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1 Introduction
By [° = {¢ = (&) : each & is real}. The sequence space 7 is defined by

=10 =( el ) |ulP <oo,p>0
k=0

This is a Banach space with the norm

00 lp
el = (Y _lexl” | <00 (1 <p<oo)
k=0

and complete p-normed space with the p-norm

Izl =) 12kl <00 (0<p<1).

k=0

Further,

= {r = (@) €l°: i — 0k — o0)},
ci= {;’ =()el’ :kli%rgo Ck exists},
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* = fo =@ e suplagl < oo

are Banach spaces with || || = supy |&«].
The Copson matrix %V = (¢jx);ken, of order 1 is defined by

1 .
Jmr 0=j= k,
C]‘,k = )

0 otherwise.

Note that ||CV||» = p. The Copson matrix is the transpose of the Cesaro matrix

1
t _ ) k+1
cj,k =

0<k<j,

0 otherwise.

The Copson matrix of order o > 0, C®) = (c}f}?) is defined by

n+k—/’—l)
k- ,
) _ (n+i 0<j<k
]k = k
0 otherwise,

which is the transpose of Cesaro matrix of order o, and the £2-norm of C© is (see [18, 19])

cle (e + 1) (1/p)
[l = “Ta+lp)

For o = 0, C”) = I, where I is the identity matrix, and for & = 1, it is CV.
Recently, these types of sequence spaces have been studied in [18—22]. Most recently,
Roopaei [19] studied the following spaces:

00 rx+k—} 1)
c« ( ) { (g)el®: llmz ::;() {k:O},

oo cx+k—/ 1
C9(c) = { = el’: hm Z (Mk) Tk eXlStS},
k

and
oo | oo a+k—/ 1) p
c<a>(zp)={¢:(¢,)ez° ZZ Mk <oo} 0<p<1).
k=j

In terms of matrix domains, these spaces are defined as follows:

CUL) = () C¥U)=(O)cw, and CO(€7) = (&)

Throughout the study, 1 = (;) will be the C)-transform of a sequence ¢ = (¢;); that is,

oo n+k—]1
Z( n+l< ) (1'1)
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for all j € Ny. Also, the relation

> x[n+k n
Ge= (-1) k( ' )(l._k)m (1.2)

i=k

holds for all k € Ny.

The spaces C(c°) and C(c) are Banach spaces with the norm ||¢ llee oy = 1 ey =
[C@¢ g0, and C@(€7) (0 < p < 1) is a complete p-normed space with the p-norm
I lle@ery = IC@¢ || . Furthermore, C (%) ~ ¢® and C“(c) ~ ¢, while C*)(¢7) ~ 7.

The main theme of this article is to characterize some matrix classes (C'(¢2), E), where
E = £>,c,c°. Furthermore, we apply the techniques of measures of noncompactness to
characterize compact operators associated with these matrix classes.

2 Matrix classes
Let coo := {¢ = (¢) € [° : §; # O for finite j;and O elsewhere}. For a BK-space 4 D coo and
y = (yx) € I°, we define

o]

Z YiSk

k=0

¥l = sup (2.1)

(eSx

provided y e Uf = {y = (p) € I°: Y reo Vil converges for all ¢ = () € U}.
For FK-, BK-, AK-spaces and the relevant literature, we refer to [1, 2, 11], and [12].
We need the following lemmas.

Lemma 2.1 ([23]) We have the following:
(i) D =(dj) € (co,c0) &

oo
sup » || < 00 (2.2)
J€No =g
lim dy =0 for each k € No. (2.3)
Jj—o00

(ii) D = (di) € (co,¢) < (2.2) holds, and

Jox e R > lim dyg =y foreach k € N. (2.4)
j=o00

(iii) D= (dy) € (c:co) & (2.2), (2.3) hold, and
lim » " dj = 0. (2.5)
Jj—00 o

(iv) D= (di) € (c,;c) & (2.2) and (2.4) hold, and
lim Zdl‘k exists. (2.6)
]%OO k=0

) D = (di) € (o loo) = (¢, £oo) <> (2.2) holds.
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Lemma 2.2 We have the following:
(i) [8, Theorem 1(i) with py = p for all k] D = (dj) € (£p, Loo) <

sup |djl? < o0. (2.7)
jkeNg

(ii) [8, Corollary for Theorem 1 with py = p for all k] D = (djy) € (£, ¢) < (2.4) and (2.7)
hold.

