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1 Introduction

For U # @, let 2Y indicate the set of all nonempty subsets of the space U.If T: U — 2% isa
set-valued mapping, then Fix(T) = {u € U : u € T(u)} denotes the set of all fixed points
of T, and Per(T) = {u € U : u € T (u) for some k in N} denotes the set of all periodic
points of T, where T = T o T o T o --- o T (k-times). A dynamic process of the system
(U, T) starting at z° € U, is a sequence {2 : m € {0} UN} described by z” € T(z"!) for all
meN.

Recall that for amap 7 : U — U, a sequence (z” : m € {0} UN) beginning at z° € U such
that 2 = T1(2°) for all m € {0} UN is called a Picard iteration.

In 1966, Dugundji [1] initiated the idea of gauge spaces, which generalizes metric spaces
(or more generally, pseudo-metric spaces). Gauge spaces have the characteristic that even
the distance between two distinct points of the space may be zero. This simple character-
ization has been the center of interest for many researchers worldwide. In 1973, Reilly [2]
initiated quasi-gauge spaces. According to his definition, quasi-gauge spaces generalize
quasi-pseudo metric space by replacing a single quasi-pseudo metric space with the fam-
ily of such spaces on the set. In this way, he was also able to show that quasi-gauge spaces
generalize gauge spaces. In 2015, Ali et al. [3] introduced the concept of b-gauge spaces
and obtained some fixed point results. For further facts on gauge spaces, we recommend

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-021-02750-4
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-021-02750-4&domain=pdf
https://orcid.org/0000-0003-4606-7211
mailto:hassen.aydi@isima.rnu.tn
mailto:baak@hanyang.ac.kr

Zikria et al. Journal of Inequalities and Applications (2022) 2022:13 Page 2 of 22

the readers to Agarwal et. al. [4], Frigon [5], Chis and Precup [6], Chifu and Petrusel [7],
Lazara and Petrusel [8], Cherichi et al. [9, 10] and Jleli et al. [11].

For a long time, it was unknown how to define the distances, which generalize metrics,
or pseudo metrics. These distances provide important and powerful tools in finding the
solutions to various crucial problems in fixed point theory. In this direction, the works
done by Kada et al. [12], Suzuki [13], and Lin and Du [14] in metric spaces are apprecia-
ble.

Wlodarczyk and Plebaniak [15] introduced the notion of left (right) J-families of
generalized quasi-pseudo distances in quasi-gauge spaces, which generalized the above-
mentioned distances and provided useful and important aid for solving numerous prob-
lems of nonlinear analysis. To know how these families work and help in proving different
results of fixed point theory, see [16-21].

The famous fixed point results due to Banach [22] called the Banach contraction prin-
ciple has attained its fame in the case of single-valued mappings and attracted various au-
thors for many years. The principle assures the uniqueness and existence of a fixed point
of certain self-maps on a complete metric space and gives a powerful tool to estimate the
fixed point. Nadler [23] extended the Banach contraction principle to the case of multival-
ued mappings using the idea of a Hausdorff metric. Their analogs in more general spaces
are important, fascinating and challenging for most researchers. For further results on the
subject, see [24—26].

This paper aims to introduce the notions of a quasi-b-gauge space (U, Q) and left
(right) Jsq-families of generalized quasi-pseudo-b-distances generated by (U, Q.q).
Moreover, by using these left (right) J;,o-families, we introduce the concept of left (right)
Jsq-sequential completeness. We also investigate the Nadler type contractions for set-
valued maps T : U — CI72(Ul) and Banach type contractions for single-valued maps
T : U — U (that are not necessarily continuous). Furthermore, we present new periodic
and fixed point results for such mappings in the new setting, which generalize and com-
plement the existing fixed point results in he literature. Some examples are also provided

in support of the main results.

2 Preliminaries
The following concepts are useful in the entire paper. The famous Banach contraction
principle [22] states that:

Let (U, q) be a complete metric space. Suppose that T': &/ — U is a contraction mapping,

i.e., there exists u € [0, 1) such that

q(Te, Tf) < nqle,f) (2.1)

foralle,f € U. Then
(i) T hasa unique fixed point g in U;
(i) for each g° € U, the sequence {g"” = T"(¢°) : m € N} converges to such a fixed
point.
Recall that the Hausdorff metric H? on the class of all nonempty closed and bounded
subsets CB(U) in the metric space (U, g) is described for all A, B € CB(U) in the following
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way

HY(A, B) = max{ supg(a, B), sup q(b,A)}, (2.2)
acA beB
where g(a, B) = infycg q(a, b), for a € U.
The main result of Nadler [23] for set-valued mappings is:
Let (U,q) be a complete metric space and let T : U — CB(U) satisfy a (H?, u)-
contraction, i.e., there exists u € [0, 1) such that

HY(T(@), T(f)) < nqle.f) (2.3)

for alle,f € U. Then there is g € U such that g € T(g) (that is, Fix(T) # ).

On the other hand, Bakhtin [27] introduced the notion of a b-metric space in 1989, and
Czerwik [28] presented it formally in 1993 in order to generalize the Banach contraction
principle.

Definition 2.1 ([27]) Let U be a nonempty set and s > 1. A function g: U x U — [0, 00)
is a b-metric if it satisfies the following for all e, f, g € U:

@) qlef)=0se=f;

(b) qle.f)=q(fe)

(c) q(e’g) = S{q(&f) + q(f’g)}
The pair (U, q) is said to be a b-metric space.

Example 2.2 Suppose U = [0,1]. Define g: U x U — [0,00) for all e,f € U as:

qle.f) = (e—f).
Then q is a b-metric on U, where s = 2.

We observe that g is not a metric on U, since the triangular inequality does not hold.

Also, we note from the definition of a b-metric space that when s = 1, both the concepts
of a metric space and a b-metric space coincide. Thus, the class of b-metric spaces is bigger
than the class of metric spaces.

The references [29-39] can be seen for other definitions and results in the setting of
b-metric spaces.

Definition 2.3 ([40]) Suppose U is a non-void set. The function g : U x U — [0, 00) is
called a quasi-pseudo metric if it fulfils the following for all e,f, g € U:

(a) gle,e) =0;

(b) qle,g) < qle.f) +q(f.9).
The pair (U, q) is called a quasi-pseudo metric space.

Example 2.4 Let U =R and define g : U x U — [0, 00) by

le—f| ife<f,

1= ife>f.

