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1 Introduction

Hyperbolic equations have been one of the principal tools in the nature. They are very sig-
nificant for many physical problems, such as fluid dynamics and aerodynamics, the theory
of elasticity, optics, electromagnetic waves, direct and inverse scattering, and the general
theory of relativity [1-3]. In this paper, we consider the following hyperbolic equation:

uy — V- (KVu)=f(u), x,t)eQx],
u(x,0) = uy(x), u,(x,0) = u1(x), xe€, (1.1)
ux,t) =0, (x,t)€dQx],

where © is a bounded polygonal domain in R? with boundary 92, J = (0, 7] and T > 0

is some final time. Let u# denote the sound pressure, f is the external force, and K is the
u

. 2 ) .
coefficient. Let u;; and u; denote ?)Tg and 57, respectively. Moreover, throughout this paper

we assume that

(i) For some integer r > 0, there exists a constant M, such that
lleteell 2ty + Nttell 2 greny + sl 2re2nwroey < Mo.

(ii) The function K is a square-integrable, symmetric, uniformly positive-definite

tensor defined on 2. Additionally, we assume that there exist constants K., K* > 0
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for every x € Q, and any vector y € R? such that
K.y* <y"Ky <K*|ly|*, VyeRZ

(iii) The function f = f(u), f : @ x R — R is a three times continuously differentiable
function with bounded derivatives through the third order. Moreover, there exists a
bound M; such that

If') = 1-

’

2
ﬂ <M
ou?

| |of
at| | du

Many papers have been written about numerical schemes for hyperbolic equations, see
[1-8, 13, 21-25] and the references cited therein. Mixed finite element method is such
a popular approach and has been widely used in porous media [4, 7, 8]. For the standard
mixed methods, problem (1.1) is often rewritten by introducing a new variable p = —-K'Vu,
or equivalently K~'p = —Vu. In this paper, we consider a variant of the mixed method, the
expanded mixed finite element method (EMFEM), proposed by Arbogast et al. [9]. This
approach expands the standard mixed formulation in the sense that three variables are
explicitly treated; i.e., the unknown scalar, its gradient, and its flux (the coefficient times
the gradient). The EMFEM enables us to compute gradient of pressure directly. In the
past two decades, expanded mixed method has been developed and some extensions have
been achieved. Chen [10, 11] analyzed the linear/quasilinear elliptic equations by EMFEM.
Woodward et al. [12] gave a detailed analysis of the EMFEM for second-order parabolic
equation and obtained optimal error estimates for nonlinear problem. Zhou et al. [13]
proposed an analysis of EMFEM applied to hyperbolic equations. Recently, Sharma et al.
[14] developed and applied the EMFEM for a class of nonlinear and nonlocal parabolic
problem for the case of the lowest order RT element.

As we know, the resulting algebraic system of equations is a large system of nonlinear
equations using the EMFE approximation for (1.1). Therefore, it is necessary for us to study
an effective algorithm for this essential system. Two-grid algorithm was introduced by Xu
[15, 16] for the nonsymmetric linear and nonlinear elliptic problems. It is a simple but ef-
fective algorithm that has been widely applied to nonlinear problems of various types. For
instance, Dawson et al. [17] applied a two-grid method for a class of nonlinear parabolic
equations by EMFEM. Wu et al. [18] studied a two-grid EMFEM for solving semilinear
reaction-diffusion equations. Chen et al. [19] constructed and analyzed three-steps al-
gorithm by using two-grid method for EMFE solution of parabolic equations. Recently,
Hou et al. [20] analyzed the superconvergence property of two-grid EMFEM for semilin-
ear parabolic integro-differential equations. Furthermore, some other research works can
also be found, such as [21-26].

