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1 Introduction

One of the important problems in the theory of magnetohydrodynamics (MHD) is that of
existence of global solutions to the equations of motion for a viscous compressible fluid. In
this paper, we consider the MHD system of equations for a compressible isentropic MHD
flows which in the case of 3D motion has the form (cf. [1, 7]):

o¢ +div(pu) = 0,

(pu); + div(pu ® u) + VP(p) = uAu+ (u + A)Vdiva + (V x B) x B,
B;+u-VB-B:-Vu+Bdivu=vAB,

divB =0,

(1.1)

where ¢ > 0 is the time, x € R3 is the spatial coordinate, and p > 0, u = (!, 4%, 1%), B =

(B!, B%, B%) are the fluid density, velocity, and magnetic field, respectively. The pressure
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P = P(p) satisfies the condition
P(p)=Ap” withA>0,y >1, (1.2)

where y > 1 is the adiabatic exponent, and A > 0 is a physical constant. The viscosity co-
efficients u and A satisfy

2
u>0, A+§/,LZO. (1.3)

Positive constant v is the resistivity coefficient acting as a magnetic diffusivity of magnetic

field. In the second equation in (1.1), the circled times ® means matrix multiplication,
namely if a = (a!,a?,43), b = (b', b2, b3), then

albt  alb* a'b?
a®b=|a2 a2b* a*b®
a®b'  aPb?  aPb?

Now, we consider the Cauchy problems of (1.1)—(1.3) with (p,u, B)(x,¢) vanishing at
infinity:

(0,u,B)(x,£) —> 0 as x| — oo, (1.4)
and the initial conditions:
(p,u,B)(x,0) = (0o, ug, Bo)(x) with x € R, (1.5)

A great number of works have been devoted to the well-posedness theory of the mul-
tidimensional compressible MHD equations. The system of equations (1.1) describes the
interaction between fluid flow and magnetic field. If we ignore the magnetic effects in
(1.1) (i.e., B = 0), then the MHD system reduces to the Navier—Stokes system, which has
been discussed by many mathematicians (see, for example, [11, 17, 18]). In [5], Huang et al.
(2012) established the global existence and uniqueness of classical solutions to the Cauchy
problem for the compressible Navier—Stokes equations in 3D with smooth initial data
that are of small energy. Then, in [6], Huang et al. (2014) considered the two-dimensional
density-dependent Navier—Stokes equations over bounded domains, and they derived a
new blow-up criterion for strong solutions with vacuum. In [10], Li et al. (2019) were
concerned with the global well-posedness and large time asymptotic behavior of strong
solutions to the Cauchy problems of the Navier—Stokes equations for viscous compress-
ible barotropic flows in 2D and 3D. However, if we consider the influence of magnetic
field, the physical phenomena and mathematical structure of these equations make it more
complex than the Navier—Stokes system, which makes more and more researchers begin
to study the equations with magnetic field (see [2, 14, 16] and the references therein).
Moreover, in [3], Fan and Li obtained the global strong solutions to the 3D compress-
ible nonisentropic MHD equations with zero resistivity, and the results do not need the
positivity of initial density, thus, it may vanish in an open subset of the domain. Hu and
Wang in [4] considered the equations of the three-dimensional viscous, compressible, and
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heat-conducting magnetohydrodynamic flows in a bounded domain, and they obtained
a solution to the initial-boundary value problem through an approximation scheme and
a weak convergence method, and then, the existence of a global variational weak solu-
tion to the three-dimensional full magnetohydrodynamic equations with large data was
established. Later, in [4], they got the global existence and large-time behavior of solu-
tions to the three-dimensional equations of compressible magnetohydrodynamic flows. In
[15], Zhang et al. (2009) studied the initial boundary value problems of MHD equations
in plasma physics, and obtained the global existence of weak solutions with cylindrical
symmetry. Recently, for the Cauchy problem, Li et al. (2013) in [9] considered the three-
dimensional isentropic compressible magnetohydrodynamic equations, and they proved
the global well-posedness of a classical solution with small energy but possibly large os-
cillations, where the flow density was allowed to contain vacuum states. Later, Si et al.
(2018) in [13] improved the result of [17], and excluded the unsatisfactory restriction on
the adiabatic exponent (i.e., ¥ € (1,3/2)), and they obtained the global classical solutions
of compressible isentropic Navier—Stokes equations with small density and the adiabatic
exponent y € (1,6) and y € (1, 00), respectively.

The main purpose of this paper is to obtain the global existence and uniqueness of clas-
sical solution of the problem (1.1)—(1.5). Before stating the main results, we explain the

notation and conventions used throughout this paper. We denote

/f(x)dx:/RSf(x)dx.

For 1 < r < 0o and k € Z, we denote the standard homogeneous and inhomogeneous

Sobolev spaces:

L'=L'(R%), DM ={ueLllIV*ulr < oo}, llall per = [IV5ulzr,

loc

wkr=prnpkr,  Hk=w*2,  Dk=DF,  D'={uel®||Vu|;<oc}.

The total energy is defined as follows:

(LA Ly
E(t)—/(zplul + y—lpy + 2|B| >(x,t)dx, (1.6)

and the initial energy is denoted by E, i.e.,

1 A 1
£ 250)= [ (Gouluol + 2500 + S1Bol ) ) 17)

The first result of this paper is formulated in the following theorem.

