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1 Introduction

This is our continuous work on the Dirac-harmonic equation started in the recent pa-
per [1] in which we studied the homogeneous Dirac-harmonic equation for differential
forms and established some basic estimates, including the Caccioppoli-type inequality
and the weak reverse Holder inequality for the solutions of the homogeneous Dirac-
harmonic equation. The purpose of this paper is to introduce the non-homogeneous
Dirac-harmonic equation d*A(x, Du) = B(x, Du) for differential forms and study its solv-
ability as well as establish some essential estimates for its solutions, where D = d + d* is
the Hodge—Dirac operator, d is the exterior differential operator, 4* is the Hodge cod-
ifferential that is the formal adjoint operator of d, A and B are operators satisfying cer-
tain conditions. In the last several decades, the A-harmonic equation d*A(x, du) = 0 and
the p-harmonic equation d*(du|du|P~2) = 0, which are special cases of our new equation
(Du = du if u is a function (0-form) or a co-closed form), have been very well studied [2].
These equations only involve du. However, in many situations, we need to deal with du,
d*u, and Du = du + d*u, such as in the case of Poisson’s equation w = D(D(x)) + H(w),
where o € L7(R, A?) is any differential form defined on the bounded domain M C ",
n>2,u=G(w) and G is Green’s operator [2]. Hence, we introduced and studied the ho-
mogeneous Dirac-harmonic equation d*A(x, Du) = 0 for differential forms in [1].

In this paper, we extend our previous work and introduce the non-homogeneous Dirac-
harmonic equation d*A(x, Du) = B(x, Du) for differential forms. We establish some essen-
tial estimates, including the Caccioppoli-type estimate, the reverse Holder inequality and
the Poincaré—Sobolev imbedding theorems with Orlicz norm for solutions of the new
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equation. We also show that the limit of a convergent sequence of solutions for the non-
homogeneous Dirac-harmonic equation is still a solution of the equation. Finally, we study
the existence and uniqueness of solutions to a special non-homogeneous Dirac-harmonic
equation.

Throughout this paper, let Q be a ball (or a cube) in M C 2", and A% = A¥(%") be the

set of all differential k-forms u(x) with the expression

u(x) = ZCU](?C) dx; = Zwili2444ik(x) dxil A\ dxiz VANRERIVAN dx,-k
1

in K", where I = (i1, i,...,ix), 1 <ij <iy <--- < iy <n.As extensions of functions, differ-
ential forms and the related equations have been very well investigated and widely used in
some fields of mathematics and physics, see [3—8] for example. The space of all differential
k-forms is denoted by D'(M, A¥) and the space of all differential forms in 9R” is denoted
by D'(M, A). For any u € D'(M, A%), the vector-valued differential form

ou Ju ou
Vu=—7——,...,—

8x1 8x2 ax,,

consists of differential forms

u

— eD(M,AY, i=12,...,n
Bxi

where the partial differentiation is applied to the coefficients of x. The norm || V||, is

defined by
2\ P2 }7
) dx) .

n
Viosn = { |
M " ;
We use L?(M, A¥) to denote the classical L? space of differential k-forms with the norm
defined by

el

Similarly, L#(M, A) is used to denote the L? space of all differential forms defined in M,
where A = AR") = D), A'(9") is a graded algebra with respect to the exterior product

and 1 < p < oo. For the set A, we denote the pointwise inner product by (:,-) and the

ou
ax,‘

module by | - |, then for any o € A and B € A, the global inner product (-, -) is given by

@p)= [ . (1.1)
M
A non-homogeneous Dirac-harmonic equation for differential forms is of the form

d*A(x, Du) = B(x, Du), (1.2)
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where D = d + d* is the Dirac operator, operators A : M x A(R") - A(R") and B: M x
A(R") — A(R") satisfy the following conditions:

A &) <algP™,  [A(x8)£)> &7, and |B(x&)| < blg P! (13)

for almost every x € M and all & € A/(?"). Here, 0 <@ < 1 and b > 0 are constants and 1 <
p < 00 is a fixed exponent associated with (1.2). Let Wl})’f(M, A) = WP (M, A), where
the intersection is for all M’ compactly contained in M. A solution to (1.2) is an element

of the Sobolev space Wlif (M, A1) such that
/ <A(x,Du),d<p) + (B(x, Du), (p)dx =0 (1.4)
M

for all p € W (M, A'-!) with compact support. The corresponding homogeneous equa-
tion to (1.2) is of the form

d*A(x,Du) =0, (1.5)

where A satisfies the corresponding conditions defined in (1.3).

