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1 Introduction

The stability problems of functional equations are some of the classical and practical is-
sues in the area of mathematical analysis, physics and engineering. The story of stability
for functional equations commenced with the question of Ulam [42] for group homomor-
phisms. Later, it was answered and developed by Hyers [28], Aoki [2], Rassias [38] and
Gévruta [24] for additive and linear functional equations on Banach spaces. Indeed, a cer-
tain equation is applicable to model a physical process of a small change of the equation
gives rise to a small change in the corresponding result. In this case, we say the equation is
stable. In other words, a functional equation § is said to be stable if any mapping ¢ fulfill-
ing § approximately is near to an exact solution of §. Moreover, § is called hyperstable if
any function ¢ satisfying § approximately (under some conditions) is an exact solution of
§. For more details and updated definitions of the stability and hyperstability of functional
equations, refer to [15]. Some stability results can be available for instance in [5, 16, 26]
and [30] and also references therein.

In the two last decades, the Ulam stability problem has been answered and studied
for some special several variables mappings such as multiadditive, multi-Jensen, multi-
quadratic, multicubic and multiquartic mappings. In what follows, we state some histori-
cal notes about known functional equations used in this paper. Here, we have three famous
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functional equations, studied in books [1, 21, 32] and [39] and references therein.

Alx+y)=Ax)+A() (The Cauchy equation), (1.1)
Qx+y) + Qx—y) =2Q(x) +2Q(y) (The quadratic equation), (1.2)
Cx+2y)+Cx—2y)=4C(x +y) +4C(x —y) —6C(x) (The cubic equation).  (1.3)

Indeed, Rassias was the first author who defined the cubic functional equation in [37] as
follows:

Clx+2y) =3C(x+y) + C(x —y) — 3C(x) + 6C(y). (1.4)
Next, Jun and Kim introduced the cubic equation
C2x+9)+C2x—y)=2C(x +y) + 2C(x —y) + 12C(x) (1.5)

in [29] and a different form of the cubic functional equation, namely (1.3) was introduced
by them in [30]. Equations (1.3) and (1.5) were generalized by Bodaghi in [6] as follows:

C(rx + sy) + C(rx — sy) = rs* [(’:(x +9)+ C(x —y)] + 2r(r2 - sZ)Q(x), (1.6)

where r, s are fixed integers with r + s # 0; see also [9].

Throughout this paper, we use the notations N, Z and Q as the set of positive integers,
integers and rationals, respectively, and moreover Ny := NU {0}, R, := [0,00). For any [ €
No,neN, t=(t,...,t,) € A and x = (x1,...,%,) € V" we write Ix := (Ix1,...,Ix,) and tx :=
(t1x1, ..., tyxy,), where A = {=2,-1,1,2} and Ix stands, as usual, for the scaler product of /
on x in the commutative group V.

Let V be a commutative group, W be a linear space over Q, and n € Z with n > 2. A
mapping f : V* — W is called

« multiadditive if it satisfies (1.1) in each variable [18];

o multiquadratic if it satisfies (1.2) in each variable [19];

« multicubic if it satisfies either (1.5) or (1.6) in each variable [13, 25].

We have the following observations from [18] and [45]. Consider a mapping f : V* — W.
Then,
(i) f is multiadditive if and only if it satisfies

far+x) = D @ik, );

Jj1jn€{1,2}

(ii) f is multiquadratic if and only if it fulfills

DO fltsx)=2" D> [y, %,), (1.7)

se{-1,1}" J1rjn€{1,2}

where x; = (%1, %,...,%,) € V" with j € {1,2}. More information about the structure of
multiadditive mappings and their Ulam stabilities can be found in [18, 20], [34, Sects. 13.4
and 17.2] and [44]. Furthermore, some facts on multiquadratic mappings such as Jensen
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type and generalized forms with stabilities in various Banach spaces are available in [7, 10—
12, 19, 22] and [40]).

Ghaemi et al. [25] introduced multicubic mappings for the first time. In fact, they consid-
ered amappingf : V" — W thatsatisfies (1.6) in each variable. Next, a special case of such
mappings was studied in [13]. In other words, the authors unified the system of functional
equations defining a multicubic mapping to a single equation, namely, the multicubic func-
tional equation [13]. Moreover, they showed that every multicubic functional equation is
stable and such functional equations can be hyperstable (for the miscellaneous versions
of multicubic mappings and their stabilities in non-Archimedean normed and modular
spaces, we refer to [23] and [36], respectively). In addition, the general system of cubic
functional equations has been defined in [25] and characterized as a single equation in
[23]. For the definitions and the structure of multiadditive—quadratic and multiquadratic—
cubic mappings, see [3] and [8].

