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1 Introduction
An identity due to Montgomery is used to acquire various novel inequalities, for example,
Ostrowski type inequality, trapezoid inequality, Mohajani inequality, Cebysév and Griiss
inequalities.

The Montgomery identity given by Pecaric in [18] is expressed as follows:

Letg:[c1,d1] > Rand g :[c1,d1] — R be integrable, then

1 dy dy ,
¢ - [ erdp+ [ Reupg @) )
1—C Jg (4]
where
2L o <p<u,
R(x,p) =] @1-a -5 =
(x p) 51_:11611’ x<p§d1

Pecari¢ [20] obtained the weighted form of Montgomery identity which states that, for
any x € [¢1,d1],

dp dy
2 - / APep)dp + f Ree ) () dp, @)
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where g: [c1,d1] — R is differentiable on [c;,d1], g : [c1,d1] — R is integrable on [¢,d;],
and z: [c1,d;] — [0,00) is some normalized weight function, which satisfy f:lil z(p)dp =
1, and Z(p) = ffi z(x) dx for p € [c1,d1], Z(p) = 0 for p < ¢1, and Z(p) = 1 for p > d;. The
weighted Peano kernel is

Riep) - 20r aspsni
Z(p)-1, x<p<d.

The theory of time scales was firstly presented by S. Hilger in 1988. With the help of time
scale theory, difference and differential equations are solved by a unified approach. The
solutions are obtained for a real-valued functions on a closed subset T of R by extending
the standard methods of calculus. Based on time scales theory [7, 9, 10], further studies
on integral inequalities on time scales are noted in literature. Bohner and Matthews [8]
used time scale theory as a reference to obtain the time-scaled Montgomery identity and
particular Ostrowski inequality.

Theorem 1 ([8, Lemma3.1]) Letcy,dy,s,p €T, c1 <dr,andg:[c1,dilr =[c1,di](1T— R
be differentiable, then

1 dy dy
glp) = —/ g7 (s)As + / R(p,s)gA(s)As, (3)
dl—C1 o d1—01 c]
where
s—¢, C1=<S=<p,
R(p,s) = .
®:5) {s—dl, p<s=<d }

The weighted Montgomery identity given in [21] on time scales is stated as follows.

Theorem2 Letcy,dy,s,p € T,c1 <dy,andg:[c1,di]r = [c1,d1] (T — R bedifferentiable,

then
dy dy
g(p) = / 2(s)g% (s) As + / R.(p,5)g" (s)As, (4)
where
_ Z(S), C1 <s EP:
Relp.s) = {Z(s)—l, p<s<d }’ )
and z: [c1,di]r — [0,00), [ 2(p)Ap =1,
JE2x)Ax, peledi],
Z(p)=40, p<ci, (6)

1, p>d

In this paper, an extension of Montgomery identity (3) is obtained by using the time scale
versions of Taylor series which can be found in [1, 2, 11]. The obtained Montgomery iden-
tity [3, 14—17] is further used for time-scaled trapezoid and Ostrowski type inequalities
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[5,6,12, 19, 22]. Additionally, uncommon instances of Ostrowski inequality include a gen-
eralized mid-point inequality. Finally, the extension of (4) and the respective Ostrowski
inequality is discussed.

2 Preliminary results

Some basic essentials regarding theory of time scales can be found in [7, 9, 10]. Few of
which are given here: Generalized polynomials on time scales are the functions u,v; :
T? - R,l € Ny defined recursively as follows: uo(p,s) = vo(p,s) = 1, Vp,s € T and for given
u;, v; with [ € Ny,

P p
vl+1(p,s)=/ vi(t,s)AT, um(p,s):f u;(o(t),s)Ar.

If le (p,s) presents each fixed s € T, the derivative for v;,1(p, s) with respect to p is

Vi (0,5) = vi(p, s), uly,(p,s) = ul(o (p),s) forleNy,pe T,

where

T* - T - (p(supT),supT] if supT < oo, ‘
T if supT = oo.

Also

vi(p,s) = (=1)'wi(s, p)-
Taylor formula for random time scale T is stated below.

