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1 Introduction

In recent years, the mathematical programming problems with vanishing constraints
(MPVCs) have been studied extensively by many scholars. Achtziger and Kanzow [1]
first proposed an optimization problem with vanishing constraints (MPVCs) and gave the
strong stationary point theorem and VC-stationary point theorem of MPVCs under ACQ
and improved ACQ assumptions. Under the inspiration of [1], Hoheisel and Kanzow [2]
gave the M-stationary point theorem of MPVCs by using the MPVCs-GCQ. Guu et al. [3]
studied the strong KKT type optimality conditions for nonsmooth multiobjective semi-
infinite programming problems with vanishing constraints by the generalized S-stationary
and M-stationary point conditions. Tung [4] studied the necessary and sufficient KKT type
optimality conditions for continuously differentiable multiobjective semi-infinite MPVCs
by using the ACQ and VC-ACQ in [1].

Accordingly, the study of dual problems related to MPVCs has also been used as a tool to
solve optimization problems in various fields in the past decades, such as variational prob-
lems, fractional programming problems, semi-infinite programming problems, complex
minimax problems, and so on. Tung [4] presented Wolfe and Mond—Weir type dual mod-
els for differentiable multiobjective semi-infinite programming with vanishing constraints
and discussed the weak and strong duality theorems. Mishra and Singh [5] studied the con-
tinuously differentiable MPVCs and gave the weak, strong, converse, restricted converse,
and strict converse duality theorems between MPVCs and the corresponding Wolfe and
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Mond—Weir type dual models under the assumptions of convexity and strict convexity.
Hu and Wang et al. [6] proposed a new Wolfe and Mond—Weir type dual models related
to continuously differentiable MPVCs and studied the weak, strong, converse, restricted
converse, and strict converse duality theorems between them under the assumptions of
convexity and generalized convexity.

With the development of mathematics, there are more and more researchers paying
their attention to interval-valued optimization problems. Wu [7] studied the Wolfe type
dual problem for continuously differentiable interval-valued optimization problems. Sun
and Wang [8] gave the optimality conditions and duality for nondifferentiable interval-
valued optimization problems. Tung [9] studied the optimality conditions and duality for
convex semi-infinite multiobjective interval-valued optimization problems. Ahmad et al.
[10] studied continuously differentiable interval-valued variational problem and gave the
sufficient optimality condition and Mond—Weir type duality of the original problem by
using the invexity conditions. Kummari and Ahmad [11] discussed the optimality condi-
tions and duality for nonsmooth interval-valued optimization problems with equality and
inequality constraints via the L-invex-infine functions. Jayswal et al. [12, 13] gave the opti-
mality conditions and duality for nonsmooth interval-valued optimization problems with
inequality constraints by using generalized convexity. Su and Dinh [14] studied the duality
for interval-valued pseudoconvex optimization problem with equilibrium constraints by
using the notion of contingent epiderivatives. Recently, Ahmad et al. [15] studied the op-
timality conditions and Mond—Weir type dual problems for differentiable interval-valued
optimization problems with vanishing constraints.

Inspired by the literatures mentioned above, in this paper, we study the duality theo-
rems for nondifferentiable semi-infinite interval-valued optimization problem with van-
ishing constraints(IOPVC) and explore the dual relationships between IOPVC and its
corresponding Wolfe and Mond—Weir type dual models. The paper is organized as fol-
lows. In Sect. 2, we introduce some known concepts and formulas; In Sect. 3, we study the
weak, strong, converse, restricted converse, and strict converse duality theorems between
IOPVC and the Wolfe type dual model; In Sect. 4, we study the weak, strong, converse,
restricted converse, and strict converse duality theorems between IOPVC and the Mond-

Weir type dual model. Some examples are given to illustrate our conclusions.

2 Preliminary

Let X be a finite-dimensional Euclidean space. The notation (-, -) denotes the inner product
in X. For a point x € X, B(x;6) := {x € X : |lx — %|| < 8} denotes the open ball of radius §
around x. For a set C C X, span C, cone C stand for the linear hull and convex cone of C,
respectively. Let C # J, the contingent cone of set C at the point x is defined by

T(C,x):={veX|3t,— 0,3V, > v,Vne N,x+t,v, € C}.

Let D be the set of all closed intervals in R. For any A = [a3,a,] € D, B = [b1,b;] € D, one
has (see Moore [16])

A+B:[ﬂ1+b1,ﬂ2+b2], -B= [_bZ’_bl]’

A—BZ[ﬂl—bz,az—bl], A+k=[(l1+k,(l2+k],
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where k is any real number. A partial ordering for intervals can be formulated as follows:

A<iyB <<= a1<b, ay=<b,,
A<quB < A=<wuB A#B
A £y Bis the negation of A <1y B,
A<yB < ai<b, ax<by,

A £, Bis the negation of A <j;; B.
Let F: X — D be a mapping on X defined as
F(x) = [F*(x),FY(x)] (Yx€X),

where FL, FY are the locally Lipschitz functions on X with FZ(x) < FY(x).
Now, we consider the following semi-infinite interval-valued optimization problem with
vanishing constraints(IOPVC):

LU-min F(x),
st. gx) <0, jeJ,
h(x)=0, k=1,...,n
H;x)>0, i=1,...,1,
Gix)H;(x) <0, i=1,...,1,
where gj : X — RU {+00}, i : X — R, H;: X — R, G; : X — R are the locally Lipschitz

functions on X and the index set J is arbitrary(possibly infinite). Let I, := {1,...,n}, I; :=
{1,...,1}. The feasible set of problem (IOPVC) is

E:={xeX:g(x) <0(€)),(x) = 0(k € I,), H(x) > 0, Gy(x)H;(x) < 0(i € I)}.