To the best of our knowledge, there is no two-grid method convergence analysis for (1.1)
in the literature that is combined with EMFEM. In this paper, based on Raviart—-Thomas
mixed finite spaces, we propose the two-grid method and the corresponding error esti-
mates which partly fill this gap. Our purpose is two fold. First of all, we apply EMFEM
and construct fully discrete approximation of (1, p, p). Secondly, we use the two-grid al-
gorithm to solve the fully discrete expanded-mixed-method equations. For the purpose of

obtaining the optimal approximation, we choose proper relationship between the coarse



Wang and Wang Journal of Inequalities and Applications (2021) 2021:171 Page 3 of 15

grid mesh size H and the fine grid mesh size /. It is showed that coarse space can be ex-
tremely coarse and asymptotically optimal approximation can be achieved as long as the
mesh sizes satisfy H = O(h% ).

The rest of the paper is organized as follows. In Sect. 2, we introduce some notations
and approximation results that are used throughout the paper. In Sect. 3, we construct
the EMFEM for (1.1) and derive the error estimates in L?-norm. In Sect. 4, we propose
the two-grid method and analyze the convergence. In Sect. 5, two numerical examples are
used to confirm the theoretical results.

Throughout this paper, let C be a generic positive constant independent of any functions

and numerical discretization parameters.

2 Notation and approximation results
We denote the standard Lebesgue space defined on Q by L?(S2) for p > 1 with the norm
| - Il - We shall also use the standard Sobolev space W"?(Q2) with the norm || - |, given
by 191mp = 2 juj<m ||D“¢||Izp(9). To simplify the notation, for p = 2, we denote H"(R2) =
W2(2) and write || - [l = | - 2 1| - I = 1 - llo2-
Let
W =L*(Q),
V=H(div;) = [v:ve (IX(Q)°, V. ve (),
with the norm defined by ||V| y@iv.) = (V]2 + ||V - v||2) V2.
Let 7, be a quasi-uniform family of finite element partitions of Q, where /4 is the maxi-
mal element diameter. We consider finite-dimensional subspaces W}, and V, of W and V,
respectively. They are Raviart-Thomas spaces of index k (RTy) [27] or Brezzi—Douglas—

Marini spaces of index k (BDMj) [28], where k is a fixed nonnegative integer associated
with 7. The following inclusion holds for the RTy spaces or BDMj spaces [27, 28]

V. Vv, € Wh, VVh € Vh. (2.1)

The analysis employs standard L? projections onto the spaces W}, and V},. Denote by
(&, {ﬁ\) € W}, x V;, the L? projection of (¢, ¥), defined by the conditions

(@, wn) = (P, ws), Ywy € W, (2.2)

W,vi) =, vi), Vv, €V (2.3)
Let IT;, be the well-known Fortin projection of (H'(£2))? into V}, such that

(V-z,wy) =(V-Tz,wy), Yw, e Wi (2.4)
These projections obey the following identities:

(0¢/3t, wy) = (3p/dt, wy),  Ywy, € Wi,
(920/82%, wy) = (9°@/0t%, wy), Ywy € W, (2.5)

@V -vi) =@V -v), Vv, eV,
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From Refs. [27, 28], there are approximation properties: for ¢ € W**4(Q) and z €

(Wkla(Q))?,
llog < Cligllog 2<g<oo, (2.6)
¢ = bllog <Cldllagh’, 0<r<k+1, (2.7)
lz-Thzlloy < Clizllygh', lg<r<k+1, (2.8)
|V - (z-11,2) ||0q <C|V-z|,,0, 0<r<k+l. (2.9)

3 A priori error estimates of EMFEM
Introduce the auxiliary variables p = —~Vu, p = Kp to obtain the following first-order sys-
tem for (1.1):

ug +V-p=fu), xt)eQx],

P+Vu=0, (xt)eQx],

p-Kp=0, (x,0)ex]J, (3.1)
u(x,0) = uy(x), u,(x,0) =u1(x), xe€,

ux,t) =0, (x,1)edQx].

