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1 Introduction
Let I = (0,00) and let v, u be almost everywhere positive and locally integrable functions
on the interval 1.

Let 1 <p,g<o0,and p' = 1%. Let us denote by L,, = L,(v,I) the set of measurable
functions f on [ for which

Wfllpy = (/0 If (x) |pv(x) dx)p < 00.

Let W be a positive, strictly increasing, and locally absolutely continuous function on

the interval I. Let d‘gf‘) = w(x) for almost all x € I.
Consider the operator

w

[ (In m)ﬂu(s)f(s)w(s) ds
Toaf 0= || = -

, xel, (1.1)

where @ >0, 8 > 0.
When g = 0, the operator T, g has the form

~ u(s)f(s)w(s)ds
0= |, - W 02

which is called the fractional integration operator of the function f over the function W
foru=1.
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Operator (1.2) becomes the Riemann-Liouville fractional integration operator for u =
1, W(x) = x, which were investigated in papers [1-4]. We obtain the Hadamard fractional
integration operator from (1.2) for u =1, W(x) = Inx.

Further, we assume that W is nonnegative on I and lim,_, o+ W(x) =

The boundedness and compactness of operator (1.2) from L,,, to L,, is obtained in the
paper [5] for > ,1<p<g<oo,and 0<gq<p<oco. When « > 1, the results follow from
the results in [6]. A criterion for the boundedness and compactness of the dual operator
(1.2), when the parameters satisfy the same conditions, was obtained in the paper [7]. The
boundedness and compactness of operator (1.2) were obtained in the paper [8] when the
upper limit of the integral is a function. When 8 = 1 and W(x) = x in (1.1), two-sided
estimates have been obtained in the paper [9].

The main goal of the paper is to establish the criteria for the boundedness and compact-
ness of operator (1.1) from L, to L,, for the following relations of the space parameters
l<p<g<oo.

The work is organized as follows. The next section contains the necessary materials
to confirm the main results, which are presented in the third and fourth sections. In the
third section, we have proved the boundedness of operator (1.1), and the compactness of
the operator is proved in the fourth section. The last section contains the corollaries.

Agreements. The uncertainty of the form 0 - co is considered to be zero. We will write
A <« B or B « A if there is a number ¢ > 0 and A < ¢B. The relation A ~ B means A < B
and A > B. Z is the set of integers, and x () is the characteristic function of the interval
(a,b) C 1.

2 Auxiliary statements
Consider the Hardy operator

HF () = (%) /0 w(s)f () w(s) ds

from L,,, to L,,, where ¢ is a nonnegative measurable function on /.
Theorem 5 of the book [10] implies the following theorem.

Theorem A Let 1 < p < g < 00. Then the Hardy operator H is bounded from Ly, to Ly, if
and only if

A= szljg)(/zoo 01 (x)v(x) dx) ! (/OZ u? (s)w(s) ds) < 00;

moreover ||H| ~ A, where |H| is the norm of the operator H from L, to L, .

A

Now let us consider the properties of the function In %:
W(s) W(x) w(s) ds W(s)
> ln , x>8>0.
W(x) — W(s) W(x W(s W(x)
The function % -In % increases with respect to s € (0,x). Indeed

0 1 I W(x) - wls) Wi(s) ! W(x) 0
s ( W) W) - W(s)) = Ws) <W(x) W) W) - W(s)) g

for s € (0,x).
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3 Boundedness of the operator T, g
The main result of this section is the following.

Theorem 3.1 LetO<a <1, é <p <q<oo,and B > 0. Let the function u be nonincreasing
on 1. Then the operator Ty g, defined by formula (1.1), is bounded from Ly, to L,, if and

only if

1
7

Agp = SUP( f h v(x) Wa@=BD () dx) ! ( /0 WP () (s)w(s) ds> < 00;

z>0

moreover || Ty pll = Aq,p, where || To gl is the norm of operator (1.1) from Ly, to Ly,.