Theorem 3 ([9, Theorem 1.113]) Let m € N, g be m times differentiable on TK" . Let a €
']I‘kmil,p € T, then we have

“l . ) N
@) =>_vlp )" (a)+/ Vo1 (o (1))g™" (1) AT, @)
1=0 o

where v;: T> — R, [ € N represents the generalized polynomial defined above.

In order to deal with double integrals on time sales, Bassak Karpuz [13, Lemma 1] proved
the following result for exchange of integrals.

Lemma 1 Assumes,p € T and G € C,y(T x T,R). Then

/Sp/:G(n,%‘)ASAn:/Sp/SU(E) G(n, E)AnAE.

In a similar fashion, results obtained are shown below.

Lemma 2 Assume s,p € T and G € C,y(T x T,R). Then

/SP/S”G(U,S)AéAn :/sp/:;) G(n,&)AnAE.
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Proof Let

) = /SP/SHG(n,S)AEAn—/SP/;) Gln, &) AnAE

for p € T. Then, by taking derivative and applying [9, Theorem 1.117], we have

@)= (/SP/S" G(n,s)ASAn)A - (/sp/:@ G(mé)AnAé)A

p P9 » a(p)
- [roone- [T Z([ rwonan)ac- [ rooan

¢w= [ rwose- [ f.ose-o
which proved the required result. d
Remark 1 From [9, Theorem 1.109], it is straightforward that

um(pl(p),p) =0 VmeN,O<IlI<m-1.
Lemma 3 The functions u,,, m € N defined above satisfy, for all p € T,

un(p,p'(p)) =0 YmeN,0<l<m-1. (8)
Proof Here, the induction method is used to prove the result. For [ =0,

tm(p, °(P)) = tim(p,p) = 0.
To conclude the induction, it will be sufficient that

um_l(p,pl(p)) =t (ps ,ol(p)) =0, 0<l<m,
implies that

tn(p, 07 () = 0.
If p!(p) is left-dense, then p™*1(p) = p'(p) so that

(0" (D)) = (1, 9! (p)) = 0.

If p!(p) is not left-dense, then it is left-scattered and o (p'*!(p)) = p!(p), therefore by [9,
Theorem 1.16(iv)] we have

(£, P (P)) = (00 (0" () = 1 (0™ @) i (0, 7 (P))
(P, 0' () — (0" (B)) thrn—1 (2, (07} (0)))
= um(p, P' ) — 1 (p" @) thnr (P, 0™ (0)) = 0.

It proves our claim. d
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The lemma shown below is helpful in proving the main result.

Lemma 4 The function v, for p € T satisfies
vu(0'(®),0(p)) =0, YmeN,0<l<m-2. )

Proof By using Lemma 3, we can write u,,(p, p'(p)) =0 Vm € N, 0 <[ < m — 1. It is known
that v,,(p, s) = (=1)"u,,(s, p), Vm € N. Thus we have

Vm(pl(p),p) =0, VmeN,0<[<m-1.
By using [9, Theorem 1.16 (iv)],

Vin (PZ(P),U(P)) =Vm (PI(P),P) + 1(P)Vm (PZ(P)»P)
= Vu(p'(p)o@) =0, VmeN,0<l<m-2. O

3 Generalization of Montgomery identity on time scales
Theorem 4 Let m € N, g be m times differentiable on ", Let p €T, then we have

dy
gp) ! / g7 (s)As

dy—c c1

12 . p
e e (Cl){Vl+1(p»cl)(p_C1)_/ Vl+1(0'(5)rcl)AS}

=0 c1
= +1 P
+ 4, icl lgongl (dl){/‘;l V1+1(O'(S),d1)As_ vis(p, d1)(p _dl)}
1 di .
"d Qb g™ (MAT, (10)
1—C Jg
where
Qup,T) = Vi1 (P 0 (D) = ¢1) = /;mfe,(,) Vm-1(o (s),0 (1)) As, T € [c1,p),
Vi1 (0 ()P = d1) = [0,y Vin1(0(5), 0 (7)) As, T € [p,da].

