El-Deeb et al. Journal of Inequalities and Applications (2021) 2021:192 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-021-02723-7 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

On nabla conformable fractional Hardy-type
inequalities on arbitrary time scales

Ahmed A. El-Deeb'"®, Samer D. Makharesh', Eze R. Nwaeze?, Olaniyi S. lyiola® and Dumitru Baleanu**¢

“Correspondence:

ahmedeldeeb@azharedu.eg Abstract

'Department of Mathematics, L . . .

Faculty of Science, Al-Azhar The main aim of the present article is to introduce some new V-conformable
University, Nasr City (11884), Caiiro, dynamic inequalities of Hardy type on time scales. We present and prove several
Egypt . o results using chain rule and Fubini’s theorem on time scales. Our results generalize,
Full list of author information is . . . .

available at the end of the article complement, and extend existing results in the literature. Many special cases of the

proposed results, such as new conformable fractional h-sum inequalities, new
conformable fractional g-sum inequialities, and new classical conformable fractional
integral inequalities, are obtained and analyzed.

MSC: 26D15; 26E70

Keywords: Fractional calculus; Calculus on time scales; Conformable nabla
derivative; Conformable nabla integral; Hardy's inequality

1 Introduction

Fractional calculus theory has an important role in the mathematical analysis and applica-
tions. Fractional calculus (FC), the theory of integrals and derivatives of noninteger order,
is a field of research with a history dating back to Abel, Riemann, and Liouville (see [33]

for a historical summary). Indeed, the most famous and extensively studied formulation,

1

I n(t) = m

X

[ -0,

a

is called the Riemann-Liouville fractional integral in their honor. The corresponding frac-
tional derivative is obtained by a composition of fractional integral with integer order
derivative.

The definitions of fractional integrals and derivatives are not unique, and many defini-
tions of fractional derivative operators have been introduced and successfully applied to
solve complex systems in science and engineering (see [17, 32, 37]). Recently, study on
fractional dynamic equations is very widespread around the world and is useful in pure
and applied mathematics, physics, engineering, biology, economics, etc. They use an in-
tegral in its formulation, especially Cauchy’s integral formula with some modifications.
Therefore, they sometimes require a difficult calculation to obtain. Riemann—Liouville
and Caputo fractional derivatives do not satisfy the nonlinear derivative rules as product,
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quotient, and chain rules. The mean value theorem and Rolle’s theorem are not formulated
using the definitions of Riemann—Liouville and Caputo fractional derivatives.

Recently, depending just on the basic limit definition of the derivative, Khalil et al. [31]
proposed a new simple definition of the fractional derivative called conformable derivative
Tof () (o € (0,1]) of a function f : R* — R

T.f(6) = g%f(t + etl;“) Wil

for all £ > 0, o € (0,1], this definition found wide resonance in the scientific community
interested in fractional calculus, see [29, 30, 48]. Therefore, calculating the derivative by
this definition is easily compared to the definitions that are based on integration. The
researchers in [31] also suggested a definition for the a-conformable integral of a function
n as follows:

/ab n(t)dyt = /ab n(e)t“ L de.

After that, Abdeljawad [4] made an extensive research of the newly introduced con-
formable calculus. In his work, he generalized the definition of conformable derivative
Téf(¢) for t > a € R* as follows:

() = g%f(t + e(t—z)l‘“) Wil

where f : R* — R. Benkhettou et al. [38] introduced a conformable calculus on an arbi-
trary time scale, which is a natural extension of the conformable calculus.

In the last few decades many authors pointed out that derivatives and integrals of non-
integer order are very suitable for the description of properties of various real materials,
e.g., polymers. Fractional derivatives provide an excellent instrument for the description
of memory and hereditary properties of various materials and processes. These are some
of the advantages of fractional derivatives in comparison with classical integer-order mod-
els.

Time scales theory, which has become a trend, began with S. Hilger. In his PhD thesis,
this concept was initiated in order to get the continuous theorem and the discrete theorem
in one theorem [27]. In [12, 13], Bohner and Peterson introduced the most basic concepts
and definitions related to the theory of time scales. Next, some basic definitions and con-
cepts about the fractional analysis, which are used in this manuscript, were given and
adapted from [12, 13, 34, 38]. Any nonempty arbitrary closed subset of the real numbers
is called a time scale T. We assume that T has the standard topology on the real numbers

R. Now, let o : T — T be the forward jump operator defined by

o(t):=inf{seT:s>t}, teT, (1.1)

and p : T :— T be the backward jump operator defined by

p(t):=sup{seT:s<t}, teT. (1.2)
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In(1.1)and (1.2), weset sup T = inf @ (i.e., o (¢t) = t if ¢ is the minimum of T) and inf T = sup @
(i.e., p(¢) = t if ¢ is the maximum), where ¢ is the empty set. A point ¢ € T with infT < ¢ <
sup T is said to be right-dense if o (¢) = t, left-dense if p(t) = ¢, right-scattered if o (¢) > ¢,
and left-scattered if p(£) < t. Points that are simultaneously right-dense and left-dense are
called dense points, and points that are simultaneously right-scattered and left-scattered
are called isolated points. The forward and backward graininess functions w and v, for a
time scale T, are defined by w(¢) := o (t) — t and v(¢) := t — p(t), respectively.