The expanded mixed weak formulation of (3.1) is to find (u,p,p) : J — W x V x V such

that
(g, w) + (V- p,w) = (f(u), w), YweWw, (3.2)
P,v)-(V-v,u)=0, VYveV, (3.3)
(p,v) - (Kp,v)=0, VYveV, (3.4)

with #(0) = 1y and #;(0) = u;.
Let {t, | t, = nt;0 < n < N} be a uniform partition of the time interval with the time step
7 = T/N. We denote ¢" = ¢(-,¢,). For a sequence of functions {¢"}"V_;, we describe some

of the notations which will be used in our analysis:

wna—% ) g0;’1+1 +(pn (pn,% ~ (pm—l +¢n—1
2 - 2
n+l _ . n n+l _ n-1
et = T g T
8ot (pVH-l _ 2¢n + (pn—l
wp = - 2

Then, it is easy to verify the following relations:

" 3z<ﬂ"+% - 3t<ﬂn_%
8t¢ ] 8tt(p = _ -
2 T

Now, by the above some notations we can establish the following discrete time EMFE

approximation of problem (3.2)—(3.4).



Wang and Wang Journal of Inequalities and Applications (2021) 2021:171 Page 5 of 15

Fully-discrete EMFEM: Given initial value (ug,ﬁz,pg) e W, x V;, x V}, such that

(up, wn) = (uo,wn),  VYwy, € W, (3.5)
B vi) = o,V -vy), Vv, eV, (3.6)
(Ph, Vi) = (=K Vug,vi), Vv, €Vy, (3.7)

and (u},,ﬁ,l,,p}l) e W, x Vj, x V;, such that

ut — !
( h 5 h 1Wh) = (ul’wh), th S Whr (38)
T
~1 ~—1
(ph;—ph,w,,) =(u,V-vy), VYv,eV, (3.9)
T
1_ -1
(ph 5 P ,wh) = (=KVuy,vy), Vv,eVy,, (3.10)
T

for n > 0, find (uZ+1,52+1,pZ+1) e W, x V), x Vj, such that

(Ogerafyywn) + (V 'PZ'%,Wh) = (f(”h)n'%’wh)r Ywy, € Wi, (3.11)
@ i) - (Vv ) =0, Yv, eV, (3.12)
(KB, vi) = (P vi) =0, Yv, €V, (3.13)

Equations (3.8) and (3.10) arise naturally by defining two fictitious values ;' and p;*
satisfying the conditions
-1

1
U, =u, —2tuy,

p;,' = -KVu,' =KV (w, - 2tuy),

and considering (3.11) with n = 0.
As in [29], we use the Sobolev embedding inequality

lunllop < CollVunll, 1=<p<oo, (3.14)
where Cj is a constant only depending upon the domain and p.

Theorem 3.1 Let (uZ,ﬁZ,pZ) € W, x Vy, x V, be the solution of (3.5)—(3.13). 1fu2 =0,

u}l =, and T < min{%, m}, then for 1 <n <N, we have

sup{ [ = ;| + [B" =B | + [p" - Pi[[} = COH + 2%), (3.15)

where k is associated with the degree of the finite element polynomial.

Proof From (3.2)—(3.4), we see that

1

(i) + (V -p”’%,wh) = (f(u)”’%,wh), Ywy, € Wy, (3.16)
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@ i) - (Vv u™) =0, Vv, eV, (3.17)
(KP™ ' vi) = (P Vi) =0, Vv, €V (3.18)

Letp" = s MZ» xX"'= ’b:n _5Zr x"=I,p" _pZ» §"=u" -u", 7= 5}1 _;‘;”’ and n = p" - I1,p".
Using (3.11)—(3.13) and (3.16)—(3.18), we get the error equations:

1
(B, wi) + (V- X3, w5) = (9 — 4y, wy) — (9", wi)

1
+ ((f(l/l) _f(uh))nvz)wh): VWh € Whr (3'19)

(erl’ Vh) _ (Mm-l, V- Vh) =0, Vv,eV,, (3.20)

(Kx™ L vi) = (x™ L vi) = (" vn) = (K™ ve), Vv € V) (3.21)
Subtracting (3.20) from itself, with # + 1 replaced with n — 1, we get

Gt =3 ) = (W =LV ovy) =0, Yy, €V (3.22)
It follows from (3.21) that

K —n+l + 771—1 V) — Xn+1 + X”_I,V
(G 7)) - ) -

— (nml + nn—l’vh) _ (1<(ﬁn+1 + ﬁn_l),Vh), VVh c Vh'