Let R/ denote the collection of all the functions A : ] — R taking values A; > 0 only at
finitely many points of / and equal to zero at the other points. For any x € E, I,(x) := {j € J :
gi(x) = 0} signifies the index set of all active constraints at x, and « (x) := {}; € R/ rigi(x) =
0,Vj €]} signifies the active constraint multipliers at x.

We give the following definitions of optimal solutions of (IOPVC).

Definition 2.1 ([9]) Letx € E,
(i) x is said to be a locally LU optimal solution of (IOPVC) if there exists an open ball
B(x; ) such that there is no x € E N B(x; §) satisfying

F(x) <Lu F(ﬁ_C)

(ii) x is said to be a locally weakly LU optimal solution of (IOPVC) if there exists an
open ball B(x; 8) such that there is no x € E N B(%; ) satisfying

F(x) <}y F(%).
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Letf: X — R be alocally Lipschitz function around x. The Clarke directional derivative
of f around x in the direction v € X and the Clarke subdifferential of f at x are, respectively,

given by (see Clarke [17])

fi&v) = lxlinxsﬁgw ’

Af (%)= {& e X: (E,v) <f/(x;v), Vv e X}.

Definition 2.2 ([3]) Let f: X — R be a locally Lipschitz function around x. Then
(i) f is said to be 9.-pseudoconvex at x if, for each x € X and any & € o.f(x),

fx)-fF) <0 = (Ex-%) <0

(ii) f is said to be strictly d.-pseudoconvex at x if, for each x € X, x # x and any

& € 9f (%),
fR)-fE® <0 = (§x-% <0
(iii) f is said to be d.-quasiconvex at x if, for each x € X and any & € 9.f (%),

fo)—f(x) <0 = (£,x-x)<0.
The following sets of indicators, which will be used in the sequel, are given. Let x € E,

L(x):={iel | Hx)>0},  Iyx):={iel|Hix)=0},

Lo(x) = {i e l; | Hi(x) > 0,Gi(x) =

’

iel;|Hix)>0,G;(x) <0

Ipo(x) :={i e I; | Hi(x) = 0,G;(x) =01,

]0 (x

)=

{ 0}

= { }

Io, (x) :{1611|H(x) 0,G;(x) >0},
= }

={i e I, | H(x) = 0,G;(x) < 0}.

Referring to Definition 4 in [4], we give the following definition.

Definition 2.3 Let x € E be a feasible point of (IOPVC).
(i) The Abadie constraint qualification (ACQ) is said to hold at x iff T(E, x) = L(x),
where L(¥) is the linearized cone of (IOPVC) at ¥, and

L@ :={ve X|(5,v) <0,V € d.g([),j € (%) (&, v) = O, V& € o (),
kel (g, v)=0,V&/" € 3.H;(%),i € Io,; (£],v) = 0,VE/" € 8.H;(%),

i €Ioo Ulo;(E°,v) < 0,V&F € 3.Gi(%),i € Lo} (2.1)

Page 4 of 19
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(if) The VC-ACQ is said to hold at x iff Lyc(x) C T(E, x), where Lyc(x) is the
corresponding VC-linearized cone of (IOPVC) at x, and

Lyc(®) := {ve X | (§,v) < 0,V& € 3:gi(%),) € L,();
k

§

" v) = 0,YE! € :hy (%), k € L;
SiH’ V) = 0’ VélH € acHi(»;C), ie 10+;

g/1,v) > 0,V&! € 0.H(%),i € Ioo U Lo_;

14

<
<
<
(£€,v) < 0,V&7 € 3.Gi(%),i € Lo UIno }. (2.2)

L

Remark 2.1 1If the functions gj, /i, H;, G; are continuously differentiable, then the lin-
earized cone and VC-linearized cone given in Definition 2.3 are the same as the linearized
cones given in [4].

Now, we give the following theorem, the proof of which is similar to Proposition 1(ii) in
(4].

Theorem 2.1 Let x € E be a locally weakly LU optimal solution of (IOPVC) such that

(VC-ACQ) holds at x and
A= cone( U dg@u | -dH@U (J 8cGi(a_c))
jEIg(J_C) ielpoUlp— i€l gUlyo
+ span(U ol (x) U U acHi(a_c)>
kel, ielyy

is closed. Then there exist Lagrange multipliers a*,a" € R,, A\ € k(x), \" € R", \f, 16 e R
such that

n
0€a 0. FL (%) + a0, FY (%) + Y Af0egi(®) + > Mo ()
jeJ k=1

l 1
=Y Ao H(E) + ) AT 0.Gil®) (2.3)
i=1 i=1

and

ol +at =1, h(x)=0 (kel,),

=0, g@®<0, Ag®=0 (e,

M=0 (iel (%), M>0 (i €lp®) Ul-(x), (2.4)
M eR (i€l (),

=0 (iel,@UL-F®UL ),  Af=0 (i€l ULo)).

Definition 2.4 ([4]) The point x is said to be a VC-stationary point of (IOPVC) if there
exist Lagrange multipliers o*, o' € R, A8 € k(x), A" € R", A, 1% € R! such that (2.3) and
(2.4) hold.

