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1 Introduction
Frames in Hilbert spaces were first introduced in 1952 by Duffin and Schaeffer [8] to
study several deep problems in non-harmonic Fourier series and reintroduced in 1986
by Daubechies, Grossmann, and Meyer [6]. Now, frames have been widely used in coding
theory [16], sampling theory [19, 22], quantum field theory [9], filter bank theory [13],
image processing [7], and other areas of mathematics, physics, and engineering.

Let H be a separable space and I be a countable index set. A sequence {¢;};c; of elements

of H is a frame for H if there exist constants A, B > 0 such that

AIFIP <Y |4F 00| <BIFI>, VfeH.

iel

The numbers A, B are called lower and upper frame bounds, respectively. If A = B, then
this frame is called an A-tight frame, and if A = B = 1, then it is called a Parseval frame.
Suppose that {¢;};c; is a frame for H, then the frame operator is a self-adjoint positive

invertible operator, which is given by

S:H—H, Sf:ZO[;Qbi)‘pi'

iel

The following reconstruction formula holds:

F=Y (oS b= [f.S " ¢i)ti

iel iel
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where the family {(Biticr = {S7 b} ics is also a frame for H, which is called the canonical
dual frame of {¢;};c;. The frame {¢;};c; for H is called an alternate dual frame of {¢;};c; if
the following formula holds:

= (b= (f 000

iel iel

forall f € H [11].
Let {¢;}ic; be a frame for H, for every J C I, we define the operator

Sy =Y {f )i

ie]

and denote J° =T\ J.

First introduced by Bemrose and Casazza et al. [4], the concept of discrete weaving
frames for separable Hilbert space is motivated by distributed signal processing, e.g., wire-
less sensor networks in which frames may be subjected to distributed processing under
different frames. Thus, weaving frames have potential applications in wireless sensor net-
works that require distributed processing under different frames, as well as pre-processing
of signals using Gabor frames. Recently, weaving frames in Hilbert spaces have been stud-
ied intensively; for more details, see [5, 12, 20].

Definition 1 Two frames {¢;};c; and {;};c; for a Hilbert space H are said to be woven if
there are universal constants A and B so that for every partition o C I the family {¢;};c, U
{¥i}icoc is a frame for H with lower and upper frame bounds A and B, respectively. The
family {¢;}ico U {¥i}icoc is called a weaving.

If A = B, we say that {¢;}ic; and {;},c; are A-woven, and if A = B = 1, then we call them
1-woven.

Suppose that {¢;};c; and {1;};,c; are woven, the frame operator of {@;}icoe U {¥;}icoc is
defined by

Swf =Y (fididi+ Y _{f, ¥,

ieo ieo®

and then Syy isabounded, invertible, self-adjoint positive operator. A frame {¢;};c; is called
an alternate dual frame of {¢;};cs U {;}icoc if for all f € H the following identity holds:

F= o0+ ) {f ¥i)e:. (1.1)

ieo iec®

For every o C I, define the bounded linear operators S5 ,Sﬁ’,\c, :H — H by

Wf =D (fdidn  Swf =) (¥

ico iec®

It is easy to verify that S5, and S% are self-adjoint.
In [1], the authors solved a long-standing conjecture of the signal processing commu-
nity. They showed that for suitable frames {¢;};c; a signal f can (up to a global phase) be
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recovered from the phase-less measurements {|{f, ¢;)|};c;. Note that this only shows that
reconstruction of f is in principle possible, but there is no effective constructive algorithm.
While searching for such an algorithm, the authors of [2] discovered a new identity for
Parseval frames [3]. The authors in [10, 23] generalized these identities to alternate dual
frames and obtained some general results. The study of inequalities has interested many
mathematicians. Some authors have extended the equalities and inequalities for frames in
Hilbert spaces to generalized frames [15, 17, 18, 21]. The following form was given in [3]

(see [2] for a discussion of the origins of this fundamental identity).

Theorem 1 Let {¢;};c; be a Parseval frame for H. For every ] C I and every f € H, we have

2
3 2
> ZIfI” 12)

2
= e+

icJ¢

S0 +

ie]

> (600

ieJ¢

D (60

ie]
Later, the author of [10] generalized Theorem 1 to general frames.