In [11], the authors studied a version of the nabla conformable fractional derivative on
arbitrary time scales. Namely, for a function 1 : T — R, the nabla conformable fractional
derivative, Tyn(t) € R of order o € (0,1] at ¢t €T, and ¢ > 0 was defined as: Given any
€ > 0, there is a §- neighborhood U; C T of ¢, § > 0 such that

|[n(0(®) = n()]e™* = To. (@[ p(2) - s]| < &|p(¢) 5]

for all s € U;. The nabla conformable fractional integral is defined by

/n(t)Vat=fn(t)t"*1Vt.

Rahmat et al. [38] presented a new type of conformable nabla derivative and integral which
involves the time scale power function @n(t, s) for s, ¢ € T and also generalizes the defini-
tion of the nabla conformable fractional derivative and integral on time scales in [11]. The
time scale power function takes the form (¢ — )" for T = R which reduces to the definition
of conformable fractional derivative defined by Khalil et al. [31].

Definition 1.1 Let [s,¢] C T and s < ¢t. The generalized time scale power function Gy
T x T — R for n € Ny is defined by

@,,(t, 5= (t-2s)", if [£,s] dense; (1.3)

H;':_Ol(t - 0/(s)), if[t,s]isolated;
and its inverse function G_, : T x T —> R* is then given by

(t—s)™", if [, s] dense;

G_u(t,s) = (1.4)

— L if[¢ts] isolated.
e ey o [bslisolate

We use the convention @o(t, s)=1foralls,teT.

Corollary 1.2 For h >0, T = hZ = {hk : k € 7.}, we have p*(s) = s — kh. Then

Gult,s) = (t—s))"
n-1
=[[e-s+jn
j=0

NG
:h”(t—s) . neN, (1.5)
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1
[T (6 = n—s+jh)
aft-n-s )
-h L tn) . me N, (1.6)
where
['(x+n) _ 1 x—n)
(n) _ (-n) _ _ 0) _
= Tw and x"7" = ™ Tw neN,x"” =1.

For T = g™, we have p*(s) = sq. Then we write

Gultrs) = (t=9)]

- 7's 1
=t" (1——), (O<Z]=—<1). (1.7)
j=0 g 1

Remark 1.3 Regarding the generalization of the power function Gal(t,5) to real values of
a > 0 (instead of integers), we recall a broadly accepted extension of its particular cases
(1.5) and (1.7) in the form (see [14])

(s/2,9)oo

N& +a)
5 (@*s/t, )00’

=S
(t-s) =h"—L =, (-9 =t
h F( th ) q

t#0, (1.8)

where

(0o = [ |1 - PD)-

j=0

Definition 1.4 (Conformable nabla derivative) Given a function f: T — R and a € T,
f is (y,a)-nabla differentiable at ¢ > g, if it is nabla differentiable at ¢, and its (y,a)-nabla
derivative is defined by

Vif() = /Gl—y ta)y(t), t>a,

where the function él_y (t,a) is as defined in (1.3). If V) [f(¢)] exists in some interval (a,a +
€)r, € > 0, then we define

Vilf@] = lim Vi[f(®]

if the lim;__, ,+ V) [f(£)] exists. Moreover, we call f is (y, a)-nabla differentiable on Ty (a €
Ty) provided V) [f(¢)] exists for all £ € Ty. The function V), : Ty — R is then called (y, a)-
nabla derivative of f on Ty.

Page 4 of 23
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Next, we provide the (y, a)-nabla derivatives of sums, products, and quotients of (y, a)-
nabla differentiable functions.

Theorem 1.5 Assume that f,g: T —> R are (y,a)-nabla differentiable at t € Ty, t > a.

Then:
(i) Thesumf +g:T — Ris (y,a)-nabla differentiable at t with

VY (rf +sg)(t) = rVIf(E) + sV g(8).
(i) Forall k € R, then kf : T —> R is (y,a)-nabla differentiable at t with
V2 (Kf)(£) = KV F (D).
(iii) The product fg: T — R is (v, a)-nabla differentiable at t with
VI () 0) = [VIf()]eg@®) + 7 )| VIg®)].