It should be noticed that, for any differential form u in the harmonic field $(M, AY), we
have Du = 0. Hence, u is a solution of the non-homogeneous Dirac-harmonic equation
(1.2), that is, any differential form u € H(M, AY) is a solution of equation (1.2). Also, if
u is a function (0-form) or a co-closed form, then d*u = 0 and Du = du. Thus, both the
non-homogeneous Dirac-harmonic equation (1.2) and the homogeneous Dirac-harmonic
equation (1.5) reduce to the corresponding non-homogeneous A-harmonic equation and
the homogeneous A-harmonic equation, that is, equation (1.2) reduces to

d*A(x, du) = B(x, du), (1.6)
equation (1.5) reduces to

d*A(x,du) =0 (1.7)
respectively. Both the non-homogeneous and the homogeneous A-harmonic equations
have received much investigation in recent years, see [9—13] for example. It is easy to see

that if u is a function (0-form), both the traditional A-harmonic equation (1.7) and the

Dirac-harmonic equation (1.5) become the usual A-harmonic equation

divA(x,Vu) =0 (1.8)
for functions. Let A : M x A/(R") — AY(R") be defined by A(x,&) = £|£|P~2 with p > 1.
Then, A satisfies conditions (1.3) and equation (1.5) becomes the p-Dirac-harmonic equa-

tion

d*(Du|DulP?) =0 (1.9)
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for differential forms. Similarly, if « is a function in (1.9), we obtain the usual p-harmonic

equation
div(Vu|VulP?) =0 (1.10)

which is equivalent to the following partial differential equation:

n n

(P_Z)Zzuxk”xi”xkxi +|Vul?Au=0. (1.11)
k=1 i=1

Selecting p = 2 in (1.10), we have the Laplace equation Au = 0 for functions in R”.
2 Basicinequalities

In this section, we establish some basic estimates for solutions to the non-homogeneous
Dirac-harmonic equation for differential forms.

Theorem 2.1 Letu € D'(M, A¥),k = 0,1,...,n, bea solution of the non-homogenous Dirac-
harmonic equation (1.2) in a domain M C R". Assume that 1 < p < 00 is a fixed exponent
associated with the non-homogeneous Dirac-harmonic equation (1.2) and n € C{°(M),
n > 0. Then there exist constants Cy and C,, independent of u and Du, such that

1/p 1/p 1/p
(/ IDulplnl”dx) §C1(/ Iul”Ian"dx) +C2</ Iulplnl"dx) . (2.1)
M M M

Proof The proof is similar to that of Theorem 2.2 in [1]. We include the key steps that are
different from [1]. We choose the test form ¢ = —un”. Hence,

dp=-dunn)=—dunn’ + (D und(n?) =—@duwn’ + (- urd(i?)
and

(A(x, Du),d¢) = (A(x, Du), ~(du)n?) + (A(x, Du), (~1)*u A d(n?)).
Notice that

(D und(n?)| < plnP~ lulldnl < pln?~ |l V7].
Then

/M|<A(x,Du), D und(n?)) < /Map|Du|P-l|n|P-1|u||vn| dx.

By (1.3) and (1.4), we obtain

/ (A(x, Du),do)
M

= / <A(x,Du), —(Du)n") + <A(x,Du), (d*u) n”) + <A(x,Du), (-=D)*u A d(np))
M
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-1/IDMWMde+/1MDMWAGd%Hmp+MUWJWHVnDdx
M M
—/|DuWMde+/1MDm%HDmMde+fzmumw*wnmfwvmdx
M M M
——/IDMVMde+/‘mDuWMde+/1MMMWAWHM”Hdex
M M M
=41—m/WDuVMW¢Vﬂ/mem%Hmmwﬂvmdx
M M
Then
= / ((A(x,Du),dd))+(B(x,Du),go>)
M
s—u—a{/|DuWMde+f;mumw*mum%vadx
M M
+/ b|DulP|ul|nl? dx.
M

Therefore, using the Holder inequality with 1 = (p — 1)/p + 1/p, it follows that

(1—a{/|DuWMde
M

5/pﬂIDulp"llullnlp"llvnldx+/ b|DulP™ [ul|n|? dx
M M

(r-1)/p 1/p
5}%1(/ IDulplnI"dx) (/ Iulplvnlpdx)
M M
(p-1)Ip 1/p
+b(/ |Du|p|n|pdx> </ |u|p|n|pdx> .
M M
Since 0 < a < 1, we have
1/p
(/ IDulplnl”dx>
M
N 1p
< 1—([ |u|”|Vn|pdx) dx+ (/ |u|p|77|pdx)

which is (2.1) with C; > pa/(1 — a) and C, > b/(1 — a). a

If we let Q be any ball with 0Q C M, where o > 1. Let n € C§°(c Q) with n =1 in Q and
|Vn| < C3|Q|™Y", where C3 > 0 is a constant. Then we have the following simple version
of the Caccioppoli-type estimate.

