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1 Introduction

Nonlocal operators have been a useful area of investigation in different branches of math-
ematics such as operator theory and harmonic analysis. Also, they have gained vital at-
tention because of their strong connection with real-world problems since they form a
fundamental part of the modeling and simulation of complex phenomena that span vastly
different length scales.

Nonlocal operators appear in several applications such as image processing, boundary-
control problems, electromagnetic fluids, materials science, porous-media flow, turbu-
lence, optimization, nonlocal continuum field theories, and others. Consequently, the do-
main of definition Q may be in its general form.

In this paper, we discuss the elliptic 2 x 2 cooperative system containing one of the
nonlocal operators namely the fractional Laplace operator (—A)®.

Let @ C RN, N > 25, be an open, bounded and connected domain with Lipschitz bound-
ary d2. Then, we shall study the following system:

(-AYy1=ay1+by, +fi inQ,
(~AYyy=cyy +dy +f, in, (1.1)
y1=9=0 in RM\Q,
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where y = {y1,y,} are the states of the system, f = {f,f;} are the external sources. The
fractional Laplace operator (—A)* is defined by Fourier transform as follows:

y(x) - y(2)

m dt, CN,s > 0. (1.2)

(-AFy@) =cxs PV. /R )

From (1.2), it becomes clear that the fractional laplace operator (—A)* is a nonlocal oper-

ator.

Definition 1.1 For given numbers a, b, c and d the system

—AY¥y, =ay, + bys + in Q,
(=AYy Y1+ bys + fi (1.3)

(=AYy2=cyr+dy, +f ing,
is called cooperative if b, ¢ > 0; otherwise, the system (1.3) is said to be noncooperative.

Optimal control for partial differential equations (PDEs) has been widely studied in
many fields such as biology, ecology, economics, engineering, and finance [5-10, 18, 22,
24, 25, 30, 34, 37]. These results have been expanded in [12, 14, 15, 29, 31-33] to co-
operative and noncooperative systems. The fractional optimal control problems are the
generalization of standard optimal control problems. Hence, it allows treatment of more
general applications in physics, chemistry, and engineering [13, 17, 20, 21, 23, 39]. Sev-
eral papers discuss time-fractional optimal control. In [27, 28], the distributed optimal
control problem for a time-fractional diffusion equation is discussed. Moreover, the opti-
mality conditions are derived. In [19], the distributed control for a time-fractional differ-
ential system involving a Schrodinger operator is studied, and the optimality conditions
are derived. Furthermore, space-fractional optimal control is introduced. In [1, 2, 11], the
nonlocal system is reformulated to a local system by an extension problem. Hence, the
optimality conditions are achieved.

Henceforth, to treat with the nonlocality of the fractional Laplace operator, in [4], Caf-
farelli and Silvestre proved that the fractional Laplace operator can be characterized as an
operator that maps a Dirichlet boundary condition to a Neumann-type condition via an
extension problem as follows:

Let D* C RN*! be a semi-infinite cylinder as

D' ={(x,t):x € RN, t € (0,00)} C RN, (1.4)

where t is a new extended variable. Therefore, the nonlocal problem (1.1) is reformulated

locally as follows:

V.- (t"#VY) =0 in D*,

V- (tr»VY,) =0 in D*,

Y1(x,0) = Y5(x,0) =0 in RN\ @, (1.5)
kis%lz(ﬁ+aTrQYl+bTrgY2) on © x {0},

kis%zz(fg+cTrQYl+dTrQY2) on Q x {0},
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where iY —lim,_,

t)=0and k; = 2!~ 25%>0'