Proof of Theorem 3.1 Necessity Let operator (1.1) be bounded from L,,, to L. Using the
properties of the function In e ) for x>s>0, we have

1 1
(W) - W)= = (W)~

for almost all x € I.

Substituting the obtained relations in the expressions of operator (1.1) for f > 0, we

obtain
Ty pf (%) > W“‘ﬁ_l(x)/o W‘s(s)u(s)f(s)w(s) ds = Hy gf (x). (3.1)

The boundedness of the operator T, g from L, to L, implies the boundedness of the
Hardy operator H, g from L,,, to Ly, and ||Togll > [[Hypgll. Then, by Theorem A, the
value of A, g < 00 and for the norm ||H, g of the operator H, g there is an estimate A, g <
lHy,gl. Then, by virtue of (3.1),

Agp L | Tapll- (3.2)

Sufficiency. Let A, g < 00. Since W is a strictly increasing continuous function such that
lim,_, o+ W(x) = 0, then for k € Z define x; = sup{x: W(x) < 2K,x e I}.

Let koo = inf{k € Z : sup,., W(x) < 2k}, Then 0 < xx < &g41 for k + 1 < kso. Then, without
limiting generality, we put ko = 00. Then I = | J;,[%k, %k+1). Let f > 0.

We have
q _ e ( (In 37 IR (s))ﬂ )qd
I T 1L, ; f k /0 W(x W LY Owis)ds ) d
- (In 2 )?
e[ e warowoe]
<Ji+ ) (3.3)

Now we estimate J; and J, separately.

s (In gy )’ a
1= ([  wieomo) as
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(using the monotonicity of the function ﬁs) In W(J‘C’)V_(J;))V (s))
Xf1 (W In % )ﬂ ]
X S Wﬂ uls S)w(s ds) dx
Z/ (/o (W (x) — W(s))l-« (S)u(s)f (s)w(s)
X+l 11’1 Wi(x )qﬂ
xk D W)-w xk ) , )
WP )u(s)f (s)ds | dx. 34
= Z/ (W(x) (xk—l))q (1-a) </ ( ) )_f( ) ( )

Since W(xy_1) = 2% = %W(xk) < %W(x) and W(xi_1) = %W(xkﬂ) > iW(x) forwy <x <
Xr+1, then from (3.4) it follows

9] x q
Ji < 27 abra(-a)) 1pap 2( / (%) Wq<“ﬂ1>(x)< WP (s)u(s)f (s)w(s) ds) dx).
0 0
Hence, based on Theorem A,

T < AL BIIFIIE- (3.5)

Now, we estimate J,. Using the nonincreasing function u for estimating /, and applying

Holder’s inequality, we find

Xk+1 (ln %)ﬁ q
Jo = Z / v(x)( / . W0 = W= e 6w ds) dx
W(x) W(x)

) sl o ( * (W th) , )q
Z/ DV /xk_l (W(x) — W(s))l-« W2 (s)uls)f (s)w(s)ds | dx

< > ule) WP ()
k

W (x) 1 W (x)

Xktl PR A €Y ]
x / v(x)W-qﬁ(x)< / Cwio " weg-wio) f(s)w(s)ds)qu

(W(x) - W(s))-

q 9 et ~af * (v n wyare v
< )W) /xk w0 /x“ i) s
x( xk+1f”(s)w(s)ds>pdx. (3.6)
*k-1

We replace the variables W(s) = W (x)¢ in the following expression:

* Gy In o )pﬁ
/xk_l (W(x)—W(s» W) ds

1 L Ly8
_ Wp’(a—l)Jrl(x)‘/ ( - t)p

k-t (1 =P

- W(x )Wp’(a_l)(x) /-1 (— In L)p’ﬂ
- ol 1y, ) (1 =)A=
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2/ / 1 1 (ln ﬁ)p/ﬂ
< 2P W (o) WP )(x)/ Aoy
0 _

=y 22 P W (1) WP @D () (3.7)

0(

1
for xx <& < xk,1, Where y = fo lt)p(lo()dt foo P'Be » dz < o0.

