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1 Introduction
In mathematical analysis, the Hardy operator is considered a significant averaging opera-
tor and has been exercised a lot during the recent past. In [1], Hardy defined the classical

Hardy operator as follows:

Pg(z) = %/:g(t) dt, z>0, (1)

and established a sharp (g, g) inequality for it. Faris [2] introduced the #-dimensional ver-
sion of (1), however, the exact value of norm of the n-dimensional Hardy operator on the
Lebesgue space was obtained in [3]. Subsequently, in [4], the authors defined the fractional

Hardy operator and its adjoint operator as follows:

1 . g(?) ,,
= — y = ’ R ’
wwwwﬁqwm HW)/ dt, zeR"\{0} 2)

sl 1E1" P

where |z] = /> | z2. Here, we cite some important readings with regards to the study of
Hardy-type operators on different function spaces which include [5-10].

The concept of generalizing function spaces started with the work presented in [11].
However, variable exponent Lebesgue spaces L) were firstly introduced by Kovacik and
Rékosnik in [12]. After that, the development of variable Lebesgue spaces was started
along with the investigation of boundedness of several operators including the maximal
operator on L") [13-16]. Recently, the theory of generalized function spaces showed deep
concern in many fields of mathematical analysis like, for example, in the field of image pro-
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cessing [17], in the analysis of electrorheological fluids models [18], and in the theory of
partial differential equations with nonstandard growth conditions [19].

Besides, Izuku introduced Herz spaces with variable exponent I'(,‘; #0) in [20, 21]. Later
on, Almeida and Drihemn [22] gave a new definition of Herz spaces by taking the expo-
nent alpha as a variable. However, the Herz space having all the exponents as variables
was defined and studied in [23]. Morrey—Herz spaces with variable exponent MI'(;;‘(,) first
appeared in [24]. The ensuing paper [25] made some generalization in the definition of
Morrey—Herz spaces given in [24] by replacing the exponent & with «(-). A few important
considerations in this regard can be found in [26—-29].

Recent advancements in the field of variable exponent function spaces include the de-
velopment of its weighted theory based on the Muckenhoupt weights [30]. In [31, 32],
Cruz-Uribe with different co-authors gave the continuity criteria for Hardy-Littlewood

maximal operator M:

1
Mg(z) = sup E/B|g(t)|dt,

B:ball,zeB

on weighted L”")(w) spaces. Equivalence between the boundedness of M on PO (w) and
the Muckenhoupt condition was proved by Diening and Hésto in [33]. Izuki and Noi
defined the weighted Herz spaces with variable exponents in [34]. However, weighted
Morrey—Herz spaces with variable exponents were defined and studied in [35, 36].

The aim of this article is to study the continuity criteria for fractional type Hardy oper-
ators on weighted variable exponents Morrey—Herz spaces. It is worth mentioning here
that our idea is based on Muckenhoupt theory and on Banach function spaces. We thus
extend some results presented in [27]. Also, at an intermediate level, we use the bounded-
ness of fractional integral to control the boundedness of the fractional Hardy operators.

The fractional integral can be defined as

@)@ = / | ORI

R” Z—t|n_ﬁ '

The variable Lebesgue spaces boundedness property of Riesz potential was reported in
[37]. On the weighted Herz spaces, the boundedness of fractional integral operator was
obtained by Izuki and Noi [34].

The presentation of this paper includes four sections. The next section is full of nec-
essary notations and definitions. In Sect. 3, we furnish key lemmas which are helpful in

proving our main results in Sect. 4.

2 Notations and definitions

In the remainder of this article, the letter C will denote a constant whose value may change
from line to line. A nonempty set S is considered to be a measurable set in R”, and xs
represents the characteristic function of S, whereas |S| represents its Lebesgue measure.
Let us first define variable exponent Lebesgue spaces based on the fundamental papers
and books [12, 15, 16].
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Definition 2.1 Let p(-) : R” — [1, 00) be a measurable function. The Lebesgue space with
variable exponent L”0)(R") is the set of all measurable functions f such that

F,(f) = A;{ﬂ [f(x) |p(x) dx < 00.

The space L”")(R”) turns out to be Banach function space with respect to the norm

1f 1l ) = inf{a > O:Fp<§) = / (@)M dx < 1}.