Theorem 2 Let {¢;}ic; be a frame for H with a canonical dual frame {tzi},-e]; then, for every
J C1andeveryf € H, we have

SN+ Y IS0l = D o0 + Y| 0| = EZW,MZ. (1.3)

i€] iel ieJ¢ iel iel

Theorem 3 Let {¢;}ic; be a frame for H and {¢;}ic; be an alternate dual frame of {$;}icr;
then, for every ] C I and every f € H, we have

2

- Re(Z(ﬂ@)W) +

ieJc

Re (Z(ﬂ w)W) +

ie]

Z(f’ @i) i

ieJ¢

Z(fr i) i

ie]

If11%. (1.4)

=

= w

Motivated by these interesting results, the authors of [23] generalized Theorem 3 to a

more general form that does not involve the real parts of the complex numbers.

Theorem 4 Let {¢;}ic; be a frame for H and {¢;}ic; be an alternate dual frame of {$;}icr;
then, for every ] C I and every f € H, we have

2 2

(Z(f’ %’)W) +

ie]

Z(f’ i) i

ieJ¢

= (Z(f»%)W) +

ieJ¢

Z(f"/)i)d’i

ie]

3 2
> lefll . (1.5)

In this paper, we generalize the results of the above-mentioned weaving frames in
Hilbert spaces. Then, inspired by [18], we also generalize the previous inequalities from
the scalar A € [0, 1] to a more general form that involves a scalar A € R. Since a frame is
woven with itself, we can consider that the above-mentioned equality and inequalities in

frames can be obtained as a special case of the results that we establish on weaving frames.
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2 Results and their proofs
We first state a simple result on operators, which is a distortion of [23, Lemma 2.1].

Lemma 1 IfP,Q € L(H) satisfies P+ Q = I3y, then P+ Q*Q = Q* + P*P.
Proof A simple computation shows that
P+Q'Q=In-Q+QQ=Iy—(Iy-Q)Q=1Iy—-P (I3 -P)
=Iy —P*+ P*P=Q* + P*P. O
Now, we state and prove a Parseval weaving frame identity.

Theorem 5 Suppose that {¢;}ic; and {;}ic; for a Hilbert space H are 1-woven, then, for
allo C1and allf € H, we have

: 2 2 3 5
=Y |+ = LI @2.1)

ieo®

:E::|£f’¢ﬁ)i2 +

ico

Z(f»%)‘ﬁi

ieoc®

D (- d0e

ieo

Proof Since {¢;}ic; and {v;};c; are 1-woven, the weaving frame {¢;};co U {¥;}icoc is a Parse-
val frame for H. Then the frame operator of {¢;}icc U {¥/;}icoc is Sy = Iy. For everyo C I,
we have S7,, + S% = I3;. Note that S% is a self-adjoint operator, and therefore (S%)* = S%.
By applying Lemma 1 to the operators 3, and 3, for all f € H, we obtain

(S f)+ ((Sw) " ST of) = ((S50) Fof ) + ((S5) S5 oS )
Thus,
(S )+ [Shf | = (SSufof) + 1SS |-

Hence,

:E::|£f’qb»i2 +

ico

2

2
= j{:|(f’¢ﬂ)|2 +

iec®

Y v

iec®

> (b0

ieo

Next, we prove the inequality of (2.1). A simple computation shows that
(St)"+ (S70)" = (S3)” + (B = (S0)) = 2(S)” - 283 + I

2
=2( S5, - 117-[ + 11?—[,
2 2

and so

(S50)" + (S50)° = 2.

N =

Since S, + S% = Iy, it follows that

S5y + (Shy) + S5y + (S)° = 2. (2.2)

N w
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Note that the operator S5, is also self-adjoint, and therefore (S3,)* = S5,,. Applying
Lemma 1 to the operators P = S7,, and Q = S‘{/\C,, we obtain

+(S5)" = St + (7).
Then, equation (2.2) means that

c 3
(S + (S5)°) = 1o

Therefore, for all f € H, we have

SO 2+ | S if 00

ieo® ico

)+ IS5 S0) = (S + (ST V) = S

This completes the proof. O
Remark 6 If we take ¢; = ; for all i € I in Theorem 5, we can obtain Theorem 1.