Corollary 2.2 Suppose that u is a solution of equation (1.2) and Q is a ball with 0 Q C M,
where o > 1. Then there is a constant C, which is independent of u and Du, such that

1/p 1/p
( |Du|pdx) < C|Q|‘””(/ |u|”dx> ) (2.2)
Q oQ
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From [1], we also have

1/p lip
(/ |Du|de> §C|Q|‘”"</ |u—c|1’dx) , (2.3)
Q oQ

where ¢ is a harmonic form.

Similar to the solutions of the homogeneous Dirac-harmonic equation [1], we also have
the following weak reverse Holder inequality for the solutions of the non-homogeneous
Dirac-harmonic equation.

Theorem 2.3 Let u be a solution to equation (1.2) in M, 0 > 1,and 0 < s,t < 0co. Then there
exists a constant C, that is independent of u, such that

lullsq < CIQI“ lullioq (2.4)
for all cubes or balls Q with o Q C M.
We will need the following results that can be found from [1].

Lemma 2.4 ([1]) Let u € D'(Q, A") and Du € L?(Q, A). Then u — uq isin W (Q, A) and
i = gl wrno.a) < Cdiam(Q) | Dl - (25)

Sometimes, we need to estimate Du. We prove the following version of the reverse
Holder inequality for Du.

Theorem 2.5 Let u € D'(Q, AY) and Du € L?(Q, A) and 0 < s,t < 0o. Then there exists a
constant C, independent of u and Du, such that

[1Dulls,q < CIQI“™ | Dul 100 (2.6)

for all Q with 6 Q C M, here o > 1 is a constant.

Proof Note that |d*u| = |d * u| and d x u is a closed form, so it is a solution of the A-
harmonic equation. Hence, we can apply the weak reverse Holder inequality [1] for solu-
tions of the A-harmonic equation to d * u and obtain

|dull, = lld xullsq < CLIQIM M lld » ulleq = CLIQI™ || d"ul| (2.7)

t,01Q

for any constants 0 < s,¢ < 00, and o3 > 1. Similarly, since du is also a closed form, we have
ldullsq < G2l Q"™ | dullayo (2.8)
for some constant o, > 1. Combining (2.7) and (2.8), we derive that

I1Dullsq = |ldu+d*ul

< lldullsq + ”d*””s,Q
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< GIQIM ™Y dull 0y + C1IQIM* V| d*u|
< GIQIM ™V (ldullionq + | d*u],, o)
< G1QI" M (|IDull 1530 + 1Dl 1030)

1s-1/¢
< GlQI™ " lIDullgosq

t,01Q

where o3 = max{o1, 0>}, that is,
1/s—1
[1Dulls.q < Cal Q1M ™M Dull 0 q

for any Q with 0 Q C M and any constants 0 < s,¢ < 0co. The proof of Theorem 2.5 is com-
pleted. d

3 Imbedding theorems with Orlicz norms
In this section, we prove the Poincaré—Sobolev imbedding theorems with Orlicz norms
for solutions of the non-homogeneous Dirac-harmonic equation.

We define an Orlicz function to be any continuously increasing function W : [0, 00) —
[0, 00) with W(0) = 0. A convex Orlicz function is a Young function which is finite valued
and vanishes only at 0. The Orlicz space LY (M) consists of all measurable functions f on
M such that fM \II(@) dx < oo for some ¢ = t(f) > 0. LY (M) is equipped with the nonlinear
Luxemburg norm || - || w5 by

|lf||L\ll(M)=lnf{t>0./]~wqj<@> dxfl}. (3.1)

Definition 3.1 ([14]) We say that a Young function W lies in the class G(p,q,C), 1 <p <
g <oo, C>1,if (i) 1/C < W(t'7)/g(t) < C and (ii) 1/C < W(tV)/h(t) < C for all t > 0,
where g is a convex increasing function and /% is a concave increasing function on [0, 00).

From [14], each of ¥, g, and / in the above definition is doubling in the sense that its

values at t and 2¢ are uniformly comparable for all ¢ > 0, and the consequent fact that
Cit! < (W(p) < Cott, (3.2)
Gt <g (V) < G,

where C; and C, are constants. Also, for all 1 < p; < p < p, and o € R, the function

W(t) = t” log? t belongs to G(p1, p2, C) for some constant C = C(p, o, p1, p2). Here log, (¢) is

defined by log, (t) = 1 for ¢ < ¢; and log, () = log(¢) for ¢ > e. Particularly, if « = 0, we see

that W (¢) = ¢ lies in G(p1,p2,C), 1 < p; <p < p».

