Tawfeek et al. Journal of Inequalities and Applications (2021) 2021:167 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-021-02701-z a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

The generalized projection methods in
countably normed spaces

Sarah Tawfeek! @, Nashat Faried' and H.A. EI-Sharkawy'

“Correspondence:

sarahpure@gmail.com; Abstract

?g:;aaﬁﬁwf(e@;f?&'aﬁfngatiCSI Let £ be a Banach space with dual space £%, and let K be a nonempty, closed, and
Faculty of Science, Ain Shams convex subset of £. We generalize the concept of generalized projection operator
ggy“g’s“yf Abbassia, 11566 Cairo, "Tly : E — K" from uniformly convex uniformly smooth Banach spaces to uniformly
Full list of author information is convex uniformly smooth countably normed spaces and study its properties. We
available at the end of the article show the relation between J-orthogonality and generalized projection operator Ik

and give examples to clarify this relation. We introduce a comparison between the
metric projection operator Py and the generalized projection operator Iy in
uniformly convex uniformly smooth complete countably normed spaces, and we give
an example explaining how to evaluate the metric projection Px and the generalized
projection Ik in some cases of countably normed spaces, and this example
illustrates that the generalized projection operator Iy in general is a set-valued
mapping. Also we generalize the generalized projection operator “my : £¥ — K" from
reflexive Banach spaces to uniformly convex uniformly smooth countably normed
spaces and study its properties in these spaces.

MSC: 46A04

Keywords: Countably normed space; Normalized duality mapping; J-orthogonality;
Projection theorem in countably normed space; Metric projection operator;
Generalized projection operator

1 Introduction

Let E be a Banach space with dual space E*, and let K be a nonempty, closed, and con-
vex subset of E. The metric projection operator Px : E — K has been used in many top-
ics of mathematics such as: fixed point theory, game theory, and variational inequalities.
In 1996, Alber [1] introduced the generalized projection operators “Ilx : E — K” and
“rk : E* — K” in uniformly convex and uniformly smooth Banach spaces, which are a nat-
ural extension of the classical metric projection operators of Hilbert spaces, and studied
their properties in detail. Also, Alber [1] presented two of the most important applications
of the generalized projection operators: solving variational inequalities by iterative pro-
jection methods and finding a common point of closed convex sets by iterative projection
methods in Banach spaces. In 2005, Li [3] extended the generalized projection operator
7k : E* — K from uniformly convex uniformly smooth Banach spaces to reflexive Banach
spaces and studied the properties and applications of the generalized projection operator
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i based on set-valued mappings. In this paper, we extend the concept of generalized pro-
jection operators “Ilx : E — K” from uniformly convex uniformly smooth Banach spaces
to uniformly convex uniformly smooth countably normed spaces and “rg : E* — K” from
reflexive Banach spaces to uniformly convex uniformly smooth countably normed spaces.
Also, we show the relation between J-orthogonality and generalized projection operators
and give examples to clarify these relations. We present a comparison between metric
projection and generalized projection in uniformly convex uniformly smooth complete
countably normed spaces.

2 Preliminaries
Definition 2.1 ([5, 6]) If E is a normed linear space, then:
(1) Itis uniformly convex if for any ¢ € (0, 2] there exists § = §(¢) > 0 such thatif x,y € E
with x| = 1, [lyll = 1 and [lx - y|| > &, then || <1-8.
(2) Itis smooth if S(E) = {x € E : ||x|| = 1} is the unit sphere of E and lim,_,¢ w
exists for each x,y € S(E).
(3) Itis uniformly smooth if lim,_,o w exists for each x, y € S(E), where S(E) is the

unit sphere of E.

Definition 2.2 (The normalized duality mapping, [8, 11]) If E is a real Banach space with
the norm || ||, E* is the dual space of E, and (-, -) is the duality pairing. Then the normalized
duality mapping ] from E to 2F” is defined by

Jx={j € E*: (x,)) = |11 = [ljlI*}.

The Hahn—-Banach theorem guarantees that Jx ¢ for every x € E. If E is a smooth Banach
space, then the normalized duality mapping is single-valued. We got the following example
in [4] for the normalized duality mapping J in the uniformly convex and uniformly smooth
Banach space ¢ with p € (1,00), we have Jx = ||x||Z;p{x1 |1 1272, %5 |0 P72, ..} € £9 = £P%,
where x = {x1,%,,...} € ¥ such that}? + é =1.