Page 5 of 19
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Now, let x be a VC-stationary point of (IOPVC) with corresponding multipliers A¢ € R/,

AMte R, A, 06 € R!, we give the following index sets:

I (%) := {j € L(x) | 4] > 0},

I;(x) = {k € L,(x) | A} > 0}, I, (x) = {k € I,(x) | A} < 0},
Ijo@) = {i € Ioo(x) | A]' >0}, Ii_(x):={ielo-(x) | A >0},
I, (%) ={iel,(®) | A" >0},  Ij,(x):={iel.(x)| A" <0},

L={ieL®| >0}, Itw):={ieL®]|r’>0}

3 Wolfe type duality
In this section, we refer to [6] to give the following Wolfe type dual models. First of all, let
aweR], e R, 3,06 R,

D (et 28,20 00) = F() + Y " 28gi() + Y aphil)
jeJ k=1

i i
=Y MHI() + Y AfGi)
i=1 i=1
is an interval-valued function, and

AC) = a9 () + a0 FY () + D afagi () + Y Afdch()
jeJ k=1

! !
=Y MOH() + ) AF0.Gi().
i=1 i=1
Now, we give the Wolfe type dual model of IOPVC). For x € E,

(DW(x)) LU-max dJ(y,aL,aU,Ag,kh,kH,kG)

st. 0eA(y)

al, e eR,, ol +a¥=1,

=0, Vie), (3.1)
A8 =viH(x),v; >0, Viel,

M =0i-viGilx), 0i=0Viel.

EW(?C) = {(y’aL’aU’)"g’)‘-hr)\H: AG,Q’V) .
0 € A()’)’y eXyaL;au GR_H(XL +au = 1,
3 =0,V eJ,af = viHi(x),v; > O,Vie ],

M = 0i —viGi(x),0: = 0,Vi € I}

4

denotes the feasible set of (Dy (x)). prEy (x) := {y € X : (y,ab, ", 28,2,1H,).6,0,v) €
Ew(x)} represents the projection of the set Ey (x) on X.

Page 6 of 19
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In order to be independent of (IOPVC), we give another Wolfe type dual model:

(Dw)LU-max  ®(y,a",a", 28, A 29)

st. (ot 28,007,309, 0,v) € Ew = () Ew (),

xeE

where Ey denotes the set of all feasible points of (D) and prE,, denotes the projection
of the set Ey on X.

Definition 3.1 ([4]) Letx € E.
(i) G,ak, a4, 181" 11,16, 0,v) € Ew(x) is said to be a locally LU optimal solution of
(Dw (x)) if there exists B(y; §) such that there is no y € Ew (x) N B(y; §) satisfying

@ (b, o, 28,0, 07,0.8) <1y (y, by, 28,00, 05,09).

(i) (&, ol 28\ \H )G, 0,v) € Ew(x) is said to be a locally weakly LU optimal
solution of (Dy (x)) if there exists B(¥;8) such that there is no y € Ey (x) N B(¥;8)
satisfying

@y, ab, ot 28,0 07,0.8) < d(y, b, o, 28,40 0H,09).

Theorem 3.1 (Weak duality) Let x € E, (y,at,a, 1%, A", 11,19, 0,v) € Ey be feasible
points for the (IOPVC) and the (Dy), respectively. Ij’d>L(~,aL,Ag,Ah,AH,AG), U, al, 28,
M H AC) are d,-pseudoconvex at y € E U prEy,, then

F(x) £5, @(y,af, o, 28,07, 07, 19).

Proof Suppose F(x) <, ®(y,al,at, 38,1, 11, 16), then

I l

F@) <jy FO) + ) 2g0) + Y M) = Y AH) + Y A Giy). (3.2)
k=1

jeJ i=1 i=1
Since x € E and (y,aX, oY, A%, A", A7, 1.9, 0,v) € Eyy, it follows that

g(x) <0, A =0, jé L),

gi(x) =0, A =0, jel),

h(x)=0, AMeR, kel,
—Hj(x)<0, A'>0, iel (x),
—Hj(x) =0, MeR, iel),
Gix)>0,  AS=0, iecly(x)

Gi(x) =0, AE >0, ielp) ULow),

Gi(x) <0, 28>0, iely(x)UIL_(x).

1

Page 7 of 19



Wang and Wang Journal of Inequalities and Applications (2021) 2021:182 Page 8 of 19

The above formulas imply that
> Mg + ijjhk(x) ZAHH (%) + ZAGG (x) <0. (3.4)
jel

Equation (3.4) together with (3.2) proves that
@ (x, b, 28,07, 07,09) <5 @(y, b, 0, 28,0707, 09).

By the 3.-pseudoconvexity of ®(,al, 18,1, A", 19), ®U(.,a¥, A8, A", 1, 18) at y € EU
prEy,, it follows that

<s +ngsg+ZA’zsk ZA”& +ZAG5L X - y>

jel

<§U+ Z)\gég+ZAZ§k ZAH§H+ZAG§‘I ,X— y>

jel

where £- € 3.FL(y), § € 3.FY(y), & € 0.g(9),j €], &' € dchk(y), k € I, §/' € dHi(y), i € I,
£% € 3,G(y), i € I;. Add ! and a¥ to both sides of inequations (3.5)

(S)x_y)<07 VSGA()/);
contradicting 0 € A(y), the result is proved. O

Theorem 3.2 (Weak duality) Let x € E, (y,at,a!, 28, A", 11,19, 0,v) € Ey be feasible
points for the (IOPVC) and the (D), respectively. If (-, a, 18, A%, A1, 1.9), dU(,a¥, 28,
M H G are strictly d,.-pseudoconvex at y € E U prE,, then

F(x) £y @(y,af, o, 28,07, 07, 19).
Proof The proof is similar to Theorem 3.1. O

Theorem 3.3 (Strong duality) Let x € E be a locally weakly LU optimal solution of
(IOPVC) such that the (VC-ACQ) holds at x and A is closed. Then there exist Lagrange mul-
tipliers at,a" € R,, 3¢ € RV, A € R", AH,1.9,5,v € R such that (x,a*,a", 28,1, 31,16,
0,V) is a feasible point of (Dw (%)), and

F(%) = ®(x, b a,x8,3", 01, 19).

Moreover, if ®F(-,al, A8, A" 01, 06), U(-, a4, 18,101, 19) are d.-pseudoconvex at y €
E U prEy, (%), then (x,a*,a", 28, A", A", 19,0,) is a locally weakly LU optimal solution of
(D (x)).