Then ¢ is a quasi-pseudo metric on U and (U, q) is a quasi-pseudo metric space.
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Since the symmetric property does not hold (i.e., g(e,f) # d(f,e)), (U, q) is not a pseudo

metric space, and hence it is not a metric space.

3 Main results

In 2015, Ali et al. [3] has defined gauge spaces in the local of bs-pseudo metrics, called
b-gauge spaces. In order to introduce quasi-b-gauge spaces, we start the introduction of
the notion of a quasi-pseudo-b metric.

Definition 3.1 Let U be a nonempty set and s > 1. The map g : U x U — [0, 00) is called
to be a quasi-pseudo-b metric if it satisfies the following for all e, f, g € U:

(@) qle,e)=0;

(b) gle,g) =sigle.f) +q(f,0)}.
The pair (U, q) is called a quasi-pseudo-b metric space. A Hausdorff quasi-pseudo-b met-

ric space (U, q) satisfies

e#f = qlef)>0vq(f,e)>0 (3.1)
foralle,f e U.

Example3.2 Let U =1, = {{x,}u=1 CR, Y, [%4|” < 00}, where 1 < p < 00. Define g : U x
U — [0,00) for all x,y € U by

ifx <y,

; (3.2)
ool lxal?)? if x> y.

qx,y) =

Then g is a quasi-pseudo-b-metric on U with s = p > 1. Since symmetry property does
not hold, g is not a pseudo-b-metric, and hence it is not a b-metric.

Example 3.3 Suppose U = [0,6]. Define g: U x U — [0,00) forall e,f € U by

0 ife>f,
q(e.f) = (3.3)
(e—f)? ife<f.

Then ¢ is a quasi-pseudo-b-metric on U. Indeed, g(e, e) = 0 for all e € U. Further, g(e, ) <
2{q(e,f) + q(f,g)} holds for all e,f,g € U and for s = 2. Also, (U,q) is a Hausdorff quasi-
pseudo-b-metric space.

Definition 3.4 Each family Q,q = {gs : B € 2} of quasi-pseudo-b metrics g5 : U x U —
[0,00) for B € Q is said to be a quasi-b-gauge on U.

Definition 3.5 The family Q.o = {gp : B € @2} is called to be separating if for every pair
(e,f), where e #f, there exists g5 € Q. such that either gg(e,f) > 0 or gs(f,e) > 0.

Definition 3.6 Let the family Q.. = {gp : 8 € 22} be a quasi-b-gauge on U. The topology
T(Qyq) whose subbase is defined by the family B(Q,q) = {B(e,€g) :e € U, €5 >0, B € Q} of
all balls B(e, eg) = {f € U : qg(e,f) < €g} and is called the topology induced by Q. on U.
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Definition 3.7 Suppose (U, 7T) is a topological space and Qq, is a quasi-b-gauge on U
such that 7 = 7(Q,q). Then the topological space (U, Q) is called to be a quasi-b-gauge
space. We note that (U, Q) is the Hausdorff if Q, is separating.

Remark 3.8
(a) Each topological space and quasi-uniform space is a quasi-gauge space [2]. Also,
each quasi-gauge space is a quasi-b-gauge space (for s = 1). Therefore, in the
asymmetric structure, we can term a quasi-b-gauge space as the largest general
space.
(b) We observe that if s = 1, the above definitions turn down to agree with the

definitions in quasi-gauge spaces.

We now establish the notion of left (right) J;,-families of generalized quasi-pseudo-b-
distances on U [left (right) J-families are the generalizations of quasi-b-gauges].

Definition 3.9 Let (U, Q;q) be a quasi-b-gauge space. The family Jo = {5 : B € Q}
where /5 : U x U — [0,00), B € Q is called the left (right) J;o-family of generalized quasi-
pseudo-b-distances on U (for short, left (right) J;,o-family on U) if the following state-
ments hold for all 8 € Q and for all x,y,z € U:

(J1) Jex,2) < sglfp(x,9) + (0, 2)};

(J2) for sequences (¢4, : m € N) and (v, : m € N) in U fulfilling

lim sup /g, ) = 0, (3.4)
m— 00 n>m
( lim sup Jj (14, t4y) = o), (3.5)
m—0Q n>m
and
lim ]/S (Vm: um) =0, (36)
m—>00
(1im Jp(atn,vn) =0), (37)
the following hold:
lim qg(Vin, ) =0, (3.8)
m—> 00
and
( 1M st Vo) = o)). (3.9)
m— 00
We denote

J(LU’QS;Q) ={Tsa: Tsa = U : B € 2} is aleft Jyo-family on U}
and

quva) = {js;g Tsa=Up:B€ Q}} is a right J;q-family on U}.
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Now, we mention some trivial properties of left (right) J;,o-families.

Remark 3.10 Let (U, Q,q) be a quasi-b-gauge space.
L R

@) Qsa € Jy0,0) N wo0)

(b) Let Jsq € J(LU,QS;Q) or Juq € JE?U,QS;Q)' If Jg(v,v) =0 forall B € Qand forallve U,
then for each B € , J4 is a quasi-pseudo-b metric.

(c) There is an example of J.q € J(LU,QS;Q) and Jsq € JEU,QS;Q)’ which shows that the
maps Jg, B € Q are not quasi-pseudo-b metric (see Example 3.12 below).

(d) We note thatif s = 1, the above definition reduces to the corresponding definition in

quasi-gauge spaces.

Proposition 3.11 Let (U, Q,q) be the Hausdorff quasi-b-gauge space. Take the family
Tsa = s : B € Q) to be the left (right) Jsq-family of generalized quasi-pseudo-b-distances
on U. Then there is 8 € Q such that

e#f = Jglef)>0VJs(f,e)>0

forallef e U.

Proof By incorporating the definition of the left (right) J;.q-family of generalized quasi-
pseudo-b-distances on U in the proof of Proposition 3.11 of [15], the proof of our result

can easily be obtained. 0

Example 3.12 Let (U, Q) be a quasi-b-gauge space, where U contains at least two dis-
tinct points and Q. = {g4 : B € 2} is the family of quasi-pseudo-b metrics g5 : U x U —
[0,00), B € Q.