Definition 2.3 (Countably normed space, [4]) IfE is alinear space equipped with a count-
able family of pairwise compatible norms, {|| ||,.,# € N} is said to be countably normed
space. We give an example for the countably normed space the space ¢#*% := (" ¢/ for
any choice of a monotonic decreasing sequence p, converging to p for 1 < p < oc.

Remark 2.4 ([9]) For a countably normed space (E, {|| ||,,# € N}), let the completion of E
with respect to the norm || ||, be E,. We may assume that || ||; < || 2 <] I3 <...in any
countably normed space, alsowe have EC --- CE,;; CE, C -+ C E;.

Proposition 2.5 ([4]) Let (E,{|| ||, » € N}) be a countably normed space. Then E is com-
plete ifand only if E = (1, En. Each Banach space E,, has a dual, which is a Banach space
denoted by E;, and the dual of the countably normed space E is given by E* = | ),y E5, and
we have the following inclusions:

EfC---CE,CE;,,,C---CE"

Moreover, for f € E};, we have ||f ||, > ||f ll.n+1 for all n e N.
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In the following definition, we define uniformly convex uniformly smooth countably
normed spaces “C.S.C.N”.

Definition 2.6 (C.S.C.N. space, [7]) A countably normed space (E, {|| ||, # € N}) is said to
be uniformly convex uniformly smooth if (E,, || ||,,) is uniformly convex uniformly smooth
for all € N.

Theorem 2.7 ([7]) Let (E,{|| |l.,n € N}) be a real uniformly convex complete countably
normed space, and K be a nonempty convex proper subset of E such that K is closed in each
E,, then there exists a unique X € K : ||x — x|, = infyex % =yl for all n € N, and the metric
projection Pg : E — K is defined by Px(x) = x.

Definition 2.8 (Lyapunov functional, [2]) IfE is a smooth Banach space and E* is the dual
space of E, then Lyapunov functional ¢ : E x E — R* is defined by:

P, %) = Iyl = 2(p, Jx) + |1«
for all x,y € E, where J is the normalized duality mapping from E to 2F",

In the following the concept of the normalized duality mapping in smooth countably

normed spaces “S.C.N” is introduced.

Definition 2.9 (The normalized duality mapping in S.C.N. spaces, [12]) Let (E,{|| ||l,,n €
N}) be a smooth countably normed space such that E, is the completion of E in || ||, and
(Ew |l l2) is a smooth Banach space for all # € N, so there exists a single-valued normalized
duality mapping J, : E, — E; with respect to || ||, for all # € N. One understands that
Il/.x|l» is the E-norm and ||x||,, is the E,-norm for all n € N.

The following multi-valued mapping is the normalized duality mapping of a smooth
countably normed space as J : E — E* = |, E;: such that J(x) = {J.x}, IJ.%], = 1]l
(%, Jux) = ||x[l% Vi € N.

Proposition 2.10 ([12]) If (E,{|| |l.,n € N}) is a real smooth uniformly convex complete
countably normed space and K is a nonempty proper convex subset of E such that K is
closed in each E,, then x = Px(x) is the metric projection of an arbitrary element x € E if
and only if (x —y,](x — X)) > 0, Vy € K, where ] is the normalized duality mapping on E.

Theorem 2.11 ([12]) Let (E,{|| ||, n € N}) be a real smooth uniformly convex complete
countably normed space and K be a nonempty proper convex subset of E such that K is
closed in each E,,.

Then x = Px(x) is the metric projection of an arbitrary element x € E if and only if (x —
Y, Ju(x — %)) > ||lx - %2, Vy € K, Vn.

Definition 2.12 (/-orthogonality in smooth countably normed spaces, [12]) Let (E,{|| ||»,
n € N}) be a smooth countably normed space, we say that an element x € E is J-orthogonal
to an element y € E and write x |/ y if (y,/,x) = 0, V#, i.e.,, (,Jx) = 0, where J is the nor-
malized duality mapping of E.
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Theorem 2.13 ([12]) If(E,{|| ||», n € N}) is a real smooth uniformly convex complete count-
ably normed space and M is a nonempty proper subspace of E such that M is closed in each
E;, then

Vx e E\ M,3x € M: ||x—5c||,<:in1£||x—y||i, Vi ifandonlyif x-% 1/ M.
yE

3 Main results
In the following definition, we introduce the concept of the generalized projection opera-
tor “Ix” in uniformly convex uniformly smooth countably normed spaces “C.S.C.N..

