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Abstract
In this paper, a new (p,q)-analogue of the Balázs–Szabados operators is defined.
Moments up to the fourth order are calculated, and second order and fourth order
central moments are estimated. Local approximation properties of the operators are
examined and a Voronovskaja type theorem is given.
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1 Introduction
Bernstein type rational functions are defined and studied by Balázs in 1975 as follows (see
[6]):

Rn(f ; x) =
1

(1 + anx)n

n∑

k=0

f
(

k
bn

)(
n
k

)
(anx)k (n = 1, 2, . . .),

where f is a real- and single-valued function defined on the interval [0,∞), an and bn

are real numbers which are appropriately selected and do not depend on x. Later in 1982
Balázs and Szabados together improved the estimate in [7] by choosing appropriate an

and bn under some restrictions for f (x).
Several q-generalizations of Balázs–Szabados operators have been recently studied by

Hamal and Sabancigil [14], Doğru [10], and Özkan [31]. Approximation properties of the
q-Balázs–Szabados complex operators were studied by Mahmudov in [21] and by Ispir
and Özkan in [16]. The Balázs–Szabados operator based on the q-integers were defined
by Mahmudov in [21] as follows:

Rn,q(f , x) =
1

(1 + anx)n

n∑

k=0

f
(

[k]q

bn

)[
n
k

]

q

(anx)k
n–k–1∏

s=0

(
1 + (1 – q)[s]qanx

)
, (1)

where q > 0, [n]q = 1 + q + q2 + · · · + qn–1, f : [0,∞) →R, an = [n]β–1
q , bn = [n]βq ,

0 < β ≤ 2
3

, n ∈N, and x �= –
1
an

.
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On the other hand, the rapid rise of (p, q)-calculus has led to the discovery of new gener-
alizations. Recently, Mursaleen et al. introduced and studied (p, q)-analogue of Bernstein
operators, (p, q)-analogue of Bernstein–Stancu operators, Bernstein–Kantorovich oper-
ators based on (p, q)-calculus, (p, q)-Lorentz polynomials on a compact disc, Bleimann–
Butzer–Hahn operators defined by (p, q)-integers and (p, q)-analogue of two parametric
Stancu–Beta operators (see [24–30]). (p, q)-generalization of Szász–Mirakyan operators
was studied by Acar (see [1]), Kantorovich modification of (p, q)-Bernstein operators was
studied by Acar and Aral, see [2]. A generalization of q-Balázs–Szabados operators based
on (p, q)-integers was studied by Özkan and İspir in [32].

In this paper, we study some approximation properties for the new (p, q)-analogue of
Balázs–Szabados operators, and we prove a Voronovskaja type theorem. In [32], the au-
thors gave the central moments without any estimations; in this paper we also give the
estimation of central moments in detail. Before stating the results for these operators, we
give some notations and definitions of (p, q)-calculus. For any p > 0, q > 0, nonnegative
integer n, the (p, q)-integer of the number n is defined as

[n]p,q = pn–1 + pn–2q + pn–3q2 + · · · + pqn–2 + qn–1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

pn–qn

p–q if p �= q �= 1,

npn–1 if p = q �= 1,

[n]q if p = 1,

n if p = q = 1.

It can be easily seen that [n]p,q = pn(n–1)/2[n] q
p

.
(p, q)-factorial is defined by

[n]p,q! =
n∏

k=1

[k]p,q, n ≥ 1 and [0]p,q! = 1,

and (p, q)-binomial coefficient is defined by

[
n
k

]

p,q

=
[n]p,q!

[k]p,q![n – k]p,q!
, 0 ≤ k ≤ n,

the formula of (p, q)-binomial expansion is defined by

(ax + by)n
p,q =

n∑

k=0

p
(n–k)(n–k–1)

2 q
k(k–1)

2 an–kbkxn–kyk

= (ax + by)(pax + qby)
(
p2ax + q2by

) · · · (pn–1ax + qn–1by
)
,

and

(x – y)n
p,q = (x – y)(px – qy)

(
p2x – q2y

)(
p3x – q3y

) · · · (pn–1x – qn–1y
)
.