(iv) Ifg(t)g’(t) #0, then flg is (y,a)-nabla differentiable at t with

- (jj ) (o) = LY/ 1) ~f(O)[Va ()]
“\¢ g()g () '

Lemma 1.6 (Chain rule) Let g € C)}(T) and assume that f : R — R is a continuously dif-
ferentiable function. Then (f o g): T — R is (y,a)-nabla differentiable and satisfies

1
VI(fog)t) = { fo f(g(t) - h(6)g" (1)) dh}vzg(t). (1.9)

Lemma 1.7 Let y € (0,1]. Assume that & : T — R is continuous and (y,a)-nabla differen-
tiable of order y att € Ty, where t > a and n: R — R is continuously differentiable. Then
there is c in the real interval [p(t), t] such that

Vino&)(t)=n'(5() V] (£@®). (1.10)
Definition 1.8 (y-nabla integral from a) Assume thatO0<y <1,a,t;, b €T, a<t <

ty, and f € Cjy(T), then we say that f is (y,a)-nabla integrable on interval [t;, £,] if the
following integral

VT f(t) =/t2f(r)V;’r
:/tzf(f)@y—l(ay_l(f),ﬂ)v'f (1.11)

exists and is finite.

We need the relations between different types calculus on time scales T and continuous
calculus, discrete calculus, and quantum calculus as follows. Note that: For the case T = R,
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we have the classical conformable integral as defined in [4], namely

/tf(r)V}l’r = /tf(r)(r —a)’ Vdr. (1.12)

For T = hZ, h > 0, we have a new conformable fractional /-sum given by

f F@vre= Y e @ -a) ™ (113)

t€(at]

For T = g™, we have a new conformable fractional g-sum given by

[r@vie= ¥ w-ar@ero-a) (119)

t€(at]

Theorem 1.9 Let y € (0,1] and a € T. Then, for any ld-continuous function f : T — R,
there exists a function F : T — R such that

VIF(t)=f(t) forallteTy.
The function F is called a (y,a)- nabla antiderivative of f.

Theorem 1.10 Lety € (0,1]. Ifa, ti tr, 13 €T, a<t;) <t, <t3, ¢ € R, and f, g € Ciy(T),
then
i) U@ +g@)Vit= [ fOVEt+ [ g@)Vit.
(ii) ff af )Vt =a ff JiONA2
(it) f,’f(OVat=— [ fO)Vit.
(iv) [P fOVEs= [2f@e)Vit+ [ f@)Vit.
W) [ f@Vit=0.
(i) If ()] < g(t) on [t1, 2], then

2
< / gVt

51

/tzf(t)V;’t

a1

The study of Hardy-type inequalities attracted and still attracts the attention of many
researchers. Over several decades many generalizations, extensions, and refinements have
been made to the above inequalities, we refer the interested reader to the papers [1, 8, 9,
18, 19, 23, 24, 35, 36, 41, 44], see also [2, 21, 22, 24] and the references cited therein.

Hardy [25] established the classical discrete inequality.

Theorem 1.11 Let {0(1)}°2, be a sequence of nonnegative real numbers. For 1 < p, we have

o]

l p p
> (Te0) <(2) Tew L15)
J=1 1=1

1=1

In 1925, by using the calculus of variations, Hardy [26] introduced a continuous version
of inequality (1.15).

Page 6 of 23
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Theorem 1.12 Suppose that the continuous function n > 0 on [0,00). For 1 < p, we have

[e'e} T P p [ele)
fo %(/0 n(s)ds) dn§<p%1)/o () dr. (1.16)

The constant (1%)1’ in (1.16) is sharp.
Copson [16] obtained another classical discrete inequality of Hardy type.

Theorem 1.13 Let {0(1)}°; be a sequence of nonnegative real numbers. For 1 < p, we have
0 [ p ()

Z( Q(])) <p’) (o). (1.17)
J=t 1=1

1=1

Renaud [40] proved the following two results which are the reverse discrete and contin-

uous versions of inequality (1.17).

Theorem 1.14 Suppose that {0(1)}%, is a sequence of nonnegative and nonincreasing real
numbers. For 1 < p, we have

00 ) P )
Z(ng) > "W). (1.18)
1=1 Jj=t 1=1

Theorem 1.15 Suppose that n is a nonnegative and nonincreasing function on the interval
[0, 00). For 1 < p, we have

‘/000</:0 n(s)ds)pdn > /000 a’nP () dr. (1.19)

Renaud [40] proved the following result.