In the latter ratio, we used a replacement - 1 = €°. Substituting the obtained estimates
(3.7) in (3.6), we get

+4
L K Zuq(xk—l)Wqﬁ 7 (Xge1)
k

Fh+1 Xh+1 1%
X f v(x)Wq“‘_ﬁ_l)(x)( V(s)‘p w(s) ds) dx. (3.8)
x -1

k

Next, we need the following estimation:

4
7

+4 2
W )W () = 220 (u () WP P ) 7

N ./ Xl

_ 22q(ﬁ+1”)(p’,3 + 1) » (u" (xk_l)/ WP (s)w(s) ds)
0

q

< ( f " W (i) ds) !
0

S

Substituting the obtained estimate in (3.8) and using Jensen’s inequality, by virtue of

( / ” V() Wa@B=D () dx)
X1

p < q, we have

S

h < Z( / o (s)WPﬂ(s)w(s)ds>
k 0

X </xk+l [f(s) |pw(s) ds) ’

<ty ([ ormoas) as <t 39

Xk-1

Substituting the obtained estimates (3.5) and (3.9) in (3.3), we get

” Ta,ﬂf”q,v < Aa,ﬁ ”f”p,wr

i.e., the boundedness of the operator T, g from L, to L,, and the estimate || T, g|| < Aa,g
holds for the norm || T, gl from L,,,, to Ly, which together with (3.2) gives || T gll & Aq.p.
Theorem 3.1 is proved. O

4 The compactness of the operator 7, g
Assume that

Agp(2) = < / V(o) W@ () dx) ( / whr (s)up (s)w(s) ds)

=
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Theorem 4.1 LetO<a <1, % <p <q<oo,and f > 0. Let the function u be nonincreasing
on the interval 1. Then the operator T, g is compact from Ly, to L, if and only if Ay g < 00
and

lim Aqp(2) = lim Aq,p(2) = 0. (4.1)
z—0t z—>00

Proof of Theorem 4.1 Necessity. Let the operator T, g be compact from L, to L,,. Then
it is bounded from L, to L,, and A, g < 0o according to Theorem 3.1. First, let us show
the fulfilment of lim,_, ¢+ A g(2) = 0. Consider the family of functions {f;};¢;:

£i®) = x00@)u? L) WP (x) ( / tup’(s)wﬂp/ (s)w(s) ds);, xtel

0

Let us note that

Villpw = ( /0 1) [P () dx)’_’

1
»

- < / t w? (x) WP (x)w(x) dx) ’ ( / t u? (5)WPP (s)w(s) ds) -1,
0 0

ie,f; € Ly forallt € I. Let us show that f; converges weakly to zero if t — 0*. For arbitrary
geLpw) = L, v we have

/ F)g) dx < ( / )P wi) dx)'; ( / )" W' (9) ds)
0 0
o </t|g(S) P Wi (s) dsy.
0

Whence it follows that f; weakly converges to zero if ¢ — 0*. Since the operator T, is

S

compact from L, to L,,,, then

tlir(l)lJr l Toz,ﬁft”q,v =0. (4.2)
We have
W) \8
W) a
1Ty ﬁft”qy = / v(x) (/ Wu(s)ﬁ (s)w(s) dS)

q

> / Oov(x)Wq(“_ﬁ_l>(x)< / Wﬂ(s)u(s)ﬁ(s)w(s)ds> dx
t 0

9
7

- / " o) WP ) dx< / tWP’ﬁ(s)uP’(s)w(s) ds) = (Aup®).
t 0

QI»—A

Whence and from (4.2) it follows that lim, ¢+ Ayp(f) = 0. We now prove that
lim;_, o0 Ae,g(t) = 0. The compactness of the adjoint operator

W(x) )ﬂ

T; 48(s) = u(s)w(s) / W g(x)dx

Page 6 of 11
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Loy

from L, 4 toL, . follows from the compactness of the operator T4 from Ly, to

Introduce the family of functions {g;}sc;:

=

800 = WD) [ et ds)

It is easy to see that g; € Ly for all £ € I. Indeed,

N

lgell o = < / |W(q—l)(a—ﬁ—l)(x)v(x)|q’V1—q/ %) dx>q
t

(/00 Wa@B-D () (s) ds>_
=1.