From (p, q)-binomial expansion, we can see that

n∑

k=0

pk(k–1)/2

[
n
k

]

p,q

xk(1 – x)n–k
p,q = pn(n–1)/2, x ∈ [0, 1]. (2)
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2 Operators and estimation of moments
Definition 1 Let 0 < q < p ≤ 1, we introduce a new (p, q)-analogue of Balázs–Szabados
operators by

Rn,p,q(f , x) =
1

pn(n–1)/2

n∑

k=0

[
n
k

]

p,q

pk(k–1)/2f
(

pn–k[k]p,q

bn

)(
anx

1 + anx

)k

×
n–k–1∏

j=0

(
pj – qj anx

1 + anx

)
,

where an = [n]β–1
p,q , bn = [n]βp,q, 0 < β ≤ 2

3 , n ∈ N, x ≥ 0, f is a real-valued function defined
on [0,∞).

Note that in the case p = 1 these polynomials reduce to Mahmudov’s q-Balázs–Szabados
operator which is defined by (1). Also we consider the following two cases:

case (i) If 0 < p < q ≤ 1 or 1 ≤ p < q < ∞, then the positivity of the operators fails.
case (ii) If 1 ≤ q < p < ∞, then approximation by the new operators becomes difficult be-

cause if p is large enough, then Rn,p,q may diverge, so in this paper we study approximation
properties of the operators for 0 < q < p ≤ 1.

Moments and central moments play an important role in the approximation theory. In
the following lemma, we calculate the first five moments of our operators; in other words,
we find formulas for Rn,p,q(tm, x) for m = 0, 1, 2, 3, 4.

Lemma 2 For all n ∈ N, x ∈ [0,∞) and 0 < q < p ≤ 1, we have the following equalities:

Rn,p,q(1, x) = 1, (3)

Rn,p,q(t, x) =
x

1 + anx
, (4)

Rn,p,q
(
t2, x

)
=

pn–1

anbn

(
anx

1 + anx

)
+

q[n – 1]p,q

anbn

(
anx

1 + anx

)2

, (5)

Rn,p,q
(
t3, x

)
=

p2(n–1)

anb2
n

(
anx

1 + anx

)
+

(2 + q
p )pn–1q[n – 1]p,q

anb2
n

(
anx

1 + anx

)2

+
q3[n – 1]p,q[n – 2]p,q

anb2
n

(
anx

1 + anx

)3

, (6)

Rn,p,q
(
t4, x

)
=

p3(n–1)

anb3
n

(
anx

1 + anx

)
+

(3 + 3q
p + q2

p2 )p2(n–1)q[n – 1]p,q

anb3
n

(
anx

1 + anx

)2

+
(3 + 2 q

p3 + q2

p2 )pn–1q3[n – 1]p,q[n – 2]p,q

anb3
n

(
anx

1 + anx

)3

+
q6[n – 1]p,q[n – 2]p,q[n – 3]p,q

anb3
n

(
anx

1 + anx

)4

. (7)

Proof

Rn,p,q(1, x) =
1

pn(n–1)/2

n∑

k=0

[
n
k

]

p,q

pk(k–1)/2
(

anx
1 + anx

)k n–k–1∏
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(
pj – qj anx

1 + anx

)
= 1,
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Rn,p,q(t, x) =
1

pn(n–1)/2

n∑

k=0

[
n
k

]

p,q

pk(k–1)/2
(
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bn

)(
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1 + anx
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×
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)

=
1
an

1
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]
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p
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2

(
anx

1 + anx
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×
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(
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1 + anx

)

=
x

1 + anx
,

Rn,p,q
(
t2, x

)
=

1
pn(n–1)/2

n∑
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k

]

p,q

p
k(k–1)

2

(
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)2( anx
1 + anx
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s=0

(
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)
.

Now, by using [k]p,q = pk–1 + q[k – 1]p,q, we get
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(
t2, x

)

=
1

anbn

1
pn(n–1)/2
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p
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)k
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(
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)

=
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anbn

1
p(n–1)(n–2)/2
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k=0
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]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+1

×
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)

+
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1
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n–2∑
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=
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+
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anx
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,

Rn,p,q
(
t3, x

)

=
1

pn(n–1)/2
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k=0

[
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k

]

p,q

p
k(k–1)

2

(
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=
1

anb2
n

1
pn(n–1)/2

n∑

k=1

[
n – 1
k – 1

]

p,q

p
k(k–1)

2 +3(n–k)[k]2
p,q

(
anx

1 + anx

)k

×
n–k–1∏

s=0

(
ps – qs anx

1 + anx

)
.

