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Abstract
In this paper, utilizing an identity given by Yıldız and Sarıkaya in (Yildiz and Sarikaya in
Int. J. Anal. Appl. 13(1):64–69, 2017), we establish some weighted Ostrowski type
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Hermite–Hadamard type inequalities. The results given in this paper provide
generalizations of some result established in earlier works.
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1 Introduction
In the history of calculus development, integral inequalities have been thought of as a
key factor in the theory of differential and integral equations. The study of various types
of integral inequalities has been in the focus of great attention of a number of scientists
interested in both pure and applied mathematics for more than a century. One of the many
fundamental mathematical discoveries of A. M. Ostrowski [15] is the following classical
integral inequality associated with the differentiable mappings:

Let F : [ρ1,ρ2]→R be a differentiable mapping on (ρ1,ρ2) whose derivative F ′ :
(ρ1,ρ2)→R is bounded on (ρ1,ρ2), i.e., ‖F ′‖∞ = sup

ψ∈(ρ1,ρ2)
|F ′(ψ)| < ∞. Then, the inequality

holds:

∣
∣
∣
∣
F (κ) –

1
ρ2 – ρ1

∫ ρ2

ρ1

F (ψ) dψ

∣
∣
∣
∣
≤

[
1
4

+
(κ – ρ1+ρ2

2 )2

(ρ2 – ρ1)2

]

(ρ2 – ρ1)
∥
∥F ′∥∥∞,

for all κ ∈ [ρ1,ρ2]. The constant 1
4 is the best possible.

The other important fundamental result, the Hermite–Hadamard inequality discov-
ered by C. Hermite and J. Hadamard (see, e.g., [7], [18, p. 137]), is one of the most well-
established inequalities in the theory of convex functions with a geometrical interpreta-
tion and many applications. These inequalities state that if F : I →R is a convex function

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13660-021-02745-1
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-021-02745-1&domain=pdf
https://orcid.org/0000-0001-8843-955X
mailto:hsyn.budak@gmail.com


Budak Journal of Inequalities and Applications          (2022) 2022:9 Page 2 of 15

on the interval I of real numbers and ρ1,ρ2 ∈ I with ρ1 < ρ2, then

F
(

ρ1 + ρ2

2

)

≤ 1
ρ2 – ρ1

∫ ρ2

ρ1

F (κ) dκ ≤ F (ρ1) + F (ρ2)
2

.

Both inequalities hold in the reversed direction if F is concave. We note that the Hermite–
Hadamard inequality may be regarded as a refinement of the concept of convexity, and
it follows easily from Jensen’s inequality. The Hermite–Hadamard inequality for convex
functions has received renewed attention in recent years, and a remarkable variety of re-
finements and generalizations have been studied.

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1 A function F : � := [ρ1,ρ2] × [ρ3,ρ4] →R is called co-ordinated convex on
�, for all (κ , u), (γ , v) ∈ � and ψ ,ϕ ∈ [0, 1], if it satisfies the following inequality:

F
(

ψκ + (1 – ψ)γ ,ϕu + (1 – ϕ)v
)

(1.1)

≤ ψϕF (κ , u) + ψ(1 – ϕ)F (κ , v) + ϕ(1 – ψ)F (γ , u) + (1 – ψ)(1 – ϕ)F (γ , v).

The mapping F is a co-ordinated concave on � if inequality (1.1) holds in reversed
direction for all ψ ,ϕ ∈ [0, 1] and (κ , u), (γ , v) ∈ �.

Barnet and Dragomir gave the following Ostrowski type inequalities for double integrals
in [5].

Theorem 1 Let F : � := [ρ1,ρ2] × [ρ3,ρ4] →R be continuous on �, F ′′
κ ,γ = ∂2F

∂κ∂γ
exists on

(ρ1,ρ2) × (ρ3,ρ4) and is bounded, i. e.,

∥
∥F ′′

κ ,γ
∥
∥∞ = sup

(κ ,γ )∈(ρ1,ρ2)×(ρ3,ρ4)

∣
∣
∣
∣

∂2F (κ ,γ )
∂κ∂γ

∣
∣
∣
∣

< ∞.