_Q =

Letf € (Lq,,vl,q/)* =L, be an arbitrary function. Then

/oog,(x)f(x) dx < (/m|gt(x)|q/vl—q’(x) dx) ! (/OOV(S)VV(S) a’s) !
0 t t
= (/oo [f(x)’qv(x) dx)q.

This implies that lim,_, « fooo gx)f(x)dx = 0 for all f € L,,. Consequently, the family of
functions {g;};e; C Lq,yvl,q/ weakly converges to zero at £ — oo.

ko
Then, from the compactness T3 5 : L, 1-y — L, 1, We have

Jim |72 pe

ir =0

(4.3)
Since

” T;k,,sgt

1
7

v p
W) - wisye s ™) dx) ds)

> (/Otup’ (s) Vylﬁ”ﬁ(s)w(S)(/t‘c><J W(orﬁfl)(x)gt(x) dx)p ds)p
- ( / tup’ (5)W? P (s)w(s) ds)P/ <
0

t , o0 (ln &)ﬂ
= ([ om ([ s i
i /0 ¢ (

|

” W1@B-D (x)y(x) dx)

Y =

% (/OO Wq(a—ﬂ_l)(x)v(x) dx)_ =Aa,ﬁ(t)’

then (4.3) implies that lim;_, .o A4 g(£) = 0. The necessity has been proven.

Sufficiency. Let A, g < 0o and (4.1) be fulfilled. We define Pcf = x,af, Peaf = X(ca)f and
Qaf = x@oaf for 0 <c<d < o0o. Then f = Pf + Peaf + Qqf and, by virtue of P. T, gPcy =0,
P.TypQs=0and PyT,pQq =0, we obtain

Ta,ﬁf = Pcha,ﬁPcdf + PCTO[’IBPQ}C + Pcha,ﬁPQf + QdTa,ﬁf-

(4.4)
Let us show that the operator Py T, gP.q is compact from L,,,, to Lg,. Since Pey Ty gPeg

f(x) = 0 for x € I\(c,d), then it suffices to show that the operator is compact from L, ,,(c, d)
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to L,,(c,d). This is equivalent to the compactness of the operator

d
Tf (x) = / K(x,s)f(s)ds
from L,(c,d) to Ly(c,d) with the kernel

5 ()
) X(c.a)(x = S)w? (S)W'

R

K(x,s) = u(s)v

Let {xx}xcz be a sequence constructed by the function W from Theorem 3.1. Then there
exist numbers i and # such that x; < ¢ <x;,1, x, <d < x,,,1. We will assume that the num-
bers ¢, d are chosen so that x;,; < x,,. Proceeding as in Theorem 3.1, we have

d/ pd , 4
/ (/ |I((x,s)|p ds) dx
Fherl (]n )pﬁ
<Z/= V“[(f / >0vu Wy mw@dﬁ

< Fl + Fz. (4.5)

\\-a

Estimate F; and F,. Analogously to the estimate of Jj,

. o %1 (In %)ﬂ’ﬂ )
e ; /xk V) (./o (W (x) — W(s))P' - u? (s)w(s) ds> dx

s

et xk 1) In W (x)— ka D) )qﬂ < Fk-1 " >1/
= Z-/ (W( ) — W (xp_q))a-2) dx /(; w? (S)Mp (s)w(s)ds
< ZAZ,ﬂ (0e-1) < (n— i+ DAL 5. (4.6)

Analogously to the estimate of /5,

n Xerl x (In %)P/ﬂ ,
F= ;/xk v(x) </xk1 W) - W) ul’ (s)w(s) ds) dx

< Zuq(xk WP 1)f V() WP (x) dix (

k=i

S

(m—wﬂd 4
) e &

L(m—i+1)Agp. (4.7)

Substituting (4.6) and (4.7) into (4.5), we obtain

/Cd(/;dyl((x,s)}p/ ds) dx < 0.