Again using the identity [k]p,q = pk–1 + q[k – 1]p,q, we obtain

Rn,p,q
(
t3, x

)

=
1

anb2
n

1
pn(n–7)/2

n∑

k=1

⎧
⎨

⎩

[
n – 1
k – 1

]

p,q

p
k(k–7)

2
(
pk–1 + q[k – 1]p,q

)2

×
(

anx
1 + anx

)k n–k–1∏

s=0

(
ps – qs anx

1 + anx

)}

=
p2(n–1)

anb2
n

1
p(n–1)(n–2)/2

n–1∑

k=0

[
n – 1

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+1 n–k–2∏

s=0

(
ps – qs anx

1 + anx

)

+
2pn–1q[n – 1]p,q

anb2
n

1
p(n–2)(n–3)/2

n–2∑

k=0

[
n – 2

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+2

×
n–k–3∏

s=0

(
ps – qs anx

1 + anx

)

+
pn–2q2[n – 1]p,q

anb2
n

1
p(n–2)(n–3)/2

n–2∑

k=0

[
n – 2

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+2

×
n–k–3∏

s=0

(
ps – qs anx

1 + anx

)

+
q3[n – 1]p,q[n – 2]p,q

anb2
n

1
p(n–3)(n–4)/2

n–3∑

k=0

[
n – 3

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+3

×
n–k–4∏

s=0

(
ps – qs anx

1 + anx

)
.

Then we obtain

Rn,p,q
(
t3, x

)
=

p2(n–1)

anb2
n

(
anx

1 + anx

)
+

2pn–1q[n – 1]p,q + pn–2q2[n – 1]p,q

anb2
n

(
anx

1 + anx

)2

+
q3[n – 1]p,q[‘n – 2]p,q

anb2
n

(
anx

1 + anx

)3

,

Rn,p,q
(
t4, x

)
=

1
pn(n–1)/2

n∑

k=0

[
n
k

]

p,q

p
k(k–1)

2

(
pn–k[k]p,q

bn

)4( anx
1 + anx

)k

×
n–k–1∏

s=0

(
ps – qs anx

1 + anx

)
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=
1

anb3
n

1
pn(n–1)/2

n∑

k=1

[
n – 1
k – 1

]

p,q

p
k(k–1)

2 +4(n–k)[k]3
p,q

(
anx

1 + anx

)k

×
n–k–1∏

s=0

(
ps – qs anx

1 + anx

)
.

Using the identity [k]p,q = pk–1 + q[k – 1]p,q, we have

Rn,p,q
(
t4, x

)

=
1

anb3
n

1
pn(n–9)/2

n∑

k=1

[
n – 1
k – 1

]

p,q

p
k(k–9)

2
{(

pk–1 + q[k – 1]p,q
)3

×
(

anx
1 + anx

)k n–k–1∏

s=0

(
ps – qs anx

1 + anx

)}

=
p3(n–1)

anb3
n

1
p(n–1)(n–2)/2

n–1∑

k=0

[
n – 1

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+1 n–k–2∏

s=0

(
ps – qs anx

1 + anx

)

+
3p2(n–1)q[n – 1]p,q

anb3
n

1
p(n–2)(n–3)/2

n–2∑

k=0

[
n – 2

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+2

×
n–k–3∏

s=0

(
ps – qs anx

1 + anx

)

+
3p2n–3q2[n – 1]p,q

anb3
n

1
p(n–2)(n–3)/2

n–2∑

k=0

[
n – 2

k

]

p,q

p
k(k–1)

2

(
anx

1 + anx

)k+2

×
n–k–3∏

s=0

(
ps – qs anx

1 + anx

)

+
3pn–1q3[n – 1]p,q[n – 2]p,q

anb3
n

1
p(n–3)(n–4)/2

n–3∑

k=0

[
n – 3

k

]

p,q

{
p

k(k–1)
2

(
anx

1 + anx

)k+3

×
n–k–4∏

s=0

(
ps – qs anx

1 + anx

)}

+
q3[n – 1]p,q

anb3
n

1
pn(n–9)/2

n∑

k=2

[
n – 2
k – 2

]

p,q

{
p

k(k–9)
2

(
pk–2 + q[k – 2]p,q

)2
(

anx
1 + anx

)

×
n–k–1∏

s=0

(
ps – qs anx

1 + anx

)}
.