Let the set F C U contain at least two distinct, arbitrary and fixed points, and let dg €
(0,00), B € Q satisfy 85(F) < dg for all B € @, where §g(F) = sup{gp(u,v) : u,v € F} for all
B € Q. Let the family J0 = {J5 : B € 2} of maps Jg : U x U — [0,00), B € Q be defined
foralle,f € U as:

o)< |TED HENLES = tef) 510
dg ifFNief}#{ef}

Then J,;0 € J(LU’Q) N qu‘Q).
We notice that Jg(e,g) < %{]ﬁ(e,f) +Jp(f,g)} forall B € Q@ and foralle,f,g € U, where

% =sg > 1, B € Q. Thus, the condition (;) holds. Indeed, the condition (7;) does not
hold only if there are some 8 € Q and e,f,g € U such that Js(e,g) = dg, Js(e,f) = qp(e,f),
Js(f,2) = qs(f,2) and sp{gp(e.f) + qs(f,g)} < dg. However, this implies that there exists
h € {e,g} such that &1 ¢ F and, on the other hand, e,f, g € F, which is impossible.

Now, suppose that the sequences {u,,} and {v,,} in U are satisfying (3.4) and (3.6). Then
in particular (3.6) yields that there exists m; = m;(8) € N such that for all m > m;, for all

B € 2, and for all 0 < € < dg, we have

J8 (Vs thin) < €. (3.11)
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By (3.11) and (3.10), denoting »' = min{m;(B) : B € 2}, we have for all m > m’
FO iy i} = {Vins thn}- (3.12)
Let there exist m’ € N such that for all m > n', for all 8 € 2, and for all 0 < € < dg, we have
a8 Vs thin) = Jg(Vims thi) < €. (3.13)

Hence, the sequences {u,,} and {v,,} satisfy (3.8). Therefore, J;.q is a left J;,o-family.
Similarly, we show that if {u,,} and {v,,} in U satisfy (3.5) and (3.7), then (3.9) holds, and
thus Jq is a right J,o-family.

Now, using the left (right) Jo-family on U, we define the left (right) J;q-completeness
in the quasi-b-gauge space (U, Q,q).

Definition 3.13 Let (U, Q,) be a quasi-b-gauge space, and let J,q = {/5 : B € Q} be aleft
(right) Jgq-family on U.
(A) A sequence {uy,}men is said to be a left (right) J;,q-Cauchy sequence in U if for all
B € Q, we have

lim sup /g (4, un) =0 <11m sup]ﬂ(un,um):O)‘

Mm=>00 y>m X usm

(B) A sequence {u,,}men is said to be the left (right) J;,q-convergent to u € U if
L-Ts0 R-Tsq

lim,,, 58 Uy, = u (limy, 555 u,, = u), where
L-J

hnlm—>oé>2 Uy =U < Vﬂeﬂ{hmmeoo]ﬁ(u, Uy) = 0}
R-Ts; .

(hmm—wg Up =U < Vﬂeﬂ{hmmeoo]ﬁ(umy ) 0}).

L- JSQ

(@) IfSL ‘ZQN #Q)(SR JSQN #0), whereS N ={uel:lim,55 u,, = u}

I»{ me u me

Sg{ J;ZN) ={uel: hmf,,_‘?;g U, = u}). Then the sequence {u,,}men in U is the left

(right) J;,q-convergent in U.

1»{ VVIE

(D) The space (U, Q) is a left (right) J;o-sequentially complete quasi-b-gauge space
if each left (right) J;,o-Cauchy sequence in U is left (right) J;,q-convergent in U.

Definition 3.14 Suppose (U, Q) is a quasi-b-gauge space, and let 7: U — 2/ be a set
valued map. The map T™! (for k € N) is called a left (right) Q,q-quasi-closed map on U if
for each sequence {z,,},neny within T™(11), which is left (right) Q,.q-convergent in U, thus
SLZ anzN Z0 (SZ_Q;ZN # ), having {x,,}meny and {yu}men as its subsequences satisfying

R-Qg0 )

Ym € TW(x,,) for all m € N, has the property that there exists z € SL ;ZN (z € S(epmeN)
such that z = TH(2) (z = TH(2)).

Remark 3.15 Suppose (U, Q) is a quasi-b-gauge space.
(@) If {ut), : m € N} is a left (right) J;,q-convergent sequence in U, then for every
subsequence {v,,},en, wWe have
Ts; Ty Ts; §RTs
S(Lu miN SLV mZN) (SRM WIZN v :mZN))‘

(b) We observe that if s = 1 for all B € 2, the above definitions turn down to agree with
the definitions in quasi-gauge spaces.
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Definition 3.16 Let (U, Q,q) be a quasi-b-gauge space. Let Jyq = {/5 : B € 2} be a left
(right) Js.q-family on U. The map T : U — 2 is the left (right) J;.o-admissible at a point
Z% € U if for any sequence {z"” : m € {0} U N} satisfying z”*! € T(2"™) for all m € {0} UN
and lim,,_, o sup,,, ., Jg(2",2") = 0 (limy,,— o0 SUP,,,,, Jp(2",2™) = 0) for all B € Q, there exists
z € U such that for all 8 € @, lim,,_. o0 J5(z,2") = 0 (lim,,,—. o0 Jg(2", 2) = 0).

The set-valued map T : U — 2Y is the left (right) J;.q-admissible in U if T: U — 24 is
the left (right) J;,o-admissible at each point z° € U.

Remark 3.17 Suppose (U, Q) is a quasi-b-gauge space, and let J,o = {/5: B € @} be a
left (right) J;,q-family on U.
(a) If (U, Q) is left (right) Jy,q-sequentially complete, then T': U — 2Y is the left (right)
Jsq-admissible on U.
(b) If s =1, the above definitions reduce to the corresponding definition in quasi-gauge

spaces.

Definition 3.18 Let (I/,Q,q) be a quasi b-gauge space, and let Juo = {/5: f € R} be
the a left (right) Ji.o-family on U. A set W € 2Y is the left (right) Jy,q-closed in U if
W = cliy 75 (W) (W = clyy 752(W)), where clf; 5% (W) (cliy 75*(W)), is the left (right)

JIsq-closure in U and is defined by ch_J“Q(W) ={zel: limf,,_gf;? Zm = 2}

(CZILTJS;Q(W) —{ze U imys2 2, = 2)).
Define ClF-Jse(U) = (W e 24 : W = Clﬁ;%;ﬂ(w)} (CIR-Tsa(Ul) = (W € 24 : W =
le;js;n(w)})' Thus, CIE=Is2(U) (CI*-7s2(U)) symbolizes the class of all non-empty left

(right) J5,q-closed subsets of U.

Remark 3.19 We note that if s = 1, the above definition reduces to the corresponding def-

inition in quasi-gauge spaces.