Definition 2.2 We denote by P(R”) the set of all measurable functions p(-) : R” — (1, 00)
such that

1 <p- fp(x) <ps <00,
where

p- :=essinf p(x), P+ :=esssup p(x).
xeR" xcR7
Definition 2.3 Suppose that p(-) is a real-valued function on R”. We say that
(i) Clog(R”) is the set of all local log-Hélder continuous functions p(-) satisfying

loc

1
lp(x) - p(») -l < 5wy R

-C
‘ S —Y
log(Jx — y1)
(ii) C(l)og(R") is the set of all local log-Hélder continuous functions p(-) satisfying at

origin

C n
|P(9C) —}7(0)| < w, xeR".

(ii) CXE(R") is a set of all log-Hoélder continuous functions satisfying at infinity

Coo )
|p(x)_poo| < —————, xeR"
log(e + |x|)
(iv) Clg(R") = C:% N Cll:)’f denotes the set of all global log-Hdlder continuous functions
p0).

It was proved in [38] that if p(-) € P(R") NC'°¢(R"), then the Hardy—-Littlewood maximal
operator M is bounded on L") (R").

Suppose that w(x) is a weight function on R”, which is a nonnegative and locally inte-
grable function on R”. Let L”")(w) be the space of all complex-valued functions f on R”
such that fwlﬁ € IPY(R"). The space L*")(w) is a Banach function space equipped with
the norm

1
W llzpr gy = P || -
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Benjamin Muckenhoupt introduced the theory of A, (1 < p < 00) weights on R” in [30].
Recently, in [34, 39] Izuki and Noi generalized the Muckenhoupt A, class by taking p as

variable.

Definition 2.4 Let p(-) € P(R"). A weight w is an A, weight if

Sup-ﬁg[ﬂuﬂ”’ 8 o [ s oy < 00

In [40], authors proved that w € A, if and only if M is bounded on the space L),

Remark 2.5 ([34]) Suppose p(-),q(-) € P(R") N C'°2(R") and p(-) < ¢(-), then we have

Ay CApy) CTAy)-
Definition 2.6 Suppose pi(-),pa(-) € P(R") and B € (0, n) such that % = pll(x) _ g A
weight w is said to be A(p;(-), p2(-)) weight if

X811 2720 20y | XB Il (o1 0 ur Oy = C|B|l—f
Definition 2.7 ([34]) Suppose p;(-), 172( ) € P(R") and B € (0, n) such that zﬁ - pll(x) _ %

Then w € Ay, ()p,( if and only if w?20) € ALipy(1p ()

It is well known that Herz spaces play an important role in harmonic analysis. After they
have been introduced in [41], the theory of these spaces had a remarkable development in
part due to its usefulness in applications. For instance, they appear in the characterization
of multipliers on Hardy spaces [42], in the summability of Fourier transforms [43], and
in regularity theory for elliptic equations in divergence form [44]. For a detailed study of
Herz-type spaces, we recommend the reader to see the book [45]. Now, we define variable
exponent weighted Morrey—Herz space MK’ qp( (w) Let By = {x e R” : |x| < 2K}, Ay = B\
Byi_1,and xx = x4, for k € Z.

Definition 2.8 Let w be a weight on R”, A e [0 00), q € (0,00), p(-) € P(R"), and «(-) :
R” — R with «(-) € L*°(R"). The space MK (w) is the set of all measurable functions

f given by
M1'< L) ={f e DR\ (0}, w) : |Lf||M1-<a(.(),;L o <
9P\

where

ko 1/q
koA ka(-)q q
gz = $P 2" (Zz |fok||m.)<w>> :

koeZ k=—00

Obviously, M1'<;f O(w) =
(see [22]).

K, p( y(w) is the weighted Herz space with variable exponent
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3 Keylemmas
We start this section with some useful lemmas that will be helpful in proving our main

results.

Lemma 3.1 ([46]) If X is a Banach function space, then
(i) The associated space X' is also a Banach function space.
(i) I lxry and || - |x are equivalent.
(iii) Ifge X andf e X', then

| Vg d < lglxllf e

is the generalized Holder inequality.