Therefore, based on the Kantorovich criterion ([11], XI, paragraph 3) the operator T is

e

compact from L,(c,d) to L,(c,d), which is equivalent to the compactness of the operator

Page 8 of 11
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PgTygPcy from Ly, to Ly,. From (4.4) we have
1Top — PeaTo,pPedll < |PeTopPell + 1PeaTlapPell + 1QaTupl- (4.8)

Further, we assume that the right-hand side of (4.8) tends to zero as ¢ — 0 and d —
oo. Then the operator T, g is compact from L,,, to L, as the uniform limit of compact
operators.

Based on Theorem 3.1, we obtain

1

”PcTa,/SPcf”q,v = (/0 Pcv(x){Ta,ﬂPJ(X)de) !

< sup Ag g @)IIf I pw-

a<z<c

Therefore, ||P.TogP. || < sup,.,.. Aap(2).
Whence and from lim,_, o+ A4 (2) = 0 it follows that

lim ||P.To gPc|l = 0;
c—>0*

1
e q
1PeaTersPef Nl = ( / Pcdv(x)|Ta,,sP<f(x)|qu) (49)
0
< Aa,ﬂ (C’ d) ”f”p,w:
where
[o¢] 1 z 1
q , / 14
Agplc,d) = Sup(f Peqv(x) WP (x) dx) (/ WP ()P (s)w(s) ds)
z>0 z 0
= sup Agplc,d) =Aqp(c).
O<z<d
Therefore || Py To Pl < Aq,p(c) and whence
lir(r)g 1PeaTapPcll =0 (4.10)
holds.
Similarly, we have
oo 1
q
1QuTupf llgw = ( / Quv(x)| T, pf (x)lqu)
0
L supAg (@) |If I pw-
z>d
and [|QyTopll K sup,,,;Aqp(2).
From this and from lim,_, .o A g(2) = 0, we obtain
1im Qg =0 (@11)

From (4.8), (4.9), (4.10), and (4.11) it follows that the operator Ty, g is compact from L, ,,
to L,,. Theorem 4.1 is completely proved. 0

Page 9 of 11
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5 Consequences
When W (x) = x the operator T, g has the form

* (In =)
Jof (%) = /0 %u(s)f(s)ds, x>0,

Note that the operator

* d
s = [ o

is called [12] the infinitesimal order fractional integration operator.
From Theorems 3.1 and 4.1, as a consequence, we have the following.

Corollary 5.1 LetO<a <1, é <p <q<oo,and f > 0. Let the function u be nonincreasing
on 1. Then the operator J, p is bounded from L, to L, if and only if Ay g = Sup,,o Aq,p(2) <

00, where

Ay p(z) = </00 ()@= (x) dx) ! (/OZ sP (s) ds)p/,

wherein ||Jopll & Aqg, where ||Jo gl is the norm of the operator J g from L, to Ly, .

Corollary 5.2 LetO<a <1, i <p <g<oo,and B > 0. Let the function u be nonincreasing
on 1. Then the operator J, g is compact from Ly to Ly, if and only if Ay g < 00 and

lim A, p(2) = lim A, g(z) = 0.
z—0* zZ—> 00

Note that the boundedness and compactness of the operator

X

B
JLf(x) = /0 (x—s)*! <mﬁ) f(s)ds

from L,(0,a) to Ly,(0,a) or from L,,(0,a) to L,(0,a) were established in [13], where 0 < a <

1
y <00, a> .
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