Proof By Theorem 2.1, it follows that there exist Lagrange multipliers a*,a" € R,, A €
k (%), M e R", M1, )5, 5,V € R such that (2.3) and (2.4) are satisfied. Combined with the def-
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inition of (Dy (%)), one has that (x,a*, @, A8, 1", XH, 19, 5, V) is a feasible point of (Dy (x)),
~ n _ ! _ l _
D Mg@ + Y Mm@ - AHE + Y AfGi(#) =0

jeJ k=1 i=1 i=1

and
F(%) = ®(x, b a, 28,2101, 19).

Then, from Theorem 3.1 one has, for any (y,a’, %, A8, A", A, 19, 0,v) € Ey (%),
®(x,at,at, 28,1007, 00) = F(%) £5,, @ (. ok, o, 28,07,01,0).

Therefore, (%,a%,a%, 1% 1", A1,1%,0,7) is a locally weakly LU optimal solution of
(Dw (x)). O

Theorem 3.4 (Converse duality) Let x € E be any feasible point of (IOPVC), and let
3, ok, o, 08,0, 01, 0.6, 0,v) € Eyy be a feasible point of (D) such that

Mg =0, Ve,

Mh(3)=0, Vkel,
-\ H;(3) >0, Viel,
28Gi(5) >0, Viel,

(3.6)

If one of the following conditions holds:
(i) ®L(,al,al, 18,11 0, 06), dU(, ol o, 18, A A, 0C) are 3,-pseudoconvex at
ye EUprEy,;

(ii) FE(-), FY(-) are d.-pseudoconvex aty € EU prEy,(x), g (j € 1} (%)), hy (k € I (x)), —hx
(k eI (%), —H; (i € IT (x) U Iy (x) U I_(x) U IS, (%)), H; (i € Ig, (%)), G; (i € I} (x)) are
0.-quasiconvex aty € EU prEy,;

Then y is the locally weakly LU optimal solution of (IOPVC).

Proof Suppose to the contrary that y is not a locally weakly LU optimal solution of
(IOPVC), then there exists x € E N B(y; 8) such that

F() <3y FG). (3.7)

(i) Since x € E and (3, af, ¥, A8, 1, A1, 1C, 0, v) are feasible points for the (IOPVC) and
the (Dw), respectively. Therefore, combined with (3.3) and (3.6), one gets

n ! l

D Mg + Y (@) - Y AH(®) + YA Gi()

jel k=1 i=1 i=1

n I I

<0< Y Mg) + Y M@) - Y MHG) + Y AfGG). (3.8)

jel k=1 i=1 i=1
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By (3.7) and (3.8), one has
®(x b, 28,07 07,09) <5 (5, ah, 0, 28,0707, 09).

And by the 3 -pseudoconvexity of ®(-,at,atrg, A A 19), dY (-, ak,at, 18,11, 11, 16)
aty € EUprE,,, one has

(" + Zje} )‘/g"g}g +2 ka1 )‘Zéll: - Zgﬂ AE! + Zi:l A7ES,X-3) <0,

(3.9
! ! o
€Y+ Zje] )”fs}g +2 ket )‘/hg/f = Y MUET 2 A8 X =) <0,

where £ € 0.F* (), §¥ € 8,FY(5), & € 0:gi(3),j €], &' € dm(3), k € 1, §/' € .Hi(§), i € I,
€7 € 3,G;(y), i € I,. Combining (3.9) with o and ¥, we get

(%_)9_6_5/)<01 VSGA()_/);

which contradicts 0 € A(¥), hence the result holds.
(ii) Since ¥ € E and (3, %, &, A%, A", A, 19, 0,v) € Ey, by (3.3) and (3.6), one has

Mg@®) <2igl), Ve,
M) = M G), Yk e,
MH(%) < MHi(3), Viel,

AMGX) <ATGi(), Viel

and by the definition of the index sets above, we get

gx) <g®),

hi (%) = hi (),
-H;(x) < -H;(y),
~H;(x) > -H,(),
Gi(x) < Gi(9),

Vi e IR,

Vk € IF(®) UL (®),

Vi e IT (%) Ul (%) U5 (%) VI, (%),
Vie I, (%),

Vie It (%).

(3.10)

By the 9.-quasiconvexity of the functions in assumption(ii) and (3.10), it follows that

A >0, VE € a.g(9),) €L (),

M0, VE! e d (), k € I (%),
M <0, VE!'ed (), kel (%),
M>o0, VEM € d.H(3),i eI’ (%) UL VI (x) UL, (%),
M <o, Vel €d.H(3),iely, (%),

28>0, VEC €8,Gi(3),iel! (%)
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that is,

n ! 1
<Zkf$ff + Y MEE S ME LY 00w - y> <o.
jel k=1 i=1 i-1
By the above inequality and 0 € A(}), there exist &£ € 3. FX(7) and €Y € 9.FY () such that

(oleh + e,z -3) > 0. (3.11)
By (3.7) and the d.-pseudoconvexity of FZ(-) and FY(-), it follows that

(€ x-3)<0, V& e€d.F (y),

(g¥.x-3)<0, VvE¥ €aFU(),

then (af&l + a¥EY, % - 3) <0, of, ¥ € R,, @l + a¥ = 1, contradicting (3.11), so the result
also holds. O

Theorem 3.5 (Restricted converse duality) Let ¥ € E be a feasible point of (IOPVC),
and let (y,at,a%, 28, M, A, 19, 0,v) € Ey be a feasible point of (Dyw) such that F(x) =
O(y, o, at, 28, M A, 00) IF L (-, k28, A0 A A6), U (-, ol o, 28,0, 0, 09) are B,
pseudoconvex aty € EUprE,,, then % is the locally weakly LU optimal solution of IOPVC).