Theorem 1.16 Suppose that n is a nonnegative and nonincreasing function on the interval
[0, 00). For 1 < p, we have

[e%e] T P [ele]
/0 %(/0 n(s)ds) dnzﬁ/o () dr. (1.20)

In [3, 6,12, 19, 20, 24, 28, 39] many mathematicians have investigated several new forms
of dynamic inequalities. In 2005, Rehdk [39] was the first mathematician that introduced
the time scales version of Hardy inequality which unifies inequalities (1.15) and (1.16) as

follows.

Theorem 1.17 Let T be a time scale, and f € C,y([a, 00)T, [0,00)). If p > 1, then

(7Y n9)As)? r\' [
[ (ge) aee () [ woa t2l

unless n =0.

Page 7 of 23
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Furthermore, if 1(£)/t — 0 as t — oo, then inequality (1.21) is sharp.
Saker et al. [43] studied the following results on time scale.

Theorem 1.18 Let T be a time scale and 1 < c < k. Let

x(®) = / A5 As for any t € [a,00)r, (1.22)
and define

o) = / M6 As for any t € [a,00)r. (1.23)
Then

/m MO (@"(t))kAt < Ci—(l /OO xl‘c(t))\(t)s(t)((a(t))k"lAt.

G O
and
A1) o X k k OO(Xa(t))(k—l)c .
[ warteroras(5) [ Ggperrosoa:

Theorem 1.19 Let T be a time scale and k > 1 and 0 < ¢ < 1. Let yx be defined as in (1.22)
and define

() = /00 Ms)E(s)As  foranyt € [a,00)r.

Then

/ oo (@(t))kmflL (1 0) “0E0@0) At

© Al — Lk k A\ [ k=c X
) At<| — (¢ At t)At.
[ @) ar= () [Teew) e
Agarwal et al. [7] generalized inequality (1.20) on time scales as follows: for p > 1,

o0 t P [ele]
/O %(/0 n(s)As) Atzp%l/o P () AL, (1.24)

In 2020, El-Deeb et al. [23] established a generalization of (1.24) which unify (1.18) and
(1.19) in the following form: for 1 < p and 1 < y, we obtain

*AO)Pr(©Q) P[5 ivdip
[ 5 ez 5t [ TR er e,
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¢ . -
b() - f Amne)An and A) = f OIS

a a
For more results on the Hardy-type inequalities on time scales, we refer the interested
reader to [8, 18, 35, 36, 44].

A few years ago, by using conformable calculus, a lot of papers have been published for
conformable inequalities, and several authors have investigated different inequalities like
Hardy’s inequality [42, 49], Hermite—Hadamard’s inequality [5, 15, 47], Opial’s inequality
[10, 45], and Steffensen’s inequality [46]. For example, in 2020, Saker et al. [42] gave o-

conformable versions of Theorem 1.18 and Theorem 1.19 on time scales as follows.

Theorem 1.20 Let T be a time scale with 1 < ¢ <k, and define
xx) = / AS)Ags and O(x) = f A(S)E(s)Ags.

If

A(s)

(Xa(s))c—vt+1 Ags <00,

O(c0) <00  and /

then

00 k k  poo K(a—c)
‘/a (A(@(x))kAaxS < ) /ﬂ Mék(x)m,x.

X{r(x))c—oHl c—o (X(T(x))(l—k)(c—o[+1

Very recently, Zakarya et al. [49] gave an «a-conformable version of Theorem 1.20 on

time scales as follows.

Theorem 1.21 Assume that T is a time scale with o € (0,00)r. Ifk <0<h<land a €
(0,1], define

x(t) :/wk(s)Aas and O(t) :/tk(s)é(s)Aas.

Then

o h poo
f XAL(@“(L‘))’“AQQ(%)/ MOE" )" B At

k—a+1(t)

In this paper, motivated by the results in [7, 23, 43], we introduce a new nabla version of
Hardy-type dynamic inequalities via conformable fractional V-integral of order y € (0,1]
on time scales. These inequalities have a completely new form. Therefore, as special case,
we obtain some new conformable fractional /-sum inequalities, new conformable frac-

tional g-sum inequalities, and new classical conformable fractional integral inequalities.
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2 Main results
Now, we are ready to state and prove our main results. Throughout this section, any time
scale T is unbounded above, and we will assume that the right-hand sides of the inequali-

ties converge if the left-hand sides converge.