In this paper, we generalize some previous results obtained for the classical cooperative

o+ t1” 258)’5" 4) 'y is the unit outer normal to D* at  x {0}, lim;_, o0 Y (x,

systems. Indeed, we consider the elliptic 2 x 2 cooperative system involving one of the
nonlocal operators called the fractional Laplace operator. The nonlocality of the fractional
Laplace operator creates some difficulties. To overcome these, we transform the nonlocal
system into a local system via an extension problem. Hence, via the Lax—Milgram lemma,
we are able to prove the existence and uniqueness of the weak solution for the local system.
Moreover, for both local and nonlocal systems, the optimality conditions are derived via
the Lions technique. The results obtained tend to the classical results if s — 1. This article
is organized as follows. In Sect. 2, we introduce some functional spaces to represent the
fractional cooperative systems and their extension, and also furnish the existence results.
In Sect. 3, the weak solution and the optimality condition are established for the scalar
case. In Sect. 4, we can generalize our results to a 2 x 2 cooperative system involving the
fractional Laplace operator. Section 5 is devoted to a summary and discussion.

2 Preliminaries

In our work, the optimal control of the cooperative system depends on the variational for-
mulation. Hence, we introduce the Sobolev spaces, which are the solution spaces for our
problem. This section includes three subsections. Section 2.1 provides a short overview
of classical fractional Sobolev spaces. In Sect. 2.2, we recollect the idea of the weighted
Sobolev spaces and their embedding properties. The characterization of the principal

eigenvalue problem is presented in Sect. 2.3.

2.1 Fractional Sobolev spaces
For 0 < s < 1, define the fractional-order Sobolev space [3, 35]

ly(x1) — y(x2) |2

HY(Q) = {y eL*(9Q): / P dx1 dx, < oo}, (2.1)
1— %2

which is a Hilbert space endowed with the norm

1
(1) —y(x2)? ?
2l rrs () (/ |y|2dx+/ ; ﬁ dxi1dx, | . (2.2)
Also, define the space Hj(€2) as:
H(Q) = {y e H'(Q):y=00n 0%}, (2.3)

which can be endowed with norm

1

ly(x1) — y(x2)]? 2
s Q) 1= ——" dx d . 2.4
ll2ell 1z3(2) (/Q T N G (24)

Moreover, the Lions—Magenes space is given by [26]

u2
HOZO(Q) {ueHZ(Q) /d (;Cmdx«)o}, (2.5)
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where d(x, 9Q) is the distance from x to Q2. Combining (2.1), (2.3) and (2.5) we have for
any s € (0, 1), the following fractional Sobolev space:

H(Q);  s€(0,3),

H(Q) = {H)P(Q); s=1, (2.6)
Hy(Q);  se(3,1).

Moreover, we denote by H~*(£2) the dual space of 7*(2) such that

(=AY H(Q2) > H(2). (2.7)
Also, we have the following embedding

H(Q) = LX(Q) — H (). (2.8)
By a Cartesian product, we have the following chain of Sobolev spaces

(H(Q))* = (LX) = ()" (2.9)

2.2 Weighted Sobolev spaces
To set the weak solution for problem (1.5), it is useful to establish the following weighted

space [16]

X*(D%) = {Y € H, (D"): / £5|VY (x,0)|" dxdt < +oo}, (2.10)

D+
equipped with the norm
3
1Y [lxs(p+) := </ 75| VY (x, t)|2dxdt> . (2.11)
D+

Hence, the space of all functions in X*(D*), whose trace over RN vanishes outside of £, is
given by

X4(DY) = {Y e X*(D*) : Ylgnj) = 0 in R\ @}, (2.12)

which furnishes a precise meaning of the solutions to problem (1.5) in a bounded domain
Q. Itis clear that H*(Q2) = {Y|ax(o : ¥ € X5 (D*)}. In addition, we have the following com-
pact embedding.

Lemma2.1 Let1 <p<2¥= % Then, Tro(XE, (D)) is compactly embedded in L7 (2).

Remark 2.1 For a function Y € X, (D*), the operator Trg : X5, (D*) — H*(Q2) is called the
trace operator and satisfies

I Tre Y@ < 8IlY xyo), 6>0. (2.13)

Furthermore, TrqY = Y(x,0) = y(x) is the trace of Y onto € x {0}.
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2.3 Eigenvalue problem
In this subsection, we state some results given in [36] concerning the eigenvalue problem
for the following fractional elliptic equation

(-AYy=2xy inQ,

(2.14)
y=0 in RV\ Q.