Proof Suppose that x is not a locally weakly LU optimal solution of (IOPVC), then there
exists X € E N B(%;8) such that F(x) <§,, F(x). By F(x) = ®(y,al, !, A8, 1", 11, 16), we get
F(x) <jy @0, ok, ot 08, A0 W A6, contradicting Theorem 3.1. So, x is the locally weakly
LU optimal solution of (IOPVC). O

The following example shows that the conclusion of Theorem 3.5 holds.

Example 3.1 Let X = R%, n=0,]=1=1, consider the following question:

(IOPVC1) min F(x)= [FL(x),FU(x)] = [xf —x%,xﬂ
st gi(x)=-x; <0,
Hi(x) =x1 —x, >0,

G1(x)H1(x) = x1(x1 —x2) < 0.
The feasible set of problem (IOPVC1) is given by
Ei={xeR|x1>0,x1—x,=0}U{xeR]|x1 =0,x <0}
For any x € E;, the Wolfe type dual model to (IOPVC1) is given by

(Dw(x)) max @(y,e" et 25, 11,15)

st @l (2y1,-2y2) + @Y (291,0) + 25 (=1,0) — A% (1,-1) + 1§(1,0) = (0,0),
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M>0, iflel, (x) Ul (x) Ulypx);
MleR, iflely(x),
29 >0, iflel(x); A8 =0 iflel),
where ®(y, o, o, 45, M, 49) = 7 =33 — 25y = A (1 = 32) + A0y, 08 = A — A (1 —92) +
18y,]. Therefore, we can get the feasible set of problem (Dy,), which is not dependent on x,
E;:= {(J’L)’z,aL»Olu:)ﬁr)\?’)‘lG) :21 -] =AY+ A7 = 0,20ty + 4 = 0,
Y1, 92 eX,aba e R+,ozL +al= 1,)»51 > O,AIG = 0,)\{1 > 0}.
Letal =at =1,23 =24 = B (B = 0), one has y; = B, y; = B.
And by F(x) = ®(y,at,at, 25,11, 19), we get
Fi(x) = @ (y, b, 0,25, 0M,08) = -2 <0 =  «-x3 <0,
FYx) = oY (y,ab 0, 05,0,05) =0 = =0,
that is, x = (0,0). By )L‘fgl (x) <0, AYG1(x) = 0, A H, (x) < 0, and the 3.-pseudoconvexity

of ®L(-,al,at, 25, M1, 1¢) and @Y (-, af,at, 15, M1,19) at y € E; U prE,, we get x = (0,0) is
the locally weakly LU optimal solution of (IOPVC1).

Theorem 3.6 (Strict converse duality) Let x € E be the locally weakly LU optimal solution
of (IOPVC) such that the (VC-ACQ) holds at x and A is closed. Assume that the condi-
tions of Theorem 3.3 hold and (y,a*,a¥, A8, A", A, 19, 0,v) € Ew () is the locally weakly
LU optimal solution of (Dy/(%)). If ®L(-,aX,at, 18, M, A, 1.6), dY(-, ok, at, 18, 1, A H, 06)
are strictly d.-pseudoconvex at y € EU prEyw (), then x = y.

Proof Suppose that x #y. By Theorem 3.3, there exist Lagrange multipliers a,a" € R,,
A e k(®), M e R", M, 15,0,v € R such that (%, at, @, A%, A", A, 19, 0,) is the locally LU
optimal solution of (D (%)), that is,

F(x) = @(x,a", &Y, 28,0, 01,19 = o (5,05, 0, 28,2, 27,.9).
Since x € E, (5, at, ¥, A8, A, A, 15, 0,v) € Ey (%), one has

g® <0, A =0, jeLX),

g® =0,  A=0, jeL(),

m(®) =0, AMeR kel,

—H;(%) <0, M>0, iel (%),
—Hi(x)=0, A eR iel(x),

Gi(®) >0, A8 =0, iely(®),
Gi(®)=0,  A7=0, el UloX),

Gi(X) <0, A7=0, iely(x)UL_(x),
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and
n ! l
Y M@+ Y am® - Y MHE + Y A7Gi®) <0.
jel k=1 i=1 i=1
And then we get

@ (x, b, o, 28,08, 07,0.9) < oF (3, ab, M, 28,00, 09),

Y (x, ok, o, 28,2701, 09) < oY (3, b, oM, 28,047,001, 09).

By the strict d,-pseudoconvexity of ®(-,af,at, A%\ A, 1) and ®Y(-,at,at, 18,11,
A A9) at y € E U prEy, (%), we get (3.9), where &L € 3.FL(y), €Y € 3.FY(y), gf € 9.g),
jET, &l € 0(3), k € L, €I € OH,(3), i € I, £F € 0.G,(3), i € 1.

Combining (3.9) with o* and a¥, one has

(5»9_6—5/)<0» erAG’),
contradicting 0 € A(y). O

4 Mond-Weir type duality
In this section, we give the Mond—Weir type dual model of (IOPVC) by referring to the
new Mond—Weir type dual model(VC — MWD(x)) in [6]: for x € E,

(Dmw(x)) LU -max  F(y)

0e A(®y)

al,a eR,, ol +a¥=1,

=0, gl =0, VjeJ,

MeR,  Mm()=0, Vkel,

AGi(y) =0, A =vHi(x), v;>0Viel,

~AMH;(y) > 0, M =0, -vGi(x), 0;>0,Viel,.

s.t. (4.1)

Let Enw (x) denote the feasible set of (Dgw (%)), prE (%) := {y € X : (y, b, o, A8, A1, 01,
1%, 0,v) € Exnw (%)} represents the projection of the set Eypw (x) on X.