Then, we have the inequality:

∣
∣
∣
∣

∫ ρ2

ρ1

∫ ρ4

ρ3

F (ψ ,ϕ) dϕ dψ – (ρ2 – ρ1)(ρ4 – ρ3)F (κ ,γ ) (1.2)

–
[

(ρ2 – ρ1)
∫ ρ4

ρ3

F (κ ,ϕ) dϕ + (ρ4 – ρ3)
∫ ρ2

ρ1

F (ψ ,γ ) dψ

]∣
∣
∣
∣

≤
[

1
4

(ρ2 – ρ1)2 +
(

κ –
ρ1 + ρ2

2

)2][
1
4

(ρ4 – ρ3)2 +
(

γ –
ρ3 + ρ4

2

)2]
∥
∥F ′′

κ ,γ
∥
∥∞,

for all (κ ,γ ) ∈ �.

In [6], Dragomir proved the following inequalities which are the Hermite–Hadamard
type inequalities for co-ordinated convex functions on the rectangle from the plane R

2.

Theorem 2 Suppose that F : � → R is co-ordinated convex, then we have the following
inequalities:

F
(

ρ1 + ρ2

2
,
ρ3 + ρ4

2

)
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≤ 1
2

[
1

ρ2 – ρ1

∫ ρ2

ρ1

F
(

κ ,
ρ3 + ρ4

2

)

dκ +
1

ρ4 – ρ3

∫ ρ4

ρ3

F
(

ρ1 + ρ2

2
,γ

)

dγ

]

≤ 1
(ρ2 – ρ1)(ρ4 – ρ3)

∫ ρ2

ρ1

∫ ρ4

ρ3

F (κ ,γ ) dγ dκ (1.3)

≤ 1
4

[
1

ρ2 – ρ1

∫ ρ2

ρ1

F (κ ,ρ3) dκ +
1

ρ2 – ρ1

∫ ρ2

ρ1

F (κ ,ρ4) dκ

+
1

ρ4 – ρ3

∫ ρ4

ρ3

F (ρ1,γ ) dγ +
1

ρ4 – ρ3

∫ ρ4

ρ3

F (ρ2,γ ) dγ

]

≤ F (ρ1,ρ3) + F (ρ1,ρ4) + F (ρ2,ρ3) + F (ρ2,ρ4)
4

.

The above inequalities are sharp. The inequalities in (1.3) hold in the reverse direction if
the mapping F is a co-ordinated concave mapping.

Over the years, many papers have been dedicated to the generalizations and new ver-
sions of the inequalities (1.2) and (1.3) using the different types of convex functions. For
the other Ostrowski and Hermite–Hadamard type inequalities for co-ordinated convex
functions, please refer to ([1–4, 8–14, 16, 17, 19–29])

In [30], Yıldız and Sarıkaya proved the following Lemma.

Lemma 1 Let w : � := [ρ1,ρ2] × [ρ3,ρ4] → [0,∞) be an integrable function on � and let
F : � → R be an absolutely continuous function such that the partial derivatives of order
∂2F (ψ ,ϕ)

∂ψ∂ϕ
exist for all (ψ ,ϕ) ∈ �. Then we have the identity

(∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v) dv du
)

F (κ ,γ ) –
∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u,γ ) dv du

–
∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (κ , v) dv du

+
∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u, v) dv du

=
∫ ρ2

ρ1

∫ ρ4

ρ3

P(κ , τ ;γ ,η)
∂2F (τ ,η)

∂ψ∂ϕ
dη dτ ,

where

P(κ , τ ;γ ,η) =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∫ τ

ρ1

∫ η

ρ3
w(u, v) dv du, ρ1 ≤ τ < κ ,ρ3 ≤ η < γ ,

∫ τ

ρ1

∫ η

ρ4
w(u, v) dv du, ρ1 ≤ τ < κ ,γ ≤ η ≤ ρ4,

∫ τ

ρ2

∫ η

ρ3
w(u, v) dv du, κ ≤ τ ≤ ρ2,ρ3 ≤ η < γ ,

∫ τ

ρ2

∫ η

ρ4
w(u, v) dv du, κ ≤ τ ≤ ρ2,γ ≤ η ≤ ρ4.

