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1 Introduction
Throughout this paper, suppose that C is a nonempty closed convex subset of a real Hilbert
space (H, || - ||) with the inner product (-, ). Let Pc be the metric projection from H onto
C. Recall that a mapping 7 : C — C is said to be asymptotically nonexpansive if there
exists a sequence {6;} C [0,00) such that limy_, o 6 = 0 and || T%x — TXy|| < (1 + 6;)|lx —
9|l Yo,y € C,k > 1. In particular, if 6 = 0 Vk > 1, then T is said to be nonexpansive. We
denote by Fix(T') the fixed point set of the mapping T and by R the set of all real numbers,
respectively. Let A be a self-mapping on H. The classical variational inequality problem
(VIP) is to find x* € C s.t. (Ax*,y —x*) > 0Vy € C. The solution set of the VIP is denoted
by VI(C,A).

Let ®: H x H — R U {+00} be a bifunction satisfying ®(x,x) = 0 Vx € C. The equilib-
rium problem (shortly, EP(C, ®)) for bifunction ® on the constraint domain C is to find
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x* € C such that
d(x*y) =0 VyeC. (1.1)

The solution set of EP(C, @) is denoted by Sol(C, ®). It is worth pointing out that the
EP(C, ®) is a unified model of several problems, namely, variational inequality problems,
optimization problems, saddle point problems, complementarity problems, fixed point
problems, Nash equilibrium problems, and so forth. Till now the existence and algorithms
for variational inequality and equilibrium problems have been widely studied by many
authors; see, e.g., [1-4, 6-9, 11, 13, 14, 16, 19, 24—26] and the references therein. In 2009,
by using the viscosity approximation method, Chang et al. [16] introduced an iterative
algorithm for finding an element in the common solution set €2 of the common fixed point
problem (CFPP) of a countable family of nonexpansive self-mappings {T}7°, on C, the
VIP for an a-inverse-strongly monotone mapping A, and the EP(C, ®) for bifunction ¢
on C, that is, for any initial ! € H, the sequence {x} is generated by

Ok, y) + i(y—uk,uk—xk) >0 VyeC,
¥ = P’ - hAu),

VK= Pe(yf — aAy),

= o f() + Bk + Wk V> 1,

where f : H — H is a contraction, and each W} is a W-mapping generated by Ty, Tx_1, ...,
Ty and &k, $k-1, - -+, €1 with ¢; € (0,1] € (0,1) Vi > 1. Assume that the sequences {ax}, {8k},
{vi} € [0,1],{Xs} C [a,b] C (0,2), and {ri} C (0, 00) satisfy the conditions: (i) ax + Bi +
k=1 (ii) limg_ oo g = 0, Ziil oy = 00; (iii) 0 < liminfy_, o Br < limsupk_wo Br < 1; (iv)
0 < liminfy— o0 7s Yoy 17k+1 — 7% < 00; and (v) limy_, oo [Axs1 — Ak| = 0. Then it was proven
in [16] that {x¥} converges strongly to x* = Pof (x*) under some appropriate assumptions.

Let By, B, : H — H be two nonlinear mappings. The general system of variational in-
equalities (GSVI) is the following problem of finding (x*,y*) € C x C s.t.:

(UB1y* +x* —y*,x—x*) >0 VxeC(C, (12)
(HaBox™ +y* —x",y-y*) =0 VyeC, '

with constants pt1, 4o € (0,00). In particular, if By = B, = A and x* = y*, then GSVI (1.2)
reduces to the classical VIP. Note that problem (1.2) can be transformed into a fixed point

problem in the following way.

Lemma 1.1 (see, e.g., [20]) For given x*,y* € C, (x*,y*) is a solution of GSVI (1.2) if and
only if x* € GSVI(C, By, B,), where GSVI(C, By, By) is the fixed point set of the mapping
G := Pc(I — u1B1)Pc(I — paBy), and y* = Pc(I — 12 By)x™*.

Let © denote the common solution set of the fixed point problem (FPP) of asymptoti-
cally nonexpansive mapping T : C — C with {6;} and GSVI (1.2) for two inverse-strongly
monotone mappings B, By. In 2018, using a modified extragradient method, Cai et al.
[2] introduced a viscosity implicit rule for finding a solution of GSVI (1.2) with the FPP
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constraint, that is, for any initial x' € C, the sequence {x*} is generated by

Uk = sk + (1 - sk)pk,

V& = Pe(u — poBou®),
PX=Pc(F — i Bivk),
&1 = Pelayf (6) + (I - e pF) THp*],

(1.3)

where f : C — C is a §-contraction with § € [0, 1), and the sequences {a}, {sk} C (0, 1] sat-
isfy the conditions: (i) limg— oo 0t = 0, Y po; 0tk = 00, Y ooy lotis1 — | < 005 (i) limg— oo 2—’; =
0; (i) 0 < & <sp <1, Y 5o, Isks1 — Skl < 005 and (iv) Y 5o, IT%1pF — T*pK|| < 0o. They
proved the strong convergence of {x*} to an element x* € , which solves the VIP:
((oF - f)x*,x — x*) > 0 Vx € Q. Subsequently, Ceng and Wen [3] proposed a hybrid
extragradient-like implicit method with strong convergence for finding a solution of GSVI
(1.2) with the constraint of a common fixed point problem (CFPP). Very recently, Ceng
et al. [22] suggested a modified inertial subgradient extragradient method for finding a
common solution of the VIP with pseudomonotone and Lipschitz continuous mapping
A :H — H and the CFPP of finitely many nonexpansive mappings {7;}¥, on H. Under
some suitable conditions, they proved strong convergence of the constructed sequence to
a common solution of the VIP and the CFPP.

On the other hand, Anh and An [24] introduced the monotone bilevel equilibrium prob-
lem (MBEP) with the fixed point problem (FPP) constraint, i.e., a strongly monotone equi-
librium problem EP(2, ¥) over the common solution set 2 of another monotone equilib-
rium problem EP(C, ®) and the fixed point problem of K-demicontractive mapping 7"

Find x* € Q such that ¥ (x*,y) >0 Vye g, (1.4)

where W : C x C — R U {+00} such that ¥(x,x) =0 Vx € C and 2 = Sol(C, ®) N Fix(T).
Pick the parameter sequences {A} and {8} such that

M} C (@) C O min{z, 550, iMoo de =4,

Bi 10, 2Bk — BT < 1, > 220 B = +00, (1.5)

1 2n-2t 277}
)

O<t<min{n, T}, O0<pfr<min{;, 50 3

where T is a constant associated with W. The following modified subgradient extra-
gradient method is proposed in [24, Algorithm 4.1] for finding a unique element of
Sol(2, ¥).

Algorithm 1.1 Initial step: Choose an initial point x° € C and {a} C [r,7] C (0,1 - K).
The parameter sequences {i} and { By} satisfy conditions (1.5).

Iterative steps: Compute x**'(k > 0) as follows:

Step 1. Compute v* = argmin{i; ®(x*, v) + % lv—xK|?: v e C} and g~ = argmin{i, ®(X, 2) +
%Ilz—xkll2 iz € Cy}, where Cr = {y € H : (¢ — Mwh =K,y —VF) <0} and wk e 3, ®(xK, vF).

Step 2. Compute p* = (1 - a;)g* + ox Tg* and x**' = argmin{ BV (X, p) + L lp - P*II> :p €
C}. Set k:=k + 1 and return to Step 1.
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It was proven in [24] that {x} converges strongly to a unique element of Sol(£2, ¥) un-
der some mild conditions. In what follows, let the CFPP indicate a common fixed point
problem of a countable family of nonexpansive mappings and an asymptotically nonex-
pansive mapping. In this paper, via a new subgradient extragradient implicit rule, we in-
troduce and analyze two iterative algorithms for solving the monotone bilevel equilibrium
problem (MBEP) with the GSVI and CFPP constraints, i.e., a strongly monotone equilib-
rium problem EP($2, V) over the common solution set €2 of another monotone equilib-
rium problem EP(C, @), the GSVI and the CFPP. Some strong convergence results for the
proposed algorithms are established under the suitable assumptions, and also applied for
finding a common solution of the GSVI, VIP, and FPP, where VIP and FPP stand for a
variational inequality problem and a fixed point problem, respectively. Our results im-
prove and extend some corresponding results in the earlier and very recent literature; see,
e.g., [3, 16,22, 24].

2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space . In the following,
we denote by “—” strong convergence and by “—” weak convergence. A bifunction W :
C x C— R is said to be

(i) n-strongly monotone if W (x,y) + W (y,x) < —n|lx - y||> Vx,y € C;

(ii) monotone if ¥ (x,y) + ¥(y,x) <0Vx,y € C;

(iii) Lipschitz-type continuous with constants ¢y, ¢; > 0 (see [15]) if W(x,y) + W(y,2) >
W(x,z) — cillx = y)|* = cally — 21> Vi, 3,2 € C.

Also, recall that a mapping F : C — H is said to be

(i) L-Lipschitz continuous or L-Lipschitzian if 3L > 0 s.t. ||Fx — Fy|| < L|lx—y|| Vx,y € C;

(ii) monotone if (Fx — Fy,x —y) > 0 Vx,y € C;

(iii) pseudomonotone if (Fx,y —x) > 0= (Fy,y —x) > 0Vx,y € C;

(iv) n-strongly monotone if 35 > 0 s.t. (Fx — Fy,x —y) > nllx —y||? Vx,y € C;

(v) a-inverse-strongly monotone if 3o > 0 s.t. (Fx — Fy,x —y) > o||[Fx — Fy||? Vx,y € C.

