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1 Introduction

In order to state our results, we first introduce some notations and definitions. Let D de-
note the open unit disk in the complex plane C, that is, D = {z: |z| < 1,z € C}. Its bound-
ary is the unit circle 9D = {z: |z| = 1,z € C}. A lot of analytic function spaces over D have
been introduced in last half-century, such as Hardy, Bergman, Besov, Bloch, and Dirichlet
spaces.

Let H? denote the classical analytic Hardy space on the unit disk ID. We will consider the
multiplication operator M, : f — uf of BMOA space, which consists analytic functions f €
H? whose boundary functions have bounded mean oscillation on 9. In this manuscript
we suppose that u is analytic in D and continuous on dDD. The norm of the BMOA space
is defined as

I llemoa = [f ()| + IIf Il

where

1l = suﬂgltf(au) -f@],.

Here || - |5 is the norm of H?(D) and o, is the conformal automorphism of I, o,(z) = =

for a,z € D. There are some equivalent norms of the BMOA space. For example, for a
measurable complex-valued function f defined on 9D, define

1 it
ﬁzm/If(e ) dt,
(s)
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where I C 0D is an arc and |/| is the length of /, normalized so that |I| < 1. The function

f has bounded mean oscillation if the seminorm

If1, —supm/[f ") —fi| dt < oo,

as I ranges over all arcs in 3D, then BMOA = {f € H! : ||f||, < 00}, this can be seen in [1-3].

Properties of multiplication operators have been studied on various classical Banach
spaces of analytic functions in the unit disk D, such as Hardy, Bergman, and Bloch
spaces. In [4], the author studied the invertible and Fredholm multiplication operators
on Bergman spaces. In [5], the authors studied the compact multiplication operators with
BMO symbols. In [6], the authors studied the C*-algebra in the commutant of the multi-
plication operators with the symbol on the finite-dimensional Bergman spaces. In [7], the
authors studied the commutants and reducing subspaces of multiplication operators on
the Bergman spaces.

Properties of linear isometries of those spaces have received a great deal of attention.
Readers can see parts of research in this direction in [8—13]. An interesting fact is that the
linear isometries of spaces of continuous functions and some spaces of analytic functions,
such as Hardy and Bergman spaces, in the unit disk D have the forms of weighted com-
position operators. There are some studies of the properties of isometric and weighted
composition operators on spaces of analytic functions on D and other domains; these can
be seenin [14—17].1In [18], the authors studied isometric pointwise multipliers of weighted
Bergman, Bloch, and Dirichlet-type spaces in the unit disk. They obtained that the isomet-
ric pointwise multipliers of these spaces are unimodular constants.

In this work we will study the properties of the symbols of isometric multiplication and

weighted composition operators of BMOA space.

2 Isometric multiplication operators
The Hardy space H%(D) consists of all analytic functions on D whose power series have
square summable coefficients. For every f € H2, the radial limit £(¢) = lim,_.1- f(r¢) exists

almost everywhere on 9D, and a standard norm on H? is given by

Wl = (/mlf(i)lzdm(c))z.

Here dm is the Lebesgue measure on 9D normalized so that m(dID) = 1. Also, the norm

on H? can be represented as

o g (3 o)

Let X and Y be metric spaces with metrics dx and dy. A map 7 : X — Y is called an

isometry if for any x;,x, € X one has

dy(Tx1, Txs) = dx(x1,%2).
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Given two normed vector spaces X and Y, a linear isometry is a linear map 7: X — Y
that preserves the norms,

I Txlly = llxllx,

forallx € X.

If M, is an isometric operator of a Banach space X # 0, then it is also a bounded operator
of X. Hence, if M, is an isometry of BMOA then # must be an H* function with H*°-norm
smaller than or equal to 1. This can be seen in [18—20].

We will consider the question when the multiplication operator M, is an isometry of
BMOA space. We start with the following proposition.

Proposition 1 If M, is an isometry of BMOA space, then u € BMOA and || u|gmoa = 1.
Proof Suppose M, is an isometry of BMOA, then
M. f llIsmoa = lleef llBmoa = IIf llBmoa

for every f € BMOA. That is,
’u(O)f(0)| + sug“u(oa)f(oa) —u(a)f(a) ||2 = V(O)‘ + sug”f(oa) —f(a) ||2 (1)
Letting f = 1 in (1), we get

ll#llmoa = |u(0)| + suguu(aa) —u(@)|, = I1lmoa = 1. )
ae D

It is easy to see that ||u#||gmoa = 1 is a necessary but not sufficient condition for M, to be
an isometry of BMOA space. The following is an example.