Theorem 2.1 ([36]) The first eigenvalue of problem (2.14) is positive and can be charac-
terized as follows:

A= min /t”svy-vydxdt, ”Y(x,O)HLZ(Q):l, (2.15)
YEX?Z(D") D+

or equivalently,

Jpe 75VY - VY dxdt

A= i , Y(x,0)#0. 2.16
ven0y o 1Y 0)dx (x,0) 7 (2.16)
3 Scalar case
For a > 0, consider the following system:
(=A)y(x) =ay(x) + f(x) inQ, .
y(x)=0 on RN\ Q.

Using the extension problem, the nonlocal problem (3.1) is reformulated in a local way as
follows:

V(-2 VY(x,t) =0 in D,
Y(x,0)=0 x e RN\ Q, (3.2)

—% lim;_, ¢+ tl‘zs%(x, t)=aTrq Y(x,t) +f(x) x€Q.
3.1 Weak solution
Multiplying the first equation in (3.2) by a test function ¢(x, t) € X5, (D*) and integrating
over D' we obtain

/ V- (£75VY)e(x, t) dxdt = 0. (3.3)
Dt

Applying Green’s formula, we have

f (£ VY)V(x, t) dxdt = f ¥t g d (34)
D+ Qx{o} 9V
=k, (aTrg Y(x,t) + f(x)) Trg ¢(x, ) dx. (3.5)
Qx{0}

Take the bilinear form a(Y, ¢) as follows:

a(Y,p) = ki / tB3VYVe(x, ) dxdt — a /Q { }(Trg Y (x,0)) Trg ¢(x, t) dx. (3.6)
s + x{0



Serag et al. Journal of Inequalities and Applications (2021) 2021:196 Page 6 of 16

Also, take the linear form F(¢) as follows:

F(¢) = }f (®) Tro ¢(x, £) dx. (3.7)

Qx{0

Lemma 3.1 If > a ks, the bilinear form a(Y, ¢) defined in (3.6) is coercive.

Proof Replacing ¢(x,t) by Y(x,¢) in (3.6) we obtain

1
a(Y,Y) = k—/ t1’23|VY|2dxdt—a/ |Tre Y(x,t)|2dx. (3.8)
s JD* Qx{0}

Hence, using (2.16) we obtain

1 ks
aY,Y) > —(1 -2 ) / £75|VY 2 dy dt. (3.9)
ks A D+

Then, for A > a k; the coerciveness condition is satisfied, i.e.,
a(Y,Y) = Ci|lY|? Ci>0. (3.10)
d

Remark 3.1 ([38]) If Y(x,¢) is a solution of the extended problem (3.2), then the trace
function y(x) = Trq Y(x,t) = Y(x,0) will be called a weak solution to problem (3.1).

3.2 The optimality condition
Consider L?(2) as the space of controls. For a control u € L?(2), the state Y (1) solves the

systems
V(E2VY(u) =0 in D*,
Y (u;%,0) =0 x e RN\Q, (3.11)

k—ls%(u) =aTrqY(u)+u xe€Q.

For a given z; € L?(R2) and v € L(2), the cost-functional subject to the systems (3.11) is
given by

. 1 2
min J(v) = 3 [Tre Y(v) - z4 ||L2(Q) + (N, V)20 YV € Unas
where N € £(L2(R2))! is a positive-definite Hermitian operator satisfying

(Nv,v) > a||v||§2(m, a>0. (3.12)

L£(X) is the space of all bounded and linear operators from X into itself.
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Let v belong to a subset U,z of L*(2) (the set of admissable controls); we assume U, is
a closed nonempty subset of L2(2). Then, the optimal control problem is now

Finding u € U,
such that J(u) <J(v), Vvely.