It is clear that every inverse-strongly monotone mapping is monotone and Lipschitz
continuous but the converse is not true. For each point x € H, we know that there exists
a unique nearest point in C, denoted by Pcx, such that ||x — Pcx|| < |lx — y|| Vy € C. The
mapping Pc is said to be the metric projection of H onto C. Recall that the following
statements hold (see [17]):

(i) (x =y, Pcx — Pcy) > ||[Pcx — Pcy|* Vx,y € H;

(ii) (x — Pcx,y — Pcx) <0Vx e H,y € C;

(iii) llo¢ = yII* > llx = Pcxl|® + ||y = Pex|* Ve e H,y € C;

(i) lx =y = ll«l® = lyll* = 2(x — y,9) Yx,9 € H;

V) llsx + (1 = s)yll> = sllxl|” + (1 = 9)Iyll> = s(1 = 5) |2 = yI|* Y, y € H, 5 € [0, 1].

Definition 2.1 (see [10]) Let {77}, be a countable family of nonexpansive self-mappings

on C and {¢;}°, be a sequence in [0, 1]. For any k > 1, one defines a mapping W : C — C
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as follows:

Ui g1 =1,
U g = S Tielllksr + (1= ),
Ujp-1 = Sk-1 Temr U + (1 = S,

(2.1)
U, = 6Tl + (1= &)1,

Ui =0 Tolis + (1 - 8)1,
Wi =Uki =0 Tilka + (1 - 41)1.

Such a mapping W is nonexpansive, and it is called a W-mapping generated by Ty, Ty_1,
..., Ty and &, Sty ..., 1.

Lemma 2.1 (see [10]) Let {T;}°, be a countable family of nonexpansive self-mappings on
C with (2, Fix(T:) # 0 and (£}, be a sequence in (0,1]. Then

(i) Wk is nonexpansive and Fix(Wy) = ﬂf;l Fix(T;) Vk > 1;

(i0) The limit limy_, oo Uy ix exists forall x € C and i > 1;

(i) The mapping W defined by Wx := limy_, oo Wix = limy_, oo Uy 1% Vx € C is a nonex-
pansive mapping satisfying Fix(W) = (5, Fix(T}), and it is called the W -mapping gener-
ated by Ty, Ts,... and ¢1, o, ... .

Lemma 2.2 (see [16]) Let {T;}°, be a countable family of nonexpansive self-mappings on
C with (2, Fix(T;) # @ and (£}, be a sequence in (0,1] for some [ € (0,1). If D is any
bounded subset of C, then limy_, o sup,.p | Wix — Wx|| = 0.

Throughout this paper we always assume that {£;}7%, C (0,/] for some [/ € (0, 1). It is easy
to check that the following lemma is valid.

Lemma 2.3 Let the mapping B : H — H be a-inverse-strongly monotone. Then, for given
=0, [|(I—uB)x— (I - uB)y|* < lx - ylI* — u(2c — w)||Bx - By||*. In particular, if 0 < . <
2, then I — uB is nonexpansive.

Utilizing Lemma 2.3, we immediately obtain the following lemma.

Lemma 2.4 Let the mappings B1,B, : H — H be wa-inverse-strongly monotone and B-
inverse-strongly monotone, respectively. Let the mapping G : H — C be defined as G :=
Pc(I — 1B1)Pc(l — poBs). If 0 < g <20 and 0 < py <28, then G: H — C is nonexpan-

sive.

The following inequality is an immediate consequence of the subdifferential inequality
of the function || - ||2/2.

Lemma 2.5 The inequality holds:

o+ 31 < llxlI* + 2(p,x +y)  Vx,y€H.
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Lemma 2.6 (see [5]) Let X be a Banach space which admits a weakly continuous duality
mapping, C be a nonempty closed convex subset of X, and T : C — C be an asymptotically
nonexpansive mapping with Fix(T) # @. Then I — T is demiclosed at zero, i.e., if {u*} is a
sequence in C such that u* — u € C and (I - T)u¥ — 0, then (I — T)u = 0, where I is the
identity mapping of X.

Lemma 2.7 (see [12]) Every Hilbert space enjoys the Opial property, that is, for any se-
quence {x} in a Hilbert space H with x* — x, the inequality

likminf”xk -x| < likminf”xk -9
holds for everyy € H with y # x.

The following lemma is very useful to analyze the convergence of the proposed algo-
rithms in this paper.

Lemma 2.8 (see [18]) Let {I'x} be a sequence of real numbers that does not decrease at
infinity in the sense that there exists a subsequence {I" k/.} of {T'x} which satisfies Fk/. < Fk,-+1
for each integer j > 1. Define the sequence {t(k)}i>k, of integers as follows:

t(k) = max{j < k:T; <1},

where integer ko > 1 such that {j < ko : I'; < I'j;1} # 0. Then the following hold:
(@) tlko) <tlko +1) < --- and 1 (k) = o0;
(i) Trgy < Crgyer and Tk < Trgoer Vh > ko.

On the other hand, the normal cone N¢(x) of C at x € C is defined as N¢(x) = {z € H :
(z,y —x) < 0Vy e C}. The subdifferential of a convex functiong: C - R U {+oo}atx € C
is defined by

dg(x) = {ze?—[:g(y)—g(x) > (z,y—x)Vy € C}.

In this paper, we are devoted to finding a solution x* € Sol(2, V) of the problem
EP(Q, V), where Q = (5, Fix(T;) N GSVI(C, By, By) N Sol(C, @) with T := T. We assume
always that the following hold:

{T;}32, is a countable family of nonexpansive self-mappings on Cand T: H — C is an
asymptotically nonexpansive mapping with a sequence {6;}.

Wy is the W-mapping generated by Ty, Ty_1,..., T1 and &, $k-1, ..., {1, where {£;}3°) is a
sequence in (0,/] for some [ € (0,1).

B, By : H — H are a-inverse-strongly monotone and S-inverse-strongly monotone, re-
spectively, and G : H — C is defined as G := Pc(I — (1B1)Pc(I — j12B,) where 11 € (0,2w)
and u, € (0,28).

Choose the sequences {e¢}, {Bc}, {vx}, {8x} in (0, 1) and positive sequences {ay}, {s¢} such
that

(H1) Br + vx + 6x = 1 Vk > 1, 0 < liminfg_, oo Bg, and 0 < lim inf_, oo 8;

(H2) 0 < liminfy_, o0 yx < limsup;_, ., ¥« <1 and 0 < liminfy_, o, & < limsup,_, . ek < 1;

(H3) Y221 sk = 00, limy_, o0 8k = 0, 1imy 00 6k /s = 0, and D2, Ok < 00;
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(H4) {ax} C (o, @) C (0, min{ﬁ, ﬁ}) and limy_, o, ¢ = &, where ¢; and ¢, are Lipschitz

constants of ®;

(H5) 2s;v = s2Y2 <1, 0 < A < min{v, Y} and 0 < s; < min{%, ?2:%’ %}, where v is the

strongly monotone constant of W and Y := Y7, I;L; is the constant as defined in the fol-

lowing Remark 2.1.
Algorithm 2.1 Initial step: Given x' € C arbitrarily. The sequences {ei}, {8}, {vk}, {6k}
in (0,1) and positive sequences {ay}, {sx} satisfy conditions (H1)—(H5).

Iterative steps: Calculate x*** as follows:
Step 1. Compute

uF = ek + (1= ex) Wiidk,

o argmin{oszD(uk,y) e 2y eye c}.
Step 2. Choose w* € 3, ®(u*,y¥), and compute

Cr={veH: [ —anf -y v-y~) <0},

- argmin{akd>(yk,z) T ck}.
Step 3. Compute

of = B + yp* + 8 T2,
v} = Pc (0" - naBag*),

pk = Pc(vk - ,bLlBll/().
Step 4. Compute
k+1 : k 1 k|2
x " = argmin sk\l—’(g ,t) + EHt—Q || 1teCh.
Set k := k + 1 and return to Step 1.
We need the following technical propositions.
Proposition 2.1 (see [23, Theorem 2.1.3]) Let C be a convex subset of a real Hilbert space
H and g : C — R U {+00} be subdifferentiable. Then X is a solution to the following convex
minimization problem:
min{g(x):x € C}
if and only if 0 € 3g(X) + Nc(k), where dg denotes the subdifferential of g.

Proposition 2.2 (see [21, Proposition 23]) Let X and Y be two sets, G be a set-valued map
fromY to X, and W be a real-valued function defined on X x Y. The marginal function M
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is defined as

M(@y) = {x* € G(»): W(x*,y) = sup{ W(x,9) :x € G} }.
If W and G are continuous, then M is upper semicontinuous.

Next, we assume that two bifunctions ¥ :C x C - RU{+oc}and ®: H x H — R U
{+00} satisfy the following conditions:

Assg:

(®1) Q = (N Fix(T:) N GSVI(C, By, By) N Sol(C, ) # @ with T := T.

(®3) @ is monotone and Lipschitz-type continuous with constants ¢;,¢; > 0, and @ is
weakly continuous, i.e., {x = ¥ andy* — 7} = {®(x*, ") — ®(%,7)}.

Assy:

(W) W is v-strongly monotone and weakly continuous.