Example 1 Let u =z, then ||z||pmoa = 1, but M, is not an isometry of BMOA, since

Jou@)on = 70 + 302l (062) =], - 1+

and
[M=04(2)]| grson = 10+ 0(0)] + ZUHI;H%(Z)% (02(2)) = b 0u(b)],
€
= sup /1 - |bI2|o,(b)|* = 1
beD
for a #0.

Now we describe the isometric multiplication operators of BMOA space in the follow-

ing.

Proposition 2 Suppose M, is an isometry of BMOA, then the function u has one of the
following properties:
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(1) The function u(z) is a constant function of modulus 1;
(2) There exists a real number A € [0, 1] such that u(z) = ;. Here, ¢ = u(0),
A=1—=u(0).

Proof Suppose M, is an isometry of BMOA, let f(2) = z in (1), then we can get
[M.zllBmoa = lluzllemon = sup|u(oa)o, — u(@)al, = |Izlemoa-
achD
Moreover,

izl Bmoa = sup o, —ally = sup+/1 —|al?> = 1.
aeD aeD

Hence,
sup||u(<ra)a,l - u(a)ct”2 =1. (3)
achD

Let f(z) =1 +zin (1), then

1+ zllemoa = 1 +sup |1+ 0, — (L +a)|,
aeD

=1l+supllo,—al=1+1=2.
aeD

By (1) again, we obtain

”Mu(l +2) “BMOA

= |lu + uzlsmoa

= |u(0)] + su}g“u(au) + u(04)0, — (u(a) + u(a)a) Hz

= |u(0)| + zlelﬂg||u(oa) —u(a) + u(o,)o, — u(a)a“z.
Since |M,(1 + 2)llsmoa = II1 + zllBmoA, We get
|u(0)| + 2215” (o) - (@) + w(o,)o, — waal, = 2. (4)
For simplicity, we denote
Fu(2) = u(04(2)) — u(a), G4(2) = u(04(2))0u(2) — u(a)a.
Now from (2)—(4), we have

sup ||, + Gall2 = 2 = |u(0)| = sup [|Fall2 + sup [| Galla. (5)
ach aeD acD
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Due to the properties of supremum, triangle inequality of norm, and (5), we have

sup [|E4 )13 + sup |G,ll3 + 2 sup || Fallo sup | Gall2
eD acD

aeD a aeD

= sup(|IFl5 + 1Gall3 + (Fa) Ga) + (G, Fa))

acD

< sup(|Fall5 + 1Gall3) + sup({Fa» Ga) + (Gas Fa))
ach aeD

< sup |, ll5 +sup Ggll3 + sup((Fa» Ga) + (Gas Fa))
ach aeD aeD

< sup || Fall3 + sup [ Gall3 + 2sup | Fall2 ]| Gall

achD aeD aeD

< sup [|F,ll3 + sup G5 + 25up | Fall2 sup [| Gell-
D

aeD aeD aeD ac

So we obtain

sup([IFall3 + 1Gall3) = sup | Fall3 + sup | Gall3

ach aeD aeD

and

Sup((Fay Ga) + (Gay Fa)) = 25up (| Fall2[| Gall
acl acD (6)
=2sup [|Fall2 sup | Galla-

acD aeD

Consider two cases. In the first, there exists ag € D such that

(Fag) Gag) = |Fag 12| Gag ll2 = sup || Fall2 sup [|Gell2.
achD aeD
It follows that there exist A > 0 and ay € D such that F,, = AG,,. If F,, = AG,,, we can
obtain that A = 1 — |#(0)| from (2) and (3). There are two cases:

o If A =0, then u(z) is a constant function of modulus one;
o If A #0,then

1(04y (2)) — ulag) = M[u(04ay(2))0ay (2) — ulao)aq | 7)

for every z € D. Let z = ag in (7), then (1 — Aag)u(ao) = u(0). It is easy to see that
u(ap) # 0.

— Ifay =0, we have u(z) = 4% =

1-Az — 1—L)»z
— Ifag #0, then A can be written as A = %. Letting z = 0, (2) in (7), we obtain

, where ¢ = u(0) is a constant;

u(z) - u(ao) = [u(2)z - ulao)ao),

that is,

1- Aag _ u(do)u(O)do
1-2z  ulao)ao — (u(ag) — u(0))z

u(z) = u(ao)
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If z=01in (8), then

1(0) = u(ao)(1 - ra).