Definition 3.1 (The generalized projection “Ilx” in C.S.C.N. spaces) Let (E,{|| ||l.,n €
N}) be a uniformly convex uniformly smooth countably normed space such that E, is the
completion of E in || ||, and (E,, || |l,) is a uniformly convex uniformly smooth Banach
space for all # € N, so there exists a single-valued injective normalized duality mapping
Ju : E, — E} with respect to || ||, for all # € N, and let K be a nonempty proper convex
subset of E such that K is closed in each E, for all n. Let ¢,(x,y) be Lyapunov functional
with respect to || ||,,, where ¢,, : E,, x E,, = R* is defined as

bul,9) = xlI2 — 200, Ju) + I§Il2, VmEN,
so we have I1"x : E, — K is defined as

Hn]((x) =Xon < ¢n (x) xOn) = inf ¢n(x1y)
yeK

We define the set-valued mapping Ix : E — 2K to be the generalized projection operator,
where Tx(x) = {IT"(x)} = {x0,,} € K such that

¢n(x7x0n) = inf ¢n(xry)7 Vn.
yek

Proposition 3.2 Let K be a nonempty closed convex subset of a uniformly convex uniformly
smooth countably normed space E and x € E. Then

M (x) = {xo;}
if and only if (xo; — y,Jix — Jix0;) = 0, Vy € K, Vi.

Proof “=” Lety € K and let u € (0,1), TIx(x) = {x0;}.
Then

bi(%0;,%) < di((1 — wxo; + py,x) foralli. (%)
From (*) we have

0= (1= wro; + |7 = 2{(1 = whxo; + 1y, Jix) = o1 + 2x0;,Jix)

= (1 = )o; + 1|} = i1 = 208y = oy, Jix)
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< 2ufy — %0 J(1 = w)xo; + j1y) = 2u4(y = oy /i)

= 20u{y — %05, Ji (1 = p)aco; + 1y) = Jix).

Since

:u“(in _yr]i((l - M)xoi + My))
= (xm‘ — Wy — Xo; + xo; Ji(1 — w)xo; + ,uy>

= (wo; — ((1 = p)xo; + py), Ji(1 = p)xo; + 1)

1
=< §(||x0i||i2 - “(1 — )Xo, + M}’le)

Taking the limit . — 0, we get (y — xo;, Jixo; — Jix) > 0.
Thus (xo; — ¥, Jix — Jixo;) > 0 for all y € K and for all i.
“«<” For any y € K, we have

¢i(y, %) — di(xo;, %)
= Iy} = 200, Jix) + 1017 = lloll} + 240 Jix) — |11}
= Iy 117 = llxo: 117 = 2(y — %0, %)
> 2(y — xo;, Jix0i) — 2{y — %0, Jix)

=2(y — x0;, Ji%o; — Jix) = 0, Vi

So Mk (x) = {x0;}-

O

Proposition 3.3 Let (E,{| |;,i € N}) be a uniformly convex uniformly smooth countably

normed space and M be a nonempty proper subspace of E. Then Ty (x) = {x0;} if and only

if

(m,Jix — Jixo;) =0 Vm € M,Vi.

Proof “=” Suppose that Ty (x) = {xo;}. Since M is a subspace of E and using Proposi-

tion 3.2, we have
{w0i = (xoi = m), Jix = Jixoi) = (m, Jix = Jixo;) = 0, Vm € M, Vi.
Similarly,
(in — (x0; + m),Jix _]ix0i> = (—m, Jix — Jixo;) >0, Vm e M,Vi.
From (1), (2) we get (m, Jix — Jixo;) =0 Vm € M, Vi.
“«<" Suppose that (m,Jix — Jixp;) = 0 Vm € M, Vi.

Using that M is a subspace of E, we have

(x0; —m, Jix — Jixo;) =0, Vm € M,Vi.