Lemma 2 Let P,Q € L(H) be two self-adjoint operators such that P+ Q = Iy, then, for any
A€ R andall f € H, we have

IPFI1 + A4Qf.f) = 1QFII* + (2 = M(Pf.f) + (k= D|fII?

> (A - %) IF11.

Proof For all f € H, we have

IBFI* + MQF.f) = (Pf.f) + MUz = P )
= ((P* = AP+ AL )f f) (2.3)
= (B = PYfof) + Q= WPF ) + = DI f)
= 1 QfI> + (2 = A)(Pf.f) + (. = DI I

A simple computation of (2.3) gives

((P* = 2P+ Dy )f f) = <((P— %Iﬂ)z - %217{ + My)f,f>
o ()
> (A - %2) I 1%

This proves the desired result. O

Theorem 7 Suppose that two frames {¢;}ic; and {:}ic1 for a Hilbert space H are woven;
then, for any A € R, for all 0 C I and all f € H, we have

Sl + 2 liswss swenll” + D_l(Sind s Sywill”

ieo ieo iec¢

Page 5 of 15
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L Ylissus sl + X lisvs sl

iec® ieo iec¢

(-5 g ()

ieo ieo®

Proof Since {¢;}ic; and {{;};c; are woven, for all o C I, {¢;}ico U {¥i}icoc is a frame for H.
Letting Syy be the frame operator for {¢;}ico U {¥i}icoc, since S5, + S% = Syy, it follows
that

—1/2 —1/2 -1/2 o€ ¢-1/2
S285,842 + SS9 8 M2 - Iy

Considering P = S{/&,/ZS{,VS{/\I/Z, Q= S{/\lj/zS%S{/\l}/z, and S%,/sz instead of f in Lemma 2, we
obtain

||S 1/250 || +k<571/250’f Sl/ f>

= [SA2Sf P + 2 = D[Sy 2851, S12f) + (. - 1) | Sk ||°

> (- ) Is”

and thus

(S ST STuf ) + MSTf o f)
= (SyuSIf s Sf ) + (2 = WSHfof) + (= 1)(Swif o f)

5
Then,
(St Siuf)
= (oS> S ) + 2(Sf o f) = M(S5y + SI)fof) + (A = D{SWf . f)
= (=2 ) s - als5us)
and thus

(SyrSTfs SSuf) = (SybSufs S ) + 2(Sf o f ) = (Swifof)
> A[STff) - %(Swf,ﬂ. 2.4)

Hence,

(SWSTS Sf) + (ST of ) = (SwShef» Sf ) + (Sf .f)
(x—)‘—)(s‘;vf S)+ <1—X—)(S‘{,Vf f). (2.5)
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We have
(S3S50F S50f) = (SWST S5 SybSiuf

<ZSWS f¢t ¢l+ZSWS flﬂl wnSWS f>

ico ieo®

<Z SwSf» i ¢l,SV¢S‘;Vf>+<Z(SW5 UV S 8%, f>

= IS Syl + D_|(Sopf Sy (2.6)

Similarly,
(SwSf S ) = lisaf Sl + st sl 27)
(Ssufof) = . )2 (2.8)
(S} =214 ol (2.9)

Using Egs. (2.5)—(2.9) in inequality (2.3), we obtain

S Yl Sl + NSty Sl

ieo ieo iec®

2N NSty Syl [P+ S (S5fs Syl

iec¢ ieo iec¢

$[ + (1——2)

Remark 8 If we take ¢; = y; for alli € I and A = 1 in Theorem 7, we can obtain Theorem 2
with scalar 3/4.

| : O
ieo iec®

Lemma 3 IfP,Q € L(H) satisfy P + Q = Iy, then, for any A € R, we have
PP+A(Q* +Q)=Q Q+ (1 -A)(P*+P) + 2A - DIy, > (1 - (A = 1)*) I
Proof
PP+1(Q" +Q) =P P+ A(Iy - P* +1Ip) =P*P— A(P* + P) + 2113,
and

