0 such that for all (z, y) ∈ Icd , one has

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣ ≤ C

√
α2

n
n

β2
m

m

(
‖DBμ‖∞ + ωmixed

(
DBμ;

√
α2

n
n

,
√

β2
m

m

))
.

Proof For μ ∈ Db(Icd), we get

φ(t0,s0)μ(z, y) = (z – t0)(y – s0)DBμ(u, v), (t0 < u < z and s0 < v < y),

see details in [39]. Therefore,

DBμ(u, v) = φ(t0,s0)DBμ(u, v) + DBμ(u, y) + DBμ(z, v) – DBμ(z, y). (3.7)

Since DBμ ∈ B(Icd), then using (3.7), we may write

∣∣Rn,m
(
φ(t0,s0)μ(z, y); z, y

)∣∣

=
∣∣Rn,m

(
(z – t0)(y – s0)DBμ(u, v); z, y

)∣∣

≤ Rn,m
(|z – t0||y – s0|

∣∣DBμ(u, v)
∣∣; z, y

)

+ Rn,m(|z – t0||y – s0|
(∣∣DBμ(u, y)

∣∣ +
∣∣DBμ(z, v)

∣∣ +
∣∣DBμ(z, y)

∣∣; z, y
)

≤ Rn,m
(|z – t0||y – s0|ωmixed

(
DBμ; |u – z|, |v – y|); z, y

)

+ 3‖DBμ‖∞Rn,m
(|z – t0||y – s0|; z, y

)
. (3.8)

From (3.3), we get

ωmixed
(
DBμ; |u – z|, |v – y|)

= ωmixed
(
DBμ; |t0 – z|, |s0 – y|)

≤
(

1 +
1
γn

|t0 – z|
)(

1 +
1
γm

|s0 – y|
)

ωmixed(DBμ;γn,γm). (3.9)

Taking into account (3.8) and (3.9) and utilizing the Cauchy–Schwarz inequality, we get

∣∣Gn,m(μ; z, y) – μ(z, y)
∣∣

=
∣∣Rn,m

(
φ(t0,s0)μ(z, y); z, y

)∣∣

≤ 3‖DBμ‖∞
√

Rn,m
(
(z – t0)2(y – s0)2; z, y

)

+
[

Rn,m
(|z – t0||y – s0|; z, y

)
+

1
γn

Rn,m
(
(z – t0)2|y – s0|; z, y

)
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+
1
γm

Rn,m
(|z – t0|(y – s0)2; z, y

)

+
1

γnγm
Rn,m

(
(z – t0)2(y – s0)2; z, y

)]
ωmixed(DBμ;γn,γm)

≤ 3‖DBμ‖∞
√

Rn,m
(
(z – t0)2(y – s0)2; z, y

)

+
[√

Rn,m
(
(z – t0)2(y – s0)2; z, y

)
+

1
γn

√
Rn,m

(
(z – t0)4(y – s0)2; z, y

)

+
1
γm

√
Rn,m

(
(z – t0)2(y – s0)4; z, y

)

+
1

γnγm
Rn,m

(
(z – t0)2(y – s0)2; z, y

)]
ωmixed(DBμ;γn,γm).

Moreover, for (t0, s0), (z, y) ∈ Icd and α,β ∈ {1, 2}, we have

Rn,m
(
(z – t0)2α(y – s0)2β ; z, y

)
= Rn,m

(
(z – t0)2α ; z, y

) × Rn,m
(
(y – s0)2β ; z, y

)
.

From Lemma 2.4, choosing γn =
√

α2
n

n , γm =
√

β2
m

m and taking the assumptions for the se-
quences (αn), (βm) in (2.2), we have the desired result. �

4 Graphics and error estimation tables
In this section, with the help of Maple software, we compare the convergence of operators
(2.1) and (3.4) to the certain functions μ(z, y).

Example 4.1 Let μ(z, y) = y2e– z
3 (yellow). In Fig. 1, we illustrate the convergence of op-

erators (2.1) to μ(z, y) = y2e– z
3 for n, m = 5 (red), n, m = 10 (blue), n, m = 30 (green),

αn = ln(n + 1) and βm = ln(m + 1). In Table 1, we also estimate the error estimation of
operators (2.1) to μ(z, y) for n, m = 20, 50, 150, respectively.

Figure 1 The convergence of operators Rn,m to μ(z, y) = y2e–
z
3 (yellow) for n =m = 5 (red), n =m = 10 (blue),

n =m = 30 (green)
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Table 1 Error of approximation of the operators Rn,m to μ(z, y) = y2e–
z
3 for n =m = 20, 50, 150

(z, y) |R20,20(μ; z, y) –μ(z, y)| |R50,50(μ; z, y) –μ(z, y)| |R150,150(μ; z, y) –μ(z, y)|
(0.3, 1.5) 0.6435472188 0.3410782433 0.1480568422
(1.9, 1.9) 0.4745681594 0.2558711297 0.1123356802
(0.8, 1.1) 0.4485584185 0.2328299145 0.0996229187
(1.0, 1.0) 0.3930734882 0.2028217122 0.0864267340
(1.7, 1.2) 0.3646211418 0.1901662382 0.0816144751
(0.5, 0.5) 0.2658423955 0.1317683536 0.0546119918
(0.7, 0.2) 0.1252365581 0.0571437271 0.0222797449
(0.1, 0.1) 0.0979546553 0.0409096770 0.0147769533

Figure 2 The convergence of operators Rn,m (green) and Gn,m (purple) to μ(z, y) = 3
2 – zye

– y2 (yellow) for
n =m = 10

Table 2 Error of approximation of the operators Rn,m and Gn,m to μ(z, y) = 3
2 – zye

– y
2 for n =m = 35

(z, y) |R35,35(μ; z, y) –μ(z, y)| |G35,35(μ; z, y) –μ(z, y)|
(0.1, 1.9) 0.06428470976 0.002120692726
(1.8, 0.7) 0.06139758399 0.000754980516
(0.4, 1.8) 0.05735796320 0.002090527419
(0.9, 0.9) 0.05065017152 0.000280609201
(0.2, 0.6) 0.04596062125 0.001407297777
(1.2, 1.2) 0.04357712171 0.001298623143
(0.3, 0.3) 0.04113235500 0.004038057284
(1.5, 1.5) 0.03465505561 0.001851367364

Figure 1 clearly shows that since the values of n, m increase, the order of convergence
of operators (2.1) to μ(z, y) becomes better. Further, from Table 1, it is obvious that as the
values of n, m are increasing, the absolute difference between operators (2.1) and μ(z, y) =
y2e– z

3 is decreasing.

Example 4.2 Let μ(z, y) = 3
2 – zye– y

2 (yellow). In Fig. 2, we compare the convergence of
operators (2.1) (green) and (3.4) (purple) to the function μ(z, y) = 3

2 – zye– y
2 with n, m = 10

and αn = 3√n, βm = 3√m. Also, in Table 2, we compute the error estimation of operators
(2.1) and (3.4) to μ(z, y) for n = m = 35 and certain values of 0 ≤ z, y ≤ 2.
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If Fig. 2 and Table 2 are analyzed in detail, it becomes obvious that the GBS type opera-
tors (3.4) are approximated much better than operators (2.1).
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24. Taşdelen, F., Olgun, A., Başcanbaz-Tunca, G.: Approximation of functions of two variables by certain linear positive
operators. Proc. Math. Sci. 117, 387–399 (2007)

25. Delvos, F.J., Schempp, W.: Boolean Methods in Interpolation and Approximation. Longman, Harlow (1989)
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