In a quasi-b-gauge space, we describe the left (right) Hausdorff type quasi-b-distances
and Nadler type left (right) contractions in the following way.

Definition 3.20 Let (U, Q,q) be a quasi-b-gauge space, and let Jq = {/5 : B € Q} be aleft
(right) Js,q-family on U. Let ¢ € {1,2,3} and suppose that for all 8 € 2, for all u € U, and
forall V e 2Y,

Js(w, V) = inf{Jg(u, w) : w e V}
ANg(V,u) = inf{Js(w,u) : we V}. (3.14)

(a) Define on CIE=Jse (L) (CIR-Ts2(UI)), the left (right) quasi-b-distance
Dé_jm = {D?;gjs‘ﬂ, Be Q}(Df_j‘;Q = {Df;gjs;ﬂ, B € Q}) of the Hausdorff type, where
DL cl-Tse(U) x ClIs2(U) — [0, 00]
(Df;;ym : CIR-Ts (1) x CIR-Ise(U) — [0,00], 8 € Q) for all B € 2 and for all
U,v e ClJse(U) as:

(a.1)

Di‘ﬁ“(u, V)= max{sup]ﬁ(u, V),sup/g(U, v)},
uell veV
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DL ‘%Q(LI V) = max[sup]ﬂ(u, V), sup]ﬂ(v,l,[)}

L %Q(u V) — Sup]ﬂ(u, V) 1fs7s,9 € J%U,Q);

uel

(a.2)

DR “%Q(U V)= max{sup]ﬁ(u, V),sup]ﬁ}(u,v),
uel veV

DR ‘%Q(U V)= max{sup]ﬁ(u,V),sup]ﬂ(v,l,[)} and
uel veV

R ~7s§2(u V)_Sup]ﬂ(u, V) lf‘js,ﬂ GJ(RU,Q)'
uell

(b) Let = {up}pea € [0,1)%. The set-valued map 7: U — Clt-Ise(U)
(T : U — CI*Js2(U)) is a left (right) ( D ‘%Q,u)-contraction on U

((Df ‘ZQ,M) contraction on U) if for all ﬁ € Qand for all x,y € U:

(b1) DL (T(), TO) < nalp(9), if Tuo € T, o
(b2) D R JSQ (T(x), T(y)) < Mﬂ]ﬁ(x,y), if Tyo € "HFLI,Q)'

Remark 3.21 Let (U, Q) be a quasi-b-gauge space, and let J;q = {/5 : B € 22} of maps
Jp:U x U— [0, oo) B € Q be a left (right) Jo-family on U.
(a) In general, D ‘%Q(Df;sjs‘ﬂ) are not symmetric, thus
D ‘%Q(U V)= DL JSQ(V LI)(DR_JS‘Q(U V) :nggs‘ﬂ(\/, U)) does not necessarily
hold Also, D L; ‘759(1,1 u)= O(DR JSQ(U U) = 0) does not necessarily hold (See
Remark 3.27 (b) and (c) for details).

(b) Each (DL JSQ,,u) contraction on U ((D
-Ts0

k= ‘%Q,u)—contraction onlU), ¢ €{1,2,3}is

(Dé Is | w)-contraction on U ((D3 , i)-contraction on U), but the converse is

not generally true.
Our main result for set-valued mappings is given below.

Theorem 3.22 Let (U, Q,q) be a quasi-b-gauge space. Let Jyo = {Jp : B € Q} be a left
(right) Jsq-family on U and let ¢ € {1,2,3}. Assume, moreover, that j1 = {j1g}geq € [0,1),
and the set-valued map T : U — CIL=Ts2(U) (T : U — CI*7s2(Ul)) satisfies:
(i) Tisa (DL ‘%Q,u) contraction on U ((DR Jse
(ii) for any u e U and any y = {yg}pea € (0,00), there exists v € T(u) such that for all

, w)-contraction on U);

B e,
Jp(u,v) < Jg (u, T(u)) + V8 (3.15)
(v, u) <Jg(T(w), 1) + ). (3.16)
We have the following:

) If (U, T) at a point 2° € U is the left (right) Jyq-admissible, then there exists a
sequence {Z" : m € {0} UN]} starting at 2° € U such that z" € T(z"Y) forall m € N,
a pointz€ U and r = {rg}geq € (0,00) such that 2" € Bl-Ise (20, r)

(2" € BRIs2(20, 1)) forallm e N and hmm;%oéZ Zm = (hmﬁ,féff Zm = 2).
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(1) If (U, T) at a point 2° € U is the left (right) Jy.q-admissible and if T, for some
k €N, is a left (right) Qyq-quasi-closed map on U, then Fix(T™) is non-empty and
there exists a sequence {2 : m € {0} U N} starting at z° € U such that 2" € T(z"!)
for all m € N, a point z € Fix(T™) and r = {rg}peq € (0,00) such that
2" € B-752(20,r) (2" € BRT52(2%, 7)) for all m € N and lim5 752 7, = 2
(limﬁ,_fgéz Zim = 2).

Proof (1) Suppose that (U, T) is the left (right) J;,q-admissible at a point z° € U.
From using (3.14) and the fact that J : U x U — [0,00), B € 2, we choose

r= {rﬁ}ﬂeg S (0, OO), (317)

s = {Sﬁ}ﬁeg (S] [1, OO) (318)

such that for all 8 € Q

(@, T() < T (3.19)
B
Put
yéo) = (l_sﬂ ~J5(2%, T(2°)) forall Q. (3.20)
B

From (3.17), (3.18), and (3.19), we have y© = {yéo)}ﬁeg € (0,00). Applying (3.15), we get
z' € T(z?) such that

Jg (zo,zl) <Jg (zo, T(zo)) + y/éo) forall B € Q. (3.21)
We see from (3.20) and (3.21) that

(1—pp)rp
Sp

Js(2°,2") < for all B € Q. (3.22)

Observe that (3.22) implies z!' € BL-7s2(2°, r).