Lemma 3.2 Suppose that X is a Banach function space, we have that, for all balls B,

1
1< —lxslxlxslx-
B

Lemma 3.3 ([47]) Consider Banach function space X. Let M be a Hardy—Littlewood max-
imal operator that is weakly bounded on X, that is,

-1
I xmpsorllx S Ifllx

is true for o > 0 and for all f € X. Then we have

1
sup —- [l xallxll xzllx < oo.
Biball | B

Lemma 3.4 ([37])
(1) X(R", W) is a Banach function space equipped with the norm

If x@e,wy = IfW llxs
(2) The associate space X'(R", W) of X(R", W) is also a Banach function space.

Lemma 3.5 ([34]) Let X be a Banach function space and M be bounded on X', then there
exists a constant § € (0,1) for all BC R" and E C B,

)
”““5(55.
Ixallx ~ \IBI

The paper [12] shows that L”()(R") is a Banach function space and the associated space

L7 O(R") with equivalent norm.

Remark 3.6 Let p(-) € P(R") and by comparing the Lebesgue space L7")(w”")) and
L7 O(w?'0)) with the definition of X(R”, W), we have:

1. If we take W = w and X = LPO(R"), then we get LV (R”, w) = LPO (wP0)).

2. If we consider W = w~! and X = L” O(R"), then we have LF'O (w?'0)) = LZ'O(R", w1).
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By virtue of Lemma 3.4, we get
(LR, w)) = (27 (w)) = 2O (w0) = POR, W)
Lemma 3.7 ([48]) Let p(-) € P(R")NC°¢(R") be a Log Holder continuous function both at

infinity and at origin, if W) € Ap2 () implies w 720 ¢ Ay (- Thus the Hardy-Littlewood
operator is bounded on 12O (w720)) and there exist constants 81,85 € (0,1) such that

||XE||M2(<)(WP2(~)) Ixell LPZ ‘Pz ( |E| ) 3)
||XB||LP2(->(W172(~)) I xzll Lpz —p2 )) 1B
and
I XEN (1220 (o200 |E|
(P20 ( ) , (4)
181l 2 gura0 Bl
for all balls B and all measurable sets E C B.
Lemma 3.8 ([34]) Let p1(-) € P(R") N C°¢(R") and 0 < B <o and pz() = ﬁ - % If
w e A(p1(-),p2 (), then I is bounded from LP1O)(w?10) to P20 (WPZ( ).

4 Main results and proofs

The following proposition was proved in [36].

Proposition 4.1 Let g(-) € P(R"),0< p < 00 and 0 < A < 00. If a(-) € L®(R") N C°¢(R"),
then

ko
ki
”f”p II(a(’)‘)“(wq(') - Sup2 ok Z 2}a prX/”P

wa()
MK, 4 koeZ j=—00 )

ko
< rnax{ sup2” koxp<2 20 p”fXJ”Lq ) (wa) ))
Jj

koEZ
ko<0

1
sup (2"‘0“’(2 2O 1 )
Y

koEZ
ko>0

ko
ko, j b
v (Z 2’““‘”’ltflequ(wq«»)) } |

Jj=0

One of the main results of this study is as follows.

Theorem 4.2 Let0< q1 < go < 00, pa(-) € P(R™) N C'°¢(R"), and p(-) be such that ]ﬁ =
1

ok g ~. Also, let w20 € A1, A > 0and a(-) € L°(R") N C°¢(R") be log Holder continuous
at the orlgm, with «(0) < a(00) < A + ndy — B, where 83 € (0, 1) is the constant appearing in
(4), then

VI o o < CIF gt nory



Asim et al. Journal of Inequalities and Applications (2022) 2022:2 Page 7 of 12

Proof For any f € MI'(;I(’;’I'\O(WPI(‘)), if we represent f; = f - x; =f - xa, for each j € Z, then

we write
@)=Y f@) @)=Y fi.
Jj=—00 Jj=—00

The generalized Holder inequality yields

Hyf @ - )| < —— [ @) de - xu)
x|"=F J,

k
= c2*n Z Hﬁ”l,m(-)(wm(‘))||Xj||(Lm(-)(wpl(‘)))/zkﬂXk(x)' (5)