Theorem 2.1 Assume that T is a time scale with 0 < r € T. Moreover, suppose that  and
A are nonnegative 1d-continuous functions on [r,00)r with f nondecreasing. If p > 1 and
B <0, thenfort>acTandy € (0,1] we have that

[0 gy < [T ROV, e

(AP ()P (A2 (2)?

where
O(t) = /ook(s)f(s)ij’s and A(t) = /t)»(s)V;’s
Proof As f is nondecreasing, we have forx > ¢ >r
F(x,t) = /xk(s)f(s)Vj;s <f(x) /x A(s)VYs.
Then
x p-y
FR)FP (x,t) < [ / )»(S)V;’si| fP7 (%), (2.2)

Applying the chain rule (1.9) and using V" F(x, ) = A(x)f(x) > 0, where V)™ denotes the

(y,a)-nabla derivative with respect to x, we get
1
VI (FP 7 (x,1)) = (p -y + 1)V *F(x, t)/ [(1 - m)F(x,0) + hF(,o(x),t)]p_y dh
0

1
<@p-y+ l)k(x)f(x)/ [(1 —h)F(x,t) + hF (x, t)]Piy dh
0
=@ -y + DARS @) (x,2). (2.3)
Combining (2.2) with (2.3) gives

x pr-y
Vg,x(pp—yu(x, t)) <@-y+Dilx) [f )»(S)V;’si| fp7y+1(x)

and so (note that x > ¢ > r and hence, because A is nondecreasing, (0 < (A”(x))? <
AP(1)P)

MOVIHEFP7 Y, 8)  (p—y + 1A py
(A(2) = (A(2) )ﬂ [/ ’\S)VZS] S ()

(p ]/+1 v -y +1
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Integrating both sides with respect to x over [£,00)T gives

AMOPPH(E) _/oo MOV (FP7 (x, 1)) Y

A Ay ‘
(o) x Py
<(p-y+1) / m[/ x(swglxs} PP )V 5,

Integrating both sides again, but this time with respect to ¢ over [r, 00)r, produces

0 A(H)DPPTH(2)
/r O ARG

o) o0 x p-y
<p-v+ 1)/r [/t éi?();c(;; [/t A(S)V;s] f’”“’“(x)vgx]vgt. (2.4)

Using Fubini’s theorem on time scales, inequality (2.4) can be rewritten as

f°° AE)DPr (1) V7't

(Ar(e)s ¢
=-v+1)
> /mk(x)(Ap(x))ﬂfp—y+1(x)[ka(t) [ka(s)vgs]p_y le’t:| V)x. (2.5)

Now, from the chain rule (1.10), there exists ¢ € [p(¢), ] such that (here V" denotes the
(y,a)-nabla derivative with respect to £)

x —y+1 x _
VZJ|}</; )»(S)V;’)p ’ ] =(p-y+ l)k(t)[/c A(s)le’s]p ’
>p-y+ l)k(t)[ / xk(s)VZ s}p_y. (2.6)

Substituting (2.6) into (2.5) leads to

M) PPTH(2)
/r TG ARG

%) x x -y +1
5/ A(x)(A"(x))_ﬁf"‘V”(x)[/ —VZ’t[(/ /\(S)VZS)M ]Vgt]vgx

~ 00 A(x)Ap—y+1(xyp—y+l(x)
- By e

This shows the validity of inequality (2.1). O

Now, as special cases of our results, we give the continuous, discrete, and quantum o-
conformable inequalities. Namely, in cases of time scales T =R, T =hZ, T =Z, and T =

q".

Corollary 2.2 IfT =R in Theorem 2.1, inequality (2.1) reduces to

o0 —y+1 o]
/r 7”15)%(; © (t-a)'dt < /r MOAPPOFP (D)t - ) dt,

Page 11 of 23
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where

®(t) = /OO)\(s)f(s)(s—cz)V’1 ds and A(t) = /t)x(s)(s—oz)”1 ds.

Corollary 2.3 If T = hZ in Theorem 2.1, inequality (2.1) reduces to

2\ A(ht)DP Y+ (ht)
Z A=

1 (y-1)
APGi—py P )= a);

t=1

h

(0" ht) - a), ™,

(k) AP (e P (ht)
<2 APt )
=y

where

(1) =h Z A(hs)f () (0 (hs) — ) "™ and

At = Z (hs)(p” " (hs) —a) 7.

SRS

k‘l‘f

Corollary 2.4 For T = Z, we simply take h = 1 in Corollary 2.3. In this case, inequality

(2.1) reduces to

ik(t)dﬂ’—y“(t)( r(e) - )Y SiA(t)AP‘V“(t)fp‘y”(t) (o7

AB(t-1)

t= =r

AB(t-1)

00 t-1

o)=Y (0" -a)" " and A=Y a6)(p" MO -a)" .

s=t s=r

Corollary 2.5 If T = g"° in Theorem 2.1, inequality (2.1) reduces to

Hp" ™ (1) - @)y AP (1)
AP (p(t)

Hp? 1 (e) - @)y VAR AP ()
AP(p(t)) ’

where

®(t)=(g-1) Z S)L(s)f(S)(prl(s) _ﬂ);/—l) and

se(t,00)

AB=@G-1) Y sm) (0" ") -a)) "

se(r,t)

Page 12 of 23
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It is interesting to discuss inequality (2.1) after changing the limit of integral [ A(s)VY's
to be from ¢ to co. Let us do that in the following theorem.