Theorem 1.1 For any given numbers My, M, > 0 and q € (3,6), suppose that

,00|ll0|2+,0(})/ + |B0|2€L1’ (uO:BO)GDlmDZ;
0 <infpg < po(x) <suppo <Mo,  (po,P(po)) € H> N W4, (1.8)
Va2, + [IVBol|2, < M,
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and the compatibility condition holds

—puAug — (A + p)Vdivug + VP(pg) — (V x Bg) x Bg = pog  with

(1.9)
Iv/Pogll72 < Mo,

for some g € D'. Then, there exists a positive constant ¢ depending only on 1, v, A, A, y,
My, My, and M, such that if

1

IBoll ¥ <Mo<e and 1<y <6, (1.10)

thenforany 0 < T < 00, there exists a unique global classical solution (p,u, B) of the problem
(1.1)=(1.5) on R3 x [0, T, satisfying

0<p<2M, forallxeR3t>0, (1.11)
and

(0, P(p)) € C([0, T H>* NW>1),  /pu, € L>(0, T;L?),

ue C([0,T];D' ND*) NL>®(z, T; D> N W349),

u; € L®(r, T; D' N D*) N H\(z, T; DY), (1.12)
B € C([0, T); H*) N L>®(z, T; H?),

B, € C([0, T);L*) N H(z, T; HY)

foranyO<t<T<oo.

Remark 1.1 In Theorem 1.1, the classical solution of (1.1)—(1.5) is justified under the con-
dition that the initial density and the L3-norm of the initial magnetic field are sufficiently
small, and this solution is far away from the initial time. It is worth noting that the total

initial energy Ey can be arbitrarily large and the vacuum states are allowed.

Remark 1.2 The proof of Theorem 1.1 is based on a new t-weighted estimate of
|(Vi, VBy)|l;2 (see (3.56)), and the L!(0, T; L™)-estimate of the effective viscous flux F
will be achieved by making full use of (3.56). It is worth pointing out that the effective
viscous flux F plays an important role in applying the Zlotnik’s inequality (see Lemma 2.3)
to finish the proof of the (a priori) upper bound of the density.

Remark 1.3 Indeed, if, in addition, the conservation law of the total mass holds (i.e.,
le@®lr = llpollz1 for all £ > 0), then Theorem 1.1 is similar to the results of [12] for all
y > 1.

The rest of the paper is organized as follows. In Sect. 2, we recall some known facts and
elementary inequalities which will be frequently used later. Section 3 is devoted to the

global a priori estimates, which are necessary for the proof of Theorem 1.1.
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2 Preliminaries
In this section, we will recall some known facts and elementary inequalities which will be
used frequently later. We start with the well-known Gagliardo—Nirenberg inequality [8].

Lemma 2.1 For p € [2,6], q € (1,00), and r € (3,00), assume that f € H'(R?) and g €
L1(R3) N DY (R3). Then there exists a generic constant C > 0, depending only on q and r,

such that
3p 6
fllze < CILfII IIVfII , (2.1)
( 3)
gl < Cligls > 1 Vgl =3 (2.2)

As in [9], we introduce the effective viscous flux F, the vorticity w, and the material

« »

derivative“.”, which are defined as follows:

1
Fé(2,u+)»)divu—P(p)—§|B|2, w2V xu, a2 u +u-va (2.3)
Then it is easily derived from (1.1) that
AF =div(pw) —divdiv(B®Q B) and upuAw=V x (,01'1 —div(B® B)). (2.4)

Thus, it follows from Lemma 2.1 and the standard L?-estimates of elliptic equations that
we have the following lemma.

Lemma 2.2 Let (p,u,B) be a smooth solution of (1.1)—(1.4). Then there exists a generic
constant C > 0 such that for any p € [2,6],

IVE|ly + IVl < C(llpitlie + VB - Bl»), (2.5)

IEl = C(1Vullz + [P0 + [1BE] )

x (Ilptll2 + IVB- Bl 2) %", (2.6)
lolle < CIIVal'S?™ (llpall 2 + VB - Bll2) ¥, (27)
IVl < C(IEN + | P()] ,» + [ IBP] + lollzr), (2.8)
IVully < CIValS?" (I pill + | P(o) | 16 + IVB - Bl 2) % (29)

The proof of Lemma 2.2 can be found in [9, 13], hence, we skip it for simplicity.

Lemma 2.3 Lety € W0, T) satisfy the ODE system:

y/ :g(y) + b/(t) on [0’ T]’ )’(0) = Yo,

where b € W(0,T), g € C(R), and g(+00) = —oco. Assume that there are two constants
Ny > 0and Ny > 0 such that forall 0 <t; <t; <T,

b(ty) - b(t1) < No + Ni(t2 - £1). (2.10)
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Then
y(t) < max{y,,&*} + No < +00  on [0, T],
where £* € R is a constant such that

gE)<-N; forg=>¢&" (2.11)

We can use the above Zlotnik’s inequality (see [19]) to prove the t-independent upper
bound of the density.
Finally, we state the local existence result of classical solutions to the problem (1.1)—(1.5)

with large initial data which may contain vacuum states (see [9]).

Lemma 2.4 Assume that the initial data (po, Wy, Bo) satisfy the conditions (1.8) and (1.9)
of Theorem 1.1. Then there exists a positive time Ty > 0 and a unique classical solution
(0,0, B) of (1.1)=(1.5) on R® x (0, Ty), satisfying p > 0, and for any t € (0, Tp),

(0, P(p)) € C([0, To]; H' N W) N L>(0, To; H> N W>9),

u e C([0, To]; D' N D?) N L>®(t, To; D> N W39),

u, € L®(z, To; D' N D*) N HY(t, To; DY), (2.12)
B € C([0, Tol; H*) N L*(t, To; H?),

B, € C([0, Tol; L?) N H(z, To; HY).

3 Proof of Theorem 1.1

In the section, we will establish the uniform a priori bounds of local solutions (p, u, B) to
the Cauchy problems (1.1)—(1.5) whose existence is guaranteed by Lemma 2.4. Thus, let
T > 0 be a fixed time and (p, u, B) be the smooth solution of (1.1)—(1.5) on R? x [0, T] with

smooth initial data (po, ug, Bo) satisfying (1.8). To estimate this solution, we define

T
Al(T) 2 sup |(Va,VB)|?, + / | (VP VB, B,) |}, dt,
te[0,T] 0

T
A(T) 2 sup | (o, V2B,B,)| + / | (Va, VB |2, dt.
te[0,T] 0

Here, ||(f,¢)llr = IIf I + lIgllo-
The proof of Theorem 1.1 is based on the following key a priori estimates of (p, u, B).