Q*Q+ (1 -A)(P*+P) + (21— 1)Iy
= (I = P) I - P)+ (1 =0)(P* +P) + 21 - 1)Iy
=P'P—\(P* +P) +2)ly

=(P-Ap)*(P—Alp) + (1 - (A= 1)*) Iy
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>(1-(-1)%)Iy.
Hence, the result follows. O

Theorem 9 Suppose that two frames {¢;}ic; and {;}icr for a Hilbert space H are woven
and {@;}ic1 is an alternate dual frame of the weaving frame {$;}ico U {V;}icoc. Then, for any
A€ R, forall o C I, and for all f € H, we have

R6<Z(f, w»W) +

ieo

= Re(Z(ﬂw)W) +

ieo®

2

> e

iec®

2

Z(f’%)(f’i

ico

> (2a - 2A?)Re (Z(f (p,-)W) +(1- AZ)Re<Z(f, <p,-)m>. (2.10)

ico iec¢

Proof Forall f € H and all ¢ C I, we define the operators

Eof =Y (oo Eocf =Y (fro¥i.

ieo iec¢

Then the series converge unconditionally and E,, Eyc € L(#). By (1.1), we have E, + E,c =
I;. Applying Lemma 3 to the operators P = E, and Q = E,, for all f € H, we obtain

(ESEafof )+ H(Ege + Eoc)f-f )

= (E?;Eﬂf’f) + )‘<Eacf7f> + )\<Eaf7f> (2.11)
= (ELcEsef f ) + (1= W)|(EL + Eo )fof) + @A = DIfII
=(EscEocfof)+ (L= VN ((Eofof) + (Eof-f)) + A = 1){Inf . f ). (2.12)

With a simple computation of (2.11) and (2.12), we have

IEofI” + 2ARe(Eef,f) = | Esef I|I* + 2(1 — A)Re(Eof,f) + (21 — )Re(Iyf, f).

Then

IEof 11 = IEsefII* + 2(1 = MRe(Eqf,f) = 24Re(Eqef ) + (2 — DRe(Dn [, f)
= |Eo<f > + 2Re(E,f . f ) — 2ARe((Eq + Eoe)f f ) + (24 — D)Re(I3f . f)
= |Eoef |I” + 2Re(Eof,f) - Re(lnf . f)
= |Eoef |I” + 2Re(E,f,f) — Re((Es + Eqe)f f)
= |Esef 11> + Re(Eof .f) = Re(Eoef f).

Hence,

IEof I? + Re(Esef f) = | Eocf > + Re(Eof f ). (213)
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Since
2
’

IE.f1> =

Z(f, @i i

ieo

Re(Eqef,f) = Re (Z if, o0, w),

ieo®

2
IEsef 17 = | Y (fr 0t »

ieo

Re(Eof.f) = Re(Z {f, wm).

ieo

Using equations (2.13)—(2.17), we have

Y e

ieo®

Re(Z(f, <Pi>m) +

ieo ieo®

We now prove the inequality of (2.10). From Lemma 3, we have
(EZEof f) + MEoef o f) + MEoef o f) = (20 = M) (Ingf . ).
Then
IEof I? + 24Re(Eocf,f) = (24 — 2*)Re(Iy [ f ),
hence

IEof1? = (22 — 2*)Re(Iy [, f ) — 2ARe(Eocf  f)
= A*)Re((Eq + Eqe)f,f) — 2ARe(Eqef, f)
(

(20-2?)
(2% = A2)Re(E,f,f) — A*Re(Eqef, f)
(22 -4%)

Therefore,

IEofII” + Re(Epef,f) > (21 = A*)Re(Eof,f) + (1 = A*)Re(Eqef . f).

Using Egs. (2.14)—(2.17) and (2.19), we have

2

D e

iec®

Re(Z(ﬂ soi)m) +

ieo

> (21 - 2%)Re (Z(f %)W) +(1- Az)Re<Z(f, (p,-)W).

ieo ieo®

The proof is completed.