Put now

1—
v = g [% s (ZO,ZI)} forall f < 2. (323)
S
B

From (3.22), we have y(® = {Vél)}ﬁeg € (0,00), and we apply (3.15) to find z? € T(z!V)) such
that

Jp(2"2%) <Jp (2", T(2")) + yfgl) for all B € Q. (3.24)
Also, note that

1—
Jg (zl,zz) < Lz'uﬁ)rﬁ forall B € Q. (3.25)

5p
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Indeed, from (3.24), (3.14), Definition 3.20, and (3.23), we get for all 8 € ©,

Tp(eh2%) <Jp( T(E) + v

< sup Jg (u, T(zl)) + y‘_‘gl)

ueT(z0)
= DL (1), T(E)) + )

wp(l—pg)r
< (22 + V/él) _ %, ¢ e{1,2,3).
B
Thus, (3.25) holds. Further, by (1) there exists s = {sg}gecq € [1,00). Using (3.22) and
(3.25), we have for all 8 € €,

Tp(22%) =splp(22") + 1 (2 2%))

1- 1-
<Sﬁ{( wdrp il 2Mﬁ)rﬂ }
Sﬁ Sﬂ

<(1-pup)rg (1 + l:—:) < (1= pp)rg(1+ pp)

o0
< —pp)rp Yy =rp.
k=0

Thus, z> € B--752 (2%, r). Repeating the above process, using Definition 3.20 and property
(3.15), we find a sequence {z"},,en in U satisfying

7" e T(z") forallme {0}UN. (3.26)

Letting y " = {Vém)}ﬁeg for all m € N, where

Wi (1= pp)rg _
P LR

m+1

Sg

We also notice that {y e (0,00) : m € N} and for all 8 € Q and for all m € {0} UN, we
have

]ﬁ (Zm,Zm+l) <]ﬂ (Zm’ T(zm)) + y(m)’
m 1 —
Jp (2" 2™ 1) < M (3.27)
B

For all B € 2 and for all m € {0} UN, we can write

Jo(@,27) < 53l (@,21) + 552, 2) + 505 (2 7)

+e+shg (271, 2") + s (2", 2"1)

2
1-ug)r 1- (1 - pup)r
s (1—pg)rs L& up(l—pg)rs Lo 1p)Ts
b sg B s/zS B S;SS’
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SR — g g wg (L= pp)rg

+oo 8
B m B 1

sg g

o Mg
= (l—uﬂ)rﬂ{1+,u,3+u/23---p,? 1+ﬁ}
<@ -pp)rg{l+pp +u - uf ™ +

m
= (- pp)rp Y 1.
k=0

o0
< (1-pupg)rg Zug =rg.
k=0

Hence, this implies that z” € BL~7s2 (20, r) for all m € N.
Using (J'1) and (3.27), for all m, n € N such that n > m, we have

. . 1 2 1 2
Jim sup]y(2",2") < lim sup{sp]s(2",2"") + 535 (", 2")

toasy (272 ) 4 s (22

{ WE(L—pg)rg o g (1= pp)rg
Sﬂ + S

< lim su
T m—o0 n>rI;‘1) Szﬂ'l B sg’*'Z
n-2 n-1
+...+S”_m_1 Hp (I_Mﬁ)rﬁ +Sn—m—1u’/3 (1_M/3)rﬁ
B SZ—I B Sg—1+1
) Mm Mm+1 M"_Z My[—l

< i st (L B

m—00 ysm Sﬁ Sﬁ sﬁ

m+1

m
Sp

-2 -1
Fongtes g

< lim sup(l — ug)rgim
m—)oon>,€ p ﬂ{

n-1

=(1- li J
=salry fim o0 )
j=m

<73 Jim, .

This implies

Vsea| lim supJs(s,2") =0} forall pe . (3.28)
m—> 00 n>m
Given that (U, T) is thr left J;.o-admissible on U, hence using Definition 3.16, properties
(3.26) and (3.28), we find z € U such that

lim Jg(z,2") =0 forall e Q. (3.29)
Now, taking v,, = z and u,, = z” for m € N, we observe that condition (3.4) and (3.6) hold
for {u,,} and {v,,} in U by (3.28) and (3.29). Consequently, we get (3.8) by (7 2) which gives

lim g, (z, z’") = lim gg4(viu,up) =0 forall B € Q.
m— 00

m— 00

1-Q, . L-Q
S( Qe )={xel,[:hmmg£z’”=x}.

Thus, we have z € N



Zikria et al. Journal of Inequalities and Applications (2022) 2022:13 Page 13 of 22

(II) Let (U, T) be the left J,,o-admissible at a point z° € U and T* be the left Q,.0-quasi-
closed on U, for some k € N.
Let z° € U be arbitrary. Since SLm me{0)UN) # ¥ and for m € {0} UN, we have

(m+1 c T[k]( )

By defining {z,, = z2”"'** : m € N}, we can write

zm C TH(U)
and
QSQ QSQ
SLZW, :me{0}UN) SLZ"’ mE{O}UN @

Also, its subsequences

{y LDk, o N} [k](l,[)
and

{xm =" :me N} c ™)
satisfy

Y = TM(x,,) forallmeN

and are the left Q.q-convergent to each point z € SL g O}UN Now, since

SL QsQ

(zm:meN)

SL Q;S;N) and SL QsQ SL QsQ

(zm:meN) (xy:meN)?

using the assumption that 7! for some k € N is a left (right) Qy,q-quasi-closed map on
U, there exists z € S, e Y

(zm:me{0 (2"M:m

<{0JUN) such that z € T™(z). This completes the
proof. 0

We now extend the above theorems to the Banach type single-valued left (right)-
contractions.

Definition 3.23 Let (U, Q,g) be a quasi-b-gauge space, let J;o = {/5 : B € Q} is a left
(right) Jgq-family on U, and let g“ € {1,2}.

(c) The left (right) b-distance D, 7% = (D%, p € QU(Dy 7 = (D "%, 8 € Q}) on
L[,whereijSQ :Ux U—[0,00), B e Q( DY ‘739 :U x U — [0,00), 8 € Q) are
defined for all 8 € Q and for all 4, v € U as follows:

(c.1)
DESJS;Q (u,v) = max{/g(u,v),J5(v, )},

L-T, .
Dy w,v) = Jp (), if Tse € Jy0,0)
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(c.2)
D75 (u,v) = max | (w,v), Ty (v, w),
,‘75‘ .
Diﬂ “(u,v) =Jp(w,v), ifTsa€ qu,QS;Q)'
(d) Let u={uplpeq € [0,1). A single-valued map T: U — U is (Défjm, 1)-contraction
on U ((Df_JS;Q, w)-contraction on U) if for all 8 € Q and for all x,y € U:
(A1) D (T ), T) < pplp@ ), if Tuo € Ty s

(d2) DY (T (), T0)) < uplp(wy), it Tug € Ty -

As a result of Definition 3.23 and Theorem 3.22, we now have the following theorem.