The aim of this paper is to establish some weighted generalizations of the Ostrowski
type integral inequalities. The results presented in this paper provide extensions of those
given in [14].

2 Weighted Ostrowski type inequalities
In this section, using Lemma 1, we established some weighted Ostrowski type inequalities
for co-ordinated convex mapping.
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First, we define the following mapping

�(ρ1,ρ2,ρ3,ρ4;F , w) (2.1)

= F (κ ,γ ) –
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u,γ ) dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (κ , v) dv du

+
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u, v) dv du

where

m(ρ1,ρ2;ρ3,ρ4) =
∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v) dv du.

Using the change of variables in Lemma 1, we have the following identity:

�(ρ1,ρ2,ρ3,ρ4;F , p) (2.2)

=
(κ – ρ1)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

∫ 1

0

∫ 1

0

[∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
]

× ∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)

dϕ dψ

+
(κ – ρ1)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

∫ 1

0

∫ 1

0

[∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
]

× ∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)

dϕ dψ

+
(ρ2 – κ)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

∫ 1

0

∫ 1

0

[∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
]

× ∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)

dϕ dψ

+
(ρ2 – κ)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

∫ 1

0

∫ 1

0

[∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
]

× ∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)

dϕ dψ ,

where U1(ψ) = ψκ + (1 –ψ)ρ1, U2(ψ) = ψκ + (1 –ψ)ρ2, V1(ϕ) = ϕγ + (1 –ϕ)ρ3 and V2(ϕ) =
ϕγ + (1 – ϕ)ρ4.

Theorem 3 Suppose that the mapping w is as in Lemma 1. Moreover, let w is bounded on
�, i.e., ‖w‖∞ := sup(κ ,γ )∈� |w(κ ,γ )|. If | ∂2F

∂ψ∂ϕ
| is a co-ordinated convex function on �, then

for all (κ ,γ ) ∈ � we have the following inequality

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.3)

≤ ‖w‖∞
36 × m(ρ1,ρ2;ρ3,ρ4)
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×
{

(κ – ρ1)2(γ – ρ3)2
[

4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

]

+ (κ – ρ1)2(ρ4 – γ )2
[

4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

]

+ (ρ2 – κ)2(γ – ρ3)2
[

4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

]

+ (ρ2 – κ)2(ρ4 – γ )2
[

4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

+ 2
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

]}

,

where the mapping � is defined as in (2.1).

Proof By taking the modulus of the equality (2.2), we have

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.4)

=
(κ – ρ1)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

×
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣
dϕ dψ

+
(κ – ρ1)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

×
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣
dϕ dψ

+
(ρ2 – κ)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

×
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣
dϕ dψ

+
(ρ2 – κ)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

×
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣
dϕ dψ .

Since w(κ ,γ ) is bounded on �, and | ∂2F
∂ψ∂ϕ

| is co-ordinated convex on �, we obtain

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣
dϕ dψ (2.5)



Budak Journal of Inequalities and Applications          (2022) 2022:9 Page 6 of 15

≤ ‖w‖∞
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣
dϕ dψ

≤ (κ – ρ1)(γ – ρ3)‖w‖∞
∫ 1

0

∫ 1

0
ψϕ

[

ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+ ψ(1 – ϕ)
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

+ (1 – ψ)ϕ
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

+ (1 – ψ)(1 – ϕ)
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

]

dϕ dψ

= (κ – ρ1)(γ – ρ3)‖w‖∞

×
[

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

]

.