Proof Suppose that g2 is m — 1 times differentiable, then by replacing m with m — 1, g with
g%,and a = ¢; in (7), we have

m2 I+1 pm_z m
0= 2 uele® @+ [ valpo () @ar. (1
=0 a

Replace ¢; with d; in (11) to get

2 I+1 pm*Z(p) m
¢ 0) =L ipdg™ @)+ [ vapo@)e @ar. (12)

1=0 1
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We can rewrite (3) as

1 d1 1 P
e = g [ s = [t

1—C1 Jg
1
dy—c;

dy
f (s— di)g*(5)As.
P

By using (11) and (12) in (13),

/ “ g7 (s)As

1

gp) =

di—ca

1 = \
b [ L u et @as
=0

dl -G c]

m-2

dy
(s—d) D wils,d)g®" () As
1=0

1
+
dl—Cl p

1 p p"72(s) "
+ / (s— cl)/ Vm,z(s,a(f))gA (t)AtAs
dl —C1 c1 c1

d

1

m—2(s)

By making calculations for integral in (14),

p m-2 .
/ (s—c) Y wls e () As
a 1=0

c1

1 p
=y (61)/ (s — c1)vils, c1) As
=0

. 4
= ZgAl I(Cl)/ V1A+1(5,C1)V1(S,61)AS
=0

1

1 p
=28Al+ (01){V1+1(p,c1)v1(10,61)—/ V;+1(a(s),cl)As}
-0

1

AL+l

p
= g (Cl){Vl+1(P,C1)(P_Cl)—/ V1+1(0(S)»01)AS}~

Similarly (15) gives
2 2 Al+l
[ -0 Y ntsdg™ @as
L4 =0
m=2 p

_ A/+l
> (dl){ [

1=0 1

Vi1 (o(s),di) As = vi (p,di)(p - dl)}.

1 d1
_ (s—d1) / Vi (s,o(r))gAm(r)ArAs.
dy - p o

(13)

(14)

(15)

(16)

(17)

(18)

(19)

Page 6 of 17
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By using Lemma 2, integral in (16) takes the following form:

p P"2(s)
/ (s—cl)/ Vm_g(S,O'(T))gAm(T)A‘L'AS

1 1

14 '4
:/ gAm(T)/ (s — c1)Vm-a(s,0(1)) AsAt
1 p"=3(1)

P 4
=/ gAm(T)/ V,An_l(s,d(r))vl(s, c1)AsAT
c1 P

m—3(.,;)

»
:/ gAm(T){VmJ(P,U(T))Vl(P»Cl)—mel(PM_B(T):U(T))Vl(Pm_g(f),Cl)}AT

1

y p
—/ gAm(T)/ V-1 (0 (s),0 (1)) AsAt.
1 p"=3(2)

Lemma 4 implies v,,_1 (0" (1), 0 (7)) = 0.

é/ (s—cl)/ vm 2(s,0(1))g A" (1) AT As

P

:/ A (T){vml(p,o(r))(p—cl)—/ ()vml(a(s),a(r))As}Ar. (20)
c1 pm=3(¢

Similarly, we have

m—2 (s)

& d
/ (s—dl)/ vm,z(s,o(r))gAm(r)ArAs
» o

P p"2(s) "
=/ (s—di) V2 (5,0 (2))g" () AT As
d di

ro p
:/ ' (T){Vm1(p,0(f))(lﬂ—d1)—/ vm1(a(s),0(r))As}Ar
d p™"=3(1)

a P
= —/ g (T){le(p:ﬁ(f))(lﬂ—dﬂ —/ vml(a(s),a(r))As}Ar. (21)
p p"3(1)
Use (18)—(21) in (14)—(17) respectively to get the ideal outcome. a
Example 1
« Byusing T =R in (10), we get [4, Remark 1].
« For T =7, (10) transforms as
g =
s=c1+1
Z Algien | L= - o)’ pr1-c)?
di - & g 0! [+ 1)!
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(I+1) 0
ZA’ (dl){(”” )" (p-d)p-d) }