The following results give the relation between (L,0) and B(, D) [1].

Lemma 2.3 Let 34 O ¢® and 0 be BK-spaces. Then,
(a) (W,W) C BLD), i.e., every matrix A € (U,D) is associated with an operator
Lo € B,V) by Lo (¢) = A& forall ¢ € 4.
b) Ifil has AK, then the reverse inclusion also holds.

Lemma 2.4 Let i D ¢* be a BK-space and 0 €{c°, c, £>®)}. Then

[Lacll = 124l (g,e00) = sup [Anllfy < 00 for A € (4, 0).

Next, we characterize the matrix classes (C®(€7),£°°), (C9 (), c), and (C@(¢r), ).
Hereafter, we write 2 = (ajx);jken, for an infinite matrix.

The B-dual of a sequence space i, i.e, W = {a = (a;) € [°: Y reo @k converges for
all ¢ = (¢) € Y} plays an important role in matrix transformations. The 8-dual of C®(¢7)

e (7)) e

(O<p<l)is

(C(er))’ = {b = (bx) € I° : sup
J

Theorem 2.5 2 € (C¥(¢7), () &

p
< 00. (2.8)

k
reif i a }
B (1))

Proof Necessity. Suppose 2 € (C®(€7),£,,) and & = (&) € C“)(¢7). Then 2A£ exists and

A& € £°. Then 2} = (aj)ren, € (C®(e))P for each j € Ny, and hence (2.8) holds.
Sufficiency. Let (2.8) hold and that ¢ = (&) € C®(¢#). Then A = (ajk)ken, € (C@ (gr))p

for each j € Ny, which guarantees the existence of 2¢. Fix j € N, then by (1.2), for r € Ny,

sup
jkeNg

Zﬂ;kék = Z Z )" k(a ’ k) (i _ k)“jk)’i

k=0 i=k

S () e

1=

0
+ (—1)”(“.”)( “ ,)m)yk
k2r;1<io L r—i)”’
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for all j,» € Ny. Now, by letting r — 0o, we have

(Ag); = Zﬂjk;“k = ijkyk = (By); (2.9)

k=0 k=0

for all j € Ny, where

k fa+i o
b/k=i§0:(—1)k ( ; )(k_i>(ljz’ (2.10)

for all j,» € No. Therefore, condition (2.7) of Lemma 2.2 is satisfied by the matrix B = (by).
Hence By = A¢ € £%, i.e., A € (COP), Lo). O

Theorem 2.6 2 € (C(€7),c) < (2.8) holds and there exists By € R such that

k :
. ifa+i o
lim > (-1)* ( ; )(k_ i)aﬁ = B (2.11)
i=0
for each k € N.

Proof Necessity. Let A = (a,x) € (C(£?),c). Then A¢ exists and A¢ € ¢ for all ¢ = () €
C@(eP). Since ¢ C £, condition (2.8) follows from Theorem 2.5. Condition (2.11) imme-
diate follows by taking the sequence ¢ = { ;“k(i)} € C9(¢?) defined by

0] (_l)k_i(a;i)(koii)’ k=i,
Ck = 0

for all i, k € Ny that 2A¢® = {Zfzo(—l)k‘i(“;i) (,)aji} € c for each k € Ny.

Sufficiency. Suppose that conditions (2.8) and (2.11) hold, and that ¢ = (&) € C® (¢?). Ex-
istence of ¢ follows from the fact that ; = (aj)en, € (C@)(¢7))# for each j € Ny. There-
fore, it follows from (2.9) that conditions (2.8) and (2.11) correspond to (2.7) and (2.4) with
by instead of dji, respectively, where by is given by (2.10). Thus, By € ¢, and we get by (2.9)
that 2 € (C@(¢?), ¢). O

Corollary 2.7 A € (CY(¢7),c°) & (2.8) holds and (2.11) also holds with By = 0 for all
ke No.

