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1 Introduction
We know that Euler’s gamma function is defined by I'(x) = fooo t*Le7 dt for x > 0. The psi
or digamma function is its logarithmic derivative

v@=Linre -~

dx Cx)’ (1.1)

whose derivatives ¥'(x) and ¥"(x) are called the trigamma and tetragamma functions,
respectively. The polygamma functions are higher-order derivative

(n) _(_1\n-1 * —xt t" _(_1\-1 - 1
Y () = (-1) /0 e dt=(-1) ”’Zi(mk)m’ (1.2)

k=0

where n € N. The Gamma function’s history and its development are given in [1].

After Euler discovered the gamma function, some scholars studied the fundamental
properties of gamma, digamma, and polygamma functions, see [2—5]. These functions are
important in the fields of engineering, physics, inequality theory, or statistics, and many
inequalities involving these functions have been obtained through monotonicity or con-
vexity properties, see [6—16].
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A function f is said to be completely monotonic on an interval I if f has derivatives
of all orders on I and (-1)"f"(x) > 0, x € I, n > 0 (see [17]). A function f is said to be
strictly completely monotonic if (—=1)"f"(x) > 0. The Bernstein—Widder Theorem [17,
Theorem 12b, p. 161] states that f is completely monotonic on (0, 00) if and only if

f(x):/o e da(t),

where «(¢) is nondecreasing such that the integral converges for x > 0. Completely mono-
tonic functions have attracted the attention of many researchers in various fields (see
8, 18—24]).

The following asymptotic formulas are often encountered in many papers (see [5]).

n!

PP+ 1) =y (x) + V' x> 0m=0,1,.0), (1.3)
InT"(x) = 1 1 1l 2 1 1.4
n (x)—<x—§> nx—x+§n( n)+m+---, (x — 00), (1.4)
w(x)fvlnx—i ! 1 o, (x— 00), (1.5)

2% 1242 120aF
(_l)n—lwn(x) ~ ((” -1 n! (m+1)!

o o1t o2 T -~>, (x—>o0,m=1,2,...). (1.6)

For the sake of convenience, we set Y, (x) = (—1)""14 " (x) for n € N.
From (1.2) and the Bernstein—Widder Theorem, we know that v,(x) is strictly com-
pletely monotonic on (0, c0). From (1.3) and (1.6), we have

lirgl+ 2, (x) = m!, (1.7)
Jim "4, (x) = (n = 1)), (1.8)

which easily yields that lim,_, o+ ¥,,(x) = 00 and lim,_, o, ¥,,(x) = 0.
In order to prove [25, Theorem 4.8], Alzer provided

Yi(x) - Ya(x) >0, x>0, (1.9)

which was verified in a distinct way in [26, Lemma 1.1]. Furthermore, it is worthwhile
to notice that [27, Lemma 1.2] is a generalization of the inequality (1.9) and is used to
establish many interesting results (see [26, 27]). From [27, Theorem 2.2], it follows that

1p12<x+ %) —Ys(x) <0, x>0. (1.10)

In light of (1.9) and (1.10), a novel question was raised in [27], which asks whether it is
possible that there exist constants « and g such that

Vi +a) = Ya(x) >0, (1.11)

and

Y+ B)—¥n(x) <0, x>0. 1.12)
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Recently, Qi and Guo showed in [28, Theorem 1] that for o € R, the function

flsa)=yi@x+a) - ¥rx) (1.13)
is completely monotonic on (—min(0, «), o0) if and only if @ < 0, and so is the function
—f (x; @) if

x
o> sup

T re000) PTHE (23 +1)2 - 1))

where p(x) = xcothx for x > 0 and p~!(x) is the inverse function of p(x).
In addition, it was shown in [28, Theorem 3] that the function

£(x) = Y7 () — Afra (%) (1.14)

is completely monotonic on (0, 00) if and only if A < 1.

Besides the preceding conclusions invoked, we can refer to more references on results
extending (1.9) or (1.14) (see [19, 20, 24, 29-35]).

In view of (1.13), we define the function L(x; A, «, B8) for A,«, 8 € R, n = min(«, 8,0) and
m,n € N as follows:

L(x;)\,Ol,,B) = wm+n(x) —Mﬂm(x+05)1ﬂn(x+ﬂ) (115)

with respect to x € (-1, 00).