91 )
d1-1
2(1)Qum(p, ),
T=C1
where
c T m-1) .
Qup,7) = [w Sfm+3sm)1)v ’ TE[Cl,p),:|
m T m—1 (m 1)
M Zs T-m+3 Tl)" TE [p,dl].
« For T = g%, ¢ > 1, (10) takes the form
qld,
_q-1
§@) “di-¢ ;1: sf(gs)
-
P-q"c)p- s~ l)"i’ 1_1[ 7 le)
V=0 Zu- = oo Z“Oql‘
1
+
dl —C1
m-1 alp -1 S qu—ld) (p qu )(p d)
_ L ) )
X Z q(g-1) Zsl_[ & 1_[ }
=1 { s=d; v=0 le=0 qﬂ v=0 # Oqu
7l
Z A"g(T)Qu(p; ),
1 —-C
T=C1
where
m v+l 1 " .
)_ l—lv 02(‘”4(;‘01) q_l)zzqgmt l_[\; Ozi(:vq L;TG[Cl, ),
Qm(p;f = @

-2 _U+1 (pd) q
[T 42t (g - )XY, sTTVS 5% 7 € [pidi)

Corollary 1 Using Theorem 4 and the corresponding conditions, we get the following gen-
eralized trapezoid inequality:

g(c1) +g(dh) 1 /dl i
- A
2 di-c e g7 (s)As

m-2 d
1 Al+1 1
_ m 2 g (Cl){vl+1(d1,C1)(d1 —c) - /El Vl+1(G(S),Cl)As}
1 2 I+1 a
- ) g (dl){—/ Vi1 (0 (s),di) As — vy (er, di)(cr _dl)}
2y~ 1) 5 al

< s Amll( " |Qnent) + Quldn1)['A % o)
< sl ([ lesern+ Quannfar )

Page 8 of 17
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Proof For the generalized trapezoid inequality, replace p = ¢; and p = d; in (10) to get the
accompanying structures

dy
gl) = / & ()As

1

1 m-2

dy
+ di—cr ZgAM (dl){—/ Vl+1(0(5)yd1)AS— viri(er,di)(a —d1)}

=0 ‘1

+

Qulci, T 7)AT 23
1 C1 1 ! g

and

1 [
) = / FOIN 4)

+

1 2 1+1 @
ZgA (cl){Vl+1(d1:cl)(d1 -c1) —/ Vl+1(U(S),C1)AS} (25)
=0 51

di—c —

1 &
+

y Quldi, 1)g™" (v) AT, (26)
1—C1 Jg

Add (23) and (24) and divide the resultant by 2 to get

d d1
ﬂm;ﬂﬂ_miq/ £()As
1 nigyu(c ){v (di,c1))di— 1) /dl v (o (s),c )As}
T 2dy—cy) b+ ’ - - I+ »
2(d1 - c1) pn 1 1@, e)ldr —a ; 1 1
_;mz_zgﬂu(d){_/dlv (0(s),dr) As = v (1, di)(c —d)}
Z(dl - Cl) — 1 o I+1 » 41 1+1\C1, ad1)\C1 1
1 @ ;
T di—a) [Qulc1, T) + Quldy, T)]g™" (T)ArT. (27)

By using Holder’s inequality on (27), we get

g°(s)As

gle)+gldy) 1 /dl
2 d1 —-C

1

m-2 d
1 Al 1
- m L g (Cl){Vl+1(d1,C1)(d1 -c1) - /61 Vl+1(0(5)rCl)AS}
1 2 I+1 4
- 3" (dl){_/ vie1(o(s),dr) As — vy (cr,di)(cr —dl)}
2(d1 —c1) -0 cl

d 1
< el ([ I+ Qe nfar )

Page 9 of 17
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which is the required trapezoid inequality, where
Qm(cl) T) + Qm(dh T)
p"3(x) dy
=-2 |:— / Vi1 (o (s), 0(7:)) As + / Vi1 (O‘ (s), O'(‘L'))AS]
a p"=3(1)