j==00

Making use of Lemmas 3.3 and 3.7, respectively, we obtain

IHES = Xkl 220 200

k
—k
= c2¥ Z ”f/||L!’1(')(wp1(-))”X/H(Lm(-)(wm(-)))/z nHXk”LPz(-)(sz(-))
Jj=—00
k
k -1
< C2% 3 16 ey 101 @m0 uor0yy XK 0 uontry
Jj=—00
kB £ 1 ”Xj”([,pz(')(wpz(‘)))/
< C2 Y 1fill o) 161 0 Oy 161 oy [T
j=—00 Xkl (zp2©) (w2 0)yy
k
k 8o (j—k -1
< C2 3 2R im0 1 0 1G] 0 - ©)
Jj=—00

To proceed further, we take f = xz, in the definition of I5 to get
Ig(x5,)(x) = C2P x3,(),
which implies that
x5;(x) < CZ_jﬁ]ﬁ(XBj)(x)'
Taking the norm on both sides and using Lemmas 3.8 and 3.3, respectively, we get

||XB,-||LP2(')(WP2(‘)) < c27# HI,S (XB,-)”Lpz(»)(sz(-))
< C27||(xs)| 1210210

=< 2j(n—/5) ” (XB/) ” (_Llpl(')(wpl(‘)))/' (7)
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Inserting (7) into (6), we are down to

IHgf - Xkl 120 a0

k
< C2% Y7 22D DS 3010 s sy 101 sty
Jj=—00
k
=C Z Z(ﬂ_mh)(k_j)”]S’”Lm(')(wm(‘))(2_14"||Xj||[,p2(-)(wpz(‘)) ”Xj”([,pz(')(wpz(‘)))/)_l
j=—00
k
<C Z 2(ﬂ_n52)(k_j) ”ﬁ”[}?l(-)(wm(-)y (8)
j=—00

In the rest of the proof, in order to estimate |f]| P1Owp10)y, We consider two cases as
below.

Case 1: We take j < 0 and start estimating as follows:

1
fill 10 guencry = 27O @O NG, i)™
. 1
) ] q1
sz-f““’)(Z 25O, >>
i=—00

1
a1
< 2/~ (0))o jk(z oia()q1 |[f|| 10 ))

1=—00

j(h-c(0
< CYXONfY atrn oy ©)
q1.r10)
Case 2: Forj > 0, we get

1

_ -ja(00) (yje(o0)qn | 1141 %

Uillzor 6 gunry = 27 @B, () o) ™
1

j a1
—ja(00) ice(00) q1
<27¢ (Z gia(0)q1 Hﬁ' Lpl(')(wpl('))>

i=0

1
a1
< 9j(h-e(00)) o J)“( E 2i«()m ”f”[pl()(wﬂl ))

i=—00

< CYO— D) 1 (10)

A p1()y
MK:I Pl(')(w 1Y)

By the definition of variable exponent Morrey—Herz space along with the use of Propo-
sition 4.1, we arrive at the following inequality:

ko
[|H, = 9~korq1 2keOa g
W Toggass iy = S99 > IHaf = X010
k=—00
ko
< max sup2 M N 7 A OMHf 11 G
koeZ k=—00

ko<0
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-1
—k ki
Sup2 0Aq1 ( Z 2 a(0)q1 ||H’3f . XkHle,z(,)(sz(.))
koeZ

k=—00
ko>0
ko
ki
+ 22 a(co)q | Hgf - Xk“;l;z(z)(wpz('))) ]
k=0
= max{Y;, Y, + Y3}, (11)

where

ko
—k ki
Y; = sup2Fora Z 24O || Fyf - XkIIZ;z(-)(wpzw
k()EZ

ko<0

k=—00

-1
Yy = sup2 orn N ok Oy p 1)

) )y’
koeZ Pl LWk
ko>0

ko
—ko k q
Y3 = sup2 01 ZZ (1) g f Xk||L;2(.)(Wp2(.))-
koeZ k=0
ko>0

First, we approximate Y;. Since «(0) < a(c0) < n8y + A — B,

ko k 71
Y, < Csup27k0)"q1 Z ke (0)q1 (Z 2(/5nsz)(kI)Hf”lm(.)(wpl(.)))