Let wy, = 9, in (3.19), v, = %5 "‘X in (3.23), and combine the three

resulting equations to get

(Bums”, ™) + (3" Kx2)

1 1 1 1 1 1
= oz (o = a4 ) o - (et - bt )

1

= (atzun - M:lt%; atl/«n) - (3tt5nratﬂn) + ((f(u) - f( Mh)) 2, )

(3.24)
+ (’7”'%' 3t7") - (Kﬁn'%r 3t7")
5
=Y 4.
i=1
For A1, we note that 04" = ”M’i"#, and use Taylor series to expand #"*! and u"! at
u" as follows:
u" 12 9%u” LT 393 1 [t 5 0%u
W=yt + — +—/ t — dt,
o 202 "6 98 ' 6 (buvs = )34
du" 12 3%u" T3 oPu”
W=y -1 —_—— - — 3 ts—dt
a2 a2 6 A /(’“ )
Then we have
u" 1 (T 30%u
Wty =2y 4 12 +—/ t—1) —(t, +t)dt. 3.25
R R R (325)

Page 6 of 15
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It follows from (3.25) that

» » 1 T 3341/!
Bﬂu _uttzﬁf (|t|—7f) ﬁ(tn"'t)dt

-7

Therefore

ti+T g4y 2
”attun - ”?t”2 = CtZ/g;[/; ﬁ(t)} dx

n—T
n+t
3
<Crt
th—T

4u
ot

2

34
" ar

art

2
<Crt

LoO(L2)
Using Young’s inequality, we have

2
*u

4
Al < Crt 3t4

+ 1o (3.26)
L®(L2)

For the second term A,, using the property of the L? projection and Young’s inequality, we
see that

Ay = (‘5; - Etnt - 3", atﬂn)

84 2 (327)
< C{h2k+2 ) } + &[0, ||2
ot or2)
For the third term Aj, by assumption (iii) and (2.7), we obtain
nd n
Az = ((f () = f )", 9,™)
nl
< (My (w2 =775 + " —uy?), 0" (3.28)

2k+2 M% n+1]2 n—-1]|2 n||2
= O ([ P [ ) + s e[
For the terms A4 and As, applying Young’s inequality, assumption (ii), and (2.8), we have
Aq+As = (02, 9,%") - (K2, 9,%")
e s B i S i e D R OB S el (3.29)
< Ch**2 4 (g4 + &5) | 3: X" ||2

From (3.24), (3.26)—(3.29), choosing €1 + £, + €3 = 1 and €4 + 5 = € > 0, ¢ is a small constant,
we have

1 1
oz (oo 3 P = o3 )+ o= (bt P~ it Py
o (3.30)
<l ) M P e ) o+ e

Page 7 of 15
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Multiplying both sides of (3.30) by 4t and summing from 1 to N, we get

2o A -2t | [ o i | - e - e
N N
< et ot Y (| ) e Y|

n=1 n=1

(3.31)
N

+4et ZH o x" ||2
n=1

With the proper choice of the initial functions u{) = %° and u}, = %', we have
i —0
oz =0, x =0.
Taking # = 0 in (3.20) and choosing v, = X, we get
¥!=0.

In view of [|d,u" |2 < |9, 2||? + ||9," 2 ||?, and using assumption (ii), (3.31) can be
rewritten as follows:

o e I Vel i vl

N N-1

<c{i? et eomie Yo (| P+ ) + e ) o |
n=1 n=1 (332)
al 2
+4et ZH X" || .
n=1
By using the result in (3.14), we see that
[ < Cole™ |- (3.33)
Let vy, = x"*! € V;, in (3.21), we have
[ < cle | (3.34)
Substitute (3.33) and (3.34) into (3.32), we obtain
1 1
-4l 4+ (s -t )
L oponape, Lyonag2, o2
R T v 39

N N-1 N
< C{h2k+2 +tt}+Cr Z”,u” H2 +47 Znatu”*% ||2 +4det ZHBtY" ||2
n=0 n=1 n=1

Applying the discrete Gronwall’s inequality, when t < min{%, m}, we see that
1+0

Jou b P o o [P < ). 336
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Thus, combining (2.7), (2.8), (3.36) and using the triangle inequality, we can derive
(3.15). O