+ Vm—l(Cl»U(f))(Cl —di)+ Vm—l(dlyff(f))(dl -c1). O

Remark 2 If m =2 and g =1 in Corollary 1, (22) takes the form

‘g(q) +g(dy) 1 /dl

— 9(s)A
2 dl—Cl g (S) $

1

e )2—/d1(o(s)—c )as)
2(d1—cl) 1 1 1 1

1

S ST ){—/dl(a(s)—d )As—(c1 —d )2}
2di—c1)® ! 14

1

1 A2 a1
< s le IIOqu |Qule1,7) + Quld, )| A,
where
Qa(c1, 7) + Qa(dy, 7)

) di
= —2|:—fp " (U(s),a(r))As+f vl(a(s),a(r))As:|

1 p~L(r)

+V1 (0170(7))(61 —di)+n (dha(f))(dl -c1).
Remark 3 By using T = R in (22), we get [4, Remark 3].

3.1 Ostrowski type inequality

Theorem 5 Considering all taken assumptions of Theorem 4 hold, suppose that (r,q) is a

. . . 1 1 _
pair of conjugate exponents, that is, 1 <r,q <00, + ;=L Then we have

dy
) - — / & (5)As (28)

dy—¢ 1

1 m-2

_ s ZgAlH (cl){vl+1(p,c1)(p—c1) _/

I= 1

P

Vil (a (s), cl)As}

0
m-2
1
0

1 p
S ZgAl+ (d1){/d Vi1 (o (s),dr) As — via(p,dh)(p _dl)}‘
I= 1

d !
= a1 ([ enwoltar)” o

dy—q

The constant (f;fl |Qum(p; r)|qAr)$ is sharp for 1 < r < 0o and the best possible forr = 1.
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Proof Employing identity (10) and Hélder’s inequality, the following is obtained:

1 (4
- 7(s)As
g(p) dl —-C /C‘l g ( )

1 w2 I+1 P
s %ng (c1>{w+1(p,c1><p—cl) - / v;+1(o(s),c1)As}

1

m-2

I+1 P
d; icl ZgA (dl){/d‘ Vl+1(0(3)yd1)AS—V[+1(p,d1)(p—d1)}‘

1=0

1 A d . :
= e e L([ o)

di -

Denote D(t) = Q,u(p, ). To verify the sharpness of the constant (fc‘f1 |D1(r)|‘1Ar)%, a
function g is constructed for which the correspondence in (28) is obtained.
For 1 <7 < 00, take g with the end goal which states that

1
r-1

g~" (1) = sgn Dy (x).|Di (1)

For r = 0o, take

" (1) = sgn Dy (x).

For r = 1, it will be proved that

Di(r)g®" (r)AT §T€1[1611a2] |D1(r)|(/ |gA (r)|Ar> (30)

1

1

is the optimal inequality. Suppose that |D;(t)| is maximum for 7y € [¢1,d1]7. First assume
that D; (o) > 0 and for € such that 0 < € < d; — 79; define g.(-) by

0, 1 <1< 7T,
(M) =1 tvu(t, 1),  Tw=T<T+E¢
(T, 70), To+€<T <d).

For 79 < 7 < 19 + €, the expression for derivatives is

1 1
gé(r) = gVﬁ(T»To) = ng—l(T:TO);

1 1
g!(r) = gVﬁ_l(T, To) = ng-z(f,Tol

Similarly, for m — th derivative,

. 1 1
287 (1) = ~Vym(t,70) = ~vo(7, 70)

cvo=1

M| = M

Page 11 of 17
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Fortg+e <t <dj,

1 1
gé(T) = ZV,A,H(T: Tp) = va_Z(T’ ),
1 1
FAGE ;Vﬁ,_z(fy %) = — V-3 (T, T0)
and

m-m

m 1 1
ggA (r)= =v2_ (1,70) = —V§ =0.
m m

For € small enough,

dy

. TQ+E 1 1 T0+€
Di(1)g™" (r)At| = Di(t)=At|== Di(1)At.
c1 70 € € 70

(30) gives

1 T0t+€ T0+€ 1

| nwar o) [ Zar =Dy,

€ Jy w €
Since

T0+€
lim — Di(t)A1 = D1(19).
e—>0 € 70

Hence we have proved that equation (30) is an optimal inequality. For D; (7o) < 0, we take
Lm-1(T,To+€), €1 <1 <10,
(M) =1 Zvult,0+€), TST=To+E,

0, Tot+te<t1<d.