Proposition 3.1 Let the conditions (1.8) and (1.9) be in force. Assume that (p,w,B) is a
smooth solution of (1.1)—(1.5) on R3 x [0, T] with T > 0. Then there exist positive constants
K and ¢, depending only on i, A, v, y, A, Ey, M1, and M,, such that if

0<pxt) <2M,, V(xt)eR?x][0,T],
Al(t) +A2(t) < 2K,

(3.1)
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then one has

0<plxt)<iMy V(xt)eR3x[0,T],

(3.2)
AL(f) + As(t) < K,
provided
1
IBoll 5 <Mo<e and ¢€e(1,6). (3.3)

The proof of Proposition 3.1 will be presented by a series of lemmas below. For simplic-
ity, we will use the conventions that C and C; (i = 1,2,...) denote various positive con-
stants, which may depend on w, A, v, y, A, Ey, M, and M,, but are independent of T and
M. Sometimes we also write C(«) to emphasize the dependence on «.

We first begin with the following standard energy estimates, which can be easily deduced
from (1.1)-(1.5).

Lemma 3.1 Let (p,u,B) be a smooth solution of (1.1)—(1.5) on R® x [0, T). Then
T
E(t) + / (M||Vll||iz + (e + M) diVll||i2 + l)||VB||%2) dt < Ey, (3.4)
0

where E(t) > 0 and Ey are as given in (1.6) and (1.7).

Proof Multiplying (1.1);, (1.1),, and (1.1)3 by ﬁApV‘l, u, and B, respectively, and inte-
grating the resulting equations by parts over R3, we obtain after adding them together
that

d .
EE(t) + M||Vll||§z +(u + )| div ll||iz + V||VB||§2 =0,
which, integrated over (0, ¢), V¢ € [0, T], immediately leads to (3.4). O

By virtue of (3.1) and (3.4), we infer from Lemma 2.1 (p = 6 in (2.1)) that
T
/ (lalls + IVull, + | VB|[},) dt
0
T
<c [ (vull, + 19BIL) de (35)
0

T
<C s[up](HVuniz +VBIIZ) / (IVull; + IVBI},) dt < C(Eo)K.
te[0,T 0

Here the constant C > 0 comes from the Gagliardo—Nirenberg—Sobolev inequality in (2.1),
and we use the constant C(Ey) > 0 to emphasize the dependence on Ej. Thus, combining
(3.4) and (3.5) yields the following lemma:

Lemma 3.2 Let (p,u, B) be a smooth solution of (1.1)—(1.5) on R? x [0, T satisfying (3.1).
Then

T
sup IIBIIE3+/ IBI13s dt < e [IBoll33 (3.6)
te[0,T] 0
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where the constant C > 0 depends on v, Ey, and the coefficients of the Gagliardo—Nirenberg—
Sobolev inequality in Lemma 2.1, but is independent of M.

Proof Multiplying the third equation of (1.1) by 3|B|B and integrating by parts over R3,

we have
Bl +3v [ (1BIIVB + BI|V(B))|")
7 IBllza +3v (IBI[VBI* + B[ V(IB])|") dx
fV/|B||VB|2dx+C”Vu”iz”B”im: (3.7)
where the last term on the right-hand in (3.7) comes from the following inequality:

/ |Vu||B® dx < C[Vul|2|BII*5, B35

L9
< C||Vall2BIPZ, 1Bl 6

)1/2

< C(IVul%IBl35,) || IVBIIBI?| .

To deal with the right-hand side of (3.7), we notice that
2 2
IBI%s < C[1BI*?| s < C|IVBIBI'?| 2,

then

1/3

1/2 1/2 1/2 3/2
IBllzo2 < CIIBI B < CIBI | VIBP?| 2,

L =

which, together with (3.7), yields

d
EIIBII% + 1B} < ClIVul 7 B35
As a result, we deduce from (3.5) and the Gronwall’s inequality that (3.6) holds. O

Now, to estimate A;(7T) and A,(T), we first prove the following lemma.

Lemma 3.3 Let (p,u, B) be a smooth solution of (1.1)—(1.5) on R? x [0, T] satisfying (3.1).

Then
T
A(T) < C( sup ||B||§3)A1(T) +C1+ M)+ c/ IVl dt, (3.8)
te[0,T] 0
1 1 sy
Ay(T) < C+ =Ay(T) + C[(MOZK MKy ( sup ||B||L3)K]A1(T)
4 te[0,T]
+C( sup IBIZ+K sup [[BI:)Ax(T) (39)

te[0,T] te[0,T]
T
C / (Ivallts + [PO)]",) e
0

where the constant C > 0 depends on u, A, v, v, A, Ey, M1, My, and the coefficients of the
Gagliardo—Nirenberg—Sobolev inequality in Lemma 2.1, but is independent of M.
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Proof In order to prove (3.8), using Lemma 2.1 and equation (1.1)3, we have
2
v(IVBI[7,), + V2| V?B|, + I1B:I3
= /(Bt —vAB)?dx
= / |B-Vu—-u-VB-Bdivu|*dx

< C(IBIZs I VullZs + lull= [ VBII3.)

