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1 Introduction
Let/=(0, )and letv, u be almost everywhere positive and locally integrable functions
on the interval .

Letl<p,g< ,andp = 1%1. Let us denote byL,, L,(v,I) the set of measurable
functions f on I for which

f o= ( / [f(x)|pV(x)dx); <

Let W be a positive, strictly increasing, and locally absolutely continuous function on
the intervall. Let 22 = y(x) for almost allx 1.
Consider the operator

T f(x):/ (In W(X(?))V(s)) u(s)f (s)w(s) ds

yox 1.1
(W(x) .. W(s))* (1)
where >0, 0.
When =0, the operatorT , has the form
u(s)f (s)w(s) ds
T f(x)= / (1.2)
= [, ey -
which is called the fractional integration operator of the functioif over the function W

foru 1.
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Operator (1.2 becomes the Riemann...Liouville fractional integration operator for
1, W(x) =x, which were investigated in paperd[.4]. We obtain the Hadamard fractional
integration operator from (L.2) foru 1, W(x) = Inx.

Further, we assume thatv” is nonnegative oy andlim, o+ W(x) =0.

The boundedness and compactness of operatdr?) from L, , to L,, is obtained in the
paper b] for > 1%, 1<p ¢g< ,and0<g<p< .When >1,the results follow from
the results in [6]. A criterion for the boundedness and compactness of the dual operator
(1.2, when the parameters satisfy the same conditions, was obtained in the papgfhe
boundedness and compactness of operatdr.2) were obtained in the paper§] when the
upper limit of the integral is a function. When =1 and W(x) =« in (1.1), two-sided
estimates have been obtained in the pap&j|

The main goal of the paper is to establish the criteria for the boundedness and compact-
ness of operator {.1) from L, to L,, for the following relations of the space parameters
1<p ¢g<

The work is organized as follows. The next section contains the necessary materials
to con“rm the main results, which are presented in the third and fourth sections. In the
third section, we have proved the boundedness of operatar]), and the compactness of
the operator is proved in the fourth section. The last section contains the corollaries.

Agreements. The uncertainty of the form 0 is considered to be zero. We will write
A BorB Aifthereisanumberc>0andA ¢B. TherelationA BmeansA B
andA  B.Zis the set of integers, and (. is the characteristic function of the interval
(a,b) I

2 Auxiliary statements
Consider the Hardy operator

Hf(x)= (x) /0 ’ u(s)f (s)w(s) ds

from L,, to L,,, where is a nonnegative measurable function ah
Theorem 5 of the book [LO] implies the following theorem.

Theorem A Let1<p g< .Thenthe Hardy operator H is bounded from L, to Ly, if
and only if

A= Sup(/ U(x)v(x) dx) (/OZ u? (s)w(s) ds)p <

moreover H  A,where H isthe norm of the operator H from L, to L, .

[N

Now let us consider the properties of the functiomn m

W (s) -In W(x) _ * w(s)ds S W (s)
W(x)..W(s) W) .. W) Jo W) .. W) W)’

x>s>0.

The function 7 - In increases with respectte (0,x). Indeed

Wi(x)
W(x)..W(s)

1 W (x) _ w(s) W (s) W(x)
s ( e "W ...W(s)) = W) < Vo e W ...W(s)) >0

fors (0,x).
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3 Boundedness of the operator T, g
The main result of this section is the following.

Theorem 3.1 LetO< <1,1 <p ¢q< ,and 0. Let the function u be nonincreasing
on 1. Then the operator T |, defined by formula (1.1), is bounded from Ly, to L,, if and

only if
| —szgop( / VWA llx)dx)%( /0 WP (s (s)w(s)azs>‘”i <

moreover T A | ,where T isthe norm of operator (1.1) from Ly, to L, .

Proof of Theorem 3.1 Necessity. Let operatorX.1) be bounded fromZ,,, to L,,. Using the
properties of the functionin #’% for x>s>0, we have
1

(W) .. WE)- (W) for aimostallx 1.