Corollary 2.8 For 2 = (a,x), write c(j, k) = é:o aix for all k,n € Ny. Then, from Theo-
rem 2.5, Theorem 2.6, and Corollary 2.7, we get:
(i) A= (au) € (CYUP),bs) < (2.8) holds with ajk is replaced by c(j, k).
(i) A= (@) € (COr),cs) < (2.8) and (2.11) hold with aji is replaced by c(j, k).
(i) A = (@) € (COEP), cs0) < (2.8) and (2.11) hold with aj is replaced by c(j, k), with
Bk =0 for all k € Ny, where bs, cs, and sy are the space of bounded, convergent, and
null series, respectively.
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3 Compactness of matrix operators
We apply the techniques of [3-7, 9, 10], and [13-17].
Let My := {8 C i : Bisbounded}. The Hausdorff measure of noncompactness
(HMNC) of B e My is defined by
x (3B) = inf{e > 0: B has finite e-net}.
Let 4l and U be Banach spaces and © € B(4, ). Then the HMNC of D is defined by
191, = x (D(Sw)) = x (D(By)), (3.1)
and we have
D iscompactifand onlyif |D], =0. (3.2)

In what follows, we denote the set of all compact operators from i into U by €(41, D).

Theorem 3.1 Let i be a Banach space with a Schauder basis (br)32y, © € My and B, :
3 — A (n € N) be the projector onto the linear span of {by, b, ..., b,}. Then we have

1 .
e s (sup - 2]

< (@) <timsup ( sup| 1 = F.)©)]))-
n—00  “xe®

Theorem 3.2 Let © € My, where th=£, (1 <p < o0) or . If B, : U — U (n € N) is the
operator defined by B,,(¢) = ¢" = (¢0,¢15.. ., 0,0,...) forall ¢ = (C € Y, then

x(®)= fim (sup] (= F)(O)] )

Lemma 3.3 ([13]) Let 4 D ¢® be a BK-space with AK or U = L. If A € (4, c), then

oy = 11_1)1210 ajc  exists for every k e N, (3.3)
o = () € 4P, (3.4)
sup 120 — o || < 00, (3.5)
j
}1_1)1210 Ai(x) = iajkxk Sfor all x = (x;) € L. (3.6)
k=0

Theorem 3.4 ([13]) Let 8 D ¢* be a BK-space. Then we have
(a)

[Laclly = limsup |, ]15,  for A € (4,c°)

n—00
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and
0 . k
Lo € Q:(ﬂ,c ) el nlingo 12115 = 0.
(b) If l has AK or 1 = £>°, then

1
3 limsup |, — a|l§; < ILally <limsup |, — |5, forAe ()

Hn— 00 Hn— 00
and
Ly eCllc) < lim ||, —alli =0,
n— 00

where o = (o) = (limy,— o0 ayx) for all k € N.

(©
0 < [ILall, <limsup[|2,]I5 forA e (L, £%)
and
Ly € €(L,€™) if Tim [[2A,[f =0. (3.7)

We now state and prove the following.
Theorem 3.5 Let 1 < p < 00. Then we have

(a)

00 1/p
ILatlly = Tim sqp( > laj |P> forA e (C@(er), ). (3.8)

/o Nk=r+1

(b)

1 00 1/p
5 Am sup( > laj- ﬂklp)

J Nk=r+1
00 1/p
<|Lally < lim sup( > laj - ,Bk|p) forAe (CO(er),c), (3.9)
"7 k=
where 8 = (Bx) = (limj_, o bj) for all k € N.
(c)
00 1/p
0<|Lall, < lim sup( Z |a,k|p) for A e (C(7), £). (3.10)
e k=r+1

Proof (a) Note that the limits in (3.8), (3.9), and (3.10) exist by Lemmas 2.4 and 3.3. Let
A e (C@(er), ). Then A = (ajk)ken, € [C@)(£7)]? for each j € Ny, and we have

oo l/p
1211 o) gy = 1B ller = (Z |ajk|1”> : (3.11)
k=0
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Write S = Se) gy for short. Then we have S € M o. From Theorem 3.2, we get

1ol = x(AS) = lim sup (7 = PA)] - (3.12)
€
00 1/p
lim sup ||(I—‘J3,)(By) ”z = lim sup( Z |a,»k|p> . (3.13)
reooyesw P rooo o

We get (3.8) by (3.13).