1)

2)

Page 5 of 14
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So,
(x0; — m, Jix — Jixo;) > 0, Vm € M,Vi.
Thus Iy (x) = {x0;}. O

Example 3.4 For £y, := (),en €y, 1 is a uniformly convex uniformly smooth complete

countably normed space with the norms

s =<l ll2s <o <1y <---,

for each x = {x;} € 1.0,
_1 1
Jul) = Il {wilwil 7} € Cons, V.

Consider a closed subspace M of ¢5,¢ which is generated by {1,0,0,0,...}. Using Proposi-
tion 3.2 we get

My (%) = {{0,,,0,0,...}}
< ({t,0,0,...},Jux = Ju{%04:,0,0,...}) =0 Vt€R,Vn

_1
& (160,0,..0 lxll, " {malwa |7, xaleal 7, . )

_1
= {{,0,0,..}, %o, ", {%oul%0,17,0,0,....})

-1 1 1
< xll, "y xalen |72 = Nlxoll, s Xoul¥oul " £ = X0t
n n

& Xon = ”x”2+nlxl|xl|", Vn.
n

_1
So Ty (x) = {{Ilelzflxl |%1] i ,0,0,...}}, Vi, hence we have a sequence of points.

Using Theorem 2.13 that is “Py(x) = x if and only if x — ¥ 1/ M’, we get

Py(x) =X = {%1,0,0,...}
& ({£,0,0,..},],(x - %)) ={0,0,...}, VteR,Vn

& ({6,0,0,.. 1 Tl — %142, %3, 0, %, }) = {0,0,...}
_ -1 -1 - 1
< <{t,0,0,...},||x—x||2+%{|x1—xll ”(xl_xl);'u)xi|xi|nw”}>:{0)0""}
_1
e = &I, 7, b = 1] 77 (e ~F1)e =0, VE€R,Vn

5€1 = X1, PM(x) =Xx= {xl,O, 0,}

So, for a metric projection we have only one point but for a generalized projection we have

a sequence of points.
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Remark 3.5 From Example 3.4 we observed that the metric projection and the generalized
projection of a uniformly convex uniformly smooth complete countably normed space in

general are distinct.

Remark 3.6 The space £,¢ is a uniformly convex uniformly smooth complete countably
normed space, so the metric projection is a single-valued mapping in it, see [10]. But the

generalized projection in €5, is still a set-valued mapping.

The following corollary gives a relation between the generalized projection and J-

orthogonality in uniformly convex uniformly smooth countably normed spaces.

Corollary 3.7 Let (E,{|| ||l,,n € N}) be a uniformly convex uniformly smooth countably
normed space and M be a nonempty proper subspace of E. Then Ty (x) = 0 if and only if
x 1/ M.

Proof By using Proposition 3.3, we get

Myx)=0 < (mJx)=0, VmeM,Vi

s x UM O

Example 3.8 For £y,0:=(),cn £

1
neN *2+:7

-1 1
_ n P
Ju(x) = ”x”%% {xt|xz| " } € 672;:11 Vh.

Consider a closed subspace M of ¢5,¢ which is generated by {1,0,0,0,...}.

s xUM
& (m,Jx)=0 VmeM,Vi
_1 1 1
< ({ml,O, 0,1 lIxll, " {x1||x1|| 2 || || "}) ={0,0,...}
& x=[{0,1,1,1,..}].

Corollary 3.9 Let (E,{|| |l,,n € N}) be a uniformly convex uniformly smooth countably

normed space and M be a nonempty proper subspace of E. Then I y(x) is homogeneous.

Proof Let

M) = {xo;} & (mJix—Jixo)) =0 Vm e M,Vi

& AlmJx = Jxoi) = 0 = (m, A(ix — Jixo)),  »€R
& (mJi0x) = Ji(hxo)) =0 Vm e M,Vi
<

M (Ax) = Ao} = ATTar(x). O
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Proposition 3.10 Let K be a nonempty closed convex subset of a uniformly convex uni-
formly smooth countably normed space E and x € E. If T (x) = {xo;}, then

@i(y, %0;) + di(x01,%) < @i(y, %), VyeK,Vi.