In [17], Chang and Jung introduced the mixed-type quadratic and cubic functional equa-

tion
6C,(x +7y) —6C4(x —y) +4C4(3y) = 3C4(x + 2y) — 3C,(x — 2y) + 9C4(2y). (1.8)

They established the general solution of (1.8) and investigated the Hyers—Ulam—Rassias
stability of this equation; for a different form of the mixed-type quadratic—cubic functional
equations, see [31]. Towanlong and Nakmahachalasint [41] considered the mixed-type
quadratic—cubic functional that is different (when its solution is either an even or odd

mapping) from (1.8) as follows:
Clx +2y) = 3¢, (x + ) + 3¢, (%) — Culx — y) — 3&,(y) + 3&,(-y) =0. (1.9)

It is easily verified that the function €,(x) = ax® + bx* + ¢ is a solution of equation (1.9); see
[35] for more stability results of (1.9).

According to equation (1.9), in this paper, we define the multimixed quadratic—cubic
mappings and present a characterization of such mappings. In other words, we describe
the system of # equations defining a multimixed quadratic—cubic mapping as a single
equation. We also show that under some mild condition, a multimixed quadratic—cubic
mapping can be multiquadratic, multicubic and multiquadratic—cubic. Finally, we prove
the Hyers—Ulam stability and hyperstability of the multimixed quadratic—cubic mappings
in non-Archimedean normed spaces by applying a known fixed-point theorem that was
introduced and studied in [14]; for more applications of this method we refer to [4, 43]
and [44].

2 The structure of some several variables mappings
Recall that the mixed-type quadratic and cubic functional equation (1.9) was introduced

in [41] and the authors proved the following theorem.

Theorem 2.1 Let X and Y be vector spaces. A function h: X — Y satisfies functional

equation (1.9) if and only if there exist a quadratic function A% : X — Y, a cubic function
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A% : X — Y and a constant A° such that
h(x) = A + A%(x) + A3(x)
forallx e X.

Next, by using an alternative method we obtain the general solution of (1.9), which is a

tool to reach some of our goals in this section.
Lemma 2.2 Let X and Y be real vector spaces. Suppose that h: X — Y satisfies (1.9) for
all x,y € X.
(i) Ifhis even and h(0) = 0, then it is quadratic;
(ii) Ifh is odd, then it is cubic.
Proof (i) We first note that the evenness of /1 converts (1.9) to
h(x +2y) —3h(x +y) + 3h(x) — h(x —y) =0, (2.1)
for all x,y € X (here and in the rest of the proof). Letting x = 0 in (2.1), we have
h(2y) = 4h(y). (2.2)
Interchanging x with x — y in (2.1), we find
h(x +y) — 3h(x) + 3h(x —y) — h(x — 2y) = 0. (2.3)
A difference computation of (2.1) and (2.3) shows that
h(x +2y) + h(x — 2y) — 4h(x + y) — 4h(x — y) + 6h(x) = 0. (2.4)
Replacing x by 2x in (2.4) and using (2.2), we obtain
h(x+y) + hlx—y) —h(2x + y) — h(2x — y) + 6h(x) = 0. (2.5)
Switching (x, y) by (y,) in (2.5) and applying again the evenness of f, we obtain
h(x +y) + hx —y) — h(x + 2y) — h(x — 2y) + 6k(y) = 0. (2.6)
Inserting (2.4) into (2.6), we find
h(x +y) + h(x —y) = 2h(x) + 2h(y).

(ii) Using our assumption on (1.9), we obtain

h(x + 2y) — 3h(x + y) + 3h(x) — h(x — y) — 6h(y) = 0. (2.7)
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Putting x = 0 in (2.7) and applying from the oddness of %, we find

h(2y) = 8h(y). (2.8)
On the other hand, if we replace x — y instead of x in (2.6), then,

h(x +y) — 3h(x) + 3h(x — y) — h(x — 2y) — 6h(y) = 0. (2.9)
Now, it follows from (2.7) and (2.9) that

h(x +2y) + h(x - 2y) = 4[h(x + y) + h(x - )| - 6h(x).
This completes the proof. O

Henceforth, let V and W be vector spaces over Q, n € N and x} = (x;1,%2,..., %) € V",
where i € {1,2}. We denote x by «; if there is no risk of a mistake. Let x;,%, € V" and m €
No with 0 <m < n. Put M” = (N, = (N1,...,N,,) | N; € {x1j L x9), x1;}}, where j € {1,...,n}.
Consider

M2 =M, € M" | Card{N; : N; = xy} = m}.
For r € Q, we put rM” = {rd, : N, € M% } in which M, = (rNy, ..., rNp).