Substituting the obtained relations in the expressions of operatat.{) for f 0, we
obtain

T flx) W J(x)/o W (sS)u(s)f(s)w(s)ds H | f(x). (3.1)
The boundedness of the operatol’ | from L,,, to L, implies the boundedness of the
Hardy operatorH . from L,, to L,, and T H . . Then, by TheoremA, the
valueofA < andforthenorm H  oftheoperatorH  thereisanestimatel
H . Then, by virtue of 3.1),
A T, . (3.2)
Suciency.Let A = < . SinceW is a strictly increasing continuous function such that
lim, o+ W(x)=0,thenfork Zde“nex;=sudx:W(x) 25x I}.
Letk =inflk Z:sup.oW(x) 2¢}.Then0<x; <xiqfork+1 k .Then, without

limiting generality, we putk = .Thenl=J, ;[ %i+1). Letf O.
We have

- et * (n ) 1
T , Z,V - ; ,/;;k V(x) (/0 WM(SV(S)W(S) dS) dx

Xk+1 Xk... q
e[l oo

Ji+Ja. (3.3)

Now we estimate/; and J, separately.

_ Fht1 2.1 (In %) .
" Xk: /x‘k ) </o W”(SV(S)W(S) ds) dx
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1 In W(x)

(using the monotonicity of the function —== W N . W(s))

T+l xk...l(% In VD1 q
_Z / v(x) ( /O (“%C) "”‘(V’(S")“)(l) W (s)u(s)f (s)w(s) ds) dx

w1 (e N wae—)" [ [ a
Z / v(x) (W]Ex) W(xk ;D)I;(i...) < /(; w (S)u(s)f(s)ds) dx. 3.4
PERES

Since W () = 2¢1= %W(xk) %W(x) and W(x. )= %W(xkﬂ) %W(x) forue «x
xr+1, then from (3.4) it follows

x q
Ji 2@ QD |na 2( / y(x) Wi 1(x)< / w (s)u(s)f(s)w(s)ds) dx).
0 0
Hence, based on Theorem,
]1 Aq, Z,w' (35)

Now, we estimate/,. Using the nonincreasing function: for estimating/, and applying
Hélderes inequality, we “nd

Fer1 * (N s q
Jo= Z / v(x)( / kmlmu(s)f(s)w(s)ds> dx

Thel (V\xy/(x) W) 1
=y / v(x) W4 (x)( / (V;Ex) ‘gy) 7 ))(;) W (s)u(s)f (s)w(s) ds) dx
kK Y%k X1

D ok AW (wxe)
k

W(x) W(x )

X1 x (o2 . . -
x /xk V(x)W 4 (x)</xk . (‘\)?;Ex) Wéy)(v)y)(l)

-f(s)w(s) ds)

x LA

Xg+1 . . . )P f
Xl W7 G /xk WA w( [ (;g(;) __%;;11 _)w@ds)

x( " o wes) ds) dx. (3.6)

k.1

We replace the variable®V (s) = W (x)t in the following expression:

¥ (W2 W) |n W) ¥
/ o N W e w(s) ds
X,

L (W(x) .. W(s)pa-)

! (EinLy
= Wp( L)+ / Gng”
& ok gy gy (1.2 (3)

1 (Lin Ly
W(xk l)Wp( lzx) ¢ 1.t dt
* k) (1. 2P )
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L(ngpy
1. t)p(l 2
= 2% W) W? (- Rx) 3.7)

2% W) W? (1) / dt

| 1
forx; x a1, Where =[5 ((1”1);()5 sdt= [, 2 e® B gr <

In the latter ratio, we used a replacemeny=, = ¢°. Substituting the obtained estimates
(3.7 in (3.6), we get

J2 Zuq(xk...l)Wq +§(xk+l)

k

x f W ) ( / e Pws) ds) ? . 3.8)

k

Next, we need the following estimation:

q q q
Woe AW 7 (opan) = 22910 (e YW (e )7

S s

=D +1)s (up G [ W ow) ds)

q

( fo T WP (sl ds) :

Substituting the obtained estimate in3.8) and using Jensenes inequality, by virtue of
p ¢,wehave

S
VRS
T
=
N
=
X
N
E
—~=
X
Nt
&
N—

% Z( fo e W (i) ds> e

k

x ( / ) i) ds) ’

A? Z( / xm[f(s)]pw(s)ds)pdx AT fa (3.9)

k

Substituting the obtained estimates3(5 and 3.9) in (3.3), we get

T ) f qv A s f pw

i.e., the boundedness of the operatd? | from L, to L,, and the estimate T | A,
holds forthe norm 7' from L,, to L,,, which together with 3.2 gives T A
Theorem 3.1is proved. O