Proof

¢i(y, %) = iy, %0;) + Pi(x0;, %)
= —=2(y,Jix) + 2(%0;,Ji%) + 2(y — %03, Ji(%07))
= —=2(y — x0;, Ji(%)) + 2(y — %0, Ji(%0;))

= 2<y — %01, Ji(%0;) —],'x> >0, VyeK,Vi“using Proposition 3.2”. O

Proposition 3.11 Let (E, {|| ||, n € N}) be a uniformly convex uniformly smooth countably
normed space and M be a nonempty proper subspace of E, x € E, Iy(x) = {x¢,,}. Then

d’l’l(y?x()n) + ¢Vl(x0n7x) = d’n(y,x), Vy € M, Vn.

Proof

¢n(y X d)n xOn)x) ¢n()’ xOn)
= =2(y,JuX) + 20,0, Jn%X) + 29, JuXou) — 2{X0,1s X0,1)

=2(y — %o JuXon = Jux) =0 Vy € M, Vn.

Thus ¢, (¥, %0,.) + ¢u(%0,,%) = Pu(y,x) Vy € M, Vn. O

Example 3.12 For £a,0:=(),ey £y, 1

_1 1
— n el 7
) = el (bl ) € €y Vi

Consider a closed subspace M of ¢5,¢ which is generated by {1,0,0,0,...}.
In Example 3.4, we got the generalized projection operator of x € €5, such that

M) = ({7, bl 3,001} v
So, we get
Bn(m 0,3 {131,311, 0,0,...})
+¢’n({||x||;f%x1|x1|%,O,O,.,.},{xl,xz,...})

_1 1 1 1.2
2 _1 _1 1
=m —2(||x||2+%) "mxy [|xq |7 +2(IIxII2+% ENEARD

= 2((Ielly, 1) il 1) + (Il )
= ¢n({m,0) O) .. '}} {xl’xZ} .. '}) = ¢n ({m10) 0; .o '},x) V{Wl, 0, O, .o .} S M, VV[.

=
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Remark 3.13 Proposition 2.10, Theorem 2.11, and Theorem 2.13 give relations between a
metric projection operator and a normalized duality mapping in countably normed spaces.
Proposition 3.2, Proposition 3.3, Corollary 3.7, and Proposition 3.10 give relations be-
tween the generalized projection operator and the normalized duality mapping in count-
ably normed spaces, so we can get a useful comparison between the metric projection and
the generalized projection in countably normed spaces.

In the following definition, we introduce the concept of generalized projection operator
“mx” in uniformly convex uniformly smooth countably normed spaces “C.S.C.N’.

Definition 3.14 (The generalized projection “mx” in C.S.C.N. spaces) Let (E,{|| ||.,# €
N}) be a uniformly convex uniformly smooth countably normed space such that E, is the
completion of E in || ||, and (E,, || |l,) is a uniformly convex uniformly smooth Banach
space for all # € N, and let K be a nonempty proper convex subset of E such that K is
closed in each E, for all n. Let ¢,(f,y) be a Lyapunov functional with respect to | ||,
where ¢, : EX x E, — R* is defined as

onlFoy) = If 1 = 2000 + 19I5, VmeN.

Without being confused, one understands that ||f||, is the E}-norm and ||y||, is the E,-
norm for all # € N. So we have

7"k :E; > K VneN
is defined as

k() =% & oulfiXn) = infonlf,5).
We define the set-valued mapping

JTKIE* = UE:—) 2K

neN

to be the generalized projection operator of f, where f € E}, for some n,
mx(f) = {7k ()} = (&} CK

such that ¢,(f,X,) = infyex @a(f, ).

Remark 3.15 Let (E,{|| |l.,n € N}) be a uniformly convex uniformly smooth countably
normed space such that E,, is the completion of E in || ||,, and (E,,, || ||,) is a uniformly con-
vex uniformly smooth Banach space for all # € N, so there exists a single-valued injective
normalized duality mapping J, : E, — E;, with respectto || ||, and J); : E} — E}* = E, since
E, is a reflexive Banach space for all # € N, and let K be a nonempty proper convex subset
of E such that K is closed in each E, for all n. Then IT"x = 7" o J, and " = 1"k o J,
since I1"x and 7"k are single-valued for all n. So TIx(x) = {TT"k (%)} = {7k o J,(x)} for all
nand g (f) = (7" ()} = {I1"k o J;i(f)}, where f € E}; for some n.
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Li studied and proved the properties of generalized projection operator mx in reflexive
Banach spaces, see [3], we extend and prove most of these properties of a generalized
projection operator i in uniformly convex uniformly smooth countably normed spaces
in the following theorem.