For any subset E C R", we use WY (E, A) to denote the Orlicz—Sobolev space of [-forms
which equals LY (E, A) N LY (E, A) with the norm

el v gy = Nl wrw g,y = diam(E) ™ [l pw gy + [ Vatll o -
If we choose W(t) = t7, p > 1, we obtain the norm for W?(E, A) defined by

lellwrog) = Netllwine,a) = diam(E) ™ ullp + [ Vil .
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Lemma 3.2 ([1]) Suppose that u € L¥. (M, A') is such that Du € I (M, A1), 1 < p < oo,

loc loc

I=1,...,n,and T is the homotopy operator defined on differential forms. Then

ot — upllwirq) < Ap(n)|BllIDullpe, (3.3)
1T dullwirg) < Ap(m)1QllIDullp,o) (3.4)
IT dullp,q < ClQIdiam(Q) || Dul|p,o, (3.5)

where T : LP (M, A') — LP(M, A1) is the homotopy operator defined in [15).

Similar to the proof of Theorem 2.3 in [6], by using Theorem 2.5, we have the following
LY norm estimate.

Lemma 3.3 Let W be a Young function in the class G(p,q,C),1 <p<g<oo,C>1. M be
a bounded and convex domain, and T be the homotopy operator. Assume that V(|Du|) €
LIIOC(M) and u is a differential form with Du € I (M, A'). Then there exists a constant C,

loc

independent of u, such that
” T(DM) ||L‘I’(Q) = C”Du”L‘I’(o'Q) (3'6)
for all balls Q with 0 Q C M, where o > 1 is a constant.

Proof We give the proof here for the purpose of completeness. By (3.5), for any g > 1, we
have

|TDw)], , < C11QI"" || Dull 40 (3.7)
7,Q

for all balls Q with 0 Q C M. From the reverse Holder inequality, for any positive numbers
p and ¢, we have

1/q 1/p
( / |Du|qu> sc2|Q|@-q>"’q< / |Du|f’dx> , (3.9)
Q aQ

where o > 1 is a constant. Using Jenson’s inequality for &1, (3.2), (3.7), and (3.8), (i) in
Definition 3.1, the fact that ¥ and % are doubling, and W is an increasing function, we
have

/Qlll(|T(Du)|)dx

:h(h‘l(/Q\IJ(|T(Du)|)dx))

§h<th—l(w(|T(Du>\))dx)
gh(cg /Q |T(Du)|qu>
< c4\1/(<c3 /Q |T(Du)|qu>l/q>
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S

1/q
CuU (C|Q|““”</ |Du|qu> >
Q
1/p
C4 (C|Q|1+l/n+(p q/pq(/ |Du|pdx) )
aQ
1/p
Cu¥ (C”|Q|P*P’"+(M/q( / |Du|pdx) >
aQ

C7g</ C16’|Q|P+P/n+(17—q)/q/ |Duf? dx)
aQ oQ

IA

=

IA

s@/s{ﬁmWWWWW/ wwjm

oQ oQ
/ W (Co| QMY -0/P4| Dy)) dix, (3.9)
oQ

1, (p-q9 _ 1, plg+tl)—q

wherel+;+7 —;+T>0bypz 1, so that

—q) —-q)
QU < <G

We know that W is doubling, so that
W (Col QM=% Dy]) < CioW (|Du]).

Therefore, combining with (3.9), we have

/w(|T(Du)|)dx5cH/ W (|Dul). (3.10)
Q oQ

Again W, g, and / are all doubling, from (3.10) we have

|T(Du)| |Du|
/(;\IJ<T) dxf CAQW(T) (311)

for all balls Q with 0 Q C M and any constant A > 0. Thus, with the Luxemburg norm, we
have

” T(DM) ”L‘I‘(Q) = C”Du”L‘l’(oQ) (312)
Lemma 3.3 is proved. d

From the proof of Lemma 3.3, noticing that ¥ is doubling and ||du/|,,q < [|[Dul|,,q, we
could also get

| T(dw)], o (0 = Cdiam(Q)l1Du| vy ). (3.13)
Since W is an increasing function, it is also obvious that

ldull v < IDull v (g (3.14)
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Then, similar to Theorem 2.5 in [6], we have the following local Poincaré—Sobolev imbed-
ding theorem.