Then it is a question to put forward: Do sufficient and necessary conditions exist such
that L(x; A, «, B) is completely monotonic?

The aim of this paper is to solve this question and then apply it to obtain more inequal-
ities involving ratios, differences of digamma and polygamma functions.

A detailed plan of this paper is as follows: In Sect. 2, we give detailed proof of our main
results. In Sect. 3, some more inequalities for ratios of gamma functions are obtained with
the aid of Theorem 3.1.

2 Alemma

In order to prove our main results, we need the following:

Lemma 1l Fora, $ € Randt >0, let the function ¢(x) be defined on (0,1) by

(11— et x(1-x)

—atx —Bt(1-x)
| oo 1wt € . (2.1)

¢ (x)

Then the following statements are true:

(1) For B—a > %, the function ¢(x) is increasing from (0,1) onto (e Pt,e%);

(2)For B—a < —%, the function ¢(x) is decreasing from (0,1) onto (e™*¢, e P?);

(3) For —1/2 <o — B < 0, there exists to > 0 such that when 0 < t < &y, the function ¢(x) is
increasing from (0, 1) onto (7P, e~*%);

(4) For 0 < a — B < 1/2, there exists ty > 0 such that when 0 < t < ty, the function ¢(x) is
decreasing from (0,1) onto (e, e t);
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(5) For | —B] < %, there exists ty > 0 such that when t > ty, the function ¢(x) has a unique
maximum point xo(t) on (0,1), that is, ¢(x) is increasing on (0,x0(t)) and decreasing on
(xo(2), 1). In particular, if o = B, then xo(t) = 1/2.

Proof Differentiating v(x) = In¢(x) yields

V' (%) = t(w(tx) - (61 - %) + B —a), (2.2)
where
1 1
w(x)z;—ﬁ, x> 0.

It is not difficult to show that w(x) is decreasing from (0, co) onto (0, %) by noting that

[(5)? - (sinh(3))?]
(xsinh(%))?

' (x) = <0. (2.3)

Apparently, we have
V(%) = (o (tx) + &' (t(1 - %))) < O,
so that

v'(1) = t(—(a)(O) -ot)) +B - a) <v'(x) < t(a)(O) —w(t)+ B - a) =0/(0). (2.4)

For B —a > %, from o'(x) < 0 and 0 < w(x) < 1/2, we see that v’(1) > 0, that is, v(x) is

increasing on (0, 1), which immediately yields

e Pl < p(x) < e (2.5)

For B —a < —%, a similar argument yields v(0) < 0, and therefore v(x) is decreasing on
(0,1), which leads to the inversed inequality of (2.5).
Ifo<|a-pBl< %, then there exists £y > 0 satisfying w(0) — w(ty) = |8 — «|-

Case 1.0 <a — B < 1/2. Since w(x) is decreasing on (0, c0), we obtain
V'(0)<0, forO<t<ty, (2.6)
and
V'(0)>0, fort>to. (2.7)

Hence (2.4) and (2.6) imply that v’(x) < 0 for 0 < ¢ < £y on (0, 1), namely, ¢(x) is decreasing
from (0,1) onto (e™%,e~#?).

Case 2. —1/2 < o« — B < 0. By the same argument, assertion (4) can be proved.

Simultaneously, we observe that v/(1) < 0 for ¢ > £y. This in combination with (2.7) and
v"(x) < 0 suggests that v'(x) is strictly decreasing and therefore has a unique zero point
x0(t), that is, v(x) is increasing on (0, x0(¢)) and decreasing on (x(¢), 1). Moreover, for o =
B, it follows from (2.2) that v’(x) has a unique zero point at x = % This completes the
proof. g
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3 Mainresults
Forx,y e R, let

Dy ={(xy)x<0,y<0} and D,={(xy)x>0,y>0},

1
D3 = {(x’y)|xZM1yZM} ) {(x,y)‘|x—)’| Z E’xz 0»)’2 O};

where

(3.1)
X

Inx(1-e®)—-2In(1-e*?)-In4)] 1
M:max{G(x): nx(l-e™) nd-e™)-ln }<—.
x>0 2

We point here that M in (3.1) is well defined since lim,_. o G(x) = 0 and lim,_, o, G(x) =
0. In fact, G(x) reaches the maximum at xg = 10.042944.. .., that is, M = max,.c G(x) =

0.09297....