< CIBl2 | VB . (IVullZs + llul7)

2
= | V2B ), + CE) (IVullfs + ),
which, together with the Cauchy—Schwarz inequality, one obtains
2
(VIIVBI2,), + v*| V?B| 2 + IBell7. < C(IVullfs + llullz). (3.10)

Next, multiplying (1.1); by @ and integrating by parts, we deduce

/,olﬁlzdxz /(—VP~I:l+MAu'ﬁ+()\+M)VdiVu~l:l
(3.11)
1
+B.VB. u—iu V(IBJ? )dx—Z[

The right-hand side of (3.11) can be estimated as follows. It holds by (1.1); that
P(p); +u-VP(p) + yP(p)diva =0, (3.12)
which, together with (3.1), yields
L =—/VP-(ut+u~Vu)dx
= /(P(,o) divu, — (w- Vu) - VP(p)) dx
= (/ P(p)divudx) - /(P(p)t diva+u-Vu- VP(,O)) dx (3.13)
t
= (/ P(p)divudx) + /((y - 1)P(p)(diva)® + P(p)|Vu|*) dx
t
( / P(p)dwudx) ClA, )M Va2,
t
Thanks to (3.4), we find (keep in mind that 0 < p < 2M,;)

[ Prdivads < Givul + 2@ [2O)]
(3.14)

,LL
—[Vul|7, + C(Eo) M.

o

Page 9 of 25
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Integrating by parts, one has

12=/L/Au-(ut+u~Vu)dx:—%(HVuH%z)t+u/85uj8i(uk8kuj)dx

5—%(”Vlllliz)t+;L/8iu]8iuk8ku’dx— E‘/IVulzdivudx
H 2 3
< _E(”V‘l”ﬂ); +C|[Vul|}s.
Similarly,

A+
L=+ u)fﬁ -Vdivadx < —T”“(n divul|?,), + Cl[Vulf?;.
Integration by parts also gives

I, = /B~VB'(ut+rou)dx

—/B-Vut-de+/BiZ)iBjuk8kujdx

—(/B-Vu-de) +/(Bt-Vu-B+B~Vu-Bt+Bi8iB/uk8/(uj)dx
t

(frvuna)

+ ClIBell 2| Vull 3Bl s + ClIB| 2 [ VBl s [[ullze [ Va3

(fvwnas)

1
+ 7 (1Bl +v? V2B(7,) + CE)(IVull; + ullix),

IA

IA

where we also used (2.1), (3.4), and the simple fact

1/2

IBll.s < CIIBI}ZIVB]}2 < CIBINZ|V*B| 5 »

L L L
which, together with Cauchy-Schwarz inequality, gives
/B Vu-Bdx < %||Vu||§2 +C|B|2 || VB ?,.

Similarly,
Is= — % / V(|B|2) c(up+u-Vu)dx

1
< —(f |B|2divudx>
2 t

1
+ 7 (1Bl +v? V2B[7,) + CE)(IVull; + lulf)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Page 10 of 25
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and
1 2 1 [k 2 2 2
3 |B|*divudx < §||Vu||L2 + C[IBll;3IVBIl}2. (3.20)

Thus, substituting (3.13), (3.15)—(3.17), and (3.19) into (3.11), using (3.10), we obtain

2 mtA
(Enwniz + = divu|?, + v||VB||§2)
t

+lly/pulZ + B2 + | VB,

) (3.21)

< </|:(P(,0)divu— B-Vu-B+ §|B|2div u] dx) +CM} ||Vu||i2
t
+ C(IVull?; + [ Vall s + [al ).
Thanks to (2.1) and (2.2), we find from (3.21) that
T
f (170l + [Vul + ult) de
0
T
<C / (IVal?, + [Val 7 + [ Val 5Vl %) dt
0
(3.22)

T T
< C+8/ IVl dt+C(8)/ [ Vull}, dt
0 0

T
< CsEo/u sup [Vul, + CO) [ IVulfyd
te[0,T] 0

where § > 0 is an undetermined small constant and the constant C(8) > 0 depends on &
and the coefficients in (2.1). Moreover, the derivation of inequality (3.22) also uses the
following inequalities:

IVull;s < ClIVull Vel 7 and  lullze < Cllull;d [ Val?:.

L L L L

Combining (3.14), (3.18), and (3.20), then integrating (3.21) over (0, T), and choosing § > 0
suitably small in (3.22), by virtue of the Gronwall’s inequality, we obtain (3.8).

To prove (3.9), applying #/[9; + div(u-)] to (1.1)@, summing with respect to j, and inte-
grating the resulting equation over R3, we obtain after integration by parts

(% / ol dx) = - / L'tj[B/Pt + div(quP)] dx
+ U / uj[ALé + div(uAuj)] dx
+(A+ ) / ﬂj[ajat(div u) + div(uaj(div u))] dx (3.23)

. / #[3,(B- VB) + div(uB - VB)] dax

—%/af[ata,(usﬁ) +div(ua,(|B|2))]dxéi:J,-,
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where the first term on the right-hand side can be estimated as follows, based on integra-
tion by parts and (3.12):

= / (3 P(p), + kit 3;P(p)) dlx

= /(—yP(p)div ua,i/' - a,»u/u"akp(p) - 8/(8kitjuk)P(p)) dx

(3.24)
= /(—yP(p)div uaji/ + a,afakukp(p) - akuia,ukp(p)) dx
< BvalZ, + c(Ivalds + |[P(o)|54)
= 8 12 L4 p 14"
Similarly,
A G ; 3u .
Jo = Mfu/[m/t +div(uAi/)]dx < “ Va2, + C| Vul3, (3.25)
and
)\' +u e .2 n P 4
Js = ———ldividlp + LIVl + CllVal. (3.26)
Next, integrating by parts, one has (keeping in mind that divB = 0)
Ja= / #[0,(B- VB) +div(uB - VB)]dx
= f (i/ (B.0;B + B'0,B]) — oy u* B'3;B)) dx
(3.27)
<- / (B'8;i/B: + B,d;i/ B' dx + &/ u*B'9,B) dx
Koo 4
= S IV&IL + CIBIL I VB L + CIBILs [ VB 2 + .
Similarly,
Koo a
Js = G IV + CIBIL I VB + CIBILs [ VB[ 2 + lul. (3.28)
Substituting (3.24)—(3.28) into (3.23), we obtain
(Iv/pal7), + Va7,
(3.29)

< C(IVulty + |[P(o)])32) + CIBIZ VB2 + CIBI% | V2B 1, + l[ull.