To obtain a solution of the above function when D1 (zp) < 0, a similar method can be used
as for D;(19) > 0. O

Corollary 2 Considering taken conditions for Theorem 5 hold, for r = 1, we have

1
g@)—m/ g°(s)As

1

1 m-2

I+1 4
“da > et (61){Vz+1(p,cl)(p—cl)—/ Vl+1(0(s)»cl)AS}

=0 ‘1

1 m-2 i p
A ZgA+ (dl){fd V1+1(0(S),d1)AS—V1+1(10,d1)(p—d1)”
1=0 1

1
<

Tdi-a

’

o | max{

4
V-1 (ps o (c1))(p - c1) - / Vi-1(0(s), 0 (c1)) As

p"M=3(c1)

P
M4@JMM@—%F/1 Vs (0(5), () As

p"=3(dy)

}. (31)

Page 12 of 17
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Proof By using (10),
dy
/ ’Qm(p: 7) ’th
a1

P dy
=/ |Qm(p,f)|qAr+/ |Qu(p,T)|" AT
1 p

p p q
=/ vm_l(p,a(r))(p—cl)—/ Vin-1(0(s),0(x))As| At
c1 0"=3(x)
dy P q
+/ vm_l(p,a(r))(p—dl)—/ Vim-1(0(s),0 (1)) As| AT,
P p"=3(1)
r=1= q =00, and we have
sup  |Qu(p, 7|
t€lc1,di]
p
:max{ sup vm_l(p,a(t))(p—cl)—/ vm_l(o(s),o(t))As,
tefc1,p] p™"=3(z)
p
sup s (40 () - ) - [ vm_l(a(s»a(r))m}
telp,di] p"=3(x)

’

4
Vot (0 (1)) (7 = 1) - / Vot (0(5), 0 (c1)) As

p"=3(cy)

By using the above expression in (28), we get (31). d

= max{

Vi1 (pr 0 (dh)) (p — dh) - /P Vim-1(0(s),0(d1)) As

p™M=3(d1)

Remark 4 Choose m =2 in Corollary 2. In this case (31) takes the form

1 @ 1 P
’g@)—m/c; gG(S)AS—HgA(Cl){(P—Cl)Z—/ (U(S)—Cl)AS}

1

A ’ _ a2
2 (dy) / (0(5) =) As— (p— db)
dq

_dl—Cl
1

o max]

=

’

p
(P—U(Cl))(P—Cl)—/ (a(s)—cr(cl))As

p~e1)

in Theorem 5. In this case (28) becomes the following general-

di—c

P
‘(p—a(dl))@—dn—f (0(5) o (d) As

p~N(d1)

Cl+d1

Remark 5 Use p =
ized midpoint inequality:

ca+d; 1 /dl
— o A
‘g< 2 ) e ), £ON
ardy

m-2
1 + c+d dy—c 2
4o 4 gAll(q){vm( . : 1,01>< 12 1)—/61 vl+1(a(s),cl)As}
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m-2 crrdy
1 . 2 c+d c—-d
¢ A“(dl){/ le(a(s),dl)As—le( ! %m)(l 1)}
1—C =0 dq 2 2

1
1 A ¢ +di 1 q
= di—c le ”r(/c Qm( ) Ar) '

Remark 6 By using T = R in Sect. 3.1, we get [4, Corollary 1, Remark 2, Remark 3].

4 Weighted Montgomery identity
Theorem 6 Letm € Nand g be m times differentiable on I Letpe Tandz: [cy,d1]T —

[0, 00) be some probability density function, then we have

dy
) = / As)g° (5) As

m-2

+ ZgAM (c1 / ©{vialp,c)) = via(o(s),c1) }As

1=0

m-2 1 b
+ ZgAl+ (d1)|:./ 2$){vea (0 (s),dr) = via (o, dl)}AS]
1=0 4

dy
+ | Quulp,0)g"" (0)AT, (32)
where
Qz,m(p’ T)
Vi1 (0,0 (O)Z(P) =[50 Vm1(0 (), 0 (DN ZA(5)As, T € [c1,p),
Vim-1(p, o (7))(1 - Z(p)+ 3(r) Vm-1(0 (8); o(1)Z2(s)As, T € [pdil,

and the term Z(p) involved in kernel is defined in (6).