Theorem 3.4 Let V be a Young function in the class G(p,q,C), 1 <p<g<oo,C>1,M
be a bounded and convex domain. Assume that V(|Du|) € LIIOC(M, A) and u is differential
form with Du € LY. (M, A'). Then, there exists a constant C, independent of u, such that

loc
lu — uqllwiv(q < ClIDull v, q) (3.15)
for all balls Q with 6 Q C M.

Proof First we notice that the following LY norm inequality holds for any differential
forms, see [6]:

|V(T(@u))] 4 gy < CIQINIduI v sy < CIQIIDu 0 o) (3.16)

Then, by (3.13), (3.14), and (3.16), we have

Nl = uqllwrwgan = || T(du)| WL (Q,Al
= (diam(Q) ™ | T(@)| o gy + | V(T(i0)) | 1o
= GillDully 5,q) + C2lIDull v (6,

< G3||Dull v (5.

where 01 > 1, 05 > 1 and 0 = max{oy,0,} and 0 Q C M. O

Lemma 3.5 ([12]) Each domain M has a modified Whitney cover of cubes V = {Q;} such
that

Ua=m, Y x5, <Nxu
i Q;eV \/:Ql
and some N > 1, and if Q; N Q; # 0, then there exists a cube R (this cube need not be a
member of V) in Q; N Q; such that Q; U Q; C NR. Moreover, if M is §-John, then there is a
distinguished cube Qy € V which can be connected with every cube Q € V by a chain of cubes
Qo,Q1,-.,Qx =Q fromV and such that Q C pQ;,i=0,1,2,...,k, for some p = p(n,$).

Finally, we have the following global Poincaré—Sobolev imbedding theorem.

Theorem 3.6 Let V be a Young function in the class G(p,q,C), 1 <p<qg<oo, K>1,M
be a bounded domain. Assume that V(|Du|) € LX(M, A) and u is a differential form with
Du € LY (M, A'). Then there exists a constant C, independent of u, such that

loc
let — wprllwrw ary < CllDu|| Lo ag) (3.17)

for any bounded domain M C R".



Shi et al. Journal of Inequalities and Applications (2021) 2021:176 Page 11 0f 18

Proof Using (3.13) and Lemma 3.5, we have the global estimate

IT dull o agy < Cr diam(M) | D]y ay- (3.18)
Note that, for any differential form u and the constant p > 1, we have

IV Tullpq < C1QIN%llpq (3.19)
for all balls Q C R". Hence

|VT(@u)],, < C:lQllldullyq < C51QlIDulp0- (3.20)

Starting from (3.20), using Theorem 2.5 and the same skills developed in the proof of
Lemma 3.3, we obtain

IVT dudll o) < CalQIIDul 3 o g (3.21)
where o > 1 is a constant. From (3.21) and Lemma 3.5, it follows that
IVT dull vy < CsllDullLw .- (3.22)
Thus,
||u - I/lM” wLY ) = || le/l” 25 20%)
. -1
= (diam(M)) ™ | T dullpw gy + IV T dusll pw
. -1 .
< (diam(M)) ™" (Cy diam(M) | Dull 1w (5p)) + Cs | Dusll L apy
< CellDull v a)
We have completed the proof of Theorem 3.6. O

Remark 1 1f we choose V() to be some special function in G(p, g, C), we will obtain some
special versions of the imbedding theorem. For example, if we select W(t) = t” log*(e + £)
withp>1,>00r ¥(t) =, p > 1, we will have L”(log L)* -norm or L?-norm imbedding
theorem, respectively.

4 Limits of convergent sequences

In this section, we consider the limits of convergent sequences of differential /-forms u,,(x)
defined in a bounded domain M C R”. We say an /-form u,(x) converges uniformly in M
if all its coefficient functions under the base {dx; ,dx;,,...,dx;} converge uniformly in M.
For example, we say the sequence

uy(x) = Z uy (x) dxy = Z u;’liz__,ik(x) dxi Ndxi, A Ndxy,
I

converges uniformly in M if all its coefficient functions ufl gy (x) converge uniformly in

M as n goes to infinity. For example, for x € M C R3, let

U, (x) = P,(x) dx1 A dxy + Qu(x) dx1 A dxs + R, (x) dxy A dxs.
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We say that u,(x) converges uniformly in M as n — oo if its all coefficient functions P, (x),
Q,(x), and R, (x) converge uniformly in M as n — oo.
In addition to condition (1.3), we also assume that the operators A and B are Lipschitz

continuous with respect to £ and satisfy

p-2
2

A, &) = Al )| < Li (1§17 + nl?) 2 1§ = nl, (4.1)

pr2
2

|B(x,€) - Blx,n)| < La(16 > + nI?) 2 1§ -l

for allx € M and all £, € Al. Here L; and L, are positive constants. See [16] for Lipschitz
continuous condition and other conditions that the operators A and B could satisfy. From
(2.1) in [16], we know that A(x, &) and B(x, ) have a polynomial growth with respect to
the variable £. Specifically, for any x € M and £ € A, we have

mi|EP7 < |Ax,€)| < LijEPY, (4.2)
my|EP < |Bx, &) < LrlEPY,

where m;, my, Ly, and L, are positive constants. Also, a simple example of this kind of

operators is the p-Laplace system A(x, £) = B(x, £) = |£|P72¢.