Theorem 3.24 Let (U, Qyq) be a quasi-b-gauge space. Let Jyo = {Js : B € Q} be a left
(right) Jsq-family of generalized quasi-pseudo-b-distances on U, and let ¢ € {1,2}. More-
over, assume that = {uglgeq €[0,1) and T: U — U isa (Dﬁ_js;g,u)—contmction onU
((Df_‘js‘ﬂ, w)-contraction on U).

() If (U, T) is the left (right) Jyq-admissible at a point z° € U, then there is a sequence
{2 :m € (0} UNY} starting at 2° € U with {z" = T"(2°) : m € {0} UN}, a point
zeU,andr = {rg)peq € (0,00) such that z" € BL=752(2°, r)(z" € B*=752(2°, r)) for
allmeN and 1imf,,‘fg§ Zm =2 (limﬁ,—ggg Zm = 2).

(1) If (U, T) is the left (right) Juq-admissible at a point 2° € U and if T'™® for some
k € N is a left (right) Quq-quasi-closed map on U, then Fix(T™W) is non-empty, and
there exists a sequence {2 : m € 0 U N} starting at z2° € U with
{2 = T"(2%) : m € {0} UNY}, a point z € Fix(T™), and r = {rg}peq € (0,00) such
that 2" € B--752(2°,r) (2" € BR752(2°,r)) for all m € N, limk 752 7, = 2

. R-JT
(im,,, 552 z,, = 2), and we have

Jg (z, T(z)) =Jg (T(z),z) =0, foralleQandforallze Fix(T[k]). (3.30)

(D) If (U, Qsq) is a Hausdor(f space, and if (U, T) at a point 20 € U is Ithe eft (right)
Tsa-admissible, and if TW, for some k € N, is a left (right) Qgq-quasi-closed map
on U, then there exists a sequence {z" : m € 0 UNY} starting at 2° € U with
{27 = T"(2°) : m € {0} UNY}, a point z € Fix(T™M) = Fix(T) = {z} and
r={rg}pea € (0,00) such that z" € B:=Is2 (°,r)(z" € BRI52(2%,r)) for all m € N,

. L~y . R-T,
lim,, 552 2,y = z (lim,, 555 2, = 2), and we have

Js(z,2) =0 forall B € Q. (3.31)
Proof We prove only (3.30) and (3.31).
On contrary, suppose that there exist f; € Q and z € Fix(T™) such that J 82, T(2)) > 0.

Indeed, z = TP (z), T(z) = T?¥(T(2)) and for ¢ € {1,2}, by Definition (3.23),

0 <Jg (2 T(2)) = Jjo (T (2), T(T(2)))

< DL (179(2), TH(T(2)))
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=< Mpo/p (T[Zk_l](z)’ TR (T(Z)))
- T _ _
< Dy (TH1@), TH(1@))
< W g (TP 22), TP (T (2))) < - -
E Mé’;]ﬁo (Z) T(Z)) < ]f}g (Zr T(Z)))
which is a contradiction.
Now, suppose that there exist 8, € Q and z € Fix(T™) such that J,(T(2),2) > 0. Then,
Definition 3.23 and the fact that z = T%I(z) = T"X(z) imply that for ¢ € {1,2},
0 <J4 (T(2),2) = Jo (TF ) (2), TV (2))
< Sﬁolﬂo (T[k+1] (Z), T[k+2] (Z)) + 5%30]/30 (T[k+2] (Z), T[k+3] (Z))
oot S,A/‘;;Z]lgo (T[2k_1](Z), T[Zk] (Z))
-Js; - Ty
< s Dg, (T (), TH() + s, DL ™ (T447(2), T4 2)
2 =T -
toot SZOZD{;/-‘}O ? (T[Zl ll(z)’ TP (Z))
=3y /“L];;gl]ﬂo (Z’ T(Z)) + S,%io /“Llf(fgz]ﬂo (Z’ T(Z))
oot s’;fuéﬁ’llﬂo (2 T(2)) =0,
which is impossible. Thus, property (3.30) holds.

Next, we show that property (3.31) holds.

If the space (U, Qq) is the Hausdorff one, then Proposition (3.11) and property (3.30)
suggest that T'(z) = z for all z € Fix(T¥) and J5(z,2) < sgJs(z, T(2)) +5pJ5(T(2),2) = 0, for all
B € Q and for all z € Fix(T™). Thus, Fix(T™) = Fix(T) and for all z € Fix(T™") = Fix(T),
we have J4(z,2) = 0.

To prove Fix(T) is a singleton, on the contrary, let y,z € Fix(T) and y # z. Then, Propo-

sition (3.11) implies there exists By € € such that /g, (y,2) > 0V Jg,(z,y) > 0. Obviously, for
¢ €{1,2}, we then have

[0 0:2) > 0 A T3y 0,2) = I (TO), T(2)) < Dy (T (), T(2))
= o) (9:2) <],30()/,Z)] 4 [],so(z,y) >0 A Jg(2,9)
=4 (T@), TO)) < D5 (T(2), T()

< poJpo (29) <Jpo(2:9)];
which is impossible. Hence, we obtain Fix(T') = {z}. The theorem is proved. 0

Remark 3.25 The proof of the right case in above theorems is based on an analogous tech-

nique.

Example 3.26 Let U = [0,6], and let Q, = {g}, where g is a quasi-pseudo-b-metric on U
defined for all u,v € U by

0 ifu>v,
q(u,v) = (3.32)
m=-v)? ifu<v.
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Let G =[0,3) U (3,6] be a subset of U. Let J,q = {J}, where J: U x U — [0, 00) is defined
for all u,v e U by

) = Iq(u, v) ifGN{u,v}={u,v} (3.33)
40 it GN{u,v}#{u,v}.
The set-valued map T is defined by
4; ’ ’ )
() - ‘ [4;6] foru e [0,3)U (3,6] (3.34)
[5,6] foru=3.

(L1) Jsge is not symmetric. Indeed, /(4,0) = 0 and J(0,4) = 16.
(I.2) (U, Qgq) is a quasi-b-gauge space, and Jyq € J(LU‘QS;Q) N qu,Qs;Q). See
Example 3.12.
(I.3) The property T : U — CI¥=%se(U) (T : U — CI®%2(U)) holds. This follows
from (3.32) and Definition 3.14 and 3.13(C).
(14) T:U— ClE-%e(U)isa (Df_‘jm,,u = %)—Contraction onl,ie,forall u,ve l
DY P2 (T(w), T(v) < wf(u, v), where
fojm(u, V) = max{sup,;; J(u, V), sup,., J(U,V)}, U,V €24,
Denoting Df_jm = Dy, we prove this in the following subcases:

(L4.1) Ifu,ve[0,3)U(3,6], this implies u,v € G, T(u) = T(v) = [4,6] = E C G, and by
(3.32) for all e € E, we have inf{J(e,f) : f € E} = J(e,e) = g(e,e) = 0. Thus,
Di(T(u), T(v)) =0 < wJ(u,v).