Definition 2.3 A mapping f : V" — W is n-multicubic or multicubic if f satisfies (1.3)
in each variable.

For a multicubic mapping f, we use the notations

FMp)= > fO), (2.10)

N,eMp,

and

f(M;,2) = Z fMN,2) (zeV).

N, eMy,

We recall that ( ) = is the binomial coefficient, where n,m € Ny with n > m.

n n!
m m!(n—m)!
In the upcoming result, we find a necessary and sufficient condition for a several-variable

mapping to be multicubic.

Proposition 2.4 For a mapping f : V' — W, the following assertions are equivalent.

(i) f is multicubic;

(ii) f satisfies
D fla+txg) =) 4(=6)"f (M), (2.11)
te{-2,2}" m=0

where f(M?) is defined in (2.10).
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Proof (i) = (ii) The proof of this implication is by induction on n. For n = 1, it is clear that
f fulfills (1.3). Suppose that (2.11) holds for some positive integer # > 1. Then,

Z f n+1 +txn+1)

te{-2,2} n+l
=4 Z Z f(x;‘ + XY, X e + sx2,n+1) -6 Z f(x’f + txg,xlyml)
te{-2,2)" se{-1,1} te{-2,2)"

=4Z Z 4M(=6)"f (M, X1 et + SK2n41) 624" "(=6)"f (M, %1,141)

m=0se{-
n+l
_ Z4ﬂ+l_m(_6)mf(M:ln+l)'
m=0

(if) = (i) Letj € {1,...,n} be arbitrary and fixed. It is enough to prove that f is cubic in
the jth variable. Set

ﬁ*(Z) ::f(zlr .. ';Zj—I»Z,ZjJrl, .. ';Zn)'

Assuming %y, = 0 for all m € {1,...,n}\{j}, x3; = w and %1 = (z1,...,21-1,2, Zj+1,...,24) in
(2.11), we obtain

21 [f* (z+2w) +f*(z - 2w)]

|:< . )2" L= g ’”(—6)’”:| [}j*(z+w) +]§*(z—w)]

n
n

+
m

)2;1 mgn= m 6)"’:|j;*(z)

m=1

=4 7 |:<n—1) e 6)"‘:|[f (z+w) +f (z— w)]

m

n-1
-6 |:<}’1> 8n—1—m(_6)m:|ﬁ*(z)
m=0

=4 x 2" 1[jg*(z+ w) +f (z— w)] 6 x 2”_1]§*(z). (2.12)

It follows from (2.12) that

fz+2w) +f(z - 2w) = 4[]5*(2 +w)+f (2~ w)] - 6f" (2).
Now, the proof is completed. O
Definition 2.5 Letn € Nand k € {0,...,n}. A mapping f : V" — W is called k-quadratic
and # — k-cubic (briefly, multiquadratic—cubic) if f is quadratic (see equation (1.2)) in each

of some k variables and is cubic in each of the other variables (see equation (1.3)).

In Definition 2.5, we suppose for simplicity that f is quadratic in each of the first k vari-
ables, but one can obtain analogous results without this assumption. It is obvious that for
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k = n (resp., k = 0), the above definition leads to the so-called multiquadratic (resp., multi-
cubic) mappings; some basic facts on the mentioned mappings can be found, for instance,
in [8, 13] and [45].

To reach our results in the rest of this section, we identify x = (xy,...,%,) € V"
with (x5, x7%) € V¥ x V" K, where x* := (x1,...,41) and "% := (xpy1,...,%,). Put xf =
(%1, ...,xz) € VK and xf’k = (Xiks1s-- . Xin) € V'K, where i € {1,2}. For a multiquadratic—
cubic mapping f, we also recall the notation

FEEMEE) = Y f(

MNye Mk
where
MEF = M, € M"F | Card(N; : N = %y} = m},
in which
M= ANy = (Niar, - Ny) | N € (v = 07, 2051 .

In the following result, we describe a multiquadratic—cubic mapping as an equation. The
proof is similar to the proof of [8, Proposition 2.1], but we include some parts for the sake
of completeness.

Proposition 2.6 Let n € N and k € {0,...,n}. If a mapping f : V" — W is k-quadratic
and n — k-cubic mapping, then f satisfies the equation

o> st ey 2kZ4" ey > f(ak, M) (213)

se{-1,1}k te{-2,2)nk = i€{1,2}
for all xf =(X1,...,%5) € VK andxf“k = (Kikslr---r%in) € vk where i € {1,2}.