By some calculations, we get

Rn,p,q
(
t4, x

)

=
p3(n–1)

anb3
n

(
anx

1 + anx

)
+

(3p2(n–1) + 3p2n–3q + p2n–4q2)q[n – 1]p,q

anb3
n

(
anx

1 + anx

)2
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+
(3pn–1 + 2pn–4q + pn–3q2)q3[n – 1]p,q[n – 2]p,q

anb3
n

(
anx

1 + anx

)3

+
q3[n – 1]p,q[‘n – 2]p,q[n – 3]p,q

anb3
n

(
anx

1 + anx

)4

. �

Lemma 3 For all n ∈ N, x ∈ [0,∞), and 0 < q < p ≤ 1, we have the following central mo-
ments:

Rn,p,q
(
(t – x), x

)
=

–anx2

1 + anx
, (8)

Rn,p,q
(
(t – x)2, x

)
=

p
bn

n–1
(

1
anx + 1

)
x +

{(
anx

1 + anx

)2

–
pn–1

[n]p,q

1
(1 + anx)2

}
x2, (9)

Rn,p,q
(
(t – x)4, x

)

=
{

p
b3

n

3(n–1) 1
(1 + anx)

}
x

+
{

(3p2(n–1) + 3p2n–3q + p2n–4q2)[n – 1]p,q

[n]p,q

1
b2

n(1 + anx)2

–
4p2(n–1)

b2
n(1 + anx)

}
x2 +

{
(3pn–1 + 2pn–4q + pn–3q2)q3[n – 1]p,q[n – 2]p,q

[n]2
p,qbn(1 + anx)3

–
4(2pn–1 + pn–2q)q[n – 1]p,q

[n]p,qbn(1 + anx)2 +
6pn–1

bn(1 + anx)

}
x3

+

{
q3[n – 1]p,q[‘n – 2]p,q[n – 3]p,q

[n]3
p,q(1 + anx)4 – 4

q3[n – 1]p,q[‘n – 2]p,q

[n]2
p,q(1 + anx)3

+ 6
q[n – 1]p,q

[n]p,q(1 + anx)2 –
4

1 + anx
+ 1

}
x4. (10)

Proof The proof is done by using the linearity of the operators and the previous lemma. �

Lemma 4 For all n ∈ N and 0 < q < p ≤ 1, we have the following estimations:

(
Rn,p,q

(
(t – x), x

))2 ≤ x2, x ∈ [0,∞), (11)

Rn,p,q
(
(t – x)2, x

) ≤ D1(1 + x)2, x ∈ [0,∞), (12)

Rn,p,q
(
(t – x)4, x

) ≤ 1
b2

n
D2(1 + x)2, x ∈ [0,∞), (13)

where D1 and D2 are positive constants.

Proof First, we estimate (Rn,p,q((t – x), x))2. For x ∈ [0,∞),

(
Rn,p,q

(
(t – x), x

))2 =
(
Rn,p,q(t, x) – xRn,p,q(1, x)

)2

=
(

x
1 + anx

– x
)2

=
(

–anx2

1 + anx

)2

≤ x2, since
anx

1 + anx
< 1.
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For the estimation of Rn,p,q((t – x)2, x), we use formula (9) which is given in the previous
lemma. For x ∈ [0,∞), by using the facts that

1
(1 + anx)

≤ 1,
1

(1 + anx)2 ≤ 1, and
(anx)2

(1 + anx)2 ≤ 1,

we get

Rn,p,q
(
(t – x)2, x

) ≤ pn–1

bn
x +

{
1 –

pn–1

[n]p,q

}
x2

≤ C1γn(p, q)(1 + x)2,

where C1 > 0 and γn(p, q) = max{ pn–1

bn
, 1 – pn–1

[n]p,q
}. Since limn→∞ pn–1

bn
= 0 and

limn→∞ pn–1

[n]p,q
= 0, then there exists a positive constant D1 such that

Rn,p,q
(
(t – x)2, x

) ≤ D1(1 + x)2.