Similarly, we have

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣
dϕ dψ (2.6)

≤ (κ – ρ1)(ρ4 – γ )‖w‖∞

×
[

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

]

,

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣
dϕ dψ (2.7)

≤ (ρ2 – κ)(γ – ρ3)‖w‖∞

×
[

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

]

,

and

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣
dϕ dψ (2.8)

≤ (ρ2 – κ)(ρ4 – γ )‖w‖∞

×
[

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

]

.

If we substitute the inequalities (2.5)–(2.8) in (2.4), then we obtain the required result (2.3).
This completes the proof. �
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Corollary 1 Under the same assumption of Theorem 3 with | ∂2F
∂ψ∂ϕ

(κ ,γ )| ≤ M, (κ ,γ ) ∈ �,
we have the following weighted Ostrowski type inequality

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣

≤ M(ρ2 – ρ1)2(ρ4 – ρ3)2

m(ρ1,ρ2;ρ3,ρ4)

[
1
4

+
(κ – ρ1+ρ2

2 )2

(ρ2 – ρ1)2

][
1
4

+
(γ – ρ3+ρ4

2 )2

(ρ4 – ρ3)2

]

‖w‖∞.

Remark 1 If we choose w(κ ,γ ) = 1 in Corollary 1, then Corollary 1 reduces to [14, Theo-
rem 3].

Corollary 2 Under the same assumption of Theorem 3 with κ = ρ1+ρ2
2 and γ = ρ3+ρ4

2 , we
have the following weighted Hermite–Hadamard type inequality

∣
∣
∣
∣
F

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)

+
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u, v) dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

u,
ρ3 + ρ4

2

)

dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

ρ1 + ρ2

2
, v

)

dv du
∣
∣
∣
∣

≤ (ρ2 – ρ1)2(ρ4 – ρ3)2

576
‖w‖∞

m(ρ1,ρ2;ρ3,ρ4)

×
{

16
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

+ 4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ3

)∣
∣
∣
∣

+ 4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ1,
ρ3 + ρ4

2

)∣
∣
∣
∣

+ 4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ4

)∣
∣
∣
∣

+ 4
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ2,
ρ3 + ρ4

2

)∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

}

≤ (ρ2 – ρ1)2(ρ4 – ρ3)2

64
‖w‖∞

m(ρ1,ρ2;ρ3,ρ4)

×
[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

]

.

Theorem 4 Let w be as in Theorem 3. If | ∂2F
∂ψ∂ϕ

|q is a co-ordinated convex function on �,
then for all (κ ,γ ) ∈ �, we have the following inequality

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.9)

≤ ‖w‖∞

m(ρ1,ρ2;ρ3,ρ4)(p + 1)
2
p

×
{

(κ – ρ1)2(γ – ρ3)2

×
(

1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q
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+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q]) 1
q

+ (κ – ρ1)2(ρ4 – γ )2

×
(

1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q]) 1
q

+ (ρ2 – κ)2(γ – ρ3)2

×
(

1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q]) 1
q

+ (ρ2 – κ)2(ρ4 – γ )2

×
(

1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q]) 1
q
}

,

where the mapping � is defined as in (2.1), and 1
p + 1

q = 1.

Proof Using the well-known Hölder inequality in (2.4), we obtain

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.10)

≤ (κ – ρ1)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ

) 1
p

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(κ – ρ1)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ

) 1
p

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ

) 1
p

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ

) 1
p

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

.
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Since w is bounded on �, we have

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ (2.11)

≤ ‖w‖p
∞

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

dv du
∣
∣
∣
∣

p

dϕ dψ

= ‖w‖p
∞(κ – ρ1)p(γ – ρ3)p

∫ 1

0

∫ 1

0
ϕpψp dϕ dψ

=
(κ – ρ1)p(γ – ρ3)p

(p + 1)2 ‖w‖p
∞.