Proof Since for k € {0, n} our assertion follows from Proposition 2.4 and [45, Theorem 3],
we can assume that k € {1,...,n — 1}. Let ¥ % € V"% be arbitrary and fixed. Consider
the mapping g..« : V¥ — W defined via g .« (xX) := f (xX, x"7¥) for x* € V¥, Similar to the
proof of Proposition 2.1 from [8], one can show that

Z Sk + sah, 2" 7F) = 2% Z F®n1e e Xy ™) (2.14)

se{-1,1)k J1rjk €11,2}

for all x5, 2% € V¥ and &% € V"X, Similar to the above, we obtain from Proposition 2.4

that
n—-k
Do f el ) = e o) (o, M) (2.15)
te{-2,2}"- —k m=0

for all x{"k,xg‘k € V"% and xf € V*. Now, equalities (2.14) and (2.15) show that (2.13)
holds for f. d
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It is easily seen that the mapping f : R” — R defined by f(ry,...,r,) = H/ e } r;
is multiquadratic—cubic and hence (2.13) is valid for f by Proposition 2.6. Therefore, this
equation is called a multiquadratic—cubic functional equation. Note that in the case k = n
and k = 0, equation (2.13) converts to (1.7) and (2.11), respectively.

Definition 2.7 Let V and W be vector spaces over Q, n € N. A mapping f : V" — W
is said to be n-multimixed quadratic—cubic, or briefly multimixed quadratic-cubic, if f
satisfies (1.9) in each variable.

Let x1,x, € V" and p; € Ny with 0 < p; < n, where [ € {1,2,3,4}. Set
M" = {9, = (My,..., My) | Mj € {x1) = %5, %), %o, —%35} |

forallje {1,...,n}. Consider the subset M of M" as follows:

(p1.02.p3,P4)

(171172173174 {f)ﬁ eM"|Card{M M; =xy} = p1,
Card{M; : M; = x5} = pa, Card{M; : M = —xy;} = p3,

Card{M; : M; = x1; + %3} = pa .

Hereafter, for a multimixed quadratic—cubic mapping f, we use the notations

f(Mn(m pzpsm)) = Z SO), (2.16)
im"EM(m P2:P3:P4)
and
f(M?Pl,pzypsym)’z) = Z SM,,2z) (zeV).
M, eM”?
(p1:p2:03:04)

For each x1,x, € V", we consider the equation

n n-p1 n—p1—p2 n—p1-p2-p3

Sl +2x2) = Z Z Z Z (- 3)pl+p33p2+mf( (p1.22.03:p4) ) (2.17)

p1=0p2=0 p3=0 pa=0

where f(M”

(m,pz,ps,m)) is defined in (2.16).

Definition 2.8 Given a mapping f: V" — W. We say f
(i) has zero condition if f (x) = 0 for any x € V" with at least one component that is
equal to zero;
(ii) is even in the jth variable if

f(er'H;Zj—l,_zj;ZjJrl;uwZn) :f(zly'H;Zj—l,Zj,Zﬂlr--uZn);
(iii) is odd in the jth variable if

f(zl’---;zj—lr_Zj72j+1’“-tzn) = _f(zb-~~)Z]'—1’ijzj+17--')zn)'

Page 8 of 19
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In what follows, it is assumed that every mapping f : V" — W satisfying (2.17) has zero
condition. With this assumption, we unify the general system of mixed-type quadratic and
cubic functional equations defining a multimixed quadratic—cubic mapping to an equa-
tion and indeed this functional equation describe a multimixed quadratic—cubic mapping

as well.

Proposition 2.9 A mapping f : V" — W is multimixed quadratic—cubic if and only if it
satisfies equation (2.17).

Proof Suppose that f is a multimixed quadratic—cubic mapping. We proceed with the
proof by induction on n. For n = 1, it is obvious that f satisfies equation (1.9). Let (2.17) be
true for some fixed and positive integer n > 1. Then,

f( n+1 +2xn+1, )

n n-p1n-—p1—pr n-p1-p2-pr3

ZZ Z Z (- 3)p1+p33p2+mf( (p1.02.03.04)’ Z) (2.18)

p1=0p2=0 p3=0 pa=0

for all %1, € V" and z € V. Using (2.18) and the fact that (2.17) holds for the case n = 1,
we obtain

f( n+1 + 2xn+1)
:f(x;l + 200, X1 ne1 + 2x2,n+1)
=3 (6] + 245, K11 + Xome1) +F (K] + 265, %141 — X01)