Proof Since g2 is m — 1 times differentiable, therefore by replacing m with m — 1, g with
g%,and a = ¢; in (7), we have

m2 I+1 pm_z m
@)=Y nlp e ) + / vua(p,o (1) (T)AT. (33)
=0 a

Replace ¢; with d; in (33) to get
m-2 m—2
I+1 m
o)=Y wilp,dg" (@) + fd Voo (po (D) (D) AT (34)
=0 1
(4) can be written as

dy

dy P
g(p):/ z(s)g”(s)As+/ Rz(p,s)gA(s)As+/ R.(p,s)g™ (s)As.
»

1 1
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Now, by using (5), (33), (34), we have

d P m-2 L
gp) = / 2(s)g7 () As + / Z(s) > wils, g™ (1) As
c 0

1 1 1=

/ Z(S)/ vm 2 s, l')) "(t)AtAs

+ / (Z(s)-1) Zvl(s,dl)gA+ (d)As
p

=0

P 2(s)

dy
+/t (Z(s)-1) /dl vm,z(s,a(t))gAm(r)ArAs.

By using Lemma 2, we have

1

p sy I+1
/ Z() Y wils,c1)g™" (c1)As
=0

m—-2

. »
= ZgAl+ (61)/ 2($){vi1(p,c1) = visa (o (), ¢1) } As.

=0 a

Similarly

f (26)-1) S s g™ (@)as
p

=0

m-—

l+1 4
Z (d1) | 2&){via (o), di) = via(p,di) } As

1=0 dy

By using Lemma 2 and (9), integral in the 3rd term of (35) becomes

p P"2(s) "
/ Z(s)/ 1/,,,_2(s,0(r))gA (1)AtAs

1 1

p p
:/ g (T)[vm_1(p,cr(t))Z(t)—/ ZA(S)Vm_l(CI(S),O’(‘E))AS]AI.
a P

m3(0)

Similarly,

d1 p"72(s)
/ (Z(s) - 1)/ Vm_2(S,O‘(T))gAm(‘L')ATAS
y4 d

1

_ /dpgA’”(T)[vm1(p,0(1'))(1—Z(p))

1

+ /19 ZA(S)Vm_l(O' (s),o(t))As] AT.
p"=3(1)

By using (36)—(39) in (35), we have the required result.
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Remark 7 Consider all the assumptions of Theorem 6 hold. Also, assume that (r, g) is a

pair of conjugate exponents, thatis, 1 <r,g < 0o, % +1 =1. Then we have
q

a1 n2 I+1 4
o) - / 2”85 - > () / 26 [V1e1 (0> @) = Vi (0(5), 1) | A

1 1=0
m-2 i )
_ ZgA + (dl)[/ 2($){vis1 (o (s),dr) = viaa (p, dl)}As]
=0 dy
& 1
<1¢",( [ et nfia) a0

1
The constant (f:fl |Qzm(p, T)|7AT)1 is sharp for 1 < r < 0o and optimal for r = 1.
Proof This result can be proved by a similar solution used for Theorem 5. O

Remark 8 By using T = R in (40), we have [4, (3.1)].

5 Conclusion

In this paper, the extension of Montgomery identity has been obtained with the help of
time-scaled Taylor’s formula and discussed for calculus (discrete and quantum) as well by
choosing special time scales. Further, it is used to find the extension of Ostrowski inequal-
ity, mid-point inequality, and trapezoid inequality. The weighted version of Montgomery
identity and respective Ostrowski inequality are also established here. Remaining results
that appeared in Corollary 1 and in Sect. 3.1 can be proved for weighted Montgomery
identity (32) and respective Ostrowski type inequality (40). Moreover, as special cases,

our inequalities contain the results proved in [4] when T = R.
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