4 A priori error estimates of two-grid method

In this section, we present a two-grid algorithm with expanded mixed element for (3.5)—
(3.13). The basic ingredient in our approach is construction of two quasi-uniform trian-
gulation of , Tx, and T,, with different mesh sizes H and 4 (2 < H < 1). We introduce
the corresponding mixed finite element spaces Wy x Vi x Vi and W), x V), x Vj,, which
satisfy Wy x Vg x Vg C W), x V), x V. They will be called the coarse grid and fine grid

spaces, respectively. Our two-grid algorithm is as follows.

Algorithm 1 Step 1: On the coarse grid 7z, given the initial value (4%, By, p%) € Wy x
Vg x Vg such that

(M?.[,WH) = (uo,wn), Ywy € Wh, (4.1)
(5?—[! VH) = (MO, V. VH)) VVH € VH: (4'2)
(p?-[r VH) = (_I(VMOr VH): VVH S VH» (4'3)

and (i, B}, pY,) € Wiy x Vi x Vi such that

(%,W}[) = (u1,wy), VYwye Wy, (4.4)

(@,WH) =(u,V-vy), VvyeVy, (4.5)

(’%,W}{) =(-KVuy,vy), VvyeVy, (4-6)
~n+l

for n> 0, find (ulf',py, P € Wi x Vi x Vg, solve the following semi-linear system:

n !

(Butdfpywr) + (V- pp® wi) = (f(uH)"’%, wr), VYwy € W, (4.7)
@ ovi) = (Vv ulft) =0, Vg eVy, (4.8)
(KB} ' vi) = (Vi P =0, Wvy € Vi (4.9)

Step 2: On the fine grid 7y, given the initial value (Z/{,? , ”ﬁz, 7?2) € W, x V;, x V;, such that

(Z/[}?:Wh) = (uo,Wh), VW;, (S Wh, (4-.10)
~0

(Provi) = o,V -vp), Vv, eV, (4.11)

(Ph,vi) = (~KVug,vi), v, eV, (4.12)

~1
and (Uhl,'Ph,’P}) e W), x V;, x V;, such that

(u& -U;!

5 ,Wh> = (u, wn), Ywy e Wy, (4.13)
T
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~1 ~-1
(’Ph;—fph,wh> =(u,V-vy), VYv,eVy (4.14)
T
Pl _ P_l
<%,wh) = (=KVuy,vy), Vv,V (4.15)
T

~n+l
for n >0, find U, P, Py € Wy x V), x Vy, solve the following linear system:

ST

(0uldy, W) + (V- ’PZ’%,wh) = ((Fur) +f (ur) Up — )", W), Ywy € Wy, (4.16)

1
(P vi) = (Vv Uf*') =0, Vv, eV, (4.17)
1
(KP, " vi) - (vi, PpY) =0, Vv €V (4.18)
We note that, for # = 0 in (4.16), the values U, and ’P;l can be determined by (4.13)
and (4.15).
Now we consider the error estimate for the two-grid algorithm. Obviously, Theorem 3.1

holds for the solution of the coarse mesh with z = H. In the following, we derive the error
estimate of the fine grid.

Theorem 4.1 Let (U,’f,:lsmh,PZ) € W), x V;, x V, be the solution of (4.10)—(4.18). Assume
that (i)—(iii) hold and take Uy =4°, U} = %', T < min{3, 6C0+Mz}, then for 1 <n <N, there
1

exists a positive constant C such that
sup( [’ =24 + [B" =P, + |p" = Pil} < COH1 + 42 4 22),
where k is associated with the degree of the finite element polynomial.