- Sf(x{’ + 2x§’,x1,,,+1) + Sf(xi’ + ng‘,xz,ml) - Sf(x;’ +2x7, —xg,ml)

n n-pj n-p1—p2 n—p1-p2-p3

=3 Z Z Z Z ( 3)p1+p33p2+p4f( (p1.£2:P3:P4)’ xl,n+1 +x2,n+1)

p1=0p2=0 p3=0 p4=0

n  Nn-pin-p1—pa n—p1-p2-p3

+ Z Z Z Z - 3)p1+p33p2+p4f( (prp2p3.pa) ¥t _xz"‘*l)

p1=0p2=0 p3=0 pa=0

n n-p]n-p1—p2 n—p1-p2-pr3

_322 Z Z (- 3)p1+p33p2+p4f( (p1.p2.03.p4) xlv’l*l)

p1=0p2=0 p3=0 pa=0

n n-p1n—p1—p2 n-p1-pr-p3

#3) 0. DL D (BYIIIIIS(MG, gy 5an)

p1=0p2=0 p3=0 pa=0

n n-pj n-p1-p2 n—p1-p2-p3

_322 Z Z (=3Y1 P332 (MG, s s —*2m1)

p1=0p2=0 p3=0 p4=0

n+l n+l-pi n+l-p1-py n+l-pi1-p2-p3

= Z Z Z Z (=3)prrpegrRif (Mr(;llvpzvpslm))'

p1=0 p2=0  p3=0 pa=0

This means that (2.17) holds for 7z + 1.
Conversely, let j € {1,...,n} be arbitrary and fixed. Set

ﬁ*(Z) Z=f(Zl, e 3Zj-1,25Zj415 - - .,Zn).
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Putting wyr = 0 for all k € {1,...,n)\{j}, xo; = wand x1 = (z1,...,2j-1,2,Zjs1,...,2Z,) in (2.17),

we obtain
B 1\ (n-1-p
[z +2w) = ( ) ( 1) (=3)7137 | £*(z + w)
p1=0ps=1 P1 pa—1
[ -1 n-1-p1
_1 _1—
+ <Vl ) (n Pl) (_3)p13p4 f}*(z—W)
P1=0 ps=0 pn Pa
R n-1\[n-p
| p1=1p4=0 pi-1 P4
B n-1 n-1-p1 7]
-1 _1—
+3 (n ) (Vl Pl) (_3)p13p4 f}‘*(w)
| P1=0 pa=0 p Pa i
[l lm n-1\ [n-1- ]
=13 ( ) ( P 1) (=3)137 | £ (). (2.19)
P1=0 pa=0 P1 Pa i
On the other hand,
n-1 1 n-1-p; 1
Z (l’l N ) (-3 Z (l’l - —191) 3parl 5 11-1pa
p1=0 p1 pa=0 Pa
n-1 n—1
=3 ( ) (=314 = 3(4 - 3)"! = 3. (2.20)
p1=0 P
Similarly,
n-1 n-1 n-1-p1 n—1—
3 ( ) 3P ( pl) 3 1P o 2.21)
p1=0 P p4=0 'z
Moreover,
-1 " (n-1-
3 ( ) 3P Y ( p 1) 3P4 5 171Ps = 3, (2.22)
pi-o \ P1 pa=0 Py
It follows from (2.19), (2.20), (2.21) and (2.22) that
Sz +2w) =3f7(z + w) + £ (z = w) = 3f(2) + 3f" (w) = 3" (-w).
O

This completes the proof.

Corollary 2.10 Suppose that a mapping f : V" — W satisfies equation (2.17).

(i) Iff is even in each variable, then it is multiquadratic. Moreover, f satisfies equation

(1.7);

(i) Iff is odd in each variable, then it is multicubic. In addition, equation (2.11) is true

forf;
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(ili) Iff is even in each of some k variables and is odd in each of the other variables, then
it is multiquadratic—cubic. In particular, f fulfilling equation (2.13).

Proof (i) It is shown in Proposition 2.9 that for each j, f;* satisfies (1.9). Since it is assumed
that fj*(O) =0, the result follows from part (i) of Lemma 2.2.

(ii) This is a direct consequence of part (ii) of Lemma 2.2.