Similarly, we get

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ ≤ (κ – ρ1)p(ρ4 – γ )p

(p + 1)2 ‖w‖p
∞, (2.12)

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ ≤ (ρ2 – κ)p(γ – ρ3)p

(p + 1)2 ‖w‖p
∞, (2.13)

and

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

p

dϕ dψ ≤ (ρ2 – κ)p(ρ4 – γ )p

(p + 1)2 ‖w‖p
∞. (2.14)

On the other hand, as | ∂2F
∂ψ∂ϕ

|q is a co-ordinated convex function on �, we obtain

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ (2.15)

≤ 1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q]

,

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ (2.16)

≤ 1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q]

,

∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ (2.17)

≤ 1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q]

,
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and
∫ 1

0

∫ 1

0

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ (2.18)

≤ 1
4

[∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q]

.

If we substitute the inequalities (2.11)–(2.18) in (2.10), then we obtain the required in-
equality (2.9). �

Corollary 3 Under the same assumption of Theorem 4 with | ∂2F
∂ψ∂ϕ

(κ ,γ )| ≤ M, (κ ,γ ) ∈ �,
then we have the following weighted Ostrowski type inequality

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣

≤ 4M(ρ2 – ρ1)2(ρ4 – ρ3)2

m(ρ1,ρ2;ρ3,ρ4)(p + 1)
2
p

[
1
4

+
(κ – ρ1+ρ2

2 )2

(ρ2 – ρ1)2

][
1
4

+
(γ – ρ3+ρ4

2 )2

(ρ4 – ρ3)2

]

‖w‖∞.

Remark 2 If we choose w(κ ,γ ) = 1 in Corollary 3, then Corollary 3 reduces to [14, Theo-
rem 4].

Corollary 4 Under the same assumption of Theorem 4 with κ = ρ1+ρ2
2 and γ = ρ3+ρ4

2 , then
we have the following weighted Hermite–Hadamard type inequality

∣
∣
∣
∣
F

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)

+
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u, v) dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

u,
ρ3 + ρ4

2

)

dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

ρ1 + ρ2

2
, v

)

dv du
∣
∣
∣
∣

≤ ‖w‖∞(ρ2 – ρ1)2(ρ4 – ρ3)2

24+ 2
q × m(ρ1,ρ2;ρ3,ρ4)(p + 1)

2
p

×
{(∣

∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ3

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ1,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q) 1
q

+
(∣

∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ4

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ1,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q) 1
q

+
(∣

∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ3

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ2,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q) 1
q
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+
(∣

∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ4

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ2,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q) 1
q
}

.

Theorem 5 Let w be as in Theorem 3. If the function | ∂2F
∂ψ∂ϕ

|qis a co-ordinated convex func-
tion on �, then for all (κ ,γ ) ∈ � and q ≥ 1, we have the following inequality

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.19)

≤ (κ – ρ1)2(γ – ρ3)2‖w‖∞
4 × m(ρ1,ρ2;ρ3,ρ4)

×
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q) 1
q

+
(κ – ρ1)2(ρ4 – γ )2‖w‖∞

4 × m(ρ1,ρ2;ρ3,ρ4)

×
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q) 1
q

+
(ρ2 – κ)2(γ – ρ3)2‖w‖∞

4 × m(ρ1,ρ2;ρ3,ρ4)

×
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q) 1
q

+
(ρ2 – κ)2(ρ4 – γ )2‖w‖∞

4 × m(ρ1,ρ2;ρ3,ρ4)

×
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q) 1
q

,

where the mapping � is defined as in (2.1).