In order to be independent of (IOPVC), we give the another Mond—Weir type dual
model:

(Dyw)  LU-max F(y)

s.t,(y, ok, o, 28,003,109, 0, v) € Eyw = ﬂEMW(x),

xeE

where Eynw denotes the set of all feasible points of (Dyw) and prE,y, denotes the projec-
tion of the set Eypy on X.

Definition 4.1 ([4]) Letx € E,
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) Gk, at, 28,0 07,06, 0,v) € Epnw () is said to be a locally LU optimal solution of
(Dprw (x)) if there exists B(y; §) such that there is no y € Exrw (x) N B(¥; 8) satisfying

F(y) <tu F(y).

(ii) (3, at,at, 28" A1, 09, 0,v) € Exnw (x)is said to be a locally weakly LU optimal
solution of (Dygw (x)) if there exists B(y; §) such that there is no y € Epmw(x) N B(¥;8)
satisfying

F() <pu FO).

Theorem 4.1 (Weak duality) Let x € E, (y,a%,a%, 28,1, M1, 09, 0,v) € Epny be feasible
points for the (IOPVC) and the (Dyw ), respectively. If one of the following conditions holds:
(i) FE(), FY(-) are 3,-pseudoconvex at y € EU prE,ny,
Y e ]g,( D+ Y M () = L AH() + Y, A8 Gl is d.-quasiconvex at
y € EUprE,.y;
(i) FX(), FY(-) are d.-pseudoconvex at y € EU prE,yy, g (j € I (x)), by (k € Ig(x)), -
(k e I (%)), —H; (i € I] (x) U Iy (x) U I_(x) U I5, (%)), H; (i € I, (%)), G; (i € I} (x)) are
0.-quasiconvex at y € EU prEy;
Then

F(x) 7<3Lu E(y).

Proof Suppose that F(x) <j;; F(y), there exists
[FE(x), FY(x)] <3 [F* ), EY (9] (4.2)

(i) Since x € E, (y,at, @, A%, A", A, 19, 0,v) € Eypw, one has (3.3). By (4.1) and (3.3), we
get

> g x)+ZAhhk(x) ZAHH(x ZA Gilx)

jel

1
<> xa0) ZWw Zk{fﬁiwzx?@@),
i=1 i=1

jeJ
and by the d.-quasiconvexity of the above functions, one has
n l !
hgh GsG
(Ssfer e St Tttt « Tafatn—s) <0,
jel k=1 i=1 i=1

where f}g € 9.8i(y), E,f € dhr(y), €I € 8.H;(y), £F € 3.G,(y). Using the above inequality and
0 € A(), there exist £- € 9.FL(y) and £¥ € 8.F!Y(y) such that

(o"E" +a"EY x—y) > 0. (4.3)

Page 14 of 19
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By (4.2) and the d.-pseudoconvexity of F£(-) and FY(.), it follows that

(€4 x-y)<0, V&L €d.F (y),

(4 x-y)<0, VEY € 3.FU(y).

Then (ofel + a¥EY,x —y) <0, af,aY € R, of + & = 1, which contradicts (4.3).
(ii) By (4.1) and (3.3), one has

g(x) <g) vj€l; (%),
i (x) = I (), Vk € I (x) U I; (%),
—Hi(x) < —Hy(y), Viel(x)UIx) UL (x) UIL, (%), (4.4)

—H;(x) > -H(y), Vi€l (x),
Gi(x) < Gi(y), Vie 7I(x).

Combining (4.4) with the 9,-quasiconvexity of the above functions, we get
E,x-y)<0, >0, VE €dgy),jel ()
ELx—y) <0,  AL>0, V& €dh(y) kel (%),
ELx—y)=0,  AL<O, V&' edh(y),kel;(x),

(
(
(
(& x-9) <0, AT=0, VET€dH )il (x)U L) UL (x) UL, (x),
(&, x-y)=0, <0, VE!€dH ()il (),

(

E8,x-y)<0,  A7=0, VEF€d.G(y),iel(x)

n l 1
<Z*fff+Zk’zékh—ZA?$F+ZA?&G,x—y>so.
k=1 i=1 i=1

Jjel
The rest is proved to be the same as the latter part of (i). d

Theorem 4.2 (Weak duality) Let x € E, (y,a%,a%, 28,1, M1,09,0,v) € Epnw be feasible
points for the (IOPVC) and the (Dyw ), respectively. If one of the following conditions holds:
(i) FE(), FY(-) are strictly 3 -pseudoconvex at y € EU prE,
Zje] A}fggj(-) + Y i kth(~) - 25:1 MH () + 25:1 A8 G;(-) is d,-quasiconvex at
y € EUprE,.y;
(ii) FE(-), FY(-) are strictly d,-pseudoconvex at'y € EU prE,y, g (j € L (%)), I
(k € I} (%)), =hi (k € I, (%)), —H; (i € IT (x) U Iy (x) UI§_(x) UL}, (%), H; (i € Iy, (%)), G;
(i e I7 (x)) are 0.-quasiconvex at y € EU prE,y;
Then

F(x) £1u F().

Proof The proof is similar to Theorem 4.1. O

Page 15 0f 19
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Theorem 4.3 (Strong duality) Let x € E be the locally weakly LU optimal solution of
(IOPVC), and the condition (VC-ACQ) holds at x and A is closed. Then there exist
ab,a’ e R,, 2 e R/, X" e R", A1,%6,5,7 € R such that (x,at,a", 28, %" x1,%6,5,7)
is a feasible point of (Daw (%)). Moreover, if the hypotheses of Theorem 4.1 hold, then
(x,at,al, A8, A, 0,19, 0,7) is the locally weakly LU optimal solution of (Dyny (X)).