(iii) The result follows from the previous parts. d

3 Stability results
In this section, we prove the Hyers—Ulam stability of equation (2.17) in non-Archimedean
normed spaces. The method of proof is taken from a fixed point result that was proved
in [14, Theorem 1]. Before that, we state some basic facts concerning non-Archimedean
spaces and some preliminary results. A metric d on a nonempty set X is called non-
Archimedean if d(x,z) < max{d(x,y),d(y,z)} for x,9,z € X. By a non-Archimedean field
we mean a field K equipped with a function (valuation) | - | from K into [0, c0) such that
(i) lal=0ifand onlyifa=0;

(ii) |ab| = |a||b| for all a,b € K;

(iii) |a + b| < max{|al, |b|} for all a,b € K.
It is obvious that |1| = | — 1| =1 and |#| < 1 for all integers n. A trivial valuation on any
field K is defined by the following for a € K

0, a=0,
lal :=
1, a#0.

For a nontrivial non-Archimedean valuation on @, assume that p is a prime number. It
is known that any non-zero rational number r can be uniquely written as r = 2 p°, where
m,n,s € Z in which m and 7 are not divisible by p. It is easily verified that the function
| -1, : Q—> [0, 00) given through

¥ 0, a=0,
Iy =
! p~*, a#0,

is a nontrivial non-Archimedean valuation on Q.

Let V be a vector space over a scalar field K with a non-Archimedean nontrivial val-
uation | - |. A function || - || : V —> R is a non-Archimedean norm if it satisfies the next
conditions:

(i) [l =0 if and only if x = 0;
(ii) llaxll = lalllxl, (x € V,a € K);
(ili) the strong triangle inequality; namely,

ll + yll < max{|lx], [ylI} (xy€ V).
Then, (V, || - ||) is said to be a non-Archimedean normed space.
A sequence {x,} is Cauchy if and only if {x,,1 — x,} converges to zero in a non-

Archimedean normed space X. Indeed, the above definition is taken from the fact that

0 = %l < max{llwj —xjlim<j<n-1} (n>m).
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A non-Archimedean normed space is complete if every Cauchy sequence is convergent.
If (V, | - |I) is a non-Archimedean normed space, then it is easy to check that the function
dy :V x V— R,, defined via dy(x,y) := ||x — y||, is a non-Archimedean metric on V
that is invariant, that is dy(x + z,y + z) = dy (x,y) for x, 7,z € X. In other words, every non-
Archimedean normed space is a special case of a metric space with invariant metrics; see
[27] and [33] for more information and details of p-adic numbers as an example of non-
Archimedean normed spaces.

We recall that for a field K with multiplicative identity 1, the characteristic of K is the

n-times
. e
smallest positive number # such that 1 +---+1 = 0. For two sets A and B, the set of all
mappings from A to B is denoted by B*. Here, we state a theorem that is an important
result in fixed-point theory [14, Theorem 1] and use this result in obtaining our purpose

in this section.

Theorem 3.1 Suppose that the following hypotheses hold.
(H1) E is a nonempty set, Y is a complete non-Archimedean normed space over a
non-Archimedean field of the characteristic different from 2, j € N,
g0 g:E—EandlL,,...,.Li:E— R,,
(H2) T :YE — Y% is an operator satisfying the inequality

’

| 72@) - Tu@| < max, Li(x) |2 (gi(®)) - (g (%))

forallh,p e YE, x € E,
(H3) A :RE — RE isan operator defined through

AS(x) := ieI{llax]}Li(x)S(gi(x))S eRf, xeE

Ifa function 6 : E — R, and a mapping ¢ : E — Y fulfills the following two conditions:

[T -eW] <0@),  lim A'9x)=0 (x€k),

then for every x € E, the limit lim;_, o T'@(x) =: ¥ (x) exists and the mapping € YE, de-
fined in this way, is a fixed point of T with

lo@) -y @) < sup AO(x) (x€E).

Here and subsequently, for the mapping f : V" — W, we consider the difference oper-
ator Dgcf : V' x V' — W by

n Nn-pjn—p1-p2 n-p1-p2-p3

Doof (er3)i=fer+20) =3 > 3 ) (3L (MG ),

p1=0p2=0 p3=0 pa=0

wheref(Mf’pl,pzlp&m)) is defined in (2.16).
We remember henceforth, all mappings f : V* — W are assumed that satisfy the zero
condition. In addition, all non-Archimedean fields have the characteristic different from

2. With these assumptions, we have the next stability result for equation (2.17).
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Theorem 3.2 Let B € {-1,1} be fixed, V be a linear space and W be a complete non-
Archimedean normed space. Suppose that ¢ : V" x V" — R, is a mapping satisfying the
equality