4 The compactness of the operator T, g
Assume that

A (2= < / y(x)wat - - 1(x)dx)%< /0 ZW P (s)u? (S)w(s)ds)

N |
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Theorem4.1 Let0< <1,1<p ¢g< ,and 0. Let the function u be nonincreasing
on the interval I. Then the operator T | is compact from Ly, to Ly, ifand only if A =~ <

and
IirrO1+A , (z):ZIim A (2)=0. 4.1)

Proof of Theorem 4.1 Necessity. Let the operatof” | be compact fromL,,, to L,,. Then
itis bounded fromZ,, to L,, andA , < according to Theorem3.1 First, let us show
the ful“lIment of lim, o+ A = (z) =0. Consider the family of functiondf;}; ;:

fi) = <o,t>(x)up---’(xw@---l’(x)( / tuﬂ(s)W(s)w(s)ds)"’;, ot I
0
Let us note that
e ( fo vt(x>|”w(x)dx)’_’

= </tu’” W ? (x)w(x) dx)p </tup ()W ? (S)W(S)ds>up 1
0 0

i.e.fy Lpyforallz I.Letusshowthaf; convergesweaklytozeroif 0".Forarbitrary
g (Lp,w) = Lp wlp s WE have

| saea ( / )P dx)’% ( [ e W (5 ds)

= </t|g(s)|p wt? (s)ds) .
0

Whence it follows thatf; weakly converges to zero if  0*. Since the operatofT’  is
compact fromL,, to L,,, then

YR

Tl

lim, 7 f; 4,=0. 4.2)
t +

We have

W(x

to(In ) q
T f 4, /t v(x)( /O mwslﬂ(s)w(s)dg dx

/ V)Wl - - 1(x)< /0 W SuE)iEw) ds)qu

t

Q=

= / vx)wal - 1(x)dx< / tW” (s)u? (s)w(s)ds)” =(A, @®)9.
t 0

Whence and from @.2) it follows that lim, +A (¢) = 0. We now prove that
lim, A (¢#)=0. The compactness of the adjoint operator

(In ) )
T g(s)=u(s)w(s) / %g(@ dx
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fromL ., tL, ., follows fromthe compactness of the operatol’ | from L,,, to
Lyy-
Introduce the family of functions{g;}; ;:

ER

Itis easy to see thag; Lq Sl forall¢t I.Indeed,

R

8t ga = </[‘ |W/(q'“l)( """ 1(x)v(x)|q v (x) dx> g (/t wat - Hs)w(s) ds)

=1

Letf (L, 1.4) =Ly, beanarbitrary function. Then

q.v

[, stveas ([ lacor “”’“)ql(/t V<s)|qv(s)ds);
2(/¢ lf(x)]qV(x)dx);.

Page 7 of 11

This implies thatlim, [, g@®)f(x)dx=0forallf L,,. Consequently, the family of

functions {g:}: ; Lq g weakly converges to zero at

Then, from the compactness” L ., L, a,.wehave

tllm HT , 8 ||p wlp =0. (43)

Since

(In ) N
u? (s)w(s) < /t mg&c) dx) ds)

(h
</otup (syw? (S)W(s)< /t W g (x) dx)p ds)”i
-(f

W (SYW? (s)w(s) ds>"< Wit - Rx)p(x) dx)

” T ) gt ||p ,w1~-P

[

q

x ( t Wl oo 1(x)v(x)dx) =A  (t),

then (4.3) impliesthatlim, A , (¢) =0. The necessity has been proven.

Suciency.Let A < and @.1) be ful’lled. We de“ne P.f = (oqf, Peaf = (af and

Quaf = @ fforO<c<d< .Thenf=Pf+P,f+Quf and, by virtue ofP.T  P,; O,
P.T Q; OandP,T 6 Q; O,we obtain

T,f:Pch,Pcdf+PcT,PQf+Pch,PQf+QdT,f- (44)

Let us show that the operato®,;T | P4 is compact fromL,,, to L,,. SincePe; T | Py X
f(x)=0forx I\(c,d),thenitsu ces to show thatthe operator is compact fromL, ,,(c,d)
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to L,,(c,d). This is equivalent to the compactness of the operator

d
Tf (x) = / K(x,s)f(s)ds

from L,(c,d) to L,(c,d) with the kernel

B % pi (In W (). W(s))
K(x,8) = u(s)vi(x) ca)(x..5)w (S)W'