(W,) For each i € {1,...,m}, there exist the mappings W, U : C x C — M such that

(i) Wi(x,y) + Wiy, %) = 0 and | Wi(x, )| < Lillx - yl| forall x,y € C;

(i) (2, ) = 0 and [|9:(x, ) = Yi(u, V)| < Lill(x = 9) = (u = v)|| for all x,y,u,v € C;

(i) W(x,y) + W(y,2) = W(x,2) + 37 (Wi(x, y), ¥y, 2)) for all x, 5,z € C.

k ; W (dy)l
3 ) —
(W3) For any sequence {y*} C C such that y* — d, we have limsup,_, .,

ly*
Remark 2.1 Suppose that the bifunction W satisfies condition Assy (W;). Then

m

W(xy) +W(2) = Wxz) + Y (W), Vi, 2))

i=1

> W(x2) - Y |(Wilx,y), Yy, 2))]

i=1

> W(x,2) - Y| Wil )| | ¥i0,2) - Pl x) |
i=1

> W(x2) - Y Lililx—yll|y—z- (=)

i=1
JIRANE y (1 )
= W2) = | 5D Lk | lx =y - EZLiLi lly -zl
i=1 i=1
1 1
=Ww2) - Sl =yl* = Sy - 2%

where T := ZZILL. Thus, W is Lipschitz-type continuous with constants ¢; = ¢; = 5.

1
2
3 Main results

In this section, let the CFPP indicate the common fixed point problem of a countable fam-
ily of nonexpansive self-mappings {T;}7°, on C and an asymptotically nonexpansive map-
ping T. We consider and analyze two implicit subgradient extragradient algorithms for
solving the MBEP with the GSVI and CFPP constraints, i.e., a strongly monotone equilib-
rium problem EP($2, ¥) over the common solution set €2 of another monotone equilibrium
problem EP(C, @), GSVI (1.2) and the CFPP, where Q = (5 Fix(T;) N GSVI(C, By, B;) N
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Sol(C, @) with Ty := T. We are now in a position to state and prove the first main result in
this paper.

Theorem 3.1 Assume that {x*} is the sequence constructed by Algorithm 2.1. Let the bi-
functions W, ® satisfy assumptions Asse—Assy. Then, under conditions (H1)—(H5), the se-
quence {x*} converges strongly to the unique solution x* of the problem EP(Q, W) provided
Thak — TR 15k — 0.
Proof First of all, by Lemma 2.1 we know that each W} is a nonexpansive self-mapping
on C. Also, note that the mapping G : H — C is defined as G = Pc(I — u1B1)Pc(I — 2Bs),
where 1 € (0,2a) and uy € (0,28). Then, by Lemma 2.4, we know that G is nonexpansive.
Hence, by the Banach contraction mapping principle, we deduce from {ex}, {yx} C (0,1)
that for each k > 1 there hold the following:

(i) |u* € Cs.t. uF = g + (1 — &) Wiend5;

(ii) 3lo* e C s t.

oF = Bk + yGo* + 8, T 2-. (3.1)

Choose an element g € © = (5, Fix(T7;) N GSVI(C, By, By) N Sol(C, ®) arbitrarily. Since

limy_ o0 f—’; =0, we may assume, without loss of generality, that 6; < Lyse forall k > 1. We

divide the proof into several steps as follows.
Step 1. We show that the following inequality holds:

|2 = q|* < |u* - q||* - (1 = 2axc)) [ = |* = (0 = 2a400) | & = 5| VA > 1.

Indeed, by Proposition 2.1, we know that for y* = argmin{a; ®(u, y) + % lly—uk|?:y e C)
there exists wX € 3, ®(uX, y*) such that

awt +9yF —uk e —Nc(yk),
which hence yields

(akwk +yk - uk,x—yk> >0 VxeC.
From the definition of w* € 3,® (X, y%), it follows that

ak[CD (uk,x) - @(uk,yk)] > <o¢kwk,x —y") Vx e H. (3.2)
Adding the last two inequalities, we get

ak[CD(uk,x) - dJ(uk,yk)] + <yk —ufx —yk) >0 VxeC. (3.3)
It follows from z* € Ci and the definition of Cj that

(uk —ozkwk —yk,v—yk> <0,
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and hence

Wk, 2k = yF) > (uk =y, 2 — o). (3.4)
Putting x = zX in (3.2), we get

ar[®(u,2F) - D (,91)] = anwh, 25 — ).
Adding (3.4) and the last inequality, we have

ar[ @ (uF, ) — @ (uh,5F)] = (uF - o5, 25— 5F). (3.5)

By Proposition 2.1, we know that for z* = argmin{a; ®(5*, y) + %Hy — uk|?

exist 1K € 3, ®(y*,2") and ¥ € Nc, (z¥) such that

1y € Cy} there

akhk+zk—uk+tk:0.
So, we infer that ak(hk,y -2 > (k- zk,y —zky Vy € Cx, and
(Y y) - 0~ 2") = (Hy-2~) Vyen.
Putting y = g € C C Ci in two last inequalities and later adding them, we get
an[004,) - D04, )] = (i — g ).
By the monotonicity of ®, g € Sol(C, ®) and y* € C, we get
®(y",q) < -(g,5) <o0.
Therefore,
~a @ (Y5, ) > (u* - 25,9 - 2F).
Combining this and the following Lipschitz-type continuity of ®

2
)

() + @A) 2 0, 2) e[ - - oy - 2

we obtain that

(uk —ZZ - q) > otkCD(yk,zk)
= ap[@(h, ) - (1)) - e [ = | - euea [y - 2.
This together with (3.5) implies that

(uk - 252k —q) > (uk — 9K, 2 —yk) — ke ||uk —y ||2 — akcy ||yk —zk||2. (3.6)
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Therefore, applying the equality

1
(w,v) = 5(|Iu +vI? = llul® = IvI*)  Vu,veH, 3.7)

k k k

for (u* —z¥,25 — g) and (y* — u¥, z* — y¥) in (3.6), we obtain the desired result.

Step 2. We show that the following inequality holds:

[ =" < ot =] = |47 = o+ 29[ (0t1) - (@ 4)] vae

Indeed, since x**1

xK*1) such that

= argmin{s; W (o, ) + %Ht — 0K||? : t € C}, there exists m* € 9,W(oF,

0 € sim® + 51— o* + N (o).
By the definition of normal cone N¢ and the subgradient m*, we get

(sem® + 251 —oF,x—a*1) >0 vxecC,

se[W (0", %) — W (0" 4 )] = (sem’, x —41) wxeC.
Adding the last two inequalities, we get

25 [ W (0", x) — W (", 4 )] + 2(x**! — of,x ) >0 vxecC. (3.8)
Putting u = x*1 — oF and v = x — x**! in (3.7), we get

250 (%) ~ W (4, )] + o~ - [ o~ [t 2P 20 vaeC

This attains the desired result.
Step 3. We show that if x* is a solution of the MBEP with the GSVI and CFPP constraints,
then

[ = o = mifle® — ] = (- 250~ 7]

where of = argmin{s; W (x*,v) + 3||v —x*|*: v € C}, i = /1 = 2550 + 52,0 < A < min{v,

T),0< s < min{%, %vz_jkz band Y =7, LiL;.

Indeed, put oX = argmin{s; W (x*,v) + %llv —x*||2 : v € C}. By the similar arguments to

those of (3.8), we also get

.

se[ W (", %) — \Il(x*,gf)] + (Qk x*,x— Qi) >0 VxeC. (3.9
Setting x = oX € C in (3.8) and x = xX*! € C in (3.9), respectively, we obtain that

Sk[‘I’(Qk,Qf) _ \L,(Qk,xk+1)] N (xm — o0k _xk+1> >0,

*

Sk [\I’ (x*,xk”) - \Il(x*,gi)] + <Qk —xtxk - Qi) > 0.

*
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Adding the last two inequalities, we have

0 < 25 [W (05, 0%) — W (0", a**h) + W (", x**1) — W (x*, 0Y)]
+2(xk+1 _Qk—Qf +x*,Q _xk+1>

=25t [W (05, 0F) — W(oF, &) + W(at, &) — W (a*, 08) ] + | of - &

_ ||xk+l

I

- ||l 2 (3.10)

—o* ok +at|’ ~o¥

where the last equality follows directly from (3.7).
Note that, under assumption Assy (W,), it follows that

m
V(0" 0f) - w(x*, 0f) < w(o*,x7) - Y (W (x*,0%)),

i=1
m
\Il(x*,xk“) _ lI,(Qk k+1 Z k’ k+1)>'
Therefore, we have
qJ(Qk’Qi) _ ‘-I—’(,Qk,ka) + \Ij(x*’karl) _ ql(x*,gi)

<0t ) V() - D) e )] - SO ) et )

Then, using Assy(W;) and the strong monotonicity of W in Assy (V) that W(x,y) +
U(y,x) < —vllx—y)? Vx,y € C, we get

\I’(Qk:Qi) _ \I’(Qk,xk+l) + \IJ( * k+1) (x*’Qi)
m

< v of—a|* + Y (Wi(e",a7), (e, 4 T) = (5", o))

i=1

< —vflet = | oIl w) (et # ) ~ il o) |
i=1

m
<o 2"+ D oLiLiflo ~a*] [0 ~a* —a + o]
= —vfe* — |+ Yo —arf[lot ~ -t 4 01 (3.11)

Combining (3.10) and (3.11), we get

0=<q( —ZSkv)HQk—x* ||2 + ZSkT”Qk—x* ” HQk—x’“rl x* + 0, H

_ ”xku 2 ”xk+1 _95”2

-0 ok +x7
= (1 -2s0w) o — a7 [* = ([ = 0F — o + || — s X o — a7 [) + P2 0~

-

< (1 — 28KV + s,z(Tz) ||Qk - H “ ol ”
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From