Theorem 3.16 Let (E,{|| ||,,n € N}) be a uniformly convex uniformly smooth countably
normed space such that E,, is the completion of E in || ||,, and (E,, || ||,.) is a uniformly convex
uniformly smooth Banach space for alln € N, and let K be a nonempty proper convex subset
of E such that K is closed in each E, for all n, then the following properties hold:
(1) Forany given f € E*, i (f) is a convex subset of K.
(2) For any point x € K and any J;(x) € J(x), where ] (x) is the normalized duality
mapping of E, we have x € wx(J;(x)), Vi.
(3) mk is monotone in E* in some cases, that is, if fi,f» € E* where fi,f> € E} for some i,
x1 € i (fi) and xy € i (f2), we have

(x1 —x2,fi =f2) = 0.

(4) For any given f € E* such that f € E} for some i, x € K, if J;(x) € J(x) such that
(x—y.f—Ji(x)) =0 forall y € K,then x € mx(f).

(5) If x € mg(f) and f € E* such that f € E} for some i, J;(x) € J(x), we have
(x—y.f—Ji(x)) =0 forallyeK.

(6) Iffi.fo € E* such that fi,f, € E¥ for some i and x € (ng(fi) U mi(f2)), we have
x € (M + (1= A)fa) for any & € [0,1], that is,

i (f1) U g (fa) C nK(co(fl,fz)).

(7) Iff € E* such that f € E} for some i, x € wx(f), the following inequality holds:

eillix,y) < @ilf,y), VYyekK.

Proof (1) Suppose x1,%, € mx(f), f € Ef for some i and 0 < A < 1, from the convexity
property of the functional ¢;, we have

@ifs 2 + (1= A)x2) < Agilfox1) + (1= W)gilf %)
= dinf ¢;(f,y) + (1 = A) inf @;(f,y)
yeK yekK
= ;21£¢i(fry)-

It implies Ax; + (1 — A)xy € i (f). Hence i (f) is a convex subset.

”

(2)x € mx (Ji(x)) = {7" k Ji(x))} for some n since, for n = i “J;(x) € E;’, we have ¢;(Jix, x) = 0,
ik (i) = x, Vi.

Page 10 of 14
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(3) If fi,f> € E* such that f1,f, € E for some i, x; € g (f1) and x; € wx(f2), we have

(pi(fl’xl) S‘pi(fl:y)y V)/GK,

and

0i(fa, %2) < @i(fr,2), VzeK.

Let y = x; and z = x;. Then

ei(fi, x1) < @ilfi,%2), @i(fa, %2) < @i(f2, 1),

and we have

@i(f1,%2) + @ilfo,%1) = @i(f1,%1) + @i(fa, %2).

From this we obtain the following relation:

(®1./1) + (x2,2) = (x2,/1) + (%1, /2)»

which is equivalent to (x; — x5,/ — f2) > 0.
(4) For any given f € E* such that f € E} for some i, x € K if Ji(x) € J(x) such that

(x -f —]i(x)> >0 forall y e K and for some i.

Then we have

oilf,9) = @ilf,x) = =20, f) + IyII} + 20, f) = lIxl1F
= =20y, f) + 20w, f) — 2(x, Jix) + ixl7 + 9117
=20f) + 20x.f) = 20xJix) + 2 e illy
> =2(0,f) + 2(x,f) — 2{x, Jix) + 2(y, Jix)
=2(x-y,f-Jx) >0, VyeKk.
It implies x € Tk (f).

(5) If x € i (f) such that f € E; for some i, A € (0,1], any y € K, and using that K is

convex, we get

0> ¢i(f,x) — @i(f, Ay + (1 - A)x)
= 2Ar(y =), ) + 2l? = Ay + (1 - )|}
= 2(A(y —x),f = Ji(Ay + (1 = 1)x)) + 2{A(y — %), Ji (hy + (1 = M)x))
7 = [ ay+ (1= 2]
= 2(A(y = %), f = Ji(Ay + (1= 1)) + 2(hy + (1 = M) = (%, Ji(Ay + (1 - 1)x))
Il = Ay + (1= A
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= 2y —2).f —Ji(y + (1= 1)x)) + 2] Ay + (1 - M)}
— 20, Ji(hy + (L= 2)x)) + [ll? = Ay + (1= 2

= 2y —2),f —Ji(hy + (L= 1)) + |y + (L= x|}
=2, Ji(Ay + (1 = 1)x)) + [|x]17

> 2y —x).f = Ji(Ay + (1 = A)x)).