Proof Taking " =u" - U, y" = ﬁn - "I;Z, and y” = I1p" — P}, Let us first note the fol-
lowing error equations from (3.16)—(3.18) and (4.16)—(4.18):

(8tt/3n) Wh) + (V : V”’%,Wh)

1
= (Bt =y wi) — (34€", W) + ()2, wy,)

1
— ((F Cung) + f (ur) Uy — 1)) 2  w),  Ywy € Wi, (4.19)
(@) = (B, V- vi) =0, Vv, eV, (4:20)
(Ky™hvi) = (™ vn) = (07 vn) = (K7™ vn),  Yvy, €V (4.21)

We now rewrite terms on the right-hand side of (4.19). A Taylor expansion of f about uy
yields

N—

(F)™ 2, wi) = ((F ) + f ot Uy — )™

s Wp)

= (f(MH)n’% + (f () (- uH))n,% + %(f”(u*)(u - MH)Z)H‘%;Wh)

)

NI

- ((f(MH) +f (up) Uy - MH))n'

,Wh)+(

s Wh)

() = )"

[T
N

= ((f () = Up))"

N =

Page 10 of 15
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for some function u*. By (4.20) and (4.21), we have

(7" =7 ) = (B =BV vi) =0, Vv, eV, -
(K@ +7")vn) = (V" + v v) = (" + 0" )

— (K@ +7"),vi),  Vvi € V). (4.23)

1

Choose wy, = 0;8", vy, = v L= andvy = d”’ as test functions in (4.19), (4.22), and (4.23),

respectively. Then, add the resulting equatlons to obtain

(0uB",8,8") + (87", K7™?)

- S (A = o )+ (i - ik )

ny n n n n5 o =N —1,5 q 1
= (atzun —uy”, B ) - (atté ,0¢8 ) + (77 ’Z,th ) - (K’? '%:EM/ ) (4.24)
n3 n 1 7 n3 n
(-0 a8+ (50700 ) )
6
=> I.
i=1
In the same way as the estimate of (3.24), we get
4
L +12§C{1f12k*2+r4 B—Z }
dt (12) (4.25)

L+ 1 < CH*? v e o7 |

The last two terms on the right-hand side of (4.24) can be bound using (2.7) and (3.15), we
see that

2
Ko M g g

(4.26)
wl
Io = C([[w = [) "2 9" | < CLH¥ 4 %) + e 0|
From (4.24)—(4.26), set 2?26 ¢; = 1, we find that
1 ne s (|2 n-12 1 412 12
oz (o™ 2" = 282 ) + (k9" - 27 )
T 4t
(4.27)

2
C{p + HY 4 2t 4 %(Ilﬂ”*1 1P+ 18" 1°) + o + oy
Multiplying by 47 and summing (4.27) from n = 1 to N, the resulting equation becomes

20N 2| ~2f a2 | + KPP+ PN - i - 3P

Page 11 of 15
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N N
< C{th+2 + H% t4} +2M?3t Z(”,B’“rl Hz + ||,3”’1 ||2) +4t ZH 0;8" Hz (4.28)

n=1 n=1
N
a2
+4det Z”E)ty” || .
n=1
In the following, similar to the estimates of (3.33) and (3.34), we have

”/3;14—1 ” < CO ”7n+1

’

) ) (4.29)
(P etel b I
By the initial conditions &) =%° and U} = %", we can easily obtain
ap7=0, P'=y'=0. (4.30)
Combining (4.28)—(4.30) results in
@-40) |08V 2" + (L-2087) [ BV + [N P+ |7+ |7V
N
< C{W¥+2 y H¥%4 L o4 Cr B 2
{ ree 31 .
N-1 X N
+47 Z”atﬂ”*? ||2 +4etT ZH 07" ||2
n=1 n=1
When 7 < min{%, m }, the discrete Gronwall’s lemma yields
” Btﬁm% ”2 + ||ﬁN+1”2 n ” yN+1||2 + ||7N+1||2 < C{th*z 4 Bk T4}_ (4.32)
The final result is obtained by using (2.7), (2.8), (4.32) and the triangle inequality. O

Remark 4.1 From Theorem 4.1, we see that the optimal error estimate is O(t2 + i**1)
in L2-norm by taking H = O(h"/?). This result is consistent with the optimal error result
(3.15) obtained for EMFE system (3.5)—(3.13).