Theorem 2.6 Under the same hypotheses of Theorem 2.1 with B > 1, then we have that

-y +1
/""k(t)cbﬂ* gy, pP-v+1
;

=TTl _ﬁ/y MOQLP )71V e, (2.7)

where
®(r) =0, O(t) = /OO M) (9)VYs and Q(t) = /ook(s)V;’s.

Proof Since f is nondecreasing, we have for t > x > r

o) - [ A OV 2 f@Q).
So,
F@DP (x) = QT ()fP 7 (). (2.8)
By utilizing the chain rule (1.9) and using VJ (®(x)) = —A(x)f (x) < 0, we get
VY (@F7 (%)) = (p -y + 1)V (P(x)) /0 1[(1 ~)®(x) + ho (o))" dh
<—(p-y+ DA/ () /O 1[hop(x) +(1-hoW] ™ dn
=~ -y + DAx)f (x) PP (x). (2.9)
From (2.8) and (2.9) we get
VI (®P7(x) < —(p—y + DAXQLT ()7 ().

Thus,

MOVa (PP 7M@) _ ~(p—y + DAMOARQL Y (x)fP 7 ()
QA-v+1(¢) - QB-v+1(¢) :

Therefore, upon integrating both sides with respect to x over [r, f]r,

AMO[PP 7 (E) = @7 (r)] _/t)\(t)VZ(@’””(x)) v

Qﬁ—y+1(t) Qﬁ—wl(t) a¥
EA@A(x)QLTY (x)fP7Y 1 (x)
+1)/ Qﬂ‘}’“(t) le,x
Since ®”~7*1(r) = 0, we have
MOS (D) _ MO QP ()7 ()
ToFrg S 1)/ Qe
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Then, by integrating both sides with respect to ¢ over [r, c0)T, we get

()DL HL(E)
=t
oor rt QP (x)fr-r+1
<-(p-y+1) f [ / W)Mx)g ﬁ_yff()g ® v;x]vgt. (2.10)

With the help of Fubini’s theorem on time scales, inequality (2.10) can be rewritten as

Vit

© MOPPTE)
| "o

<p-y+1) / k(x)Q”"y(x)fp"y“(x)[ / —}»(t)Q_(’g"y“)(t)V;’t]V;’x. (2.11)
From chain rule (1.10), there exists d € [p(t), t] with

-VI(QTP(@) = -(B - »)MOQ (D)

> (B - O (@). (2.12)
Combining (2.12) and (2.11) yields

() DPY (1)
/, i el

ooyl / T A@Q @) ) [ / T_wr (Q"ﬁ”(t))vgt} Vx

B-v
- ‘%;1 / AW P )V,

from which inequality (2.7) follows. O

We are ready to present several special cases of our results to continuous, discrete, and
quantum «-conformable inequalities. Namely, in cases of time scales T =R, T = hZ, T = Z,
and T = ¢™.

Corollary 2.7 If T =R in Theorem 2.6, then inequality (2.7) boils down to

> )‘(t)q)P_y+l(t) y-1 p-y+1 [* D= (£)fP-Y+1 y-1
/r W(t —a)’tdt < W /; AP ()f @)t -a)’ " dt,
where
D(t) = / AS)f(S)s—a) ™ ds and Qt) = / As)(s—a)tds.
t t
Corollary 2.8 If T = hZ in Theorem 2.6, then inequality (2.7) boils down to

2\ A(ht)DP Y+ (ht)
Z AT Y

_ (y-1)
QB-v+1(ht) (py 1(ht) - a) /

h
_r
=%
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‘%Zx(ht)szp Y ()P (ht) (o7~ (ht) — a) Y,

B

r
=z
where

o) =h'>_ Mhs)f (hs) (0" (hs) - a) " and

=7

Q) = hZA(hs) (0" (hs) - a)y .

s=f

Corollary 2.9 For T = Z, we simply take h = 1 in Corollary 2.8. In this case, inequality
(2.7) boils down to

o AP () (v-1)
> g (P 0-a7

t=r

<L S e e o

where

o)=Y 10" ) -a)" " and )= a6)(p" M) —a)" .

s=t s=t

Corollary 2.10 If T = g™° in Theorem 2.6, then inequality (2.7) boils down to

Z M) PPV L(¢) (pyfl(t) _d)(y—l)

By+1 7
te(r,00) sFre (t) !
-y+1 . . _ 1
<P Y B0 @ (e 0 -a))
Y te(r,00)
where

(1) =(7-1) Y Sk(sy(s)(py‘l(t)—a);y‘“ and

s€(t,00)

=@-1 Y &) ) -a)) "

s€(t,00)

Theorem 2.11 Under the same hypotheses of Theorem 2.1 with 0 < 8 <1, we have that

o p-y+1 _
/ MOV oy P+
.