(L4.2) fue[0,3)U(3,6]andv=3,thenuec G,v¢ G, J(u,v) =40, T(u) = [4,6] =E C G,
T(v) = [5,6] = F C G and by (3.32), e € E suggests

) 4 whenever e € [4;5],
1nf{](e,f) =qle,f):f GF} =

0 whenever e € [5;6].

Whereas, f € F inferred inf{/(e,f) = g(e,f) : e € E} = 0. Thus,
Di(T(w), T(v) =4 = wW(u,v).

(14.3) Ifu=3andve[0,3)U(3,6],thenu ¢ G,ve G, J(u,v) =40, T(u) = [5,6] = E C G,
T(v)=1[4,6] = F C G. As aresult, by (3.32), e € E implies
inf{J(e,f) = q(e,f) : f € F} = 0. Further, by (3.32) f € F suggests
inf{J(e,f) : e € E} = 0. Thus, D1(T(u), T(v)) = 0 < uJ(u,v).

(14.4) If u=v=3,then J(u,v) =36, T(u) = T(v) =[5,6] =EC Gand forallec E
inf{J(e,f) = q(e,f) :f € E} = q(e, e) = 0. Therefore, D1 (T (), T(v)) = 0 < wJ(u,v).

(L5) To prove that there exists v € T(u) such that (&, v) < J(u, T(u)) + v, forall u e U

and for all y € (0, 00), we observe the following subcases:

(I5.1) Ifue[0,3)U(3,4) and v = 4 € T(u) = [4, 6], then J(u,v) = q(u1,v) = (u — v)?,
J(u, T()) = (u —v)? and J(u,v) < J(u, T(u)) + y for all y € (0, 00).

(L5.2) Ifue[4,6] and v=4 € T(u) = [4,6], then J(1,v) = q(u,v) = 0, J(u, T(u)) = 0 and
J(u,v) < J(u, T(ur)) + y forall y € (0,00).

(1.5.3) If u =3 and v € T(u) = [5,6], then J(,v) = J(i, T(11)) = 40 and
J(u,v) < J(u, T(n)) + y for all y € (0,00).
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(L6)

(L7)

(L.8)

Let (U, T) be left J,,o-admissible at II. We show that if z° € I/, and
{z" . m € {0} U N} fulfils the properties

2"t e T(2"), forallme{0}UN (3.35)
and

lim sup/(z”,2") =0, (3.36)

m—0Q0 n>m

then
lim ](z, zm) =0 wherez=6. (3.37)
m— 00
In fact, we observe
T"(U) =[4;6] C G for m > 2. (3.38)

We can also write (3.36) in the form that there exists m1y € N such that for all
€ >0 and for all n > m > my, we have J(z",2z") < € and so, in particular in view of
(3.38), (3.32), and (3.33), this implies that there exists m; > mg such that for all
0 < € and for all n > m > m;, we have

J(z",2") =q(",2") =0 <e. (3.39)

From (3.38), (3.39), (3.32), and (3.33), we conclude that 2" > z"*! for all m > m;,
and since 6 > 2z for all m and 6 € G, we have lim,,,_, », q(z,2"") = 0 where z = 6
and this implies (3.37). Thus, (U, T) is the left J;,q-admissible at U.
To prove (U, T) is a left Q.q-quasi-closed map in U, suppose
(W :m e N) C T(U) is a left Q,q-converging sequence in U. Now, as
[4,6] C CIL-%e(U]), there exists w € T(U) = [4, 6] such that
limy;,— 00 g(W, wy,) = 0.

Equivalently, there exist w € T(U) = [4, 6] and m, such that g(w, w,) < € for all
€ >0 and for all m > my, and thus, by (3.33) and (3.32), there exist
we T(U) = [4,6] and m; > mg such that g(w,w,,) =0 <€, for all 0 < € and
m > m, or analogously there exist w € T(U) = [4, 6] and m; such that w > w,,
for all m > m;. Obviously, then [w, 6] C s &e

(Wy:meN
implies that if (x,, : m € N) and (y,,, : m € N) are fixed and arbitrary subsequences

)- The consideration above

of {w,, : m € N} fulfilling y,, € T(x,,) for all m € N, then there exists m1; such that
Xm € [456] AV € TXm) N2> Xy N2>y Az € T(2) for all m > m, and for all
z € [w,6].

From (I.1)—(1.7), we observe that all the hypotheses of Theorem 3.22 hold in the
left case.

Thus, we have Fix(T) = [4;6] and declare that if 2° € U, z' € T(2°), 2> € T(z})
and w € [4; 6] are fixed and arbitrary and z” = w for all m > 3, then the sequence
{z" : m € {0} U N}, beginning at z° and left Qyq-converging to each point z,
satisfies z € T'(z).

Page 17 of 22
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Remark 3.27 Let a quasi-b-gauge space (U, Q,.q) and a family J;q = {J} be as defined in
Example 3.26.

(a) (3.32) implies that ¢q is a quasi-pseudo-b-metric, where s = 2, and ¢ is not a
quasi-pseudo-metric. This implies that (I, Q) is a quasi-b-gauge space but not a
quasi-gauge space. Hence a quasi-b-gauge space becomes a more general space than
a quasi-gauge space.

(b) From cases 1.4.2 and 1.4.3, it follows that 4 = D?JS;Q (E,F) #Df_js;ﬂ (E,F) =0 for
F =[5;6] and E = [4;6].

(c) We see that D-7*2(E,E) 0 if E = {3).

4 Consequences and an application

This section is concerned with some important consequences and an application of the
obtained results. The following corollaries are some fascinating consequences of the main
results.

Corollary 4.1 Let (U, Q) be a quasi-gauge space, let J = {Jg : p € Q} be a L(R) J -family
on U, and let ¢ € {1,2,3}. Assume, moreover, that (. = {lg}geq € [0,1), and the map T :
U — CI=9(U) (T : U — CI®FI(U)) satisfies:
(i) Tis (D?‘J,u)—contmction onlU ((Df‘y, w)-contraction on U);
(ii) forany u € U and any y = {yg}peq € (0,00), there exists v € T(u) such that for all
B e

Jp(u,v) <Jg (u, T(u)) + Vg,
Usvou) <Jg(T(w), ) + yp).