(3.13)

Theorem 3.1 If the cost functional is given by (3.12) and the condition (3.13) is satisfied,
then there exists a unique optimal control u € U,,. Moreover, this control is characterized
by the following equations:

V. (t"3VP) =0 in D",
P(x,0)=0 x e RN\Q, (3.14)
(g—lj,TrQ Y)=(TrqP, g—f}/ on  x {0},
together with
(TrqP+Nu,v—u)>0, Vvelly (3.15)

where P € X§,(D") is the adjoint state.

Proof The control u € U,, is optimal, if and only if

J(W)-v-—u)>0, VYvely, (3.16)
and hence, via an explicit computation of J'(u), (3.17) is equivalent to [24]

(TreY(w) —z4, To Y(v) = Tre Y()) + Nu,v—u) >0, Vv €Uy (3.17)

In order to transform (3.18) into a more convenient form, we introduce the adjoint state
P defined by (AY,P) = (Y, A* P), where A* is the adjoint of A. Now

(AY,P)= (V- (£7%VY),P) = / V- (875 VY)P(x, t) dxdt. (3.18)
D+

By applying Green’s formula, (3.19) is transformed to

aP Y
(AY,P) = / V- (85 VP)Y (%, t) drdt - / Trq Y — dx + f Tro P— dx
D+ Qx{0} v Qx{0} dv

= (Y,A*P),

and hence (3.15) is satisfied.
Take the adjoint systems as follows:

V. (t"3VP) =0 in D*,
P(x,0)=0 x e RM\Q, (3.19)

LW 4 Trg P(u) = Tro Y(u) ~z4  on 2 x {0).
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Remark 3.2 The variational form of (3.21) is
a*(P,¢) = (Trq Y (u) — 24, Trq ¢), (3.20)
where we define

a*(y,¢) = alg, V). (3.21)

Then, (3.18) is equivalent to

1 0P
(Fa——aTrQP,TrQY(v)—TrQY(u)>+(Nu,v—u)20, Yv el
L OV

Hence, using the last condition in (3.15), we obtain

1 (TrQ P aY(v) 09Y(u)

A R ) - a(TrQ P, Trq Y(v) — Trg Y(u))

+(Nu,v—u)>0, Vvel,.
By using (3.11), we have

(TrQ PaTrqY(V) +v—aTrq Y(u) - u) - a(TrQ P, TrqY(v) —Trq Y(u))

+(Nu,v—u)>0, Vvel,y,
and hence, the optimality condition becomes
(TrqP,v—u)+ Nu,v—u)>0, VYvel,y,. (3.22)
Thereby, the proof is completed. O

4 2 x 2 cooperative system

In this section, we generalize the results obtained in the previous section to a 2 x 2 co-
operative system. This section is divided into two subsections. In Sect. 4.1, we prove the
existence and uniqueness of the weak solution by using the Lax—Miligram Lemma. The

optimality condition is obtained in Sect. 4.2.
4.1 The weak solution
To obtain a weak solution of the systems (1.5), we first transform (1.5) into a weak form.

Indeed, multiplying the first and second equations in (1.5) by a test function ¢(x, ) =
{p1(x,2), Pa(x, )} € (X5,(DY))? and integrating over D* we obtain

/ V- (£72VY1)$i(x, ) dxdt = 0, (4.1)
D+

/ V- (£75VYs) ¢, t) dxdt = 0. (4.2)
Dt
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Applying Green’s formula, we have

Y

a
/ tBVY 1V (x, t) drdt = —/ Tre ¢1 (%, t) lim 672 —— dx,
D+ t—0t Bt

Qx{0}

Y,

/ VY, Vo (x, £) dedt = — / Tro ¢2(x, £) 11%1 t”sW dx.
D+ t—0t

Qx{0}
Then, we obtain

Y,
/ tl—ZSVYI Voi(x, t)dxdt = / Trg ¢1(x,£) -1 dax,
i~ Qx(0} dv

aY;
/ VY, Vo (x, ) dedt = / Trg ¢o(x, t)a—2 dx,
D+ v

Qx{0)