> —-B-y+1 —y+1
NG R B /r MOAPFTH P OV, (2.13)

where

() = /k(s)f(s and A(t):/tk(s)Vgs

r
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Proof Asf is nondecreasing, we have for x > r

W)= [ OVs <f) [ KOV feAw),
then
SERWPT (x) < fP7 (x) AP (). (2.14)
Using the chain rule (1.9) and the fact that V) (W(x)) = A(x)f (x) > 0, we get
VY (WP () = (p— y + 1)V (¥ (x)) /0 l[h\IJ(,o(x)) (=W dh
<@p-y+Dr)f () /Ol[hlll(x) + (1= @] dh
=(p -y + DAX) () WP (x). (2.15)
Combining (2.14) with (2.15) gives
VY (WP (%)) < (p -y + DAE) ALY ()P (x),

and thus

MOVE@P @) _ (p-y + DAOM AT G (@)
AP(t) - APB(¢) )

Therefore,

AMOVLWPTT () A Va P (x)
AP (D) ‘/r AP a*

EAOM) AP ()P (x)
s(p—y+1)/r 0

Vx,

and hence

® A(E)WPrL(E)
/r AP (t)

T L AEAx) AP (x)fP77 L (x)
<p-v+ 1)/r |:/r AB(t) V;/x:| V};t. (2.16)

VIt

By making use of Fubini’s theorem on time scales, inequality (2.16) can be rewritten as

/°° A(t)\l/P*V“(t)vyt

AA(t)
o0 o0
<(p-y+ 1)/ L) AP (x)fP7Y 1 (x) |:/ A(t)A‘ﬁ(t)Vj{t:| V)x. (2.17)
r X
Again using the chain rule (1.10), there is ¢ € [p(t), t] such that

VIA P () = (1 - B)AP(c) VI A(2)
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> (1-BAE)A ™ (). (2.18)
Substituting (2.18) into (2.17) gives

A (E)WPrFL(E)
/, A e

< ;%;1 A AP (x)f”’“l(x)l: / h ng-f‘“(t)v;t] Vx

- 1%_1” / A AP (T ()W

This completes the proof. O

Again, we present some special cases of our results to the continuous, discrete, and
quantum «-conformable inequalities. Namely, in cases of time scales T =R, T = hZ, T = Z,
and T = g™,

Corollary 2.12 If T =R in Theorem 2.11, inequality (2.13) reduces to

M) -1 p-y+1 % -B —y+1 a-1
/r A/37&)(1‘—61)1’ dt < ﬁ‘/; ARAP PP (@)t - a)*  dt,

where
t t
() = / AS)f () s—a) ™ ds and A(t) = / A($)(s—a)’Lds.
Corollary 2.13 If T = hZ in Theorem 2.11, inequality (2.13) reduces to

* a(ht) WP+ (ht)
yo e )

_ (y-1)
g B0 =a)y

“h

byl > At AP ()P () (o7 t) - @),

=5 2
where
|
V() =hY s hs) (07 (ht) ~a) "™ and
o
t
A@)=h) Ahs)(p? " (ht) - a)zy—l).
=

Corollary 2.14 For T = Z, we simply take h = 1 in Corollary 2.13. In this case, inequality
(2.13) reduces to

o A(E)WPL(E)
y oy

_ (y-1)
a0

t=r
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<2V L S oA O O 0 -a)

- B
where
t-1 -1
W)=Y A ) -a)" " and A@) =D 1) (07 M) —a)" .

Corollary 2.15 If T = g™° in Theorem 2.11, then inequality (2.13) reduces to

-yl _
Z t)h(t)Aﬂ(t) (®) (py_l(t) _ a)(; 1)

te(r,00)

< pf/—g ): I ! Z M)A @7 ) (07 M) - u)f{‘”,

te(rt)

where

V()=(g-1) Z sA(s)]‘(S)(pV-l(s) _ a)()/fl) and

se(r,t)

A@)=(g-1) Z S)»(S)(pV‘l(s) _ (l)f_;/_l),

se(r,t)

We next discuss inequality (2.13) for the case when the limit of integral fr “A(s) VY s is
changed from ¢ to oo.