On the other hand, it follows from (1.1)3 that

B; - vAB;,=(B-Vu-u-VB-Bdivu),. (3.30)
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Multiplying (3.30) by B; and integrating over R3 yields

1 2 2
S IBellzz )+ VIIVBIp
t

:/(Bt-Vu—u-VBt—Bt-divu)~Btdx

(3.31)
+/(—B-V(u~Vu)+(u-Vu)-VB+Bdiv(u-Vu))-Btdx
3
+/(B~Vﬁ—ﬁ-VB—B~divﬁ)-BtdxéZN,».
i=1

Now, we estimate N; as follows. By using (2.1), (2.2), and integrating by parts, we obtain

Ny =/(Bt-Vu—u~VBt—B,-divu)-B,dx
< CIVBllz2IBell 2 (I Vullz3 + [lull =) (3.32)

v
< §IIVBtlliz + ClIB¢[I7. [ Vall 2| Vul 6,
and
1
N, = /(B -Via-u-VB-B-diva)- B, dx < 2 Va2, + CIB[2: [ VB2, (3.33)
and
N; = /(—B -V(u- Vu) + (u- Vu) - VB + Bdiv(u - Vu)) - B, dx
- / (4 81/ B'9;B, + u*8u'8,B B} — u* 941’ 9,B' B, — u* &' B'9;B}) dx
(3.34)
- / (u*31/ B'8;B] — uk o' B/ 3;B}) dx

v 2 2 2 2
< gIIVBtlle + CIIVBI 2 [[Vull 2 | Vallje.
Thus, substituting (3.32)—(3.34) into (3.31), we infer that

1
2 2 -2 2 2
(IBeli72), + IVBll7> < 2Vl + ClIBI7s 1 VB2 (3.35)

+ C(IB 721Vl 21 Va6 + VBl [ Val 7 | V| 5).
The combination of (3.29) and (3.35) gives

(||\//_)u||i2 + ||Bt||i2)t + ||Vl'1||%2 + ||VBr||%2
4 4
< C(IIVulijs + [P(p) | 4) + CIBIZs VB 7, + CIBI s [ VB[ 2 + llullfw  (3.36)

+ C(IIB 72 I Vull 21| Vullze + VB [ Vall [ VallZ).
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The right-hand side of (3.36) on [0, 7] can be estimated as follows. It holds by (3.1) that

T T
| Bt VBl de < ¢ sup (181 VB [ 197l de
0 te[0,T] 0

(3.37)
< CKAy(T)( sup [BI}3)-
te[0,T]
An application of the L?-theory for the elliptic equation (1.1); leads to
IVull6 < C(llpullz2 + | P(p)| ;6 + Bl VB]|12)
. 1/6
< C(My2 1ol 2 + M| P(o)] ) + 1Bl | V2B ) 538)
. / :
< C(MY* /ol 2 + My °EY® + B3| V*B] ,»)
< C(MYPKY? + MY + B K1),
where we have used (3.1). Thus
T
/ (IB: 112 [ Vull 2 Vull s + [ VB]7, I Val 7, | Val| %) dt
0
T
< CKW(M})/ZKM MO 4 ( sup ||B||L3)K”2) / 1B, 12, dt
te[0,T) 0
(3.39)

T
+c( sup ||Vu||§2)(MOK+Mg”3+(sup ||B||§3)1<)/ IVBJ2, dt
te[0,T] te[0,T] 0

< C(MgfzK + MK ( sup ||B||L3>K)A1(T).
te[0,T]

In addition, it holds by (1.1)3, (2.1), (2.2), and (3.1) that
| V2B||;> < C(IBlI2 + KIIB|% | Vul %),

which, together with (3.36)—(3.39), (3.22), and Gronwall’s inequality, gives rise to
(3.9). O

We are now in a position of providing the concluding estimates of A;(7T) and A»(T).

Lemma 3.4 Let (p,u,B) be a smooth solution of (1.1)—(1.5) on R? x [0, T, satisfying 0 <
p < 2My. Then there exist positive numbers &1 and K, depending only on i1, 1, v, v, A, Ey,
My, and Mo, such that

A(T) +Ay(T) <K, (3.40)

provided

1
A(T) +Ay(T) <2K  and |Bol|;5 < Mo <e. (3.41)
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Proof Indeed, it follows from (2.8) that

T T
/0 IVult,dt < C /0 (IFU% + | Po) |12 + | 1B s + loll%) . (3.42)

To estimate || P(p)]| 4, we multiply (3.12) by 3(P(p))?, integrate it over R3 and utilize (2.3)
to get that

( / (p<p>)3dx> e e =L [ B a

20+ A 212 + A
. # . @+ ) (3.43)
Y - 3 Yy - 4 4
=_ F-Pdx<——"|P CIlIF|I74,
- M/ < 3o | P+ CIPIL,
thus
T . T . 2
|P(p)||jsde < C | |IF|l}adt+CM . (3.44)
0 0
Using (2.1), (2.2), (2.5)—(2.7), and the fact that 0 < p < 2M,, we deduce
r 4
f (IEN7a + [ 1BI?]| s + ol 7a) de
0
T T
< / (IF1Z + el 72) (1F |l + i) di + / IB|% dt
0 0 (3.45)

T
s/ (IVull?s + | P(0) |22 + [IBI?] ) (Lol 2 + VB - Bl 2)
0
T
x (Il + ||VB'B||L6)dt+/O IBI1% dt

Now, we estimate the right-hand side of (3.45) as follows:
T 2
/ (IVal, + [P)|%) il 2 L il
0
T 12, T 172 (3.46)
< CM3P(Ay(T) + M) ( | ivmz, dt) ( | vz, dt) '
0 0
< CM3P(AL(T) + MY)AYX(T)AY(T).
It follows from (2.1) and (2.2) that
3/2
2

IVB-B|;s <C|V(VB-B)|,, < CIIVB|};*|V*B| ;. (3.47)

Hence
T 2
/0 (I1VullZ, + | P(p) | ;) | ol 12| VB - B| 6 dlt

T 1/4 T 3/4 (3 48)
5CMgfz(Al(T)+Mg)A;/2(T)(/ IVB|?, dt> (/ ||V2B||i2dt) ‘
0 0

< CMy*(Ay(T) + M) AH(T)A)X(T),
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and
r 2
f (IVul2, + [ P(o) %) ol VB - B2 dt
0