By using the systems (1.5), Egs. (4.5) and (4.6) are equivalent to

1
il / tEVY Ve (x, ) dxdt = / (fl + %y +yz> Trq ¢1(x, 1) dx,
ksb Jp+ Q2x{0} b

H25VY, Vo (x, t) dxdt = f

d
(fl +y1+ —J’z) Trg ¢2(x, £) dx.
Qx{0} c

ksC D+

To this end, we can define a bilinear form on (X5, (D"))? as follows:

1 1
alY,p) = — | 5VYiVi(x, t) dxdt + — / tBVY 1V (x, t) dxdt
ksb D+ kSC D+

a c
_ / (E)q + yz) Trq ¢1(x,t) dx — / (yl + 3y2> Trq ¢ (x, t) dx.
Qx{0} Qx{0}

Also, we can define a linear form as follows:

F(¢) = ](fl(x)TrQ $1(x,1) + fo(%) Tra ¢o(x,0)) dx, Vo € (X5 (D))"

Qx{0

Lemma 4.1 The bilinear form (4.9) is coercive and bounded.

Proof Replacing ¢ = {¢1,¢2} by Y = {Y1, Y5} in (3.9) yields

1 1
aY,Y)=— | ¥\ VYi > dxdt + —/ tE|IVY, |2 dxdt
D+

ksb D+ ksC
a d

- | Trq Y1 |*d ——/ | Trg Yo|* dx
b Jaxo) ¢ Jax(o)

—Zf TI'Q Yl TI'Q dex
x{0)
By using the Cauchy—Schwarz inequality, we have

1 1
a(Y,Y) > —/ t1‘25|VY1|2dxdt+—/ tB\VY, 2 dxdt
ksb D+ ksC D+

d
o iTenP-S [ Tenias
b Qx{0} ¢ Jax{o

(4.3)

(4.4)

(4.9)

Page9of 16
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1 1

2 2

—2</ |TrQY1|2dx> </ |TrQY1|2dx> ,
Qx{0} Qx{0}

from (2.15), we deduce
1 ak, 1 dk. 2
V,)> —(1- = |IVyi? + —(1- =2 )|IVYs|® = 2| Yall|lY:
a( )_ksb( X )II 1l +k3c< X )II 2l )LII 1Yzl

/1 [ Yall 2 ( 1 ||Y1||) 2
= —|| —®&-ak,) - VY, — (A —dk;) - VY7 ).
A[(ksb( aks) ||Y1||)” 1+ ksc( ) A VY2l

Take

1 ||Y2||>
Cy=|—(A—-ak,) - ,
? (ksb( )

and

1 ||Y1||)
Cs=—(—dk;) - .
° (ksc( )l

Then, if C,, C3 > 0,we have

ﬂ(Y’ Y) = mil’l{Cz, C3}[||Y1”§(§-Z(D*) + ”YZ”?(E(DJr)]: (4'10)
or
a(Y,Y)>C]| Y||§X5(D+))2, C = min{C,, C3}. (4.11)

Hence, the bilinear form a(Y,Y) is coercive, if and only if the following conditions are
satisfied

(A > aks, A > dks,

(4.12)
()L - ﬂks)()‘ - dks) > (ks)Zbc'

4.2 The optimality conditions

The control-problem formulation is the main target of this work. For the control problem,
we construct the adjoint state. Furthermore, we originate the conditions of optimality via
the Lions technique [24, 25]. This subsection consists of two parts. Section 4.2.1 contains
the derivation of the necessary and sufficient conditions for fractional optimal control.

Meanwhile, the equivalence extended optimal control is obtained in Sect. 4.2.2.