koeZ k=—00 =00
ko<0
ko k q1
< Csupszolql Z 2ka(0)q1 (Z Z(ﬂ’"‘SZ)(k’])Zj()"“(O))|[f||MI'<'1(')'* (WPI(')))
koeZ P je—oo q1,1()
ko<0
ko k q1
q1 —korq1 kar(0)q1 (B-n82)(k—j) 9j(h—a(0))
< C|V||Mka(-),k w10 sup2 Z 2 Z 2 2
a1.01() koeZ k=—00 j=—00

ko<0

ko k q1
—ko k. j—k)(— o —a(0)+A
< Cllfllﬁka(,),k W"l('>)1<su22 0rq1 Z 2 ql(Z oK)= nsr—a(0)+ ))
a1 0€ j

216 Pl e
ko<0

q1
<
= CHf”MI-(u( (wpl('))'

9,
q1.01()

The estimate of Y5 is similar to that of Y;. Lastly, we estimate Y3

ko k q1
Ys < Csup 9-korq1 sza(oo)ql (Z 9(B=n82) (k) Hﬁ”LPl(')(WPl(')))

koeZ k=0 j=—00
Ko>0
ko k i
—koh k —n82) (k=) oj (A~
< Csup2 " 0*1 22 (o)1 Z 2B-n82) (k=) f¢ a(oo))ﬂf”M,-(at),A (w10
koeZ P je—oo q1.21()

ko>0

Page 9 of 12
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ko k q1
< C|[f||q1 O 0, SUp 9~kohq1 Z gka(c0)q1 Z 9 (B=nd2)(k=)) 9j(r—a(c0))
MK WOy oy
q1.21() 0€ k=0 i=—00
ko=>0
ko k q1
q1 —koAq1 krqy (j—k)(=B+ndp—a(00)+A)
<
= CIAI, ot (Wpl(,))ksug2 > 2 > 2
q1.1() 0€ k=0 ji=—00
ko>0
<CIFI" . :
— ), B}
Mqum(‘)(Wm( )

The desired result is obtained by inserting the approximations of Y3, Y, and Y3 into (11). 0

Theorem 4.3 Letq1,q2,p1(-), pa(:), B,a(-) and w be asin Theorem 4.2. In addition, if —né, +
A <a(0) < a(o0), where 81 € (0,1) is the constant appearing in (3), then

Hif || oath n ZCIfI et e
I i nn = Wi

Proof An application of the Holder inequality gives
Hif @) | = [ ol dr
R™\By

o0
< C Y 2PNl 110 o) 165 10 g 0y Xi )
j=k+1

Now, using Lemma 3.3, we have

o0
IFZEf - x| 1o iy = € D BN 110 6u10) 161 210 uer Oy 1Kk 1 20 0y
j=k+1

)
j -1
<C § 2”3|m||m1(-)(wp1(~))||Xj||Lp1(-)(Wp1(»))||Xk||1,ﬂ2(~)(wp2(-))- (12)
j=k+1

In view of inequality (7), we obtain

11k | 220 (a2 0

M2

IS - x| a0 sy = € Y Willmm guanc

)
; ) %511 220 o2

I
>

+1

IA

M2

C
J

2 DL 110 uor 0y (13)

]
>
—

N
where we used Lemma 3.7 in the last step.

In the remaining proof of this theorem, we follow the procedure as in Theorem 4.2 to

have

||H§f © Xk ||Lp2(»>(wp2<->) =max{Zy,Z; + Z3}, (14)

Page 10 of 12
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where
ko
Z1 _ Supz—ko}»ql Z 2/(01(0)q1 ||H;f < Xk HZ;’Z(')(sz('))'
k()EZ k=—00
ko<0
-1
22 _ Supz—ko)»ql Z 2/(01(0)q1 ”H;f < Xk HZ;’Z(')(WPZO)'
koeZ k=—00
ko=>0
ko
Zs = Supz—koqu Z ke (00)q1 ||H:§f . Xk”Z!l?z(')(wPZ('))'
k()EZ k=0
ko=>0

The estimates of Z; (i = 1,2, 3) are similar to those of Y; (i = 1,2,3) of Theorem 4.2. Here
we conclude our result. O
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