. 1 : I I
11—1>T<><|2|(3’T/<)ﬂ) g0(2 Pxy,2 ﬂxz) =0, (3.1)

forall x1,%, € V". Assume also f : V" — W is a mapping even in each of some k variables
and is odd in each of the other variables, and moreover satisfies the inequality

IDgef (1,2) | < @(x1,x2), (3.2)

Sforall x1,x, € V". Then, there exists a unique multiquadratic—cubic mapping Fy.: V" —>
W such that

I
1 1 lﬁ+ﬂ
[f (o) = Foel)| < ISE‘IJ\II(’) |2|(3n,k)% <|2|(3n—k)/3> (0,277 x), (3.3)

forallxe V"

Proof Without loss of generality, we assume for simplicity that f is even in each of the first
k variables. Putting x; = 0 in (3.2), we have

f (2x) = STf (%) | < ¢(0,%) (3.4)

for all x, = x € V" (here and in the rest of the proof), where

. Xk:kizkfpi—:ps <k> (k—pz) (k—pz —ps) (=3)P3gr2eps

p2=0p3=0 =0 \P2 ps Pa

and

p2=0 p3=0  ps=0 P2 b3 P4

x 3P2+P3tpa(_1)k-pap3-pa

We compute S as follows:

k= k=pa—

_ : k 2 = k—p> 3 - k—p>—ps k-p2-p3-paqpa

s=>"( ")) (-3 Y 1 3
ps3

p2=0 \P2 p3=0 pa=0 Pa
k k-p2
_ Z (k) 3p2 Z (k—pz) (_3)P34k*p2*103
=0 \P2 ps-0 \ P3

k
=y (k> 321572 = 3+ 1)f =27, (3.5)

Page 13 0of 19
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Similarly, one can show that

T = 2300, (3.6)
Relations (3.4), (3.5) and (3.6) imply that

[f(2) - 2 f )] < 0(0,%). (3.7)

Set

6(x) := W‘P(O;ZT@; Té(x) = 2(3,,_,()/3“;‘(2%),

for all £ € W"". Here, we rewrite (3.7) as follows:

If () = Tf ()| < 6). (3.8)
For each n € RY", we define An(x) := Wn(rﬁx). Considering E = V", g1 (x) := 2%x and
Li(x) = IZ\(3+"’/5’ we see that A fulfils (H3). Furthermore, for any 4, € W"", we obtain

1 1
| TA) = Tu@)|| = H 2(3,1—_,()/31(2‘396) - 2(3,,—_,(),3#(2"96) <Li@) | A1) - n(@@)].

It follows from the above relation that hypothesis (H2) holds. One can argue by induction
on /e N that

1y 1 IR po1
! ,_ B\ _ B+
A0 (x) = (|2|(3”‘k>ﬁ) 0(2%x) = P <|2|(3n_k)ﬁ> @(0,2+727). (3.9)

Now, all the assumptions of Theorem 3.1 hold by (3.8) and (3.9) and therefore there exists
a unique mapping F,. : V — W such that F(x) = lim;_ oo (T'f)(x) and (3.3) is valid as
well. In addition, an induction argument on / leads us to

1 !
”D(IC(Tlf)(xlxe)” = (W) <p(2lﬁx1, 21}3962), (3.10)

for all x;, %, € V. Letting / — oo in (3.10) and applying (3.1), we obtain DqcF (%1, %2) = 0
for all x1,x, € V". This means that the mapping . satisfies equation (2.17) and the proof
is now completed by part (iii) of Corollary 2.10. O

In what follows, it is assumed that the non-Archimedean field has the characteristic
different from 2 and |2| < 1. The following corollaries are some direct applications of The-

orem 3.2 concerning the stability of (2.17).

Corollary 3.3 Given § > 0. Let V be a normed space and W be a complete non-
Archimedean normed space. Suppose that f : V" — W is a mapping even in each of some
k variables and is odd in each of the other variables and moreover satisfies the inequality

IDgef (1, 22) | <8,
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Sor all x\,y € V. Then, there exists a unique multiquadratic—cubic mapping Fy.: V" —
W such that

Hf(x) - ]:qc(x) “ = 8,
forallxe V"

Proof Note that |2| < 1. Given ¢(x1,%2) = § in the case 8 = —1 of Theorem 3.2, we obtain
limy_, o |2|®"70!§ = 0. Therefore, one can obtain the desired result. O

Corollary 3.4 Let o € R fulfilla # 3n—k. Let V be a non-Archimedean normed space and
W be a complete non-Archimedean normed space. Suppose thatf : V" — W is a mapping

even in each of some k variables and is odd in each of the other variables and also satisfies
the inequality