4.2.1 Fractional optimal control
Consider (L%(2))? as the space of controls. For a control u = {uy, u,} € (L%(2))?, the state
y(u) = {y1(u), y2(u)} solves the following system:

(=AYy1(u) = ay1(u) + bys(u) + u;  in Q,
(=A)Yya(u) = cyr(u) + dys(u) + up  in Q, (4.13)
Y1) = y2(u) =0 in RN\ Q.
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The observation equations are given by
yi(u) = yi(u), i=1,2. (4.14)

For a given z; = {214,224} € (L*(Q))? and v = {v, v2} € (L%(2))?, the cost-functional sub-
ject to the systems (4.1) is given by

1 1
J0) = S [ 0) = 21al2 ) + 5 19200 = 2202 ) + NV Vw2 (4.15)

where N € L((L2(R2))?) is a positive-definite Hermitian operator satisfying

2

(N v V) ] ||V||(L2(Q))2»

a>0. (4.16)

Let U,, be a closed and convex subset of L?(S2). Then, the control problem is given as

follows:

Finding u € U0)%

(4.17)
such that J(u) <J(v), VYve (Unm)>

Theorem 4.1 Ifthe cost functional is given by (4.3), and the condition (4.4) is satisfied, then
there exists a unique optimal control u € (U,4)>. Moreover, this control is characterized by

the following equations:

(=AYp1(u) —ap1(u) — cpr(u) = y1(4) — 214 in 2,

(=AY pa(u) - bp1(u) — dpa(u) = y2(u) =200 in Q, (4.18)
p1(u) =pr(u) =0 on RN\ Q.
In addition,
(provi— 1) + (P2, va —2) + N, v — ) 22 = 0, Vv € Uaa)? (4.19)

where p = {p1, p2} € (H5(Q))? is the adjoint state.

Proof Since N > 0, then the cost functional (4.3) is strictly convex. Furthermore, the set U,
is nonempty, closed, bounded and convex in L*(Q2). Therefore, the existence and unique-
ness of the optimal control is proved.

The control u = {u,u,} € (Uyq)? is optimal, if and only if

Jw)-v-u)>0, VYveUwa) (4.20)
which is equivalent to [24]

(1) — 21, 51(0) = y1()) + (y2(1) — 224, Y2(v) = y2(u))

+(Nup,vi —u1) + (Nug,va — 1) >0, Vve Um) (4.21)
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Now, since (A y,p) = (y, A* p), where
A(y = {y1,y2}) = {(=A)y1 —ay1 = bys, (=A)’y, — cyy — dya )}, (4.22)
then

(Ay,p) = (=AYy1 —ay1 — bys, p1) + (=AY y2 — cy1 — dyz, p2)
= ((=A)Yy1,p1) —aly1,p1) = by, p1) + (A2, p2) — c1,p2)

= b(y2,p2)

= (41, (=AYp1) —al1,p1) = b2, p1) + (92, (=A)'p2) = cy1, p2)
= b(y2,p2)

= ((y1, (=AY p1 — apr — cp2) + ((y2, (= A)'p2 - bpy — dp,)

= (nA"p),

where A* is the adjoint operator of A, p is the adjoint state.
Take the adjoint system as follows:

(=A)p1(u) —ap1(u) — cpr(u) = y1(u) =214 in L,
(=AY pa(u) — bp1 (1) — dpr(u) = y2(u) — 224 in 2, (4.23)
pi(w) =pa(u) =0 on RN\ Q.

By using Egs. (4.1) and (4.12), we deduce

(p1,v1 —u1) + (P2, V2 —uz) + N ug, vy — ul)LZ(Q)

+ (Nup,va — 1) 2y = 0, Vv € Una)*. (4.24)
Thus, the proof is completed. O
4.2.2 Extended optimal control

If y(v) € (H*(2))? is a solution of (4.1) with v = {v1,15} € (H~5(RQ))? and Y (v) € (X5, (D"))?
solves the following systems:

V- (t5VYi(u) =0 in D*,
V- (t75VYy(u) = 0 in D*,

Y1(6,0) = Yo(x,0) = 0 inRV\Q, (4.25)
k_ls%v(u) = (u1 + ay1(u) + by>(u)) on Q x {0},

£ 20 = (uy + cy1(u) + dyr(w)  on Q x {0},

then, we have

Trq Y(v) = y(v). (4.26)
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Hence, the equivalence extended optimal control problem is given by

1 1
min J(V) = 5 ”TrQ Yl (V) —Z1d ”iZ(Q) + E HTrQ YZ(V) — 224 HEZ(B)

+ (N v, V)(LZ(Q))2» Yv e (Z/[ﬂd)z.