T
< CMo(Ax(T) +03) [ [ V2B, 1Bl 1 Vil
0

T 1/2
§CM0< sup ||B||L3)(A1(T)+Mg)</ &1 dt) (3.49)
0

t€[0,T]

T 1/2
< ([ rvaz.ar)
0

< CM0< sup ||B||L3>(A1(T) + M) AYX(T)AYX(T),
te[0,T]

It follows from (3.47) that

T
/0 (V)2 + [P(o)|;2) IVB - Blls | VB - Bl 2 dt

L

T 9 3/4 T 1/4
< C( sup ||B||L3>(A1(T) + My)AL? </ | VB dt) (/ IVBJI2, dt)
0 0

t€[0,T]

T
< C(AVT) + M) f |V2B[°2 Bl | VB2
0

< C( sup ||B||L3>(A1(T) + MY A (T)AYX(T).

t€[0,T]

(3.50)

Similarly,

T
/ |1B2| 52 1 tll2 (llowlls + VB - Bll6) de
0 (3.51)
= C( sup IBIE ) (M3AL(T) + M AT (D) A HDAY(D),

te[0,T]
and
T 2
| TIBE I 1VB- Bl (1ol + VB Bil) + 1B
° (3.52)
= C( sup IBI: ) (MoAs(T) + AT H(TIAYH(T))AVATIAY(D).

te[0,T]

Substituting (3.46)—(3.52) into (3.45), by virtue of (3.42) and (3.44), one obtains

T
| v+ o) ae
< CMy’ + C(AL(T) + MY) (M3 + MYPAYY) AVX(T)AYX(T)

+C(AT) + MY) ( sup Bl ) (Mo + AVHT)AYH(T)AYA(T) (3.53)
te[0,T]
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o s 1B 0 AT VAT AT
te[0,T]

+ c( sup ||B||23)(M0A1(T) + AVHT)AYA(T)) AVX(T)AV(T).

te[0,T]

Collecting (3.6), (3.8), (3.9), and (3.53) together, and choosing K > 1, My < 1/2, we im-
mediately obtain
AL(T) + Ay(T)

< C(MYPK + MY °KY? + KM + KM ) AL(T)
+ C(ezCKMﬁy + e4CKMgV)A2(T) +C(1+My + ng)
+ (M + e Mg") (AL(T) + MY) (Mo + AYH(T)) AT (D) AYX(T) G50
+ CEK My (M3*AL(T) + MY*AS™M(T))AY2(T)AY*(T)
+ CEKME (MoAL(T) + AXHT)AYH(T))AVX(T)ALYX(T)

< Ce" K MYP[ANT) + As(T)] + Co(1 + MY + M)
+ C3e> O My (AYH(T) + AS3(T))AYH(T)AY*(T),

where C; (i=0,1,2,3) >0 depend on p, A, v, A, Ey, My, and M,, but not on My and T.
To continue, set

K £ max{1,8C,, M, + M,)}.

Thus, if it holds that

Mo b [] 1y 1 ?
o=a= M 5\ 9cieak ) 7\ Tecsescc™ ) |7

then one infers from (3.54) that

A1(T) + Ax(T) <4C; +16C5e> X My*K5* A{*(T)AY*(T)

<5+ S [+ AT,

(3.55)

provided (3.41) holds. Thus, the desired estimate of (3.40) immediately follows from (3.55)
by choosing K and ¢; as above. O

In order to derive a uniform upper bound of the density, we still need the following
t-weighted estimate.

Lemma 3.5 Let the conditions of Lemma 3.4 be in force. Then there exists a positive con-

12
Y <My < e,

stant &, depending only on i, A, v, y, A, Eo, My, and My, such that if |Boll 5

then forany0<t; <t, <T,

sup [t —t)(Iv/oal? + IBl% + | V2B| )]

l1<t<ty

" . (3.56)
+ / (t - t)(I1Vall7 + | VB||7,) dt < C[1+ My* (82— 11)],
t
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where the constant C > 0 depends on , A, v, y, A, Ey, M1, My, K, and the coefficients of the
Gagliardo—Nirenberg—Sobolev inequality in Lemma 2.1, but is independent of M.

Proof Indeed, it follows from (3.6), (3.38), and (3.40) that
IVulls < C(MY? /Pl + My + My | V2B ), (3.57)
thus

4
IVullfs + |P(o)]
< ClIVull2 | Vul?s + CM” (3.58)

< C(M"™ + M| Vull 2 | /pal, + MY [ Vull 2| V2B[,).

Multiplying (3.36) by (¢ — t;1), integrating it over (#1,t) with & <t < £, using (3.6) and
(3.40), we get

12}
sup [(t-t1)(ll/pull, + IIBtlliz)]+/ (- t)(IVal7, + | VBI3,) dt
t

l1<t=<ty

ty
<C+ / (t~ ) (IVull’s + |P(o)| 4 + MY | V7B|[ %) dt

2]

5]
3.59
.C / (- 12) (1B |Vl 2 |Vl o) it (3:59)
5

2
+ Cf (e =) (IVBI LI Val 7, [ Valls + [lulj) dt
t
EC+i+)+]5
where the second term on the right-hand side can be estimated as follows based on (3.58):
ty
/ . 3
h=C f (¢ £0) (MY + M3Vl 2 | /a3, + MY [Vl 2 | V2B
t
4
+ My [V*B|2) dt

) 172 ty 1/2
<CM3? sup [(t—tl)nﬁuniz](/ ||Vu||§2dt) (/ ||ﬁﬁ||izdt)
15}

l1<t<ty t
) t 12, oty ) 1/2
+CM{” sup [(t—t1)||v23||L2](/ ||Vu||§2dt> </ ||V2B||L2dt>
t1<t<ty t t

L
+CMY sup [(t-1)|V?B|}] / 2||V2B||§2 dt + CM (8, — 1,)?

t1<t<ty t

<CM3? sup [(¢-t)l/pal%] + CM sup [(t-4)|V?B]]
l1<t<ty t1<t<ty

+ Cnglz(tl - t2)2.