Theorem 4.1 Let u,(x) be a solution of the non-homogeneous Dirac-harmonic equation
(1.2) with conditions (1.3) and (4.1) such that Du,(x) converges uniformly to Du(x) in M
and u,(xo) converges for some xo € M. Then u(x) is also a solution of the non-homogeneous

Dirac-harmonic equation (1.2).

Proof Assume that u,(x) is a solution of the non-homogeneous Dirac-harmonic equation
(1.2), that is,

/M (A(x, Du,), do) + (B(x, Du,), ¢) = 0. (4.3)

Using the basic properties of the inner product and (4.1), we obtain

K / (A(x,Dun),d¢)+(B(x,Dun),¢)> - ( / (A(x,Du),d¢)+(B(x,Du),fp)>‘
M M
S‘/ |<A(x»Dun),d§0>—<A(x»DM):d(/’)|+/ |(B(x,Dun):(p)_B(xyDu)1§0>|
M M
=/ I(A(x,Dun)—A(x,Du),dw)I+/ |(B(x, Du,) = B(x, Du), ¢ |
M M

5/ |A(x,Dun)—A(x,Du)||d<p|dx+/ |B(x,Du,,)—B(x,Du)||<p|dx
M M

p-2
2

5/ Li(1Dun|* + |Dul*) * |Du, — Dul|de| dx
M

p-2
2

+/ Ly(|Duy|* + |Dul*) * |Du,, - Dul|gp| dx.
M
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Letting n — oo in the above inequality and noticing that Du,(x) converges uniformly to
Du(x) in M, we can switch the limit operation with the integral operation and obtain

n— o0

lim ’( / (A(x, Du,), dp) + (B(x,Dun),¢)>
M

- ( /M (A(x, Du), dg) + (B(x, Du), (p>>| o,

Hence, it follows that

fM<A(x,Du),d<p) +(B(x, Du), ¢)

= lim (A(x, D, u), dga) + (B(x, D,u), <p)

n—00 M

=0

by (4.3), which indicates that u(x) is also a solution of the non-homogeneous Dirac-
harmonic equation (1.2). We have completed the proof of Theorem 4.1. d

5 Existence and uniqueness of solutions

As mentioned in Sect. 1, there exist many solutions to equation (1.2) in general if the op-
erators A and B only satisfy condition (1.3). However, if we require that the operators A
and B satisfy some more conditions or one of these operators in (1.2) is replaced with cer-
tain type of differential form, we need to study the existence and uniqueness of solutions
to equation (1.2). For example, we consider the following type of the non-homogenous
Dirac-harmonic equation for differential forms:

d*A(x, Du) = d*f (x), (5.1)

where the natural space we consider in (5.1) is the Sobolev space WY4(M, A), D = d + d*
is the Dirac operator; f € W' (M, A') is a differential form, and the operator A : M x
A(M) — A(M) satisfies the following conditions:
(i) The mapping x — A(x, &) is measurable for all £ € A(M);
(i) The Lipschitz type inequality
A, &) = Al )| < Li(1€2 + 11127 1€ - ).
(ili) The monotonicity inequality
(A 8) - A@ 1), § )| = La(& 2 + 1n2) T I P
(iv) A(x,0) € LP(M, A).
Here, L; >0 and L, > 0 are two constants, and 1 < p,q < 0o are the conjugate exponents
with 1/p + 1/q = 1 determined by conditions (ii)—(iv).
It should be noticed that we do not require that the operator A appearingin (5.1) satisfies
condition (1.3). Before the upcoming argument, we first give the following definition.

Definition 5.1 Given the formal joint operator d* = (—=1)"**! » dx defined on D'(M, A**1)
with the values in D'(M, A, n > 1and[=0,1,...,n, the forms in the image of d* are called
the co-exact /-forms, and the forms in the kernel of d* are called the co-closed /-forms.
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Indeed, we should point out that the construction of equation (5.1) is applicable and
reasonable. To be precise, if the differential form u is a function (0-form) defined in M,

then equation (5.1) reduces to a divergence A-harmonic equation
div(4, Vu) = divf. (5.2)

The properties of equation (5.2), including its solvability, have been very well studied in
[17]. Equation (5.1) could be viewed as a generalization of the divergence A-harmonic
equations (5.2). If the differential form u is a co-closed form, equation (5.1) is actually

corresponding to the non-homogenous A-harmonic equation
d*A(x,du) = d'f.