Theorem 4.2 If the cost functional is given by (4.16) and the condition (4.4) is satisfied,
then there exists a unique optimal control u = {u,uy} € Uyy)?. Moreover, this control is

characterized by the following equations:

V. (t5VP) =0 in D*,
V. (t5VPy) =0 in D,
Pi(x,0) = Py(x,0) =0 in RN\ Q, (4.27)
(%1, Trg Y1) = (Trg Py, 31)  on © x {0},
%2 Trg V) = (Trg Py, 52)  on Q x {0}.

In addition,

(Trq Py, vi — u1) + (Trq Py, va —us) + Nu,v—u) >0, Vve U (4.28)
where P = {P1, P,} € (X§,(D"))? is the adjoint state.
Proof The control u € (U,,)* is optimal, if and only if

Jw) - v-u)>0, VveUwa) (4.29)
which is again equivalent to [24]

(Tre Y1(v) - 214, Trg Y1(v) = Trg Y1(w)) + (Trg Y2(v) — 224, Trg Ya(v) — Trq Ya(u))

+ (N, vy —u) + Ntg, va — 1) >0, Vv € Upa)* (4.30)
Now, since (A Y, P) = (Y,A* P), then

(AY,P) = (V- (£"7%VY1),P1) + (V- (£75VY2),P,)

= / V- (VY1) P dxdt + / V- (8 VY2)Pydxdt
D* D*
Y

oP
:/ V-(tl‘stPl)Yl(x,t)dxdt—/TrQ Y1—1+/TrQP1—
D+ Q v Q ov

+ / V- (72VP,)Ya(x, t) dxdt - /

Q

P, Y,
TI‘Q Y2—+ TI'QPz—
av Q av

= (Y,A*P),

and hence, (4.17) is satisfied.
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Take the adjoint systems as follows:

V.- ({t»vP) =0 in D,
V. (t175VP,y) =0 in D*,
Pi(x,0) = Py(x,0) =0 in RN\ Q, (4.31)

kis% —aTrg P —cTrq Py =Trq Y1(v) —z14 on Q x {0}

k—ls% —bTrq P, —dTrg Py =Trg Ys(v) — 224 on £ x {0}.

Then, (4.20) is equivalent to

1 9P
(F 8—1 —aTrg Py — cTrq Py, Trq Y1(v) — Trg Yl(u)>
s 0V

1 9P
+ (? 8—2 —bTrq P, —dTrq Py, Trq Yo (v) — Trg Yz(u))
. OV

+ (Nup,vi —uy) + Nug, vy — 1) >0, VYve Uy
Hence, using the last two conditions in (4.17), the optimality condition becomes
(Trq P1,vi — 1) + (Trq Pa, vy — uz) + (Nu,v— 1) > 0, Vv e Usg)?, (4.32)
which completes the proof. d

5 Summary and conclusion

In the present work, we investigate the optimal control problem for 2 x 2 cooperative
systems involving the fractional Laplace operator, wherein these systems are subject to the
zero Dirichlet condition. Due to the difficulty arising from the nonlocality of the fractional
Laplace operator, we follow the Caffarelli and Silvestre technique to extend our problem
to local cooperative systems. With the aid of the Lax—Milgram lemma, the existence and
uniqueness of the solution to the extended problem are proved. Moreover, the conditions
of optimality are proved by the Lions technique for both fractional and extended optimal

control. If s — 1, the obtained results are similar to the classical results.
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