Theorem 3.1 For A,«, B € R, n =min(, B8,0) and m,n € N, let the function L(x; A, «, B) be
defined by (1.15). Then we have

(1) For (o, B) € D1, —L(x; A, a, B) is completely monotonic on (—n,00) if and only if 1 >
%, and so is the function L(x; A, «, B) if and only if & <O0;

(2) For (o, B) € Dy, L(x; 1, B) is completely monotonic on (0,00) if and only if A <

infy.0 1/W(t). In particular, if (a, B) € D3, then inf;.o 1/W () = %, where

1 tH1 - AR 1—x)"
we- [ e e s, 10, (32)
0 —e l1-e

Proof Using the well-known formula (1.2) and applying the convolution theorem for the
Laplace transform, we have

Lix; M0, B) = / e P(t) dt,
0
where

P(E) - / (S I s g
o \l—e?f 1-es1—e 9

Changing of variable s = tx yields

P(t) = lt”i:i (% _ W(t)), (3.3)

Using the integral representation

1
/ (1 - dr = — (3.4)
0

(m+m+1)

for A = %, the expression (3.3) can be written as
kt”’l'{'}’l

Pe) = 1-et

1
/ 271 - x)" U (x) dix,
0
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where

—t
t(l-e™) x(l x) ootx g BH1-)

U(x)zl_ 1l 1=etlw

(3.5)

Case 1. (a, B) € D;. First of all, we shall show that

tl1-e?) x(1-x)

1 w1 el fort>0and0<x<1,
—e — et

which is equivalent to
V) =(1-e™)(1-e) —x(1-x)t(1-€7") <O.

A simple computation gives e/ V'(¢) = V1 (¢) and
Vi) = x(1 —x)zﬁ(xk +(1-x)-1) <0,
k=1

which together with V;(0) = 0 yields that V;(¢) < 0 for £ > 0 and 0 < x < 1. Furthermore,
combining this with V(0) = 0 and " V'(¢) = V;(¢), we have V() < 0. Hence for («, 8) € D,
we see that

ot
l-e”) (- e e U fort>0andO<x<1, (3.6)
loet* 1= —t( —x)

thatis U(x) >0fort>0and 0<x < 1.
From (3.2), (3.4) and (3.6), we conclude that W (¢) > 7”1) for ¢t > 0. For («, 8) € Dy,

(m+n-1)!

we also observe that lim;_,o W(¢) = %, and lim;_, . W(¢t) = +00. Hence we have the

sharp inequality

1 (m+n-1)!
0< 20) < =Dl 1) forall £> 0. (3.7)

Finally, according to (3.3), (3.7) and the Bernstein—Widder Theorem, we complete the
proof of assertion (1).

Case 2. (a,B) € D,. Since lim,_.o W(¢) = % and lim;_, o, W(t) = 0, then A <
inf;0 1/W(t) is well defined. Once more using the Bernstein—Widder Theorem and
(3.3), we know that L(x;A,«, 8) is completely monotonic on (0,00) if and only if A <
infy.o 1/ W(2).

In particular, we consider the case (o, 8) € Ds. If we prove
tl-e?) x(1-x)

1> = g e e PN 15 00<x<]1, (3.8)
—e ] - tl-

we get infy,0 1/W(t) = %@1)1) according to (3.2), (3.4) and lim,_,o W(t) = %

For a = B > M, U(x) is reduced to

t(l-e?) x(1-x)

ul(x) =1- loet 1— e—t(l—x)

e, (3.9)
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In virtue of Lemma 1, we know that U (x) is decreasing on (0, 1/2) and increasing on
(1/2,1), that is, Uy (x) > Lll(%). Since o > M is equivalent to L[l(%) >0, we have U;(x) >0
fort>0andO0<x<1.