Proof By utilizing the power mean inequality in (2.4), we obtain

∣
∣�(ρ1,ρ2,ρ3,ρ4;F , p)

∣
∣ (2.20)

≤ (κ – ρ1)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣
dϕ dψ

)1– 1
q
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×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(κ – ρ1)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣
dϕ dψ

)1– 1
q

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U1(ψ)

ρ1

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)(γ – ρ3)
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣
dϕ dψ

)1– 1
q

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V1(ϕ)

ρ3

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)(ρ4 – γ )
m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣
dϕ dψ

)1– 1
q

×
(∫ 1

0

∫ 1

0

∣
∣
∣
∣

∫ U2(ψ)

ρ2

∫ V2(ϕ)

ρ4

w(u, v) dv du
∣
∣
∣
∣

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

≤ (κ – ρ1)2(γ – ρ3)2‖w‖∞

41– 1
q × m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(κ – ρ1)2(ρ4 – γ )2‖w‖∞

41– 1
q × m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)2(γ – ρ3)2‖w‖∞

41– 1
q × m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

+
(ρ2 – κ)2(ρ4 – γ )2‖w‖∞

41– 1
q × m(ρ1,ρ2;ρ3,ρ4)

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

.

Since | ∂2F
∂ψ∂ϕ

|q is a co-ordinated convex function on �, we have the following inequalities

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

(2.21)

≤
(

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q) 1
q

,

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U1(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

(2.22)

≤
(

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,γ )
∣
∣
∣
∣

q

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q) 1
q

,

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V1(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

(2.23)
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≤
(

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ3)
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q) 1
q

,

and

(∫ 1

0

∫ 1

0
ψϕ

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

U2(ψ), V2(ϕ)
)
∣
∣
∣
∣

q

dϕ dψ

) 1
q

(2.24)

≤
(

1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,γ )
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(κ ,ρ4)
∣
∣
∣
∣

q

+
1

18

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,γ )
∣
∣
∣
∣

q

+
1

36

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q) 1
q

.

By utilizing the equalities (2.21)–(2.24) in (2.20), we obtain the desired inequality (2.19).
This completes the proof. �

Remark 3 Under the same assumption of Theorem 5 with | ∂2F
∂ψ∂ϕ

(κ ,γ )| ≤ M, (κ ,γ ) ∈ �,
then Theorem 5 reduces to Corollary 1.

Corollary 5 Under the same assumption of Theorem 5 with κ = ρ1+ρ2
2 and γ = ρ3+ρ4

2 , we
have the following weighted Hermite–Hadamard type inequality

∣
∣
∣
∣
F

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)

+
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F (u, v) dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

u,
ρ3 + ρ4

2

)

dv du

–
1

m(ρ1,ρ2;ρ3,ρ4)

∫ ρ2

ρ1

∫ ρ4

ρ3

w(u, v)F
(

ρ1 + ρ2

2
, v

)

dv du
∣
∣
∣
∣

≤ (ρ2 – ρ1)2(ρ4 – ρ3)2‖w‖∞
64 × m(ρ1,ρ2;ρ3,ρ4)

×
[(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ3

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ1,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ3)
∣
∣
∣
∣

q) 1
q

+
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ4

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ1,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ1,ρ4)
∣
∣
∣
∣

q) 1
q

+
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ3

)∣
∣
∣
∣

q

+
(

2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ2,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ3)
∣
∣
∣
∣

q)) 1
q
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+
(

4
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(
ρ1 + ρ2

2
,ρ4

)∣
∣
∣
∣

q

+
2
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(

ρ2,
ρ3 + ρ4

2

)∣
∣
∣
∣

q

+
1
9

∣
∣
∣
∣

∂2F
∂ψ∂ϕ

(ρ2,ρ4)
∣
∣
∣
∣

q) 1
q
]

.

3 Conclusion
In this paper, we consider the identity given by Yıldız and Sarıkaya in [30] to obtain some
weighted Ostrowski type inequalities for co-ordinated convex functions. We also present
some weighted Hermite–Hadamard type inequalities by the special cases of our main re-
sults. In future works, the authors can try to generalize their results by utilizing different
kinds of co-ordinated convex function classes.
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