2 n
| Dgef Gerxa)| <D0l
i=1 j=1

Sforall x\,x, € V". Then, there exists a unique multiquadratic—cubic mapping Fy.: V" —>
W such that

1
TPk > el a>3n—k,

1
o e eyl @ <3n-k

Hf(x) - ]:qc(x) ” =

forallx =x, € V"

Proof Set ¢(x1,%3) := Zi2=1 Z7=1 [l 11*. It now follows from Theorem 3.2 the first and sec-
ond inequalities in the cases f = 1 and g = -1, respectively. 0

Here, note that in Corollary 3.4 if we change non-Archimedean normed space V' with
a normed space, then in the case o < 3n — k there exists a unique multiquadratic—cubic
mapping F . : V" — W such that

1 n
lFe - Fue] = o D el
j=1

Under some conditions, equation (2.17) can be hyperstable as follows.

Corollary 3.5 Suppose that a;; > 0 for i € {1,2} and j € (1,...,n} fulfill 2 Z;l:l o #
3n—k. Let V be a normed space and W be a complete non-Archimedean normed space. If
f: V" — W is a mapping even in each of some k variables and is odd in each of the other
variables and moreover satisfies the inequality

2 n
IDgef (1, 20) | < l—[l_[ 119,

i=1 j=1

for all x1,x, € V", then f is multiquadratic—cubic.
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Next, we have the stability result for functional equation (2.17) when f is either even or

odd in each variable.

Theorem 3.6 Let B € {-1,1} be fixed. Let V' be a linear space and W be a complete non-
Archimedean normed space. Suppose that ¢ : V"' x V" — R, is a mapping satisfying

“quf(xbxz)” < @(x1,%2),

forall x1,x, € V".
(i) Iff: V" — W is a mapping even in each variable and fulfilling

I
: 1 ) l}
ll—>oo< |2|2nﬂ) 90(2 ﬁxl’z ﬁxZ) ) 0,

then there exists a unique multiquadratic mapping Q : V" — W such that

1 1\ _
I - Q] = sup i (s ) 00294 ),

leNy |22

forallxe V"
(i) Iff: V" — W is a mapping odd in each variable and

!
1 ) [
}E?o<|z|3"ﬂ) p(2,2%0) =0

then there exists a unique multicubic mapping C : V" — W such that

I
”f(x) C(x)” < sup g |31,3+1 <|2|L3nﬂ> ¢(0,21ﬂ+ﬂ%x),

forallxe V"
Proof The result follows from Theorem 3.2 by putting k = 0, . O

The upcoming corollaries are some direct consequences of Theorem 3.6 concerning the
stability of multiquadratic and multicubic mappings. We include them without the proofs.

Corollary 3.7 Given § > 0. Let V be a normed space and W be a complete non-
Archimedean normed space. Suppose thatf : V" — W is a mapping even in each variable

satisfying the inequality
|Dgef (x1,x2) | <6,
forall x1,x, € V".

(i) Iff is even in each variable, then there exists a unique multiquadratic mapping
Q: V" — W such that

forallxe V"
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(i) Iff is odd in each variable, then there exists a unique multicubic mapping
C:V" — W such that

If ) - Clx) | <,

forallx e V"

Corollary 3.8 Given a € R fulfills o # 2n,3n. Let V be a non-Archimedean normed space
and W be a complete non-Archimedean normed space. Suppose that f : V' — W is a

mapping satisfying the inequality

2 n
| Dgef Grxa)]| <D0l

i=1 j=1

forall xy,x, € V".
(i) Iff is even in each variable, then there exists a unique multiquadratic mapping
Q: V" — W such that

1
Do llxeyll®, > 2m,

) - QW)| < { 2™
d | ﬁ o lxll®, o <2n,

forallx=x, € V"
(ii) Iff is odd in each variable, then there exists a unique multicubic mapping
C: V" — W such that

@) -c@)| < \2|13n Yo lell®, > 3n,

1 n
Pe Zj:l ||x1/’||a’ a < 3n,
forallx =x, € V"

Corollary 3.9 Given a;; >0 forie (1,2} andje {1,...,n} fulfill Y7 | > 1o #2n,3n. Let
V be a normed space and W be a complete non-Archimedean normed space. Suppose that

f: V" — W is a mapping satisfying the inequality

2 n
|Daef Ger,x2)| < [TT T Il

i=1 j=1

forall xy,x, € V".
(i) Iff is even in each variable, then it is multiquadratic;
(ii) Iff is odd in each variable, then it is multicubic.
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