2 = Re(Z(f, %‘)W) +

2% = A2)Re(E,f,f) + (1 = A*)Re(Eqef, f) — Re(Eqef, f).

(2.14)

(2.15)

(2.16)

(2.17)

2

(2.18)

(2.19)

Page 9 of 15
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Remark 10 Theorem 3 can be obtained from Theorem 9 by taking ¢; = v; for all i € I and
A=3.
Theorem 11 Suppose that © = {¢;}ic; and V = {{;}ic; for a Hilbert space H are woven
and {¢;}ics is an alternate dual frame of the weaving frame {¢;}ico U {@;}icoc. Then, for any
A€ R, forall o C I, and for all f € H, we have

2

Z(ﬂ%’)lﬁi

ieo®

Z(ﬂ(ﬂ)@

ieo

(2.20)

2 = (Z(ﬂ%)W) +

ico®

(Z(f’ w)W) +

ieo

Proof Foro CIandf € H,we define the operator E, and E,c as in Theorem 9. Therefore,
we have E, + E,c = I3;. By Lemma 1, we have

2

(Zear) « | troow| - s+t )
= (Exef f) + (EsEof.f)
= (Ezeff) + IEof 1
= (2%¢»W)+ >0 )
Hence, (2.20) holds. The proof is completed. O

Theorem 12 Suppose that two frames {¢;}ic; and {;}ic; for a Hilbert space H are woven
and {@;}ic1 is an alternate dual frame of the weaving frame {¢;}ico U{P:}icoc. Then, for every
bounded sequence {a;};c; and every f € H, we have

(Zﬂi(f:%)(f:(ﬁi)) + (Zﬂi(f’%)(f: Wi))
2
+

> -ay(fionvi+ Y (1-a)(f,eid;

iec® ieo

2

Y ailfiodi+ Y ailf eV

ieo ieo®

. (Z(l —a)f, w»m) + (Z“ - atfs ‘””m)‘

ieo iec¢

Proof Forall o C I and f € H, we define the operators

Eof =Y ailf, o Eoof =) ailfoi Vi

ieo ieo®

and

Fof =) (1-a){frodd,  Foef =Y _(L-a)(f, 0¥

ieo ieo
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Note that these series converge unconditionally. We also have E, E;c, F,;, Fyc € L(H) and
E, + Eyc + Fy + Fyc = I3y. Applying Lemma 1 to the operators P = E, + E,c and Q = F,, + F,«,
and for every f € H, we have

(Zﬂi(f»%)(f,(ﬁi)) + (Zﬂi(f’%‘)(f» 1/fi))

2

Y A-a) e+ Yy (A-a)(f,¢)0

iec¢ ieo

= (Eofof) + (Eqcf f) + ((Fy + Foe)*(Fy + Foe)f . f)
=((Es + Eo)f o f) + ((Fs + Foe)*(Fs + Fye)f,f)
=((Fs + Fse)*f.f) + ((Es + Eqe)*(Es + Ese)f.f)
= ((F, + B, )fof) + || By + Eso)f|?

= ” (Es +E¢7”)f|| + (Eof,f) + (Focf f)
2
Y ailfiondi+ Y ailf. o)y

* (Z(l - a)(f, o)f, ¢,»>) + (Z(l —a){f, o)f, w).
Hence, the relation holds. O

Observe that if we consider o C I and

0 ifieo,
a; =
1 ifieo,

then Theorem 11 follows from Theorem 12.

Remark 13 If we take ¢; = 1; for all i € I in Theorems 11 and 12, we can obtain Theorems
4-and 2.3 of [23].

Theorem 14 Suppose that two frames {p;}ic; and {:}ic1 for a Hilbert space H are woven,
then, forany A € R, 0 C 1, and f € H, we have

0= Y[t 00| = D liSsusf Svei)|* = D |(Sous S|

ico ico iec®

S%ZZW,M (1—&> Yl

iec® ieo

Proof Considering positive operators P = S{,\I,/ZS{'/VS;\I/Z and Q = S{,\I,/ZS%S;\I/Z, thenP+Q =
Iy, and

PQ=P(y —P)=P—-P?=(Iy - P)P = QP.