Now, for x ∈ [0,∞), we use similar calculations for the estimation of Rn,p,q((t – x)4, x), we
use formula (10) which is given in the previous lemma. By using the inequalities

1
(1 + anx)i ≤ 1 for i ∈ {1, 2, 3, 4},

pi(n–1) ≤ 1 for p ≤ 1, i ∈ {1, 2, 3},
pn–i ≤ 1 for p ≤ 1, i ∈ {1, 2, 3, 4},

and the facts

q[n – 1]p,q = [n]p,q – pn–1,

q2[n – 2]p,q = [n]p,q – qpn–2 – pn–1,

q3[n – 3]p,q = [n]p,q – q2pn–3 – qpn–2 – pn–1,

and by substituting these into formula (9) with some calculations, we obtain

Rn,p,q
(
(t – x)4, x

) ≤ 1
b2

n
ϕ(p, q)x(1 + x),

≤ 1
b2

n
C2ϕ(p, q)(1 + x)2,

where C2 > 0 and ϕ(p, q) > 0, so we get

Rn,p,q
(
(t – x)4, x

) ≤ 1
b2

n
D2(1 + x)2, where D2 > 0. �

Remark 1 To study the convergence results of the operators Rn,p,q, let q = qn, p = pn be the
sequences such that 0 < qn < pn ≤ 1, if qn → 1 as n → ∞, then by the sandwich theorem,
pn → 1, which implies limn→∞[n]n,pn ,qn = ∞. For example, if 0 < c < d, we can choose qn =

n
n+d and pn = n

n+c such that 0 < qn < pn ≤ 1, it is obvious that limn→∞ qn = 1, limn→∞ pn = 1,
limn→∞ qn

n = e–d , and limn→∞ pn
n = e–c so limn→∞[n]n,pn ,qn = ∞.
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Lemma 5 Assume that 0 < qn < pn < 1, qn → 1, as n → ∞ and 0 < β < 1
2 . Then we have

the following limits:

(i) lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
(t – x), x

)
= 0,

(ii) lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
(t – x)2, x

)
= x,

where an,pn ,qn = [n]β–1
pn ,qn and bn,pn ,qn = [n]βpn ,qn .

Proof For the proof of this lemma, we use the formulas Rn,pn ,qn (t, x) and Rn,pn ,qn (t2, x) given
in Lemma 2. The first statement is clear

lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
(t – x), x

)
= lim

n→∞ bn,pn ,qn

(
Rn,pn ,qn (t, x) – x

)

= lim
n→∞ bn,pn ,qn

(
–an,pn ,qn x2

1 + an,pn ,qn x

)

= lim
n→∞

(
–[n]2β–1

pn ,qn x2

1 + [n]β–1
pn ,qn x

)
= 0.

For the second statement, we write

lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
(t – x)2, x

)

= lim
n→∞ bn,pn ,qn

{
Rn,pn ,qn

(
t2, x

)
– x2 – 2xRn,pn ,qn

(
(t – x), x

)}

= lim
n→∞ bn,pn ,qn

{
pn–1

n
bn,pn ,qn (1 + an,pn ,qn x)

}
x

+ lim
n→∞ bn,pn ,qn

{(
an,pn,qn x

1 + an,pn,qn x

)2

–
pn–1

n
[n]pn ,qn

1
(1 + an,pn,qn x)2

}
x2.

Now, by substituting the following limits into the last equality

lim
n→∞

(
pn–1

n
1 + an,pn ,qn x

)
= 1, lim

n→∞
[n]3β–2

pn,qn x2

(1 + an,pn ,qn x)2 = 0,

lim
n→∞

pn–1
n

[n]pn ,qn

bn,pn ,qn

(1 + an,pn ,qn x)2 = 0,

we get

lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
(t – x)2, x

)
= x,

which proves the lemma. �

3 Local approximation theorem
Here, in this section, the local approximation theorem for the new (p, q)-analogue of the
Balázs–Szabados operators is established. Let CB[0,∞) be the space of all real-valued con-
tinuous bounded functions f on [0,∞), endowed with the norm ‖f ‖ = supx∈[0,∞) |f (x)|.
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We consider Peetre’s K-functional

K2(f , δ) := inf
{‖f – g‖ + δ

∥∥g ′′∥∥ : g ∈ C2
B[0,∞)

}
, δ ≥ 0,

where

C2
B[0,∞) :=

{
g ∈ CB[0,∞) : g ′, g ′′ ∈ CB[0,∞)

}
.