This shows that u(z) = 1”_(2)2
Now consider the second case and suppose that there exists a sequence {a,} in D con-

verging to & € 9D such that

lim (F,,, Gg,) = lim ||Fg, |1211Ga, ll2 =1~ |u(0)].

n—00

Since
(Fay Ga) = (M(O'a) — u(a), u(o,)o, - u(“)“)

- fa u{e©) [T ) - )
we obtain

lim (F,,, G,,) =0=1- |u(0)].

n—0oQ
We get |u(0)] = 1 from the above equation, so u(z) is a constant function of modulus
one. O

It is a question whether M, is an isometry of BMOA space when u has the form in
Proposition 2. We have the following result.
Theorem 3 Let u(z) = %, where A =1 — |u(0)|. Then M, is an isometry of BMOA space
only if \u(0)| = 1. Therefore, M, is an isometry of BMOA space if and only if u(z) is a con-
stant function of modulus 1.

Proof Let u(z) = 1“7(—2)2, then

1 1

1-do,(z2) 1-Xa

= || zllsmoa = 1.
2

M 1llgmoa = |u(0)] + sup

aeD

By calculation, we have

1 1
1-do,(2) 1-Xa

(s o [
= U + su
, 1=22 PV T 2ap

u(0)| + sup

achD

We want to get the extremum value of the function f(a) = &:lxﬂa‘; for a € D. Suppose a =
x + iy, then
1— x2 _yZ
fla)=

(1= 2ax)2 + ()2

Letting f; = 0,f, = 0, by calculation and analysis, we obtain that x = A,y = 0, which means

thata = A.Let A = 1—|u(0)| in |«(0)|(1 + 17)\?) = 1. Through calculation, we can get |u(0)| =

1, which means u(z) is a constant function of modulus 1.
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Therefore, we get that M, is an isometry of BMOA space if and only if « is a constant
function of modulus 1 from Proposition 2. g

3 Isometric weighted composition operators
In [14], the authors characterized the isometric composition operators of BMOA, they got
the following results:

Lemma 4 ([14, Proposition 2.1]) A composition operator C, is an isometry of BMOA if
and only if p(0) = 0 and || Cof ||« = ||f |l for all f e BMOA.

Lemma 5 ([14, Theorem 3.1]) The following conditions are equivalent:
¢ NCof lls = If I« for all f € BMOA.
o llowool.=1forallweD.
« The map ¢ satisfies the following property: for every w € D, there is a sequence (a,) in
D such that p(a,) — w and ||@a, |2 = 1, as n — oco.

A weighted composition operator can be considered as a composition of multiplica-
tion and composition operators. We want to know the relationship between isometric
weighted composition operator, composition operator, and multiplication operator.

In this section we will study the properties of isometric weighted composition operator
of BMOA space. We assume that ¢(z) is an analytic self-map of I and continuous in I.

Lemma 6 If M, is an isometry of BMIOA space, then ||ullgmoa = 1.

Proof 1f M,,, is an isometry, then ||M,  f |lsmoa = ||fllemoa for every f € BMOA. Letting
f=1in M, f lemoa = I|f lBMoa, we can get the result. O

Proposition7 IfM,, is an isometry of BMOA space, then the functions u(z) and ¢(z) have
one of the following properties:
o The function u(z) is a constant function of modulus 1 and C, is an isometry of BMIOA;
o There exist a real number M € [0, 1] and a constant ¢ such that u(z) = where

¢ =u(0)(1 - Ap(0)) and 1 — |u(0)| = A(1 — |(0)p(0)]).

_c
1-2p(2)’

Proof Suppose M, is an isometry of BMOA space, then [|M,, .f lsmoa = I|fllBmoa for
every f € BMOA, that is,

|(0)f (¢(0))| + sup| (o) (¢(00) ~ u(@)f (¢(a)) |,

achD

)
= [FO)] + sup|f(oa) ~fl@)]
Letting f = 1 in (9), we get
@)+ suplute) (@), = 1. 10