. (1 2v-2a
0<XA<min{v,Y} and O0<s;<min{—, ——+t,
A Y22

it follows that 0 < nx = /1 — 2s4v + s,%TZ < 1 — Asg. This ensures the desired result.
Step 4. We show that the sequence {x*} is bounded. In fact, putting

X:=C, Y :=[0,1], Gs):=C VseY,
1
S:= Sk, Wix,s) := —s\I/(x*,x) -5 ||x —x* ||2 V(x,s) e X x Y,
we have that
M(sy) = argmax{W(x, Sk):X € C}
. % 1 %2
= argmin sklll(x ,x) + §||x—x H xeC
k
= {Q*}
Note that M is continuous and limg_, Qf: = x*. Since W is continuous on C, we get

limg_ 00 W(x*, 0%) = W(x*,x%) = 0. In terms of Assy (W3), there exists a constant M(x*) >0
such that

| 0)| = M) ok -] vk =1.
Putting x = ™ in (3.9) and using ¥ (x*,x*) = 0, we get

—sk\IJ(x*,Qf) + (Qi —x*, x5 - Qi) >0,
which hence yields

| — x| < si[-W (x",08)] < sk (x7) [0k —#*| VK= 1.
This immediately implies that

||Qf: —x* || < skM(x*) vk > 1.
Also, according to Lemma 2.3, we know that / — p;B; and I — 9B, are nonexpansive
mappings, where u; € (0,2a) and u, € (0,28). Moreover, by Lemma 2.4, we know that G
is nonexpansive. We write y* = Pc(I — upBy)x*. Then, by Lemma 1.1, we get x* = Pc(l —

n1B1)y* = Gx*. So it follows that

ot x| = e (" %) + (1 - ) (Wi ~ ) |
< 8k||xk —x* || +(1- sk)” Wik — x* ||

< e[ =] + (= a0 [ - 7] (3.12)
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which immediately leads to

o =] = =] (3.13)
Utilizing the result in Step 1, from (3.13) we get

|25 = x| < |u* || < ||6* -5*|| V=1 (3.14)

Since G is a nonexpansive mapping and 7T is asymptotically nonexpansive, we deduce from
(3.14) that
et -2
= <ﬁk(xk —x*) + yk(GQk - x*) + Sk(Tkzk —x*),gk —x*)
_ ﬂk(xk —x*,Qk _x*> + )/k<GQk —x*,gk _x*> + (Sk(Tka —x*,Qk _x*>
< Bl — o '] + o~ + et + ) | — 7 [ o "]

< B+ 00| = o | + vl [+ 81 + 60— ot ~ ]

2

’

= (L= y )@ + 09 [ 2| | " - a*|| + mi] o —&*
which hence yields
o =" = @+ 0 - 7]

Consequently,

”xk+1 —x* ”

< [ =0k + ok — x| = (1 - s o* 2% + [l -

<(1-Aas)(1+ Hk)||xk —x* || + skM(x*) < [(1 — ASp) + Gk] ||xk —x* || + skM(x*)

= [(1 — ASk) + %)\Sk:| ”xk—x* ” +skM(x*) < max{”xk—x* 2M(x )}

(3.15)

’

By induction, we get ||x% —x*|| < max{[lx! —x*|, m} Vk > 1. Thus, {#*} is bounded, and
so are the sequences (P}, {05}, {yk}, {25, {k}, (V9.

Step 5. We show that if x5 — %,k — xk — 0 and u* — y% — 0 for {k;} C {k}, then & €
Sol(C, ®).

Indeed, noticing u*i —

xki — 0 and vk — yki — 0, we get

ki = 35| < |k =i + b =y >0 (i — o). (3.16)

k

So it follows from x%i — & that u* — % and y — &. Since {y*} C C, % — % and C is weakly

closed, we know that x € C. By (3.3), we have

akid>(uk",x) > ockidD(uki,yk") + (yk’ - uk",yk" —x> Vx e C.

Page 14 of 37
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Taking the limit as i — 0o and using the assumptions that limg_,, ox = @ > 0, ®(%, %) = 0,
{yki} is bounded, and & is weakly continuous, we obtain that @®(x,x) > 0 Vx € C. This
implies that x € sol(C, ®).

Step 6. We show that ¥ — x*, a unique solution of the MBEP with the GSVI and CFPP
constraints. Indeed, set I'; = [|xf — x*||2. Since G is nonexpansive and T is asymptotically

nonexpansive, we obtain that

lo* -
= ﬁk(?Ck _x*,Qk _x*> + )/k<GQk —x*,Qk _x*> +8k<Tka _x*;Qk _x*>
)
= %[”xk—x*”2+ HQk—x*H2—ka—QkHz]+yk”Q’<_x*H2+gk[HTkzk_x*”z
+ ”Qk _x*n2 _ ” Tkzk —Qk”2]

R e L R Fe
2 2 2

Br Sk
AN T

2
e L e L
2 2 2

)
A L

el e LA I S

e L
where sup;. (2 + ) |lxX — x*||2 < M for some M > 0. This implies that

2

2
-7 =

k

le Bl =" + 8e —a7

1-yk
+9ki\;[—ﬁkak—Qk”2—5k” Tkzk—QkHZ]. (3.17)
By the results in Steps 1 and 2 we deduce from (3.14) and (3.17) that

”xk+1 _x* ”2

< ot = a|* — ! = ok |* + 256 [ W (05 x7) - W (", 5]

1 ~
=1y Al | sl - 0 - B - oM - e T - 0]
_ kaﬂ —Qk”2 + 2sk[\IJ(Qk,x*) _ \I/(Qk,xk“)]
1
= 1—)/k{ﬁk”xk‘x*||2+5k[||“k—’c*||2—(1—20‘k01)HJ/k—MkH2

— (1= 2000) |2 = ]
+ GkM—ﬁk”xk —Qk”2 - & T2 _Qk“2}

_ ka+1 _ Qk||2 n ZSk[\I/(Qk,x*) _ \I,(Qk’xkﬂ)]
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8 oM
< P 2 2 - 2+
=Yk I-wk
1
N N
+ 2sk[\IJ (,Qk,x*) - \D(Qk,xk“)]
91\7[
< ||xk—x*||2— [(1 2001) |} = [P+ (1= 2e) [ =4 ] + -~
1
_—yk[ﬂknxk—ekn L N R Lo

where sukaI{ZI\IJ(Qk,x*) — W(pk,x*1)|} < K for some K > 0.
Finally, we show the convergence of {I'x} to zero by the following two cases.
Case 1. Suppose that there exists an integer ko > 1 such that {I'¢} is nonincreasing. Then

the limit limg_, o, I'x = h < +00 and
1—‘k - 1—‘k+1 -0 (k - OO)
From (3.18), we get

8;([(1 - Zakcl)Hyk - uk”2 +(1- 2ak02)sz _kaZ]

+,3k||xk —Qk||2 +5k|| Tka_QkHZ + “xk+1 —Qk||2

1)
=7C k [(1 2ager)|yf - k| + (1 = 20500) |2 - ¥F|)*]
1
* ﬁ[ﬁk ka - o ||2 + 8k || Tk - k“ ] ||x/<+1 ”2
(3

OM

ST —Tra+ —— + 5K (3.19)
1-yk

Since sy — 0,0, — 0,y — T4;1 — 0,0 < liminfk_,oc,Bk,O < liminfy_, o, &, and

0 < liminfi_, o0 (1 — y), we obtain from {a} C (o, @) C (0, min{s- e 2C ) that
. kK _ 1 Kk _ k|l _
Jim [l#* - o[ = lim || 7% - o] = 0, (3:20)
. k kil _ 1 _ k —_ T k+1_ k —
i |5~ ] = tim ¥ = tim 1~ ¥ =, 621

We now show that ||o* — p*|| — 0 as k — oo. Indeed, we set y* = Pc(x* — 12Byx*). Note
that V€ = Pc(o* — 112B0%) and p* = Pc(vf — 11, B1v¥). Then p* = Go*. By Lemma 2.3 we have

2 (3.22)

”Vk -y ”2 < HQk - ”2 - 22 - Mz)HBsz — Byx*
[t =" < [ =5 |” - ia e = ) BV - By (3.23)
Substituting (3.22) for (3.23), by (3.14) and (3.17) we get

I

“pk —x*
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<l = #*|* = 12(28 — 112) | Bag" - Box*||” - p1a e — jua) | Bif = Buy*|)®

oM
< | —a|?+ = o~ Ha(2 - 1) | B2t - Box*|?
— 120 = 1) [ B - Bry* |, (3:24)

Also, substituting (3.24) for (3.18), we get
o -
< ”Qk —x* ”2 + 5K
< ﬁk”xk —x* ||2 + yk”pk —x*“2 + 5/<H Tk —x*”2 + 85 K

< Br(1 + 6;)? ||xk —x* HZ + kapk —x* ||2 +8(1 +6)? ||zk —x* ||2 + 8K

— u2(2B — 12)||B2o* — Bax™ ||2 — w1(2e — 1) | Biv* = Byy* ||2] +skK

< |t v 1

M
- Ve[12(28 — 112) | Bao® - Box*|?
K

+ 1 Qe — ul)”Blvk - Byy* ||2] + 8t K

oM
. - Ve[142(2B — 112) | B2o" — Box™ ||2

= ||l -] +
||
1-y

+ 1 (2o — pq) ||Blvk - Byy* ||2] + 5¢K,
which immediately yields

Ve[ m2(28 = 12)|| B2o* — Box* ||2 + p1 (200 = 1) | Biv* = Bry* ||2]

+ Sk](.