Proof Since x is the locally weakly LU optimal solution of (IOPVC) and (VC-ACQ) holds
at X, so by Theorem 2.1, there exist a%,a € R,, A% € k(¥), A" € R", A7,1.9,5,7 € R' such
that (2.3) and (2.4) hold. From this together with the definition of (Daw (%)), one has
® al,al, 28, A" A, 09, 6,7) is a feasible point of (Dynw (X)). By Theorem 4.1, we know

F®) 25 FO), Y (y, ok, o, 28,07, 05,16, 0,v) € Epw (%),
so (x,al,a!, 28,11 0 08, p,7) is the locally weakly LU optimal solution of (Dapy (x)). O

Theorem 4.4 (Converse duality) Letx € E be any feasible point of IOPVC) and (y,at, o,
A 0H AC, 0,v) € Eyiw be a feasible point of (Dyw). If one of the following conditions
holds:

(i) FE(), FY(-) are d,-pseudoconvex at y € EU prE
Zje] k}gg,'(-) + Y i Aﬁhk() - Zle AMTH () + Zle A8 G;(-) is ,-quasiconvex at
y e EUprE,y;

(ii) FE(-), FY(-) are d.-pseudoconvex aty € EU prE,y,, g (j € 1; (%)), hx (k~e I (%)), —hi
(k € I, (%)), —H; (i € IT (%) U I}, (x) U I5_(x) U I3, (%)), H; (i € I, (%)), G; (I} (%)) are
0.-quasiconvex at y € EU prE ;y;

Then y is the locally weakly LU optimal solution of (IOPVC).

Proof Suppose to the contrary that y is not the locally weakly LU optimal solution of
(IOPVC), then one has (3.7).

(i) Since ¥ € E and (3,af,a¥, A%, A", A1, 19, 0,v) are feasible points for the (IOPVC)
and the (Dagw), by (4.1) and (3.3), we know that (3.8) holds. By the d.-quasiconvexity of
P )»fg,'(~) + 3 M) - Zﬁzl AMH; () + Zgzl 18Gi(-) at y € EU prE,py,, we get

n ! !
<Z M D ME - DM+ ) 0 —ﬁ> <0
=1

jel k= i=1 i=1

where E}g € 3.g(7), & € 3. (9), M € 8.H,(3), £F € 8.Gi().
Combining this with 0 € A(y), one has (3.11). And by (3.7) and the 93,-pseudoconvexity
of FL(-) and FY(-), one has

(€4 x-y)<0, VE €. F (y),
(E¥,x-y) <0, veEYed.F4(y)

and (af&gl + oY X -y <0, al,a¥ e R,, of + o = 1. This is a contradiction to (3.11),
and hence the result is proved.
(ii) The proof of (ii) is similar to the proof of Theorem 3.4(ii), so it is omitted. O
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Theorem 4.5 (Restricted converse duality) Let x € E be a feasible point of (IOPVC), and
let (y,at, @, 28, A, A 0%, 0,v) € Epw be a feasible point of (D) such that F(%) = F(y).
If the hypotheses of Theorem 4.1 hold, then x is the locally weakly LU optimal solution of
(IOPVC).

Proof Suppose that x is not a locally weakly LU optimal solution of (IOPVC). Then there
exist ¥ € E N B(x;8) such that F(x) <}, F(x). By F(x) = F(y), one has F(%) <j,; F(y), contra-
dicting Theorem 4.1. O

Let us use the following example to show that the conclusion of Theorem 4.5 holds.

Example 4.1 Let X =R?*, n =0, ] =1 = 1, we give the following problem:

(IOPVC2) min F(x)= [FL(x),FU(x)] = [x% —x%,xﬂ
st gi(x)=-x <0,
Hy(x) =x1 =% >0,

G1(®)H1 (x) = %1 (%1 — %2) < 0.
It is easy to know that
Es={xeR|x1>0,x1 —x=0}U{xeR|x =0,x, <0}

is the feasible set of (IOPVC2). For any x € E3, the Mond—Weir type dual model to
(IOPVC2) is given by

(DMW(x)) max F(y) = [PL()’)»PU()’)] = [y% —J/g»y%]
s.t. ozL(Zyl, —2y,) + a”(2y1, 0) + Agl(—l, 0)
-21(1,-1)+28(1,0) = (0,0),
M=o, Ma®=o
M>0, iflel (x) Ul (x)Ulypx),
MeR, iflel(x), ~MH,(y) >0,

A>0, iflel(x), AY=0, iflelk, AYGi(y)=>0.
Therefore, we can get the feasible set of problem (D), which is not dependent on x,

E4 = {(yl;yZ’aL)aur )"‘57)\-]1-17 )‘le) :
291 =28 =AM 408 = 0,-2ay, + A = 0,
Y1, 92 eX,ol,a¥ eR,, o’ +a¥ = 1,—)»‘%)11 >0,

ATy = 0,-2(n - ) = 0,0 = 0,47 = 0}.

Letal =al! = 1, 2§ =34 = f (8= 0), one has y1 = B, 32 = .
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By F(x) = F(y), one has

Frx)=Fi(») =0 = ai-x2=0,

Fl)=FY(»)=p*>0 = a2>0.

Then we get )\ﬁgl x) <o, AfGl (x) = 0, -A{'H;(x) < 0. Finally, by the d,-pseudoconvexity of
FE(-) and FY(-) at y € E3 U prE, and the 3 -quasiconvexity of A3g;(-) — MM H;(-) + AS G, (),
we get x = (0, 0) is the locally weakly LU optimal solution of (IOPVC2).