If 8 > M and o > B, then we write

tl-e?) x(1-x)

—ﬁte(ﬁ—a)tx
1-et 1—et0=) ’

Uix)=1-

Together with U (x) > 0, it leads to (3.8). Similarly, we can prove that (3.8) is still valid for
the case « > M and 8 > «.
Ifg-a> % anda >0orf—-a < —%andﬁ > 0, in view of Lemma 1, we can prove (3.8).

The proof is completed. g

Remark1 Obviously, Theorem 3.1 is a generalization of [28, Theorem 3] for higher deriva-
tives of ¥ (x).

Corollary 1 Fora € R,m,neNand ) = (m+n-1)!

=D \-1)1 the functions

fl(x) = )‘wn(x + a)wm(x +o)— wm+n(x):
fZ(x) = A ()Y (% + @) — Vg (%)

are completely monotonic on (-, 00) if and only if « < 0.

Proof The sufficient conditions of the assertion is proved in the proof of Theorem 3.1.
Next we shall prove the necessary conditions.
Suppose that « > 0. Since fi(x) and f5(x) are completely monotonic on (0, c0), we have
fi(x),f2(x) > 0. On the other hand, it is easy to check that

xlg%)l+f1 (x) = )Ll//m(a)wn(a) - xlil})l+ wmwt(x) =—-00,

A0 . Ymen(x)
lim = AY,(a) — lim ————= = —00,
x>0+ Y, (x) " x>0+ Y, (x)
which yields contradictions.
The proof is completed. d

Remark 2 The function fi(x) can be written equivalently as /;(¢t) = fi(t — a) (¢ > 0). By
hypothesis, we get

@ L=, [ OYm ()] (3.10)
whichyields @ < 0ast — 0. Furthermore, Corollary 1 clearly strengthens [28, Theorem 1].

Remark 3 In [27, Theorem 2.2], Batir proved the inequality

m m
n n

Ya(x +1/2) V() V()
(W) Sm-1)° <(n_1)[> (3.11)

Page 7 of 16
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formeN, n=1,2,...,m—1and x > 0. By Theorem 3.1, inequality (3.11) can be refined
partially. Taking the logarithm in (3.11) yields

Lo (Ynlx+1/2)\ 1 Vim(%) 1 Ynlx)
Zln(i(n_l)‘ > <Z1n((m_1)'> <;1H((n_1)‘>. (3.12)

Corollary 2 For m and n € N, we have the following inequalities

i+

(wn(xn/z)) T @) Y 11D (@)
(

(1-1)! m—1)! (-1 (m+n-1)
. (3.13)
1z[fm(x) I;an(x) ( W(x) ) " (m >I’l)
m-1)'m-1)! \(n-1) ’ ’
(wn(mM))’”T*” Yl M) o+ M) Yinan)
(n-1)! (m-1) (n-1)! (m+n-1)
(3.14)

<( V() )'” o Yn) Yux)
(n—-1) (m-1)!m-1)"

(m<n)

for x >0, where M is defined by (3.1).

Proof On the one hand, if m > n, a simple calculation shows that the right-hand side of
(3.12) is equivalent to

(m =Dl (- 1)1~ ((n—l)!) ' (3.15)
Similarly, the left-hand side of (3.12) is equivalent to
Uue+ 12)\ % ) v(x+1/2)
(W) Sm-1 -1 (3.16)

By (3.15), (3.16) and Theorem 3.1, we see that (3.13) is proved.
On the other hand, if m < n, inequality (3.15) is reversed by a similar calculation. From
the reversed inequality of (3.15), it follows that

Y+ M)\ T Yo+ M) Y+ M)
( (n—1)! ) STm-1 (-1 (3.17)

Taking into account the right-hand side of (3.12), the reversed inequality of (3.15), (3.17),
and Theorem 3.1, we prove (3.14).