Theorem 2.16 Under the same hypotheses of Theorem 2.1 with 8 > 1, then we have that

/ THOW ) gy 2=V L [T a0V (29)

@@F T T1-p J,

where
W) = / OOV A= f Vs and Q) - /t TV,
Proof Since f is nondecreasing, we have for x > r
v - [ BYOYON2
</ [ 29V =f AW,
then
F@WP (x) < £ (%) AP (x). (2.20)

Employing the chain rule (1.9) and using V) W (x) = A(x)f (x) > 0, we get

1
VI (WP @) = (p -y + DV () / [0 (o@) + (1= W ()] dh
0
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< -y + IS /0 [ + (1= W] dn
= (p—y + DAX)f () WP (x). (2.21)
Combining (2.20) with (2.21) leads to
VI (WP @) < (- y + DAGAPT (77 (),

and so

MOVa (W71 ) _ (= y + DRI AP @) ()
(@ @)? - (Q°(2))P

Thus,

MOWPTIE) [ AOVIWP T @)
(@0 (1)) ‘/, (@ (1)) &%

EAE)A ) AP (x)fP7 1 (x)
S(p—y+1)/r @ 0)F "%

and hence

® A(E)WPrFL(E)
/, @oF e

o0 t p-v p-y+1
>(poy+1) / [ / Mt)k(x)j(\m (g‘){ () ij’x:| Ve, (2.22)

Employing Fubini’s theorem on time scales, inequality (2.22) can be rewritten as

f°° A(E)WPrHL(F)

@@y

<(p-y+1) / T AAPY (R ) [ / N x(t)(szp(t))—ﬁvgt] Ve (223)
We employ the chain rule (1.10) again to have d € [p(¢), ] such that
VI () = (1- PRV Q) = (B - DAB(R"(1) . (224)
Substituting (2.24) into (2.23) yields

A WP YY)
/r @ @p et

P2 [T anrr | [T vi@ro)vyevis

_p—y+1
- 1_ﬂ r

oo

AE)APY (x)Q P ()P (x) VI,

which is our desired inequality (2.19). O
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Now, as special cases of our results, we will give the continuous, discrete, and quantum

a-conformable inequalities. Namely, in cases of time scales T =R, T = hZ, T = Z, and
T = g'.

Corollary 2.17 If T =R in Theorem 2.16, then inequality (2.19) boils down to

AW () a
/’j T(t)(t — ﬂ)y dt

=5 1 V; 1 A(t)A”’V(t)SZV"“’(t)f"”"“(t)(t —a)yldt,

where

() = /tk(s)f(s)(s —a)’tds, A(t) = /t r$8)s—a) " ds and

Q) = /OO 1) (s —a) L ds.

Corollary 2.18 If T = hZ in Theorem 2.16, then inequality (2.19) boils down to
o0
A(ht) WP Y (he) RN
ht)’ " —
X; ﬂ(ht h) ( ( ) a)h

“h

EP

. ﬂ Zk(ht)AP Y (ht)Q P ()P (ht) (o (ht)Y ™ -

)(1—1/)
h
h

’

where

[

v (o) hZA(hs)f(hs)( (hsy ™t —a) ",

s=1
h

i

At) = hZA(hs) phs) '~ ),

=7

and

Corollary 2.19 For T = Z, we simply take h = 1 in Corollary 2.18. In this case, inequality
(2.19) boils down to

> A(f)wrr el _
2 (gﬂ(t—l)(t_) (" -a)"™

Sp y+1

Zk(t)A" OO0 (o) - a)"
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where
t-1 (1) t-1 1o
— 1- _ 1—
() =Y A& (e -a) ", AB =D M) (e —a) and
s=r s=r

Q) = > 1) (p(hs) - a)" 7.

s=t
Corollary 2.20 If T = g0 in Theorem 2.16, inequality (2.19) boils down to

() WP 1(t)
Z et S

-1 (1-y)
o PO

q
te(r,00)

51%;1 > BOAT OO (e - a),

te(r,00)

where

V() =@G-1) Y a6 6) (o) ~a)l ),

q
se(r,t)
At)=(g-1) Z s)»(s)(p(s)yfl _ a);l—y) and
se[rt]
Q(t) = (é— 1) Z S)\'(S)(IO(S)V71 _ d);l—y)‘
s€(r,00)

3 Conclusion

In this important work, we discussed some new dynamic inequalities of Hardy type using
nabla integral on time scales. By employing the conformable fractional V-conformable-
integral on time scales, several V-conformable Hardy-type inequalities on time scales have
been proved. Our proposed results show the potential for producing some original contin-
uous, discrete, and quantum inequalities. We further presented some relevant inequalities
as special cases: discrete inequalities and integral inequalities. These results may be used

to obtain more generalized results of several obtained inequalities before.
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