Theorem 4.6 (Strict converse duality) Let x € E be a locally weakly LU optimal solution
of IOPVC) such that the (VC-ACQ) holds at x and A is closed. Assume that the conditions
of Theorem 4.3 hold and (y,a*,a", A8, A", A, 1.9, 0,v) € Exw (%) is the locally weakly LU
optimal solution of (Dypw (X)). If one of the following conditions holds:
(i) FE(), FY(-) are strictly d.-pseudoconvex at y € E U prE,py, (%),
Y M)+ X M () = L AT H () + Y0 28 Gi() is 8.-quasiconvex at
y € EUprEyy (%);
(ii) FL(-), FY(-) are strictly d,-pseudoconvex aty € EU prE, (%), g (j € 1 (%)), hy
(k € I (%)), —hi (k € I, (%)), —H; (i € I} (x) U I (x) UI§_(%) U 1§, (%)), H; (i € I, (%)), G;
(7;r (%)) are d,-quasiconvex at’y € EU prE,, (x); then X = y.

Proof Suppose that x # y. By Theorem 4.3, there exist Lagrange multipliers a*,a" € R,,
A8 € k(x), A e R", M1,09,0,v € R' such that (x,a%,a%, A%, A", A, 1%, 0,V) is the locally
weakly LU optimal solution of (Dysw (%)), it follows that

F(x) = F(y). (4.5)
The remaining parts are similar to (i) and (ii) of Theorem 4.4, so they are omitted. O

5 Concluding remarks

In this paper, we study the duality theorems of nondifferentiable semi-infinite interval-
valued optimization problem with vanishing constraints. The weak duality, strong duality,
converse duality, restricted converse duality, and strict converse duality theorems between
(IOPVC) and its corresponding Wolfe and Mond—Weir type dual models are given under
the conditions of d.-pseudoconvex, strictly d.-pseudoconvex, and d,-quasiconvex.

Acknowledgements
The authors would like to thank the editors and anonymous reviewers.

Funding

This research was supported by the Scientific and Technological Innovation Programs of Higher Education Institutions in
Shanxi (2019L0784), and the Doctoral Scientific Research Foundation of Taiyuan Normal University.

Availability of data and materials

Not applicable.

Declarations

Competing interests
The authors declare that they have no competing interests.



Wang and Wang Journal of Inequalities and Applications (2021) 2021:182

Authors’ contributions
The authors carried out the results and read and approved the current version of the manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 13 July 2021 Accepted: 20 October 2021 Published online: 06 November 2021

References

1.

2.

16.
17.

Achtziger, W., Kanzow, C.: Mathematical programs with vanishing constraints: optimality conditions and constraint
qualifications. Math. Program. 114(1), 69-99 (2008)

Hoheisel, T, Kanzow, C.: Stationary conditions for mathematical programs with vanishing constraints using weak
constraint qualifications. J. Math. Anal. Appl. 337(1), 292-310 (2008)

. Guy, SM, Singh, Y, Mishra, SK.: On strong KKT type sufficient optimality conditions for multiobjective semi-infinite

programming problems with vanishing constraints. J. Inequal. Appl. 2017, 282 (2017)

. Tung, L.T.: Karush-Kuhn-Tucker optimality conditions and duality for multiobjective semi-infinite programming with

vanishing constraints. Ann. Oper. Res. (2020). https://doi.org/10.1007/510479-020-03742-1

. Mishra, SK, Singh, V., Laha, V.: On duality for mathematical programs with vanishing constraints. Ann. Oper. Res.

243(1-2), 249-272 (2016)

. Hu, QJ, Wang, J.G., Chen, Y.: New dualities for mathematical programs with vanishing constraints. Ann. Oper. Res.

287, 233-255 (2020)

. Wu, H, Wolfe, C.: Duality for interval-valued optimization. J. Optim. Theory Appl. 138, 497-509 (2008)
. Sun, Y, Wang, L.: Optimality conditions and duality in nondifferentiable interval-valued programming. J. Ind. Manag.

Optim. 9, 131-142 (2013)

. Tung, L.T.: Karush-Kuhn-Tucker optimality conditions and duality for convex semi-infinite programming with

multiple interval-valued objective functions. J. Appl. Math. Comput. 62, 67-91 (2020)

. Ahmad, I, Jayswal, A, Al-Homidan, S., Banerjee, J.: Sufficiency and duality in interval-valued variational programming.

Neural Comput. Appl. 31(8), 4423-4433 (2019)

. Kummari, K, Ahmad, I.: Sufficient optimality conditions and duality for nonsmooth interval-valued optimization

problems via L-invex-infine functions. UPB Sci. Bull,, Ser. A, Appl. Math. Phys. 82(1), 45-54 (2020)

Jayswal, A, Ahmad, |, Banerjee, J.. Nonsmooth interval-valued optimization and saddle-point optimality criteria. Bull.
Malays. Math. Sci. Soc. 39, 1391-1441 (2016)

Jayswal, A, Minasian, 1.S.: Optimality conditions and duality for interval-valued optimization problems using
convexifactors. Rend. Circ. Mat. Palermo 65, 17-32 (2016)

. Su, TV, Dinh, DH.: Duality results for interval-valued pseudoconvex optimization problem with equilibrium

constraints with applications. Comput. Appl. Math. 39, 127 (2020)

. Ahmad, I, Kummari, K, Al-Homidan, S.: Sufficiency and duality for interval-valued optimization problems with

vanishing constraints using weak constraint qualifications. Int. J. Anal. Appl. 18, 784-798 (2020)
Moore, R.E.: Methods and Applications of Interval Analysis. SIAM, Philadelphia (1979)
Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 19 of 19


https://doi.org/10.1007/s10479-020-03742-1

	Duality theorems for nondifferentiable semi-inﬁnite interval-valued optimization problems with vanishing constraints
	Abstract
	Keywords

	Introduction
	Preliminary
	Wolfe type duality
	Mond-Weir type duality
	Concluding remarks
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Publisher's Note
	References