For more descriptions and details, we refer the readers to [18] and [19]. From the other per-
spective, according to the non-homogenous Dirac-harmonic equation in Sect. 1, one may
see that every element in the image of the operator B(x, £) in (1.3) is of the class D'(M, A?),
[1=0,1,...,n. Specifically, assumed that B(x, §) is a co-exact form, by Definition 5.1 of the
co-exact form, there exists a differential form f € D/(M, A*') such that B(x, £) = d*f. Thus,
we are inspired to introduce the non-homogenous Dirac-harmonic equation (5.1). It is
worth noting that this equation is different from equation (1.2) where a differential form
u with Du = 0 is always a solution of equation (1.2). The differential form # here with
Du =0 is not a solution of equation (5.1) (unless d*f = 0 and A(x, 0) = 0), since we cannot
derive that A(x, Du) = d*f from Du = 0. Therefore, our focus in this section is to explore
the technique for the solvability of the non-homogenous Dirac-harmonic equation (5.1).

To facilitate the latter assertion of Theorem 5.3, we begin with the following lemma 5.2

given by Minty and Browder in [20].

Lemma 5.2 Let X be the real and reflexive Banach space and X* be the dual space of X.
Suppose that T : X — X* is hemicontinuous operator on X such that, for every vi,v, € X

and vi #va,

(Tvy = Tva,v1 — 1) >0 (5.3)
and

il bo (1‘:”1/) - oo (5.4)

Then, for any b € X*, the equation Tx = b has a unique solution on X.
With this monotone operator theory, we can establish Theorem 5.3 as follows.

Theorem 5.3 Let the operator A satisfy conditions (i)—(iv). Then the non-homogenous
Dirac-harmonic equation (5.1) has a solution in the Sobolev space W' (M, A) for p > 1
and [ =0,1,...,n. Moreover, the solution to equation (5.1) is unique except for a harmonic
form ¢ satisfying dc = d*c = 0.



Shi et al. Journal of Inequalities and Applications (2021) 2021:176 Page 150f 18

Before giving the rigorous proof, we need to make a brief analysis first for this theorem.
According to LP-Hodge decomposition, for any differential form u € L?(M, A!), there are
a € dWYP(M, A1), B € d* WP (M, A™Y), and & € $,(M, A') such that

u=do+d p+h(u) (5.5)

forl1<p<oo,l=1,2,...,n where h is the harmonic projection in L?.

We should point out that there exist other two Hodge decompositions of L?-space,
which are equivalent to (5.5), see [21] for more descriptions. Without loss of generality,
we only apply (5.5) to the proof of Theorem 5.3. In addition, it should be noticed that
dWS(M, A') and d*W'*(M, A) are both Banach subspaces of L*(M, A), s > 1. For sim-
plicity, since d + d* = D, denote

AW (M, A') @ d* W' (M, A') = DW (M, A'), (5.6
dwh (M, A" ® d*W1(M, A') = DW(M, A').

It is obvious to see that DW?(M, A') is the dual space of DW (M, A'). We can define a
projection operator K : L (M, A') — L?(M, A') such that

Ku=do +d*B. (5.7)

By some simple observation, one may readily see that the projection operator K is a
bounded linear operator. Due to (5.5) and the boundedness of the harmonic projection

h, we have

IKully = |de +d*B], (5.8)
= ||dec + d*B + h(u) - h(w) |,
< llullp + @),
= llullp + Cillll,

< Gollullp.

Furthermore, given u satisfying KA(x, Du) = Kf, according to definition (5.7) of the oper-
ator K, we have A(x, Du) — f is of the class $,(M, A) of the harmonic field, which implies
that (A(x, Du) — f,dw) = 0 for any @ € W (M, A). Thus, u is a solution of Dirac-harmonic
equation (5.1). With these facts in hand, for every fixed x € M, we find that the key point

to prove the existence in Theorem 5.3 is equivalent to showing that
KA(x,Du) = Kf (5.9)

with respect to the differential form u. Namely, denote F(v) = KA(x,v), in which § is a
nonlinear mapping defined on DW4(M, A') with values in DW?(M, A').