By virtue of (3.57) and Cauchy-Schwarz inequality, we also have

2
h<cC / (6= 0) 1Bl 1Vl 2 (Mg + My Il /pill 2 + Mg” VB ) e
1
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ty 172 ty 1/2
< CMy* sup [(t—t1>||Bt||i2]</ ||Vu||§2dt) <f ||ﬁﬁ||izdt)

t1<t<ty t t
s/6 ty 1/2 ty 1/2
+ MY sup [(t—tl)nBtan](/ ||Vu||izdt> (/ ||Bt||§2dt)
l1=<t<ty t t
ty 1/2 ty 1/2
2 2
+CMy" sup [(t—t1)||Bt||iz](/ ||V2B”L2dt> (/ ||Vu||§2dt)
t1<t<ty t1 t

< C(ML?+ M) sup [(£—t)lIB.I% ]+ CMY Pt - 15)* + C.

f<t<ty

Similarly, we infer from (3.40) that

7]
Js<C f (¢ — )| Vul%, (M + Mol /pul2, + My | V2B|7,) dt

5]

<CMo sup [(t-t)llv/pul] +CM§Vtsgp[ [t )] V*B] ]
1=t=l2

L1 <t<ty

+ CMéOV/B(tl - t2)2 +C.
In addition, it holds by (1.1); and (3.40) that

sup [(t- )| VB[ 2] <C sup [(¢—t)(IBelZ, + IBI: | Vul2)]
t<t<ty L1<t=ty

. (3.60)
<C sup [(t=t)IBl?,] + CMy" (t1 - 12)* + C.

t1<t=<ty

Substituting /1, J», and J3 into (3.59) and using (3.60), we obtain

sup [(¢—t)(Iv/Pall% + B + | V?B|| )]

1<t<ty
5]
+/ (t - a)(IVall2, + [IVB.2,) dt
5]

< CiMy sup [(t-t)llv/pull?] (3.61)

t1<t<ty

+ C5(MY? + MY""?) sup [(¢ - 41)IBe|1% ]

L1 <t<ty

+ CeMy sup [(t-0)|VB|},] + CMY (6 - 1) + C.

t1<t<ty

Thus, if M is chosen to be suitably small such that

A [1 1 \FE 1 \T
My <ey=miny —, | — | —= ,
2C; \ 2G5 2Cs

then we immediately obtain (3.56) from (3.61). O
We are now in a position of estimating an upper bound of the density.

Lemma 3.6 Let the conditions of Lemma 3.4 and 3.5 be in force. Then there exists a positive

1/2
Y'<My<s,

constant g, depending only on ju, A, v, y, A, Ey, M1, and My, such that if || Bg ||L3
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then
7M
olx, 1) < TO for all (x,t) € R® x [0, T). (3.62)

Proof In view of (2.3);, we can rewrite (1.1); in the form:

Dip =g(p) +b/(1), (3.63)
where
2 Ap y A 1 /t 1 2
£ , bt) & - F+—p|B|? ) ds. 3.64
g(p) 2M+Ap (1) i), P +2p| |“ ) ds (3.64)

Obviously, it holds that g(co) = —o0. So, to apply Lemma 2.3, we still need to deal with
b(t). To do this, we first utilize (2.2), (2.5), (2.6), and the fact that 0 < p < 2M, to deduce
thatforany0 < <, <T,

5]
1b(t5) - b(11)| < CMy / (Il + Bl dt
I3}
< CM, f (IEISHIVEIE + IBIZ2 I VBT dt
t

5]
1/4
< CM, / (IVull2 + M2 + [BI,) (3.65)

t

3/4
x (Mol Va2 + IBILS VB3

dt

remy [ IBIIVBI di Z N.
51

The right-hand side of (3.65) can be estimated as follows. We deduce from (3.4), (3.56),
and Holder inequality that

7/4 2 -3/8 2 \1/8 .2 13/8
Ni=CMg™ | (t-a)P(IVully) [ - ) Val;] ™ dt
i

t 172 ty 1/8 ty 3/8
scMé/‘*(f (t—tl)*”dt) (f ||Vu||§2dt) (/ (t—mnvanizdr)
151 151

< CMgM( tl)l/S[l M15V/16( )3/4]

AMY T 13-y 14+y
—C (t-t)+C(M,” +M,? ),
8(2u + 1)

IA

and

N, = CMO/ IVl B | V2B 55 [ - 0) | VB 2. ] (e — 01) e

51

(2+y)/2 2p 12 14 2 2 e
< CM, [ sup ((t-t)|V B||L2)] IVull}, dt
51

l1<t<ty

ty 3/8 t 1/2
X (/ VB2, dt) </ (t- tl)‘mdt)
t 151
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< CM(ZH/)/Z(tZ _ t1)1/4[1 + 1\/18}//8(t2 _ t1)1/2]

).

AMVH 34y 243y
= m(tz - tl) + C(M03 +M0 2

Similarly, using (3.56) and Holder inequality, we have

N = MO8 / (£ 1) 5[ - )| Va2 ] de

t 5/8 ty 3/8
sCMg”*”’S( / (r—tl)%dt) ( / (r—n)nvuuizdt)
t t1

14+7)/8 15/16
<My B, - 1) 41+ My 0 (8 - 0)*]

AMV+1 12+y 12—y

and

Ny = CM(()SH/)/S/ ||B||1/4 ”V2B||3/4

t

(8+5y)/8 202 V]V 2 2p|12 "
=My sup ((e- )] VB3| | V2B, dt
t

1 <t<ty

ty 5/8
x (/ (t—t)72° dt)
1

< Myt = )P [ 1+ MG 6 - 1)