Ox
ST =Tga + 1

Since u; € (0,2a), uy € (0,28),sx — 0,0 — 0, — 'y — 0,liminfy_ o % > 0, and
liminfi_, o (1 — yx) > 0, we get

lim B0 —Byx*| =0 and  lim ||Byv* - Byy*| =0. (3.25)
k—o00 k— o0
On the other hand, observe that

o~

< (Vk _y*’pk _x*> + Ml(Bly* —Blvk,pk _x*>

1
< SV =y 1P+ 125 = = [V =2 =] pa | By = B =]

This ensures that

I = = [ =y = [ = =5 [P+ 2| By - B[ -] 326)



He et al. Journal of Inequalities and Applications (2021) 2021:146 Page 18 of 37

Similarly, we get

[V =y " < llo* - |” - " = v} + 5" =" + 2012 | Box” — Boo*| |V - 5[~ (3:27)
Combining (3.26) and (3.27), by (3.14) and (3.17) we have

e
<o =" = o* = vF +yr —a| P V- a -yt

+ 2By = BV [P x| + 202 | Boa - Bao® || V/ - 7|

<t P Pty P [
- Yk
+ 201 ||Bly* —Blvk” ||pk —x* || + 2/ HBzx* - Bzgk” ||vk -y || (3.28)

Substituting (3.28) for (3.18), from (3.14) we get

”xk+1 X ”2

<|lo* - #|* + sk
< Be(1 +61)* ||xk —x* HZ + kapk —x* ||2 + 81 (1 + 6p)? ||zk —x* ||2 + 5K

oM
5(L—mﬂ1+9ﬂ2+9wﬂhk‘xﬂf+}%th_xw2+1k)v
- K

oy P g e 2 By B
19 =+ 2 B~ B[ -] | sk

WO M
1—w

§||xk_x*”2+9k1’\71+ —yk[||gk—vk+y*—x*||2
+ ”Vk_pk +x* _y*Hz] +2M1”31y*_Blvk” Hpk_x*H
+ 2“2”3295* —Bsz” ||Vk -y || + st K

=[xl
L=k

+ 211 ||Bly* — Bp/f || ||pk —x* || + 202 HBzx* —Bzgk || ||vk -y || +5; K.

—mlllet =V eyt =P - -y ]

This immediately leads to

vl of = vk 4y =t P4 V- a -y ]

0 M
<Ti—Tra+ 1 k " +2u1 | Biy* = B[ p* -

+ 2u2||Bzx* —Bzgk” ||vk -y || + sk K.
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Since sg — 0,0 — 0, — T'ky1 — 0, liminfy_ o Y% > 0, and liminfz_, o (1 — y%) > 0, we de-
duce from (3.25) that

lim ”Qk—vk+y*—x*H=O and lim ”Vk—pk+x*—y*”=0.
k—00 k—00
Thus,

|o* - Go*| = |l o* - 1|

< ||Qk—vk+y*—x*|| + ||vk —pk+x* —y*|| -0 (k— ). (3.29)

Noticing u* = grak + (1 — &) Wiu*, from (3.14) and the nonexpansivity of W we get

k 2

[ =7

= e[ —a%, Uk —x%) + (1 - ) (Wil — &%, ub — x7)
P
ob U B AR R e

1—¢x
2

&
e R e e e

e R U R L

1-
| LRt R el e LR

L = PR R e

This together with (3.14), (3.17), and (3.18) implies that

ot -
< ”Qk —x* ”2 + 5K

< Bk - ||2 + yk”Qk—x*”2 + 8k (1 +(9k)2||:zk—x*||2 + 5K

< Bl —a |+ yk[”xk_x* 2+ ff]‘jk} 4 501 +9k)2[||xk—x* 2
1_
-l -t P - S it -t sk
2 M
+ _—

< (1+9k)2||xk—x* || -

- 81+ 0;()2|:%k ka —uk Hz + 1 ;Sk || Wi — u* ”2:| + 5t K

< |t v PO

—Vk
[+
2

81+ 9,()2[%( ||xk - uk| i || Wik — uF ||2:| + 5K

et 2 s +ek)2[%||xk L —uk||2:| + 5iK.
l—yk 2 2
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So it follows that

Sr(1 + 9k)2[%k o — k| + h | Wik - u* ||2} <Tk—Tra+ lekM

+5; K.
2 Sk

Since s — 0,6 — 0,Tx — T'ry1 — 0,0 < liminfi_ oo (1 — %), 0 < liminfi_, o, 8, and O <
liminfy_, o & <limsup,_, ., &k < 1, we obtain that

Jim [« —uf[ =0 and  Jim [|Wiu - uf] =o0. (3.30)
Using (3.20) and (3.21), we get

o =21 = o - )+ e - > 0 (k—00) (331)
and

|2 =] < | =+ |y - >0 (k- o0). (3.32)

Combining (3.20) and (3.29), we have

[ - G| = [+ - o[ + [lo* - Ge*| + | Ge* - G|

< 2ka - Qk” + Hgk - ng” -0 (k— 00). (3.33)

We claim that |Wix* — x¥|| — 0 and || Txf — #%|| — 0 as k — oo. In fact, using
Lemma 2.1(i) we deduce from (3.29) and (3.30) that

[ Wi = = [ Wi = Wiad | + [ Wiad® = ] + s = o]

<2|a* — | + |Widd - f| >0 (k- o). (3.34)
Combining (3.30) and (3.32), we have
o* =24 < & = || + |u* -2 >0 (k- o). (3.35)
Using (3.20) and (3.35), we infer from the asymptotical nonexpansivity of T' that

[ = T8 < = 0| + [l = T2 + | 72 - T4

< | = of| + |o* - T* | + @ + 60| —a*| >0 (k- ).  (3.36)
This together with the assumption || T*x* — TX*1x¥|| — 0 implies that

||xk _ Tka < ”xk _ Tkxk“ + || Tkxk _ Tk+1xk|| + H Tk+1xk _ Txk H

<2+ 91)”96]( - Tkxk” + H Tkxk - Tk+1xk|| -0 (k— o0). (3.37)

Next we claim that lim;_, o, |x* — x*|| = 0. In fact, since the sequences {o*} and {xX} are
bounded, we know that there exists a subsequence {o*} of {0¥} converging weakly to & € C
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and satisfying the equality

hkn_l)gf[\ll (x*,0F) + W (", 4] = ll_l)r(l)lo[\l—’ (%%, 05) + W (0N, 4k 1)]. (3.38)
From (3.20) and (3.21) it follows that x5 — % and x%i*! —~ X. Then, by the result in Step 5,
we deduce that X € Sol(C, ®).

It is clear from (3.37) that % — Tx% — 0. Note that Lemma 2.6 guarantees the demi-
closedness of I — T at zero. So, we know that & € Fix(T). Also, note that Lemma 2.6 guar-
antees the demiclosedness of I — G at zero. Hence, from &% — % and &% — Gx* — 0 (due
to (3.33)) it follows that & € Fix(G) = GSVI(C, By, By). Let us show that & € (7, Fix(T;) =
Fix(W). As a matter of fact, on the contrary we assume that x ¢ Fix(W), i.e., Wx # x. Then,
by Lemma 2.1(iii) and Lemma 2.7, we get

lim inf”xkl' - fc” <lim inf”xki - chH
11— 00 11— 00

< liminf(”xkf — Wik
11— 00

+ |« = z|). (3.39)

Moreover, we have

’

[wak — k|| < || wak — Wik | + | Wik — 2% || < sup [|Wx — Wil| + || Wix® — &*
xeD

where D = {x; : k > 1}. Using Lemma 2.2 and (3.34), we obtain that lim;_,, || Wak —
#¥|| = 0, which together with (3.39) yields liminf; . o [|x% — & < liminf;_, o, [#% — Z||. This
reaches a contradiction, and hence we have x € Fix(W) = (7, Fix(T;). Consequently,
% € (7% Fix(Tj) N GSVI(C, By, B2) N Sol(C, ) = Q. In terms of (3.38), we have

likminf[lll(x*,gk) + W (0%, 4] = w(x*, %) = 0. (3.40)
Since W is v-strongly monotone, we have
lim sup[\If (x*,gk) + \IJ(Qk,x*)] <lim sup(—v ”Qk —x* ”2) = —vh. (3.41)
k— 00 k—00

Combining (3.40) and (3.41), we obtain

lim sup[\Il (Qk, xF) - W (Qk, xk”)]

k— 00
=limsup[ W (of,x*) + W (x*, 0%) — W (x*, ") — W (0", 2**)]
k— 00
<lim sup[\Il(Qk,x*) + \I/(x*,Qk)] +1lim sup[—\ll(x*,gk) - \If(Qk,xk+l)]
k— o0 k—o00
T ko * KT _ i * k k  k+1
_11]1(1l$p[\11(g X )+ W (x"0 )] hkrgglf[\ll(x ,0°) + (0" x )]

<-vh. (3.42)
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We now claim that / = 0. On the contrary we assume £ > 0. Without loss of generality

we may assume that 3k > 1 s.t.