Consequently, the proof of the two inequalities is complete. g

4 Application
In [36], Elezovi¢ et al. derived that

Yi(x) <e V™ (4.1)

by the fact that the function e?**%) — x is decreasing on (0, 00) for all £ > 0. In addition, [26,
Lemma 1.2] provides a different proof of (4.1). Some extensions of (4.1) for higher-order
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derivatives of ¥ (x) can be found in [25, 27]. For example, it is given in [27, Theorem 2.1]
that the inequality (4.1) was generalized to

et . V@) e (4.2)

(n-1)!
for x > 0 and n € N, where 8 = 1/2 and « = 0. In particular, inequality (4.2) was proved
again by using monotonicity of functions involving the polygamma functions (see [37,
Corollary 1]).
We introduce the divided differences of psi and polygamma functions (see [38]). For
neN,s teR,r=min{s,t} and x € (-r, 00), we define

Y1 (x+8) =1 (x+1) t 7’5'

Pu(x) = s (4.3)
Yalx + 1), t=s.

For the sake of consistency, we set ¥y(x) = - (x).
Using Theorem 3.1 and inequality (4.2), we establish the following result.

Corollary 3 For € R and n € N, let the function fy(x) = (n — 1)le™"V**F) _ . (x) be de-
fined on (max(—g,0),00). Then the function f3(x) is decreasing on (—8,00) if B < 0; and is
increasing on (0,00) if B > %

Proof A simple computation gives
S3®) = Y1 (&) = nln = D)y (x + BV 7).

For B <0, from the right-hand side of (4.2), we get

S3(%) < Y1 (x) — nyi (x + B)Yu(x + B),

and therefore, in the view of Theorem 3.1, we have f;(x) < 0. By the same spirit, the left-
hand side of (4.2) and Theorem 3.1 imply the case § > %
This completes the proof. O

Remark 4 For A #0, s,t € R and r = min{s, £}, define the function ¥ for x € (-r, 00)

1
[Fed]ie, ¢ s
W(xa,s,t) =1 "0+ 7 (4.4)
eV ts) t=s.

It was shown in [36] that the function W(x;1,s,¢) is convex on (-r,00) for | —s| < 1 and
concave on the same interval for |£ —s| > 1. Since
W 05205,0) = 5 W05, 0(#20) - A ()
XA, S, —)\’2 X5 Ay S,y ¢1 X)— ¢2x )
we deduce from [39, Theorem 3.1]:

(1) For 0 < |£ —s| < 1, the function W (x; A, s, £) is convex on (—r,00) ifand only if A #0 <1
and concave on the same interval if and only if > > ﬁ ;
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1

(2) For |t —s| > 1, the function W(x; A, s, t) is convex on (—r,00) if and only if A #0 < T

and concave on the same interval if and only if A > 1;

(3) For |t — s| = 1, the function W(x;A,s,¢t) is convex on (-r,00) if and only if A #0 <1
and concave on the same interval if and only if A > 1;

(4) For s = t, the function W(x; A, s, £) is convex on (—-r,00) if and only if A #0 < 1.

In addition, it was proved in [36] that
Y(x;1,s,b)p1(x) <1 (4.5)

holds for x > —r if |t — 5| < 1 and its reversed inequality is valid on (-r,00) if |£ — 5| > 1.
Obviously, (4.5) is a generalization of (4.1).

In the following, we will prove the monotonicity of the function z(x; A, s, £) = W(x; A, s, £) X
¢u(x) and therefore extend (4.5) or the right-hand side of (4.2).

Theorem 4.1 For A #0, s,t € R, r = min(s,t) and n € N, the function z(x; A,s,t) has the
following monotonic properties:

(1) For 0 < |t —s| < 1, the function z(x; A, s, t) is increasing on (—r,00) if and only if 1/L > n
and decreasing on the same interval if and only if 1/). < n|t —s|;

(2) For |t—s| > 1, the function z(x; A, s, t) is increasing on (—r, 00) if and only if 1/1. > n|t —s|
and decreasing on the same interval if and only if 1/1. < n;

(3) For |t —s| = 1, the function z(x; A, s, t) is increasing on (—r,00) if and only if 1/. > n
and decreasing on the same interval if and only if 1/1. < n;

(4) For s = t, the function z(x; 1, s, t) is increasing on (—r,00) if and only if 1/ > n and
decreasing on the same interval if and only if 1/1 < 0.

Proof Differentiating z(x; A, s, £) yields

Z/(x; )\r S, t) = \Ij(x’ )‘" S, t) (%d)l (x)¢n(x) - ¢n+1(x)) .