Next, our primary work is to deal with the continuity, monotonicity, and coercivity of
the operator §.
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Proof For any fixed point x € M, the expression of operator K shows that A(x, Du) =
KA(x,Du) + h(A(x, Du)), where h(A(x, Du)) € $,(M, A). Notice that (4, Dn) = 0 for any
n € LY(M, A). Thus, for all u € W4(M, A), we have
(A(x, Du), D) = (KA(x, Du) + h(A(x, D)), Dn) (5.10)
= (KA(x, Du), Dy).
To prove the continuity, the Lipschitz inequality (ii) and bounded property (5.8) ensure

that § is continuous with respect to v.
For the monotonicity, in accord to condition (iii) and (5.10), we derive that

(§(Du) ~ §(Dn), Du~ Dry) = (KA(x, Du) ~ KA(x, D), Dut — D)
= (A(x,Du) — A(x,Dn), Du — Dn)

= / (A(x, Du) — A(x, Dn), Du — Dny)
M

q-2
2

szf (IDul? +1Dn|?) ? |Du - Dn|*dp
M

>0.

On the other hand, using condition (iii) again gives that

(§(Du), Du)  (§(0),Du) _ (KA(x,Du), Du)  (KA(x,0), Du)

1 Dull4 IDully 1 Dull, 1 Dull,

_ (A(x,Du) - A(x,0), D)

B 1Dullg

Sy (A(x, Du) — A(x, 0), Du — 0)
) IDull
- Ly || Dulg
1 Dull4
= Ly||Dul|2. (5.11)

Hence, it follows that

(§(Du), Du) _ (§(0), D)

- (5.12)
1Dullq 1Dullq
as || Dul|; — oo. By applying Holder’s inequality and condition (iv), we notice that
0),D KA(x,0),D
(30, Dw)| _ (KA, 0), D) 5.13)
| Dullq [Dullq
_ |(A(x,0), Du)|
[Dullq
- 1A G, 0)lp 1 Ducll4
B [Dullq

= ||A(x, O)”p < 00.

Page 16 of 18
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Then substituting (5.13) and (5.12) into (5.11) yields

(§(Du), Du)

0, (5.14)
| Dull4

which shows that the operator § is monotonic. By applying Lemma 5.2, we find that, for
any g € DW?(M, A'), there exists unique v € DW (M, A’) such that F(v) = g, in par-
ticular, for g = Kf, in view of definition (5.6), there exists unique u € wbha(M, AY) with
Du € DW(M, A') such that F(Du) = Kf, that is, KA(x, Du) = Kf. Thus, we derive that
the solution of equation (5.1) in W4(M, A) exists. Moreover, by the monotonic result,
one may see that, except for the harmonic form ¢, the solution to equation (5.1) is unique.
Therefore, the desired result Theorem 5.3 holds. O

Now, with the above existence theorem in mind, we can derive the following local result
as an application for Theorem 2.5.

Example 5.4 Let u € be the solution of the non-homogenous equation (5.1) and 0 < s, ¢ <
00. Then, according to the definition of the weak solution to the non-homogenous equa-
tion, we know that uy € D'(M) and D(up) € L(M). Thus, by applying Theorem 2.5, we
know that the reverse Holder inequality of Du holds. That is, there exists a constant C > 0,
independent of # and Du, such that

[Dulls,q < CIQIlIDullq (5.15)

holds for any ball (or cube) Q with 0 Q C M, where o > 1 is a constant.

It should be pointed out that the reverse Holder inequality of Du is a key tool in some
sense for the study on the non-homogenous equations driven by the term Du, especially
for the norm inequalities, such as Poincaré—Sobolev imbedding inequalities, which play
an important role in the characterization of the continuity and regularity of the solutions.

6 Conclusion

In this paper, we introduce a new Dirac-harmonic equation (1.2) and present an exhaus-
tive study on the norm estimates of the solution for this equation. Precisely, in Sect. 2,
using some new techniques and the methods previously developed by others, we obtain
the essential inequalities, including Caccioppoli inequalities and reverse Holder inequali-
ties. In Sect. 3, by using the basic inequalities, we derive the Poincaré—Sobolev imbedding
inequalities in terms of Orlicz norm. In Sect. 4, with these norm estimates in hand, we
get the convergency of solution sequences for this equation under certain structure as-
sumptions. In the last section, we assert that there exists a unique nontrivial solution for
a concrete non-homogenous Dirac-harmonic equation.

In general, non-homogenous equation (1.2) is an extension of the p-Laplacian equation
for differential forms. In fact, it is quite applicable to many related fields such as geometry
analysis and elasticity theory. For example, the elasticity results involving the determinants
could be understood better if they can be formulated by the equation for differential forms,
such as that every conformal mapping f corresponds to a solution of a special harmonic
equation for differential forms.
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