W(of,x%) - W (o4 < -%h Vk > ko, (3.43)

which together with (3.18) implies that, for all k > ko,

||xk+1—x*||2
1)
< [ =2 ” - == [~ 20e0) |y - |
— Yk
_ gy, ML e e
+(1 =202 y||]+1_yk l_yk[ﬂk“x o

L8| T~ ] [ = [P 25 (04 ) — W (b )]

<t 2w (h ) - w0t )]

6 M
2y 1k— — sevhi. (3.44)

< - 2

So it follows that, for all k > ko,

k-1 9 k-1
Y § : J § :

| P Fko <M ' 1 v -vh ' Sj. (345)
Jj=ko Jj=ko

Since Z}ofl sj = 00, 210:01 6; < 00,0 < liminfy_, o0 (1 — yx), and limg_, o Tx = h, taking the limit
in (3.45) as k — 0o, we get

—00<h-Ty, = klim Tk —Ti)
—00

1 k-1
|~ j
< klilgo |:MZ - ths,»j| = —00.

—~1 -y
j=ko Y Jj=ko

This reaches a contradiction. Therefore, lim;_, o, I'x = 0 and hence {x*} converges strongly
to the unique solution x* of the problem EP(2, V).

Case 2. Suppose that I{Ty;} C {I'k} s.t. Ty, < Tyu1 Vj € N, where N is the set of all posi-
tive integers. Define the mapping 7 : N' — A by

(k) :=max{j <k:T; <Tj}.
By Lemma 2.8, we get

Iﬂ'L'(k) =< r'L'(k)+1 and Fk =< F'L'(k)+1- (346)

Utilizing the same inferences as in (3.21) and (3.31), we can obtain that

; (+1 _ Jr®) || = 13 k) _ t®| = 15 k) _ (k) =
Jim 47— o = lim [ur® -y O = lim [y 27O <0, (347)
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lim 2" ®*! 5™ @ = 0. (3.48)

k—o00

Since {o*} is bounded, there exists a subsequence of {0*®} converging weakly to &. With-
out loss of generality, we may assume that o*® — %. Then, utilizing the same infer-
ences as in Case 1, we can obtain that & € Q = ()5, Fix(T;) N GSVI(C, By, Bz) N Sol(C, ®).
From o™® — % and (3.47), we get x*®*1 —~ % Using the condition {a;} C (o, @) C
(0, min{ﬁ
that

) ﬁ}), we have 1 — 2a,4)c; > 0 and 1 — 2a,¢ycz > 0. So it follows from (3.18)

2sr(k)[qj (Qr(k)’xr(k)-d) _ \I/(Qf(k),x*)]

= 1—‘r(k) - FT(/()+1

- 2 [ - 200 en) [y ® - @ + (1 = 200 0) [0 - 5" ]
1=y
Qr(k)i\\;f 1

-y 1- v [Beo 5% = 07 ®|* + 62y | T"0270) - 07 ®)|*]
T T

a4l _ () |2
(B ™|

< M
1-vr0

’

which hence leads to

er(k) ) M
sty 201 = yer)

W(Qr(k)’xr(k)u) _ \IJ(Q’(k),x*) < (3.49)

Since W is v-strongly monotone on C, we get
v”Qr(k) _ i ”2 < _\Ij(gr(k)’x*) _ \I,(x*’gr(k))‘ (3.50)

Combining (3.49) and (3.50), we deduce from Assy (¥;) and » € Q that

. k) x| _ 1 _er(k). M (k) _ L, x|2
vh/?lscip”Q < _hltis;}p[ Sey 2(1—yeq) +vle | ]

< limsup[-W (o™, x™®*1) — W (x*,0"W)]

k— 00
=-W(x,x) — \Il(x*,fc)
<0. (3.51)
Hence, limsup;_, ., [x7®) — x%||? < 0. Thus, we get
lim ”x’(l‘) -x* H2 =0. (3.52)
k—00

From (3.48), we get

||xr(k)+1 _x* ”2 _ ”xr(k) _x* ”2

Page 23 of 37
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_ 2(xr(k)+l _x7® ) —x*) + ||xf(k)+l _ k) ”2
< 2f|am @ @ 470 _ | 4 27O @ 50 (k= o0). (3.53)
Owing to I'y < Ty(+1, we get
R T
< 50 - 4 20 O [ gt [0 W (350
So it follows from (3.48) that ¥ — x* as k — co. This completes the proof. O

Next, we introduce another iterative algorithm by using the subgradient extragradient

implicit rule.
Algorithm 3.1 Initial step: Given x' € C arbitrarily. The sequences {e}, {8t} {vk}, {6k}
in (0,1) and positive sequences {ay}, {sx} satisfy conditions (H1)—(H5).

Iterative steps: Calculate x*** as follows:
Step 1. Compute

uF = e + (1 - e ) Wi,

- argmin{akq>(uk,y) e 3l ye c}.
Step 2. Choose w* € 3,®(u*,y¥), and compute

Co= (v et [u —apwh s ,v—yl) <o),

#- argmin{oszD(yk,z) T ck}.
Step 3. Compute

of = il + yip* + 8 T2,
W = Pc (Qk ~ 112B>0"),

pk = Pc(Vk - /.L]B]l/<).

Step 4. Compute
PR argmin{sk\ll(gk,t) + %Ht— Qk||2 ite C}.

Set k:=k + 1 and return to Step 1.

Theorem 3.2 Assume that {x*} is the sequence constructed by Algorithm 3.1. Let the bi-
functions W, ® satisfy assumptions Asse—Assy. Then, under conditions (H1)—(H5), the se-
quence {x*} converges strongly to the unique solution x* of the problem EP(2, V) provided
Tkxk — Tk 1xk — 0.

Page 24 of 37
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Proof In terms of Lemma 2.4, we know that G is nonexpansive. Hence, by the Banach
contraction mapping principle, we deduce from {yx} C (0,1) that for each k > 1 there

exists a unique element o* € C such that
" = B + nGo" + 5 TV (3.55)

Choose an element g € = (5, Fix(T;) NGSVI(C, By, B,) N Sol(C, @) arbitrarily. Noticing
limy_ o0 f—’; = 0, we might assume that 6; < %Ask for all k > 1. We divide the proof into
several steps as follows.

Steps 1-3. We show that the results in Steps 1-3 of the proof of Theorem 3.1 are still
valid. In fact, using the same arguments as in the proof of Theorem 3.1, we obtain the
desired results.

Step 4. We claim that the sequence {x*} is bounded. Indeed, using the similar arguments
to those in the proof of Theorem 3.1, we know that inequality (3.14) still holds. Since G
is a nonexpansive mapping and 7 is asymptotically nonexpansive, we deduce from (3.14)
that
k

et~

_ ﬁk(uk —x*,gk _x*> + )/k(GQk —x*,Qk _x*> + 5k<Tka —x*,Qk _x*>
< Bl =t =]+ vt -] + de1 + B2 -t [ - 7

< Be1+ 60 [~ [ o [ + yilo® 2 + 861 + ) [~ " | o~

2

’

< Q- +00)|x* = x| [ 0" - a*|| + yi|0* - x*

which hence yields [|o* — x*|| < (1 + 6;)||x* — x*||. Consequently,

||xk+l —x* “
= [ - el + ot - "] = (1= 2500 — a7 + [l - #7]
1 *
< (1= as0)(1+ 60 [ =" | + i (x") < max{ o — 27, 2M;x ) }

By induction, we get ||xX —x*|| < max{[lx! —x*||, m} Vk > 1. Thus, {x*} is bounded, and
so are the sequences (P}, 10"}, {yk}, {25, {F}, (V9.

Step 5. We show that if x5 — &, 1% — x5 — 0 and u* — y5 — 0 for {k;} C {k}, then & €
Sol(C, ®). Indeed, using the same arguments as in the proof of Theorem 3.1, we obtain the
desired result.

Step 6. We show that ¥ — x*, a unique solution of the MBEP with the GSVI and CFPP
constraints.

Indeed, set Ty = [|xX —x*||%. Since G is a nonexpansive mapping and T is asymptotically

nonexpansive, by Lemma 2.4 we obtain

k 2

0" -]

— ﬂk(uk —x*,gk _x*> + Vk(GQk —x*,Qk _x*) + 8k(Tkzk —x*,Qk _x*>
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= %[Huk—x* [P+ o —a** = | — o '] + mell* ="

)
o et I A e Ll

P R P LR T F e
B - - S - ot
<Pt L B
B - - S - o

e el A R P

OM By ko p2_ Skpsu sk k)2

where sup;.;(2 + Or) Ik — x*|1? < M for some M > 0. This implies that

12
- “in

+ kM — /Sk“uk - Qk”2 - 8k|| T*ZK — ok ||2] (3.56)

k

e [Belu —|” + 82 ="
By the results in Steps 1 and 2, we deduce from (3.14) and (3.56) that
”xk+1 X ”2
< [lof =" - [+ = 0" + 251 [ Wb 5") - W (o*, )]

1 ~
e GO L [P+ 8l " | + 06 = il = o* | - 84| 742 ~ ] ]

_ ka+1_Qk”2+2Sk[\p(Qk x*) q/(gk xk+1)]
1
< T {ﬂk”uk —x*”2 +8k[||uk—x*||2 -1 —2akc1)“yk —u

-(1- Zakcz)HZk -y Hz]

I°

+OM = Bl - oF|* - 8| TH = o[} - [+ -
+ 25 [ W (Qk,x*) - \IJ(Qk xk”)]
Ok A71

k *”2_ Sk
— Yk

" - x

IA

[0 -2 [y | (=200 | -] ¢
1

- 1-—yk[ﬂk||uk—@kn2+ak||Tkzk—gk||2]— o)

+ 25k[\p(g’<,x*) _ \I[(Qk,xk+1)]