5 Numerical experiments

In this section, we give some numerical experiments to support the analysis developed
in the paper and to assess the merit of the two-grid method when compared with the
EMFEM. In the numerical examples reported below, we choose RTj (k = 0,1) as the ap-
proximation space. The domain 2 is uniformly divided into two families 7z and 7, of
triangular elements with H = 4'/2, In order to obtain the convergence rate of space mesh
size, J is also uniformly divided so that 7 is a small time step.

Example 1 We consider the following hyperbolic problem:

uy -V -(KVu)-u® =g, Xt)eQx],
M(X, 0) = U, ut(xx 0) =U, X< Qr

u=0, x, ) e 02 x ],
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Table 1 Errors and computational time of the EMFEM with RT; element

h llu—upll 1P - Pyl lp-psl Computing time (s)
272 1.8758e-2 94517e-2 9.4822e-2 0.54

P 13067e-3 6.6139%-3 6.6214e-3 527

26 9.2041e-5 4686264 46851e-4 121.78

28 63792e-6 32754e-5 32967e-5 147035

Rates 2.0 20 2.0

Table 2 Errors and computational time of the two-grid method with RT; element

(H, h) llu—Us | 1B -l lp Pyl Computing time (s)
271,27 1.8843e-2 9.4908e-2 9.5169e-2 0.71

22,27% 13341e-3 6.8325e-3 6.9089%e-3 195

(273,279 9.3167e-5 48378e-4 4.8919e-4 29.84

274,278 6.5058e-6 34161e-5 34732e-5 37751

Rates 2.0 20 20

where Q = (0,1)2, ] = (0,1], x = (x1,%,)7, and

K- X+ 1 20 '
0 x5 +1

The functions g, o, and u; are computed from the exact solution u(x, t) = e~ sin(7rx;) x
sin(x,).

We use Raviart-Thomas spaces of index k = 1 (RT7). The error results, convergence
rates, and computational time obtained with v = 1.0e-3 by the EMEFM and the two-grid
method are presented in Tables 1 and 2.

From the numerical results in Tables 1 and 2, we can easily observe that the proposed two
methods are of second-order accuracy in L2-norm, which coincides with our theoretical
analysis. Moreover, by comparing with the last columns of two tables, it is easy to see that
given the same accuracy the two-grid method is much more efficient than the EMFEM.

Example 2 We consider the following hyperbolic problem:

Uy —V-(KVu)—sinu+u*=g, x1)eQx],
u(x, 0) = Uo, ut(xr 0) =U;,, XE€ Qr

u=0, x, 1) e 02 x/,

where Q = (0,1), ] = (0,1], x = (x1,%,)7, and

K- 2+ 1 20 ‘
0 x5+ 1

The functions g, uo, and u; are chosen so that the exact solution u(x, £) = e (x} — x3)(x3 —
%3).

We consider the lowest Raviart—-Thomas spaces of index k = 0 (RTp). The numerical
results and computational time obtained with t = 1.0e-3 are shown in Tables 3 and 4. It
can be seen from Tables 3 and 4 that ||z — U]}, |p - :ﬁh I, and ||p — Pl are convergent at
the rate of O(k), which is in accordance with the theoretical analysis.
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Table 3 Errors and computational time of the EMFEM with RTy element

h llu—=unll 1P - Pyl lp—pyl Computing time (s)
272 4.2443e-3 1.5198e-2 1.5957e-2 037

24 1.1176e-3 4.0412e-3 4.2548e-3 492

26 2.9495e-4 1.0679%e-3 1.1212e-3 96.09

28 7.6126e-5 2.8173e-4 2.9416e-4 816.48

Rates 1.0 1.0 1.0

Table 4 Errors and computational time of the two-grid method with RTy element

(H,h) llu~Us | 1B Pl lp Pyl Computing time (s)
271,27 44721e-3 1.6902e-2 17111e-2 0.58

(272,279 1.1817e-3 44975e-3 45216e-3 161

(273,279 3.0799%e-4 1.1758e-3 1.1948e-3 23.76

(274,278 7.9547e-5 3.0644e-4 3.1401e-4 227.14

Rates 1.0 1.0 1.0
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