Let{xs}+ ~ be asequence constructed by the functiod” from Theorem 3.1 Then there
exist numbersi andz such thatx; c¢<wi1,x,<d  x,+1. We will assume that the num-
bersc, d are chosen so that;.; <x,. Proceeding as in Theorem.1, we have

/Cd(/cd|1<(x,s)|” ds)"l dx

n X+l X1 x (|n %yg pl
Sl ) omoa] e

F1+F,. (4.5)

EstimateF; and F,. Analogously to the estimate ofy,

_ n Xferl Xk..1 (In%y; ,,i
Fl_;/xk V(x)</o V@) . Wy (S)W(S)ds>

w1 (e N v .1
Z / v(x) (W]Ex) W(xk J))];(i...) dx( /o WP (s)u? (s)w(s)ds>

k=i

~ s

YA (k) (it DAY, (4.6)

k=i

Analogously to the estimate of;,

[ © (InygagY pl
F,= v(x)( u? (s)w(s) ds)
=2 [l o wre

L (InLy v
Z”q(x 1)qu( > (x ])/ v(x)Wq( ...... 1(x)dx</(; mdt)

(1.i+DA . 4.7

Substituting @.6) and @.7) into (4.5), we obtain

/d(/ |K(x,s)|” ds) g dx <

Therefore, based on the Kantorovich criterion {[1], XI, paragraph 3) the operatofT is
compact fromL,(c,d) to L,(c,d), which is equivalent to the compactness of the operator
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P,T | P fromL,, to L,,. From (4.4) we have
T, & ..PyT Py PT P, + P,T P. + QT 6 . (4.8)

Further, we assume that the right-hand side of}(8) tends to zero axx 0 andd

. Then the operatorT | is compact fromL,,, to L,, as the uniform limit of compact
operators.

Based on Theoren8.1, we obtain

P.T Pf 4= (/0 Pov(x)|T | P(f(x)|qu>;

SUPA | (2) f pw-

a<z<c

Therefore, P.T P, SuUp,,<. A | (2).
Whence and fromlim, ¢+ A  (z) =0 it follows that

Iirrg+ pPT P, =0

1
PyT | Pf 40= < f Peav(®)|T | P,f(x)|qu>q (4.9)
0
A (cd) [ pw
where
1,0, 1
q
A ca=suf [ patwta) ([ g gwgas)’
z>0 z 0
= supA  (c,d)=A (o).
0<z<d
Therefore P.;,T P, A | (c) and whence
Iirr(‘)l+ P,T P, =0 (4.10)
holds.
Similarly, we have
1
q
QuT | f 4v= (/0 de(x)|T,f(x)|qu)
SudpA s (Z) f pwe
and QuT SURszA | (2).
From this and fromlim, A  (z) =0, we obtain
dlim QT =0 (4.12)

From (4.8), (4.9, (4.10, and @.11) it follows that the operatorT | is compact fromL,,,
to L,,. Theorem4.1is completely proved. O
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5 Consequences
When W (x) = x the operatorT  has the form

X | X
] fx)= /0 %u(s)f(s)ds, x>0,

Note that the operator
x x ds
r@= [ o
0 X .. N

is called [L2] the in“nitesimal order fractional integration operator.
From Theorems3.1and4.1, as a consequence, we have the following.

Corollary5.1 Let0< <1,1<p ¢g< ,and 0. Let the function u be nonincreasing
on I. Then the operator ] | is bounded from L, to Ly, ifand only if A = =Sup.pA | (2) <

, where
1 2 1
q
A (2)= < / ()¢ o Ux) dx) ( / sPuf (s) ds)p ,
z 0
wherein ] | A | ,where ] isthe norm of the operator] | from L, toL,,.

Corollary5.2 Let0< <1, <p g< ,and 0. Let the function u be nonincreasing
on 1. Then the operator ] | is compact from Ly to Ly, ifand only if A & < and

im A ()= lim 4 (2)=0.

Note that the boundedness and compactness of the operator

]f(x):/ox(x..s) ""<In ﬂ) f(s)ds

Sfrom L,(0,a) to L,,(0,a) or from L,,(0,a) to L,(0,a) were established in [13], where 0 <a
< >1
»
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