Page 11 of 15
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Then
0 <PQ=P(I3 —P) =P~ P* = S,}/*(S5), — Sy SywSy ) Sy
from which follows S5, — S"WS“,\I,S‘;V > 0. Then, for all f € H, we have

Sl 0l = o liswss el - D_liSif s Sywall”

= (S of) = (SWShf S )
=((Sw = SwSwSw)ff) = 0.

By (2.4), we have

2
(SyASTf s Souf ) = (S5uf o f ) =MSf ) - %(Swf,ﬂ ~(SWfof)

and then

SN el =S lisss Syl = S l(Ssuf, Sybw)|”

ieo ico ieo®

= (WSS ) = (SwSinfs S

2
<SS )= Ml )+ 2 (Sf )
2

= (L= RSTuL.f) + S )

2
= (- D{(Sw SIS + - Swf)
~G- 15+ (123 ) 5

2 2

-t (1-3) 5w

A2 A\°
:ZZ (f,¢i)|2+(1—§> Z|(fr¢i>|2~ 0

iec¢ ico

Theorem 15 Suppose that two frames {p;}ic; and {:}ic; for a Hilbert space H are woven,
then, forany . € R, o C 1, and f € H, we have

<2A—%2—1>Z i, 00" + (1—%2) > Jifwa |

ieo ieo®

< Dl Syi)|* + SISt S|

ieo iec¢

+ IS S|+ o l(Stf Sl

ieo iec¢

SYAOEDIATIE

ico iec¢
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Proof By (2.5), we have

(S Sf Suf ) = (x-—)<sgvf f) - <s;;f,f), (2.21)

2

A
(SyoSshf> Shuf) = (A s 1)(55\,f,f) - (1 - —)(S{,fo) (2.22)
From (2.21) and (2.21), we obtain

D_lSTs Sweil” + DIt S wall” + DIt Sl + D _lISSf Sy vl

= (SwSf Siuf )+ (SwSnf STaf )
> (m - %2 - 1)(S%f,f> + (1 - —)(S‘Mf)

:(2,\_%2—1> if,00|° (1——>Z|<f‘/“

ieo ico®
Next, we prove the last part. Let P = 5—1/250 5-1/2, Q= S{,\l/zS%S{,\l/z. Since PQ = QP, we
have

P-P*=P(Iy; —P)=PQ >0,
and then, for all f € H, ||Pf||> < (Pf,f). Similarly, || Qf||> < (Qf.f). Hence,

DlS5ur Sl + D_IISur s Sl + DISSS bl + D I(SSS Sl

ico ieo® ieo iec®
= (S50 S50f) + (S5 S
= (Sy 2 St S 2 St ) + (S >SS S *Siuf)
<S—1/250 S—I/ZSl/f S—I/ZSG S—l/ZSl/ f> (S—I/ZSG S—l/ZSl/f S—I/ZSG S—l/ZSl/ f>
< (Sy/2S5, Sy 2SY2F, SU2E) + Sy 2SSy 2SI, Syf)

= (Sufof) + (S of)
4 2+;|(f,1ﬁi)|2~ .

By Theorems 14 and 15, we immediately obtain the following results.

Corollary 1 Suppose that two frames {¢;}ic; and {;}ic; for a Hilbert space H are A-woven,
then, forany A € R, 0 C 1, and f € H, we have
(1-3)
e (1-2
2

o ¢i>¢

ieo

0<AY |0 -

ico

iec¢ ico

and

A2 2 A2
- -1)A o+ (1-)A
2 2

ieo iec¢
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2 2
<|D_Fdae| + | D_(Fvav| <AlfI*
ieo iec¢
Proof Since {¢;};c; and {v;};c; are A-woven, we have S{,\l, = %IH, and then the results hold
by Theorems 14 and 15. O

Remark 16 If we take A = 1 and ¢; = {; for all i € I in Theorems 14 and 15, we obtain the
similar inequalities in Theorems 5 and 6 of [14].
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