An absolute constant C0 > 0 exists from the known result given in [9] such that

K2(f , δ) ≤ C0ω2(f ,
√

δ), (14)

where

ω2(f ,
√

δ) = sup
0≤h≤√

δ

sup
x±h∈[0,∞)

∣∣f (x – h) – 2f (x) + f (x + h)
∣∣

is the second modulus of smoothness of f ∈ CB[0,∞). Also we let

ω(f , δ) = sup
0<h≤δ

sup
x∈[0,∞)

∣∣f (x + h) – f (x)
∣∣.

In the following theorem, we state the first main result of the local approximation for the
operators Rn,p,q(f , x).

Theorem 6 There exists an absolute constant C > 0 such that

∣∣Rn,p,q(f , x) – f (x)
∣∣ ≤ Cω2

(
f ,

√
ηn(x)

)
+ ω

(
f , θn(x)

)
,

where f ∈ CB[0,∞), 0 ≤ x < ∞, 0 < q < p < 1, and

ηn(x) =
{

D1(1 + x)2 + x2}, and θn(x) =
anx2

1 + anx
.

Proof Let

R∗
n,p,q(f , x) = Rn,p,q(f , x) + f (x) – f

(
ζn(x)

)
,

where f ∈ CB[0,∞), ζn(x) = x
1+anx . From Taylor’s formula we have

g(t) = g(x) + g ′(x)(t – x) +
∫ t

x
(t – s)g ′′(s) ds, g ∈ C2

B[0,∞),

then we have

R∗
n,p,q(g, x) = g(x) + Rn,p,q

(∫ t

x
(t – s)g ′′(s) ds, x

)
–

∫ ζn(x)

x

(
ζn(x) – s

)
g ′′(s) ds.
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Hence

∣∣R∗
n,p,q(g, x) – g(x)

∣∣

≤ Rn,p,q

(∣∣∣∣
∫ t

x
|t – s|∣∣g ′′(s)

∣∣ds
∣∣∣∣, x

)
+

∣∣∣∣
∫ ζn(x)

x

∣∣ζn(x) – s
∣∣∣∣g ′′(s)

∣∣ds
∣∣∣∣ (15)

≤ ∥∥g ′′∥∥Rn,p,q
(
(t – x)2, x

)
+

∥∥g ′′∥∥(
ζn(x) – x

)2

=
∥∥g ′′∥∥Rn,p,q

(
(t – x)2, x

)
+

∥∥g ′′∥∥(
Rn,p,q

(
(t – x), x

))2

≤ ∥∥g ′′∥∥{
D1(1 + x)2 + x2}

=
∥∥g ′′∥∥ηn(x). (16)

Using (16) and the uniform boundedness of R∗
n,p,q, we get

∣∣Rn,p,q(f , x) – f (x)
∣∣ ≤ ∣∣R∗

n,p,q
(
(f – g), x

)∣∣ +
∣∣R∗

n,p,q(g, x) – g(x)
∣∣

+
∣∣f (x) – g(x)

∣∣ +
∣∣f

(
ζn(x)

)
– f (x)

∣∣

≤ 4‖f – g‖ +
∥∥g ′′∥∥ηn(x) + ω

(
f ,

∣∣ζn(x) – x
∣∣).

If we take the infimum on the right-hand side overall g ∈ C2
B[0,∞), we obtain

∣∣Rn,p,q(f , x) – f (x)
∣∣ ≤ 4K2

(
f ;ηn(x)

)
+ ω

(
f , θn(x)

)
,

which together with (14) gives the proof of the theorem. �

Corollary 7 Let 0 < qn < pn ≤ 1, qn → 1 as n → ∞. Then, for each f ∈ C[0,∞), the se-
quence {Rn,pn ,qn (f , x)} converges to f uniformly on [0, a], a > 0.

Now, we give a Voronovskaja type theorem for the new (p, q)-analogue of the Balázs–
Szabados operators.