AM 512y
< W(tz — 1)+ C(MO 5 +M(1)+3y),

By virtue of (3.6) and (3.40), we infer from Cauchy—Schwarz inequality that

Ny = CMTV / 1B VB Va2 de

5]

f 38 ; rty 5/8
5CM87*2”’4( / (t—tl)llwllizdt) ( / (t—tl)‘?’*”dt)
t t

< CM(()7+2W/4(t2 )1/4[1 +M15y/16( )3/4]

aid
3
)

AMYT (1 1247y
<=2 (Z+CM, " )(t,-t1)+CM,
2u+ A\ 8

and

N6 _ CMO/ ||B||l/2||VB”l/4|| v2B||5/4

5}

Lty aat2 T4 (2 /1 onni2 3/8
= CMO [ sup ((t_tl)”V B||L2)] ( (”V B||L2 dt)
t1<t<tp t

ty 5/8
x </ (t—tl)"mdt)
t

Page 21 of 25



Zhang Journal of Inequalities and Applications (2022) 2022:18

< CMY™ (ty - 1)1+ MY (82 - 11)1?]

AMY! 1+ 142
<9 (-1t + C(M."”" + M;*),
_8(2M+)»)(2 1)+ C(M, o)

and
2 2/3 || o2 ||4/3
N;=CM, [ IBIZ|V?B| > dt
t
344y ty ty 1/3
<o, ¥ ([ (vrlay ([ ar)
t t
3+4y
<CM,° (t-1)"?

AM! 213y

< 70(t2—t1) + CMO 2,

8(2u +X)
Due to 1 < y <6, it is obvious that

13-y 12—y
<
7 6

and hence, putting N; (i = 1,2,...,7) into (3.65), we obtain

1By iy AMYY /7 124y
’b(tz) — b(fl)‘ < C7(M0 7 +M03 ) + 2/,1, i 3 (g + CSM() 1o )(tz — l']). (366)

Now, in view of (2.10) and (2.11), we set

Ly sy AMY (7 12ey
No2G(My7 +My° ), N2 2Mik<§+CgM016 )» and £* £ M.

Thus, if My is chosen to be small enough such that (noting that 1 < y < 6)

7 3 _16
M N 1 6-y 1 y 1 2+y
- 8 7 7 ) )
1™ \ac 2C; 8Cs

then it is easy to check that

Agr+t AMT!
< — < —
20+ A T 2+ A T

g)=- Ny, V& =§" =M.

As a result, we conclude from (3.66) and Lemma 2.3 that

3My  7My
sup [ p(8)] oo < Mo+ No < Mo+ =2 = =2,
0<t<T 4 4
The proof of Lemma 3.6 is therefore complete. O

Proof of Proposition 3.1 Inview of (3.40) and (3.62), we obtain the desired estimate of (3.2)
with K and ¢ being the same as in Lemmas 3.4 and 3.6. O
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With the help of Proposition 3.1, the higher-order estimates of the solution (p,u, B) can
be shown in a manner similar to that in [9] (see Lemmas 4.1-4.6). For completeness and

for convenience, we collect these estimates in the following lemma without proofs.

Proposition 3.2 Let the conditions of Proposition 3.1 be in force. Then for any T > 0 and
O0<t<T,

T
s[u[;](” (Vp, VP) ”Hlnwlﬂ + H (o1, P) “Hl) +/ ” (01t Prz) ”22 dt <C(T), q€(36)
tel0, 0

T
swp (/7o B + [0 VB ) + [ (107 B [+ | VPul ) e
tel0, 0

<C(T),

T
sup (1780 9B [T VB [V, VB e
telr, T

<C(r,T),

where C(t, T) denotes a positive constant depending on v and T, in addition to u, :, v, y,
A, Ey, My, My, K, and the coefficients of the Gagliardo—Nirenberg—Sobolev inequality in
Lemma 2.1.

With Propositions 3.1-3.2 at hand, we can extend the local solutions obtained in
Lemma 2.4 to be a global one in a similar manner as that in [9].

Proofof Theorem 1.1 By Lemma 2.4, there exists a T, > 0 such that the problem (1.1)—(1.5)
has a classical solution (p,u, B) on (0, 7,]. Noting that

A1(0) + Ax(0) =My + My <K, 0 < po < Moy,

and using the continuity arguments, one infers that there exists a T} € (0, T,] such that
(3.1) holds for T = T;. Next, let

T* £ sup{T| (3.1) holds}. (3.67)
Then T* > T; > 0. We claim that
T" = o0. (3.68)

Indeed, if we had T* < 0o, then it would follow from Proposition 3.1 that (3.2) holds for T’ =

T*, provided ||B0||i/32]’ <My <eand 1<y <6. It would also follow from Proposition 3.2

thatforanyO<t < T < T%,

(Vu, VB, V2u, V3B) € C([r, T); L N LY),
V3ue C([r, T;L?) withp € [2,9),q € (3,6), (3.69)
(Vu, VB, V2u, V?B) € C([7, T]; L> N C(R?)),
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where we have also used the following embedding:
L®(t,T;H')NH' (7, T;H ') — C(t, T;L%), Vo €[2,6).

Moreover, for any 0 < 7 < T < T*, it then follows from (1.1);, Propositions 3.1 and 3.2
that

T T
/ f‘at(p|ut|2)‘dxdt+/ f‘at(p|uVu|2)’dxdt§C(t,T),

which, together Proposition 3.2, yields

Vou, /pu-Vue C(t,T; L%,

and, consequently,
JoueC(t, T;L%).

In a similar manner, we can also show using (3.69) that
Vue C(t, T;L?).

This particularly implies that (o, u, B)(x, T*) satisfies the compatibility condition (1.9) with
g(x) = a(x, T*) at t = T*. Thus, using Lemma 2.4, (3.2), and the continuity arguments, we
know that there exists a 7** > T* such that (3.1) holds for T = T**, which contradicts
(3.67). Hence, (3.68) holds. This, together with Proposition 3.2 again, shows that the solu-
tion (p, u, B) is in fact the unique classical solution on R3 x (0, T] for any 0 < T < T* = oo.
The proof of Theorem 1.1 is therefore complete. d
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