This in combination with Theorem [39, Theorem 3.1] easily establishes the Theorem. [J
Using Theorem 4.1, we have the following:

Corollary 4 Fors,t € R, r =min{s, t} and n € N, we have the inequality

v (x; %,s, L‘) Pnx) < (m—1)! (4.6)

forx > —rif |t —s| <1 and its reversed inequality is valid on (—r,0) if |t — s| > 1.

Proof Obviously, we only assume s # ¢. In view of Theorem 4.1, we only need to check

X—>00

lim ¥ (x; %,s, t) Gn(x) = (n—1). (4.7)

Applying the asymptotic formula (1.5), we obtain

o)
lim =1.
x—o00 xM"




Liang et al. Journal of Inequalities and Applications (2022) 2022:12 Page 11 0of 16

Therefore, this together with [24, Lemma 4] establishes

lim &% 9, (x) = (n—1)!, forallceR. (4.8)

X—> 00

According to [13, Corollary 1.4], the inequality

1/(t-s)
eV @) Ple+2) < eV (4.9)
T(x+s)

holds for x > —r, so that this combined with (4.8) yields (4.7).

Hence we complete the proof of this Theorem. d

Theorem 4.2 Fors,t € R, r = min{s, t} and c € (—r,00), we have the double inequality

eGs,t(Xs,t) eGs,t(x) /2neeAc,s,z—(S+t)/2
eHs,t(Xs,t) < eHs,t(x) < F(C + %)

for x > X, if |t — 5| < 1 and its reversed inequality is valid on (X;;,00) if |t —s| > 1, where

Xs is the only zero of 1 + InW(x; 1,5,¢) on (-1, 00),

i fcx In[Ee D) gy ¢ s,

Golx) =1 "2 Flus) (4.10)
[7 W (u+s)du, t=s;
A = iln[?éﬁig] —Y(u+S)du, tHs,
St —

0, t=s;
and
Hg (x) = V(x1,s,6) InW(x;1,s,t) — .

Proof Let g, (x) = €%¢®, hy,(x) = InW(x;1,5£) and f,,(x) = g, (x)e @ gince
8.+ (%) = g5s(X)hs . (x) and & ,(x) = ¢1(x), we obtain

£1,@) = o @) 5O (12 gy ()54 ) (1 4+ oo (). (4.11)

Using the asymptotic formula (see [4])

M+ o) _xt_s(l _s=B6+t-1) +o<i>> ¥ 00 (4.12)
Cx+s) 2x x2)) ’ .

we get lim,_, o /(%) = 00, and therefore by /; ,(x) > 0 and lim,_, _, /() = —00, we con-
clude that 1 + A,(x) has a unique zero on (—r, 00).
Hence thanks to / ,(x) > 0, Corollary 4 and (4.11), we have the following statements:
(i) For |t - s| < 1, f;+(x) is increasing on (X, 00) and decreasing on (-r, X;,),

(ii) For |t —s| > 1, fi+(x) is decreasing on (X, 00) and increasing on (-r, X ).
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On the one hand, we check that

* t
lim W (u + %) du +x— hs,t(x)ehs"(x)

Fandes) c
1 1 t
=—+—In(27 )—i—lnf‘ c+L . (4.13)
2 2 2 2
Case 1.5 # t. Now we derive the asymptotic formula of 4 (x)es™. Taking the logarithm
in (4.12), we get
[InT(x+¢)—InT(x +s)]
hs,t(x) =
t=s (4.14)
1 (s=t)(s+t-1) 1 ’
=lnx+ —In(l-———+0(—=)), x— o0
t- 2x x2
Together with
22
In(1+x)=x— ) + O(xg), x— 0,
we can rewrite (4.14) as
[InC(x+£) —InT(x +5)]
hi(x) =
t—-s
t -1 1
=Inx + i +0( =), x— oo (4.15)
2x x2
which implies that
t+s—1 1 trs=1 oL
By (x)et® = x( Inx + o= ))e T D), x5 (4.16)
2x x2
Therefore, by the aid of
€=1+x+0(x*), x—0,
we obtain
t+s-1 t+s—1 (t+s-1)°
B (x)e"t® = xInax + i Inx + i +( ts-1)
2 2 4x
(4.17)
Inx 1
+ O(—) + O(—), X — 00.
x x2
Combining (1.4) with (4.17), we deduce that
s+t B £ (%)
InT (| x+ - +x — hg(x)est
S+t t+s—-1 S+t
=xIn{ 1+ — ) + In{1+—
2% 2 2x
(4.18)