Theorem 8 Assume that 0 < qn < pn ≤ 1, qn → 1 as n → ∞, and let 0 < β < 1
2 . For any

f ∈ C2
B[0,∞), the following equality holds:

lim
n→∞ bn,pn ,qn

(
Rn,pn ,qn (f , x) – f (x)

)
=

1
2

xf ′′(x),

uniformly on [0, a].

Proof Let f ∈ C2
B[0,∞) and x ∈ [0,∞) be fixed. By using Taylor’s formula, we write

f (t) = f (x) + f ′(x)(t – x) +
1
2

f ′′(x)(t – x)2 + r(t, x)(t – x)2, (17)

where the function r(t, x) is the Peano form of the remainder, r(t, x) ∈ CB[0,∞) and
limt→x r(t, x) = 0. Applying Rn,pn ,qn to (17), we obtain

bn,pn ,qn

(
Rn,pn ,qn (f , x) – f (x)

)
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= f ′(x)bn,pn ,qn Rn,pn ,qn

(
(t – x), x

)
+

1
2

f ′′(x)bn,pn ,qn Rn,pn ,qn

(
(t – x)2, x

)

+ bn,pn ,qn Rn,pn ,qn

(
r(t, x)(t – x)2, x

)
.

By using the Cauchy–Schwartz inequality, we get

Rn,pn ,qn

(
r(t, x)(t – x)2, x

) ≤
√

Rn,pn ,qn

(
r2(t, x), x

)√
Rn,pn ,qn

(
(t – x)4, x

)
. (18)

We observe that r2(x, x) = 0 and r2(·, x) ∈ CB[0,∞). Now, from Corollary 7, it follows that

lim
n→∞ Rn,pn ,qn

(
r2(t, x), x

)
= r2(x, x) = 0, (19)

uniformly for x ∈ [0, a]. Finally, from (18), (19), and Lemma 5, we get immediately

lim
n→∞ bn,pn ,qn Rn,pn ,qn

(
r(t, x)(t – x)2, x

)
= 0,

which completes the proof. �

Theorem 9 Let 0 < qn < pn ≤ 1, qn → 1 as n → ∞, α ∈ (0, 1] and A be any subset of the
interval [0,∞). Then, if f ∈ CB[0,∞) is locally Lip(α), i.e., the condition

∣∣f (y) – f (x)
∣∣ ≤ L|y – x|α , y ∈ A and x ∈ [0,∞) (20)

holds, then, for each x ∈ [0,∞), we have

∣∣Rn,pn ,qn (f , x) – f (x)
∣∣ ≤ L

{
λ

α
2
n (x) + 2

(
d(x, A)

)α}
,

where L is a constant depending on α and f and d(x, A) is the distance between x and A
defined as

d(x, A) = inf
{|t – x| : t ∈ A

}
,

where

λn(x) =
[
D1(1 + x)2].

Proof Let Ā be the closure of A in [0,∞). Then there exists a point x0 ∈ Ā such that |x –
x0| = d(x, A). By the triangle inequality

∣∣f (t) – f (x)
∣∣ ≤ ∣∣f (t) – f (x0)

∣∣ +
∣∣f (x) – f (x0)

∣∣

and by (20), we get

∣∣Rn,pn ,qn (f , x) – f (x)
∣∣ ≤ Rn,pn ,qn

(∣∣f (t) – f (x0)
∣∣, x

)
+ Rn,pn ,qn

(∣∣f (x) – f (x0)
∣∣, x

)

≤ L
{

Rn,pn ,qn

(|t – x0|α , x
)

+ |x – x0|α
}

≤ L
{

Rn,pn ,qn

(|t – x|α + |x – x0|α , x
)

+ |x – x0|α
}
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≤ L
{

Rn,pn ,qn

(|t – x|α , x
)

+ 2|x – x0|α
}

.

Now, by using the H¨lder inequality with p = 2
α

, q = 2
2–α

, we get

∣∣Rn,pn ,qn (f , x) – f (x)
∣∣ ≤ L

{(
Rn,pn ,qn

(|t – x|αp, x
)) 1

p
(
Rn,pn ,qn

(
1q, x

)) 1
q + 2

(
d(x, A)

)α}

= L
{(

Rn,pn ,qn

(|t – x|2, x
)) α

2 + 2
(
d(x, A)

)α}

≤ L
{[

D1(1 + x)2] α
2 + 2

(
d(x, A)

)α}
,

and the proof is completed. �
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