J ~ [~

IA

{02yt~ (-2 -

0k1\~/1 1
+
11— 11—

T Bl =t s T - ]
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— 4 = k| + sk, (3.57)

where supk21{2|\IJ(Qk,x*) — W (X, x5 1)|} < K for some K > 0.
Finally, we show the convergence of {I'x} to zero by the following two cases.
Case 1. Suppose that there exists an integer ko > 1 such that {I';} is nonincreasing. Then

the limit limg_, oo 'k = i < +00 and limg_, oo (I'x — T'k41) = 0. From (3.57), we get

1)
[0 2me - (- 2me | - )
+ [Bellt =t I + 8| 72" = o] + | - 0¥
1-vk
6 M
<Tg—-Tk+ + ;K. (3.58)
1-yk

Since sy — 0,6k — 0,Tx — T'xry1 — 0,0 < liminfz_ o Br, 0 < liminfi_ o 8¢, and

0 < liminfy_ o % < limsup,_, o, yx < 1, we obtain from {a;} C (e, @) C (0, min{5>, 5~})

that
Jim [ — o[ = lim | 72" - o[ =0, (3.59)
Jim [y uf] = Jim |2~y = Jim "1 - oF| <0. (360)

Next we show that limy_, o, [|* — x*| = 0. In fact, utilizing the same arguments as those
of (3.24), we get

0 M

I =" = o = 2 = 208 = ) Bagt = B |

— Yk

- w120 — )| Bv* - Biy*|?,
which together with (3.57) leads to

||xk*1—x* ”2
< ”Qk -x* ”2 + 5K
< Br|u* —x* ||2 + || PF —x"‘”2 + 8| Tkzk—x*”2 + 5, K
< Br(1 + 6;)? ||xk -x* ||2 + yk“pk —x* ||2 + 81+ 6r)? ||zk —x" ||2 + 8K
OM
< (- p[L+ 62+ 80| — 5| + yk[”xk e

— u2(2B — u2)||B2o* — Bax™ ||2 — w120 — 1) | Biv* = Byy* ||2] + 8K

6M
—# |+ 2 1028 - 12) || Bag® — Box® |
1-vk

+ 1 (2 — pq) ||Blvl< - Byy* ||2] + 81K,
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which immediately yields

Ve[ 12(2B = o) || Bao® — Box® H2 + p1 (200 — 1) | Biv* = Bry* ”2]

Ok
<T'p—-Tk + 1 + 5i K.

Since w1 € (0,2a), 2 € (0,28),sx — 0,6k — 0,y — T'ty1 — 0, and 0 < liminf,_, o Y% <
limsup,,_, . ¥k < 1, we get

lim |Byo* ~Byx*| =0 and  lim ||Byv* - Byy*| = 0. (3.61)
k—00 k—o0

On the other hand, utilizing the same arguments as those of (3.28), we get

O M

a)?
1-w

<[+

o AR e R

+2u1 | Buy* = Bivt | | — % || + 2000 Box™ — Bao || |V - 5*

’

which together with (3.57) implies that

ot

<|lo* - #|* + sk
< Bi(1 +6k)2||uk —x*H2 + kapk —x”‘“2 +6(1 +9k)2||zk—x*||2 + 8K

M
1-

<1 -p)[1+6:2+6)]# — x| + yk|:||xk —x|
- Hgk—vk +9y —x*H2 — ”vk —pk +x* -y ||2 +2/L1HB1y* —Blka
X [t =5 + 2412 | Bax* — B | |4 - y* ||} b 5K

< ||xk —x* ||2 + lng

et vy P -y

+ 21 | Biy* -B I ||pk —x*|| + 22 | Box* - Bzgk” ||vk =y +skK.
This immediately leads to
L A B T R

oM
= l—‘k - 1—‘k-*—l + 1

+ 21 | By = Bt | p* - 7|
- Yk

+ 22| Box® = Boo* | |V - y*|| + siK.

Since sy = 0,0k — 0,Tx — T'ks1 — 0,0 < liminfi_, o Y% < limsup,_, o ¥« < 1, we deduce
from (3.61) that

lim ”Qk—vk+y*—x*H =0 and lim ”Vk—pk+x*—y*” =0.
k—o00 k— 00
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Thus,

o - Go*|| = o - P/

< ”Qk — vy —x*H + ”Vk —pFext -y H —0 (k— 00). (3.62)
Utilizing the similar arguments to those of (3.30), we get
lim ||xk —uk || =0 and Ilim || kak —u || =0,
k— 00 k—o00
which immediately yield
||xk — Wk || < ||xk - uk” + ||uk - Wik || -0 (k— o0). (3.63)

In the meantime, it follows from (3.59) and (3.60) that

||xk — Qk” < ||xk - uk” + ||uk —Qk” -0 (k— ), (3.64)
and hence
||xk — xktl || < ||xk - Qk” + “Qk e || -0 (k— 00). (3.65)

We claim that || Tx* — x%|| — 0 and ||Gx* — #X|| — 0 as k — oc. In fact, since G is a

nonexpansive mapping, we deduce from (3.62) and (3.64) that

|G -] = [[ G - Go*| + [[Ge* ~ o[ + " - ]

<2|x* - 0| + |G - of| > 0 (k— o0). (3.66)
From (3.59), (3.60), and (3.64), we conclude that
2 -] < | =+ o~ s+ [ -] >0 ko), (3.67)
and hence

| T4 = o < | T8 = T 4 | 7 - o + [ o - &

<@+ o =2 + || T - oF|| + |oF -a*| >0 (k- o0).  (3.68)
Utilizing the same arguments as those of (3.37), we have
lim [[«* — Ta*| = 0. (3.69)
k—o00

Further, utilizing the same arguments as in Case 1 of the proof of Theorem 3.1, we obtain
that limg_, o I'x = 0, and hence {x*} converges strongly to the unique solution x* of the
problem EP(2, ).
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Case 2. Suppose that Ny} C{lu} st Ty < Ty Vj € N, where N is the set of all posi-
tive integers. Define the mapping t : N' — N by

(k) := max{j < kZFj < F1'+1}.

In the remainder of the proof, utilizing the same arguments as in Case 2 of the proof of

Theorem 3.1, we obtain the desired result. This completes the proof. O

Remark 3.1 Compared with the corresponding results in Ceng and Wen [3], Chang et al.
[16], Ceng et al. [22], and Anh and An [24], our results improve and extend them in the
following aspects.

(i) The problem of finding a solution of GSVI (1.2) with the CFPP constraint of a count-
able family of £-uniformly Lipschitzian pseudocontractions and an asymptotically non-
expansive mapping in [3] is extended to develop our problem of finding a solution of the
MBEP with the GSVI and CFPP constraints, i.e., a strongly monotone equilibrium prob-
lem over the common solution set of another monotone equilibrium problem, the GSVI
and the CFPP. The hybrid extragradient-like implicit method in [3] is extended to develop
our new subgradient extragradient implicit rule for solving the MBEP with the GSVI and
CFPP constraints.

(ii) The problem of finding a solution of the equilibrium problem with the VIP and CFPP
constraints in [16] is extended to develop our problem of finding a solution of the MBEP
with the GSVI and CFPP constraints, i.e., a strongly monotone equilibrium problem over
the common solution set of another monotone equilibrium problem, the GSVI and the
CFPP. The iterative algorithm based on the viscosity approximation method in [16] is ex-
tended to develop our new subgradient extragradient implicit rule for solving the MBEP
with the GSVI and CFPP constraints.

(iii) The problem of finding a solution of the VIP with the CFPP constraint of finitely
many nonexpansive mappings in [22] is extended to develop our problem of finding a so-
lution of the MBEP with the GSVIand CFPP constraints, i.e., a strongly monotone equilib-
rium problem over the common solution set of another monotone equilibrium problem,
the GSVIand the CFPP. The inertial subgradient extragradient method for solving the VIP
with the CFPP constraint in [22] is extended to develop our new subgradient extragradient
implicit rule for solving the MBEP with the GSVI and CFPP constraints.

(iv) The problem of finding a solution of the MBEP with the FPP constraint in [24] is
extended to develop our problem of finding a solution of the MBEP with the GSVI and
CFPP constraints, i.e., a strongly monotone equilibrium problem over the common solu-
tion set of another monotone equilibrium problem, the GSVI and the CFPP. The modified
subgradient extragradient method for solving the MBEP with the FPP constraint in [24] is
extended to develop our new subgradient extragradient implicit rule for solving the MBEP
with the GSVI and CFPP constraints.

4 Applications and numerical examples
In this section, we consider the applications of Theorems 3.1 and 3.2 to finding a com-
mon solution of the GSVI, VIP, and FPP. Let C be a nonempty closed convex subset of a
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real Hilbert space H. Let By, B; : H — H be a-inverse-strongly monotone and S-inverse-
strongly monotone, respectively. Let G : H — C be defined as G := Pc(I — 11B1)Pc(I -
aBy), where 0 < 1 < 20 and 0 < up < 2. Let T : H — C be an asymptotically nonexpan-
sive mapping with a sequence {6}, and Ty = S : C — C be a nonexpansive mapping for all
k > 1. An operator A : H — H is said to be

(i) monotone if (Ax — Ay,x —y) > 0Vx,y € H;

(i) L-Lipschitz continuous if AL > 0 s.t. [|[Ax — Ay|| < L|lx —y|| Vx,y € H.

The VIP for A is to find x* € C s.t.