We have the following:
(I) If (U, T) at a point 2° € U is L(R) J-admissible, then there exists a sequence
{2 :m € {0} U N} starting at z2° € U such that 2" € T(2"!) for all m € N, a point
ze U, andr={rg}peq € (0,00) such that z" € B=-7 (2% r) (z" € B*7 (2°,r)}) for all
meNand lim 7 z,, =z (1im* 7 z,, = 2).
(1) If (U, T) at a point 2° € U is L(R) J-admissible, and if T is L(R) Q-quasi-closed
map on U for some k € N, then Fix(TX) is non-empty and there exists a sequence
(2" :m € {0} UN} starting at 2° € U such that z" € T(2") for all m € N, a point
z € Fix(TW), and r = {rg}geq € (0,00) such that 2" € B=7 (2 r)(z" € B*7 (2, r))
forall m e N and limk 7 z,, = z (lim%-7_ z,, = z).
Proof The proof follows easily by taking sg = 1 for each g € Q in the proof of Theo-
rem 3.21. (I

Corollary 4.2 Let (U, Q) is a quasi-gauge space, let J = {J : p € Q} is a L(R) J -family
of generalized quasi-pseudo distances on U, and let ¢ € {1,2}. Moreover, assume that |1 =
{upglpea €[0,1) and T : U — U be (Df’j,u)—contmction onlU ((D?’j,u)—contmction on
U). We have the following:
(1) If (U, T) at a point 2° € U is L(R) J-admissible, then there exists a sequence
(2" :m € (0} UNY} starting at 2° € U such that (2" = T"(z°) : m € {0} UN), a point

zeU,andr = {rg)peq € (0,00) such that z" € B-==7 (2, r) (2" € BRI (2°,r)) for all
L-J R-TJ

m e Nand lim, ]  z, =z (lim,, {2,y = 2).
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(1) If (U, T) at a point 2° € U is L(R) J -admissible, and if T™ is L(R) Q-quasi-closed
map on U for some k € N, then Fix(T™X) is non-empty and there exists a sequence
(2" :m € 0UN]} starting at 2° € U such that (2" = T"(2°) : m € {0} UN), a point
z e Fix(TM), and r = {rg} peq € (0,00) such that 2" € B=7 (2%, r)(z" € BRI (2°, 1))

forallmeN, imk 7z, =z (lim%-7__ z,, = z), and we have
Jp(2 T(2)) =J5(T(2),2) =0, (4.1)

forall B € Q and for all z € Fix(TW).

(1) If (U, Q) is a Hausdor{f space, if (U, T) at a point 2° € U is L(R) J -admissible, and
if T is L(R) Q-quasi-closed map on U for some k € N, then there exists a sequence
{z":m € 0UN]} starting at 2° € U such that (2" = T"(2°) : m € {0} UN), a point
z € Fix(T™) = Fix(T) = {z}, and r = {rg}peq € (0,00) such that
2" € B=I (2, r)(2" € BEI (20, 1)) for all m e N, lim: 7z, =z (lim%7_ 7, = 2),

and we have
Jplz,2) =0 forall B € Q. (4.2)

Proof The proof easily follows by taking sg = 1 for each § € Q in the proof of Theo-
rem 3.23. O

Remark 4.3

(a) We note that Corollary 4.2 corresponds to Theorem 11.1 of Wlodarczyk and
Plebaniak [41]. Hence, our Theorem 3.24 is a generalization of their result.

(b) The proof of the fixed point theorem due to Banach [22] and Nadler [23] requires
the completeness of the spaces (U, g) and (CB(U), H?), the continuity of g and H?
and the continuity of the mapping 7. Our main theorems corresponding to
Theorem 3.22 and Theorem 3.24 do not use these assumptions and leave the
assertion more general. Hence, our results are a new generalization of the fixed
point theorem due to Banach and Nadler.

Now, we present an application on the existence of a solution of an integral equation.
For this, consider the Volterra integral equation in the form

x(t)=f()+n /Otl((t, S,x(s)) ds, te][0,00), (4.3)

which is an integral equation located in the space C[0, 00), i.e., the space of all continuous
functions defined on the interval I = [0,00), where f : I — R is a continuous function,
K :I xIxR— Risa continuous and nondecreasing function, and 7 € [0, 1).

Let U = (C[0, 00), R). Define the quasi-pseudo-b-metric for all x,y € U by

() = ll)(x—y)llm ifx#y, (4.4)

ifx=y,

where ||x|,, = max,c[o,m (x(r))?, for all x € U, with m € N.
Clearly, Qqx = {gm : m € N}isa quasi-b-gauge on U, and thus (U, Q) is a quasi-b-gauge
space, which is complete and the Hausdorff one. Here, in particular we take Qg = Jsn.
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Theorem 4.4 Suppose that the following statements hold:
(i) foreacht,s € [0,m] and x,y € L[ there exists a continuous mapping g : 1 x I — I

such that |K(¢,s,x(s)) — K(t,5,5(s))| < /gt 8)qm(x,y) for each m € N;
(ii) sup,o fy elt,s)ds=b<1;

(iii) T is Qun-quasi-closed map on U.
Then the integral equation (4.3) has at least one solution.

Proof Define T : C[0,00) — C[0, 00) as follows

Tx(t) =f(t) + n /Otl((t, s,x(s)) ds, te][0,00). (4.5)

For any x,y € U and ¢ € [0, m], consider
2
(Tx(t) - Ty(t) <f(t) +7 t s,x(s)) ds — (f(t) + n/ I((t, s,y(s)) ds))
t 2
< K t, s,x(s)) ds — / I((t, s,y(s)) ds)

t 2

=n? (/0 |K(t, s,x(s)) - K(t, s,y(s)) | ds)
t 2

< n2< [ Ve, ds)
t 2

< 772( /O NATD ds) dn®.9)

2% (%, )

= uqm(x,y), where u =n*b* < 1.

Hence, for each x,y € U such that Tx # Ty and m € N, we obtain
qm(Tx, Ty) < pgm(x,y) where u < 1. (4.6)

For Tx = Ty, we have g,,(Tx, Ty) = 0, so (4.6) holds. Hence, by Theorem (3.24), the operator
T has a fixed point, that is, the integral equation (4.3) has at least one solution. d
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