1

1 1
——(t —1In(2 —_—
+2 (+s)+2n( 7r)+12x+5;t

Page 12 0f 16



Liang et al. Journal of Inequalities and Applications (2022) 2022:12

t+s—1)> 1 1
s o o(L) 4o oo
4x x x2

which implies (4.13).
Case 2. s = t. Using (1.4) and the asymptotic formula (see [4])
s+t s+t—-1 1
Yla+ — ) =lnx+ +0(—= ), x— oo (4.19)
2 2x x2

we can easily prove (4.13).
On the other hand, we show that

x t Acsts t7s,
lim (Gs,t(x) - / w<u + i) du) _ | Ao 17 (4.20)
x—> 00 ¢ 2 0, t=s;

where

1 I'(u+1) s+t
/c :ln[r(u+s):| —1//<u+ T) du=Acss.

Note that the case ¢ = s is obvious. Then using (4.15) and (4.19), we get
1 I I'(x+1t) " s+t o 1
—1In -Yle+— =0l =), x— 00,
t—s |[T(x+s) 2 x2
which implies the exitance of constants C and X > 0 such that
1 i I'(x+1¢) " s+t <C
——1In —Ylx+ —
t—s I'(x+s) 2 -

for all x > X. It follows that

lim OOLln|:r(u+t)] —1/f<u+ﬂ)du=0,

x>oo [, F—s 'z +s) 2

1
22

so that A, is well defined. Hence, (4.20) is proved.
Finally, taking into consideration (4.13) and (4.20), we have

lim (G (x) +x — By ()1 ®)
X—> 00

InQ7) =%t —InT(c+ ) + ALsyy tHS;
( ) 2 ( 2) ,S,L # (4'21)
In27)-s—InT(c+s), t=s.

NI= NI

Applying the monotonicity of f,(x) and (4.21), we complete the proof of this Theo-

rem. O

Remark 5 Let 0.785003 < s < t. Using the inequality (see [13, Corollary 1.4])

Yx+5) < i[lnf‘(x+t)—lnr(x+s)] <¢<x+ %), x> =S,

Page 13 0of 16
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we have 1 + /1,,(0) > 1 + ¥(s) > 0, so that by / ,(x) > 0, Corollary 4 and (4.11) again, we
conclude that f; ,(x) is increasing on (0, 00) if |£ —s| < 1 and decreasing on the same interval
if |£ — s| > 1. Similarly, we have the inequality

Fx+8)]7 [T+l [TO5, [TE]5
—| In|—= <|=—| In|=—= +x
C(x +5) I'(x+s) I'(s) I'(s)
1 ¥ r
PRI RSN ENCE0N Y
t-s Jo I'(z+5)
for x > 0 if |t — 5| < 1 and its reversed inequality is valid on (0, 00) if |£ — s| > 1.

5 Discussion
Observing that Corollary 4 generalizes the right-hand side of (4.2), we conjecture that the
left-hand side of (4.2) might be generalized to

(m-1)< W<x+ l; l,s, t>¢,,(x)
2'n

for x > —rif |t —s| < 1 and that its reversed inequality might be valid on (-, 00) if |t —s| > 1,
where s, t € R and r = min{s, ¢}.

We turn to pay attention to the class of strongly completely monotonic functions, which
are introduced in [40]. A function f : (0, 00) — R is called strongly completely monotonic
if it satisfies the more restrictive condition that (—1)"x"+'f"(x) is nonnegative and de-
creasing on (0,00) for all #n € N. Note that [40, Theorem 1] gives a characterization of
strongly completely monotonic functions.

It was shown in [20] that the function ¥%(x) — ¥»(x) is strongly completely monotonic
on (0,00). Inspired by this, we will determine necessary and sufficient conditions for A
such that the function ®(x; A, s, £) is strongly completely monotonic on (-, co) for all fixed

s,t € R and r = min{s, ¢} in the future work.
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