(b) We have S € M.. Suppose that B, : ¢ — ¢ (r € N) are the projectors defined by
(2.3).

Now, since 2 € (C(¢?),c), we have B € (¢#,c) and & = By. Thus, it follows from
Lemma 3.3 that the limits g; = lim;_, o ay exist for all k, 8 = (Bi) € 2t = ¢f and
lim; o0 Bi(y) = Y_pop @iV Therefore, we get

1 =B e = 1T = Br)(BY)ler

00 1/p
= sup< D lag - ,Bk|p>

/o N\k=r+1

for all ¢ = (&) € C¥(£7). Now, (3.12) and (3.1) imply that

1 . .
3 -lim sup [|B; - Bller < ||Latll, <1lim sup [|B; — B er. (3.14)

r—>00 r—00

Hence, we get (3.9) from (3.14), since the limit in (3.9) exists.
(c) Define B3, : £*° — £*° (r € N) as in (a) for all ¢ = (&) € £*°. Then

2AS CPAAS) + (I = BHALS);  (reN).
Therefore
0 < x(2S)
< X (BAAS)) + x (I - B,)(AS))

= x (I -BHEAS))

<sup [|(/ = B,)(AE) [l e»
EeS

00 1/p

= lim sup(Z |¢zjk|1’) .

r—0o0 :
J k=r+1

From this and (3.12), we get (3.10), which concludes the proof. O

Corollary 3.6 We have the following:
(a) For A € (C9(e?), cp),

00 l/p
() 0 : . —
Ly € €(CY(er),%) & rlirglos?p( > Iﬂ;klp> =0.

k=r+1
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(b) For % € (C(¢,), c),
o0 1ip
Ly € Qf(C("‘) (¢7),c) < lim sup( Z | — ,3k|p) =0,
e k=r+1

where B = (Bx) = (limj_, oo ajx) for all k € N.
(c) For 2 € (C@(¢), £2°), then

00 1/p
Ly € €(CO(¢7),¢®) if lim sup( > |bjk|P> =0. (3.15)
"~ j k=r+1

Corollary 3.7 From Theorem 3.4 and Corollary 2.11, we have the following:
(@) For A € (C(¢P), ¢s0),

00 1/p
L]y = lim sup( > etk !”) : (3.16)
J

k=r+1

(b) For A € (C9(¢7), cs),

00 1/p
1 . )
5 '35&“?"(2 |C(J,k)—ﬂk|")

k=r+1
00 1/p
< lLall, < lim sup< A ﬁk|”> , (3.17)
7 N\k=r+1

where 8 = (Bx) = (limj_, o, bj) for all k € N.
(c) For A € (C9(¢r), bs),

00 1/p
0 < lLall, < lim sup( > |c(i,k>\”> : (3.18)
e k=r+1

Corollary 3.8 From Corollary 3.5 and Corollary 2.11, we have the following:
(@) For 2 € (C9(e), cs0),

o0 1p
Ly € €(CO(er),cs®) lim sup( > e, k) |P) =0.
i j k=r+1

(b) For A € (C9)(¢r), cs),

o0 1/p
Lyee(@(e)e) & lm sup(z\co,m-ﬂkr) -
r>oo

k=r+1

where 8 = (Bx) = (limj_, o c(j, k)) for all k € N.
(c) For A € (C9)(¢r), bs),

00 1/p
(@) if Ti i )P -
Ly € €(CY(¢"),bs) <« if lim sgp( Z |c(, k)| ) =0.

k=r+1
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