So, for some i, we have
x=y.f=Ti(hy+ @1 =2)x)) =0, Vre(0,1].
From the property
iy + @=0)x) [, = |2y + Q= R)x], < el + N1yl

we get that the set {J;(Ay + (1 — 1)x) : & € (0,1]} is bounded for any fixed %,y € K, Vi.
Then there exists a subsequence {J;(A,y + (1 — A,)x)} such that 1, — 0 and J;(A,y + (1 -
An)x) — ¥, w*-weakly with respect to || ||;, as n — oo such that y; € E* Vi. From the w*-
convergence property, we have

I¥ill: = lim infJ;(Any + (1= An)x) |,
= lim inf”)w,y +(1- Ay,)xHi <%l Vi (1)
n— o0
(¥) = lim (z,]i(Any + (1 = A,)x)),  VzeK.
n—00
For z = x, we have

<x1 %)

lim (x,],»()»,,y +(1- An)x))

nlirgo (A =2), Ji(Any + (1 = 1)) an

fim |2y + (1= A = 1112
n—0o0

Since ||V l:llxll; > (x, ¥;) = ||x||l2, it implies |[v;]l; > |l%||;. Here we may assume that x # 0.

(It is easy to prove the second part if x = 0.) Combining with (I), (II), we get
(i) = lellF = Nl

It yields that y; = J;. Applying the w*-convergence property again and using (I), we get that
(x=y.f = Ti®) = nlillgo<x ~9f =Ji(Awy + (1= A0)x)) >0, VyeK.

(6) If fi,f> € E* such that fi,f; € E] for some i and x € (wx(fi) U mk (f2)), then by using
property [6], we have (x —y,fi — Ji(x)) > 0 and (x — y,f; — Ji(x)) > 0, Vy € K. It implies

(o= (i + A=) ~ Jiw)
= (x =y, (Wi + (1= 1)f) — (Mix) + (1= M)
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= Mx =y, i = i) + (1= D{x - y.fo — Ji(%))
>0, VyeKk.

Applying property [6] again, we obtain x € 7 (Af; + (1 — A)f2), that is,

7 (i) Utk (fa) € mic(co(fi, f2)).-

(7) If f € E* such that f € E} for some i. Let us rewrite property [6] in the form
(x=2.f) > {x-2Jx), VyeKk.

So we have

= (9.Ji(%) > (. f) = Il

It is equivalent to the relation

FI7 = 20.f) + lIyl?
> [lxll? = 20, Ji)) + Y117 + IF 117 = 20, ) + [lx17.

By observing the following equalities:

@i (Ji(x),9) = %017 = 23, J:®)) + Iy 117,
@ilf9) = IF1IF = 20) + Iy,
@i(f,%) = If 17 = 20.f) + lIx17,

we get that

eillix,y) < 0ilf,y) — eilf,x), VyeK.

Consequently,

0%y <ei(f,y), Vyek. 0

4 Conclusion

In this paper we extend the concept of the generalized projection operator “Ilg : E — K”
from uniformly convex uniformly smooth Banach spaces to uniformly convex uniformly
smooth countably normed spaces and study its properties. We show the relation be-
tween J-orthogonality and generalized projection operator Ilx and give examples to clar-
ify this relation. We introduce a comparison between the metric projection operator
Py and the generalized projection operator Ilx in uniformly convex uniformly smooth
complete countably normed spaces, and we give an example explaining how to evaluate
the metric projection Px and the generalized projection I1x in some cases of countably

Page 13 of 14
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normed spaces, and this example illustrates that the generalized projection operator I
in general is a set-valued mapping. Also we generalize the generalized projection opera-
tor “mg : E* — K” from reflexive Banach spaces to uniformly convex uniformly smooth
countably normed spaces. We clarify that the properties of g in uniformly convex uni-
formly smooth countably normed spaces are closer to similarity with the properties of 7
in reflexive Banach spaces.
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