Letting f = z in (9), we obtain

|u(0)p(0)] + Sugll woa)¢(0,) — u(a)p(a)||, = 1. (11)
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Letting f = 1 +z in (9) yields

|4(0) + u(0)p(0)| + 2161§||u(0a) - u(a) + w(oa)¢(0a) — ul@p(a)|, = 2.
From (9)-(11), we have

|u(0) + u(0)¢(0)| + Zlelug” (o) - u(@) + u(0)p(0,) - w@e(a)|,

= |u(0)] + |u(0)¢(0)| + sup | u(os) — u(a)|, + sup| u(ca)@(0a) - u(@)e(a)|,.
achD achD
Due to the properties of supremum and triangle inequality, we can get

|(0)|[1 + ¢(0)] = [u(0)[ (1 + |¢(0)])
and

su]gHu(cra) — u(a) + u(o,)p(04) - ul@)p(a) |,

= sup([uto) - u(@]], + [ulon)e (o0 - ul@p(@)],)

= sup|[u(ow) ~ ul@)|, + sup|[u(oa)e(on) ~ ul@)e(@],.

In the same way as in the proof of Proposition 2, we can get the existence of 0 <A <1 and
ap € D such that

u(040(2)) = ulao) = 1(4(04, (2)) ¢ (00 (2)) — ulao)p(ao)),
or that of a sequence {a,} in D converging to & € 9D such that

lim ((04,) — t(an), w(0a,)p(0a,) = ul@n)p(an))

= nlgglo“ u(oan) —u(a,) ||2 ”u(Uan)(/)(Uan) - M(an)(p(ﬂn) ||2
= (1= |u(0)]) (1 - |u(0)e(0)]).

First, we assume #(0) # 0. Letting z = 0,,(2) in u(o,,(2)) — u(ao) = AM1u(04,(2))@(04,(2)) —
u(ap)p(aop)), we have

u(2)(1 - 19(2)) = u(ao)(1 - r¢(ao)).

« If A =0, then u(2) is a constant function of modulus one and C, is an isometry on
BMOA. The weighted composition operator M, , is constructed by an isometric
multiplication operator and an isometric composition operator;

o If L #0, then u(z)(1 — Ap(2)) = u(ag)(1 — Ap(ao)), that is,

1 - Agp(ao)

u(z) = u(aog) e
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Letting z = 0, we have u(a0)(1 — A¢(ao)) = u(0)(1 — Ap(0)). That is,

[
M(Z) = T(p(z)‘

Here ¢ = u(0)(1 — A¢(0)).
In the other hand, if

lim (u(0,) — (@), u(0a,)p(0a,) = ul@n)p(@n) = (1~ |u(0)[) (1 - [(0)p(0)

)s

then we can obtain that |#(0)| = 1 or |#(0)¢(0)| = 1.

o If |u(0)] = 1, then u(z) is a constant function of modulus one and the composition
operator C, is an isometry;

o If |u(0)] # 1 and |#(0)¢(0)| = 1, we get a contradiction since |#(0)| is less than 1 by (10)
and ¢(z) is an analytic self-map of D;

« If |u(0)] = 1 and |#(0)¢(0)| = 1, we get a contraction since ¢(z) is an analytic self-map
of D.

Secondly, let #(0) = 0. Arguing as we did in the case #(0) # 0, we have:

o If u(04y(2)) — ulao) = A(u(04y(2))@ (04, (2)) — ulao)@(ao)), then u and ¢ have properties
similar to those in the case u(0) # 0;

Ty oo (1(0,) — (), (00, )0(0) — (@n)p(@n)) = (1~ |(O))(1 — [(O)p(O)]), we
get a contraction since the left-hand side of the equation is 0, while the right-hand side

is not. 0

In the following we consider whether M,,, is an isometry of BMOA space when #(z) has

c
the form m .

Theorem 8 Let u(z) = #(p(z), where ¢ = u(0)(1-A¢(0)), then M, , is an isometry of BMOA
only if u(z) is a constant function of modulus 1. Therefore, M, , is an isometry of BMOA if
and only if both M, and C, are isometries of BMMOA.

Proof If u(z) = 5 let f(z) =1 — Az, then

e
My of (2) = ¢ = u(0)(1 - 2¢(0)).

Since [|M,,f llsmoa = IlfIIBmoa and ||1 — Az|lgmoa = 1 + A, we get
|u(0)(1 - Ap(0))| =1+ A.

By calculation and analysis, we have |#(0)| = 1, which means that u(z) is a constant function
of modulus 1.

Therefore, we obtain that if M, , is an isometry of BMOA, then M, is an isometry of
BMOA. Then M, , is an isometry of BMOA if and only if both M,, and C, are isometries
of BMOA. O
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