(Ax*,x—x*)zO Vx e C. (4.1)

We denote by VI(C,A) the solution set of problem (4.1). Let © = Fix(S) N Fix(7T) N
GSVI(C, B;,B2) N VI(C, A) #, and suppose that A satisfies the following conditions:

(B1) A is monotone;

(B2) A is weakly to strongly continuous, that is, Ax¥ — Ax for each sequence {x‘} C H
converging weakly to x;

(B3) A is L-Lipschitz continuous for some constant L > 0.

In addition, let the bifunction W and the positive sequences {o}, {si} and {ex}, { Bk}, {vx}>
{8k} be the same as in Algorithm 2.1. We define ®(x, y) := (Ax, y—x) for each x,y € H. Then
EP (1.1) becomes VIP (4.1). It is easy to check that the bifunction ®(x,y) = (Ax,y — x)
satisfies conditions Asse(P1)—Asse(Py) where @ is Lipschitz-type continuous with ¢; =
¢a = L/2. 1t follows from the definitions of y* in Algorithm 2.1 and ® that

¥ = argmin{ak<Auk,y— uk) + % |k =y :y e C}
_ argmin{guy_ (4 — ) [y c} -t
= Pc(uf — apAu),
and similarly, z in Algorithm 2.1 reduces to
2 = Pc, (uF — auAyF).
In terms of w* € 3, ® (X, y*) and the definition of the subdifferential of ®, we have
(W2 = oF) < (Auh, 2 — ) — (Aub,yF - uF) = (Au, 2 - yF) vzen,
and hence
0<(Au* -wk,z-y") VzeH.

Thus

k k

(uk — arAuf —yk,z—yk) < (u — arAuf —yk,z—yk> +otk<Auk -w ,z—yk)

= <(uk —ockwk) —yk,z—yk>.
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Therefore, the implicit subgradient extragradient Algorithm 2.1 reduces to the following
algorithm for solving the GSVI, VIP, and FPP.

Algorithm 4.1 Initial step: Given x* € C arbitrarily. The sequences {i}, {Br}, vk}, {8k}
in (0,1) and positive sequences {a}, {sx} satisfy conditions (H1)—(H5).
Iterative steps: Calculate x*** as follows:
Step 1. Compute
uF = gk + (1= ex)SulF,

yk = Pc(uk - ockAuk).
Step 2. Choose w* = Au*, and compute

Ci = {veH:(uk—akwk—yk,v—yk)§0},
2 = Pc, (uF — auAy”).

Step 3. Compute

Qk = ,kak + ykpk + (Skazk,
V= Pe(of - uaBao"),

pr= Pc(vk - ,bLlBll/().

Step 4. Compute
K = argmin{sk\ll(gk,t) + %Ht— Qk||2 (te C}.

Set k:=k + 1 and return to Step 1.
Using Theorem 3.1 we obtain the following result.

Theorem 4.1 Assume that {x*} is the sequence constructed by Algorithm 4.1. Then {x*}
converges strongly to the unique solution x* of the problem EP(Q, V) provided T*x* —
T*1xk — 0, where Q = Fix(S) N Fix(T) N GSVI(C, B1,B,) N VI(C, A).

In the same way, the implicit subgradient extragradient Algorithm 3.1 reduces to the
following algorithm for solving the GSVI, VIP, and FPP.

Algorithm 4.2 Initial step: Given x* € C arbitrarily. The sequences {&}, {Br}, {(vi}, {8k}
in (0,1) and positive sequences {ay}, {sk} satisfy conditions (H1)—(H5).

Iterative steps: Calculate x**! as follows:

Step 1. Compute

uF = gk + (1 - e)Sak,

yK = Pc(uk - ockAuk).
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Step 2. Choose w* = Au*, and compute

Cr={veH (U —aw -y v-y") <0},
Zk :Pck(uk —OlkAyk).

Step 3. Compute

0" = Bl + yip" + 5 T2,
V= Pe (0" - uaBao"),

pk = Pc(Vk - /.LlBll/<).
Step 4. Compute
Kl = argmin{sk\ll(gk,t) + %Ht— QkH2 ite C}.

Set k := k + 1 and return to Step 1.
Using Theorem 3.2 we derive the following result.

Theorem 4.2 Assume that {x*} is the sequence constructed by Algorithm 4.2. Then {x*}
converges strongly to the unique solution x* of the problem EP(Q, V) provided T*x* —
T*1xk — 0, where Q = Fix(S) N Fix(T) N GSVI(C, By, B,) N VI(C, A).

In what follows, we include a numerical example of comparisons with other algorithms
(see e.g., [3, 16, 22, 24]) to strengthen the results of the article.

Theorems 4.1 and 4.2 are applied to solve the GSVI, VIP, and FPP in an illustrating ex-

2 1 1 —_3 1 1 2k+1 1 1
ample.LetSkZ)\.Zﬂl=/,L2=5,(1](:g,g:E,Clz7,ﬂk:m+z,yk:2(k—:l)—§,8k21,

and s = ﬁ for all k > 1. Let C = [-1,1] and H = R with the inner product (a,b) = ab
and the induced norm || - || =|-|. Fori=1,2,1letS:C —> C,T:H — C,A,B;: H — H,
¥:Cx C— R, and ‘ill,&l : C x C — H be defined as Sx = sinx, Tx = %sinx,Ax =
x —sinx, Bix = x — % sinx, U(x,y) = (x — % sinx,y —x), Uy (x,9) =x —y — %(sinx —siny), and
Y1(x,9) =x —y. Then S is nonexpansive with Fix(S) = {0} and T is asymptotically non-
expansive with 6 = (3)X Vk > 1, such that || T*"'x* — T*x*|| — 0 as k — co. Indeed, we

observe that
2 2\*
|T5x - Ty < 3 | T - Ty < - < (§> lloe =yl < (1 + 0 llx = yll,

and

k-1
|| Tk+1xk _ Tkxk” < % || szk _ Txk“
C(2\M2
- <§> 3

2\
52(§) -0 (k— o).

. 2 .
Zsin Tk - § sinak
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It is clear that Fix(7T') = {0},
o @B = o2\
lim — = lim ————— =0 d O = — 00.
Ko 5p koo 1/2(k + 1) an kXE k ; 3)
Moreover, A is monotone and L-Lipschitz continuous with L = 2 since ||[Ax — Ay|| < 2||x —
¥l and

(Ax —Ay,x —y) = ||9c—y||2 — (sinx — siny,x —y) > 0.

It is clear that ¢; = ¢ = L/2 =1 and 0 € VI(C,A). In the meantime, for i = 1,2, B; is %—
inverse-strongly monotone with o = 8 = %, since for all x,y € H we deduce that ||Bix —
Byl < 3lx -yl and

1. . 1
(Bix —Biy,x—y) = llx—yl* - 5 (sinx —siny,x —y) = Ellx—yII2~

It is clear that G(0) = Pc(I — 3B1)Pc(I — 2B,)0 = Pc(I — £B1)0 = 0, and hence 0 € Fix(G) =
GSVI(C, By, By). Therefore, Q2 = Fix(S) N Fix(T) N GSVI(C, By, B;) N VI(C,A) = {0} #@.

Also, it is not hard to find out that

(a) W is v-strongly monotone with v = %;

(b) For L; = % and L; = 1, ¥; and v, enjoy the following properties:

U1 (x,9) + W1(0,%) = 0, [ W1 ()| < Lille = yll, P16 %) = 0, (@, 9) = ¥a (e, )| = Lol (-
y) = (@ ~v)| and

1. 1.
W(x,y) + W (y,2) = <x— 2 s1nx,y—x> + <y— §s1ny,z—y>

1 1
= <x— 3 sinx,z—x> + <x—y— i(sinx—siny),y—z>

= W(x,2) + (W1(x,9), Y13, 2))
> W(x,2) - W) 91,2
= W(x,2) - LiLy|lx =yl ly -zl

=W(x,2) - Ylx-ylllly -zl

1 1
> V(x,2) - iTllx—yll2 - ETlly—ZII2,

where Y = Zlil = %;
(c) For any sequence {y*} C C such that y* — d, we have

. W (d,y)| . |(d -} sind,y* - d)|
limsup ———- = lim sup T
k— o0 ”y _dH k— o0 ||J/ _d”
1 3
< |ld - =sind| < = < +00.
2 2

In addition, it is clear that the sequences {&i}, {B}, {vk}, {8«} in (0,1) and positive se-
quences {o}, {si} satisfy (H1)—(H4). Next we verify that (H5) is also valid. Indeed, note
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that 2s;v — T =1 _(1-

2
D 2)<1,0<r=2

8o ,3} =min{v, Y} and
1 1 _1620 1-3 (9 1-%1
=miny —, ;=
2(k+1) — 4 " 6417 e PR
1 2v=-20 2v
=min
A r2-a2’ T

0<Sk

This ensures that (H5) is satisfied. In this case, Algorithm 4.1 can be rewritten as follows:

k_ 2.k, 7¢k
u'=35x +9Su,

¥ = Pe(u* - 1Aub),
z~ =Pck(u ——Ay)

0 = oy + D)+ (B - o AT,

Vi = Pc(o* - 5B10"),
pr=Pc(v* - 2Bvh),

ak+l = argmin{m\ﬂ(gk, £+ ile-ok* e Cl,

where, for each k > 1, Cy is chosen as in Algorithm 4.1. Then, by Theorem 4.1, we know
that {x*} converges to 0 € Q = Fix(S) N Fix(T) N GSVI(C, By, By) N VI(C, A).
On the other hand, Algorithm 4.2 can be rewritten as follows:

uk = %xk + %Sxk,

¥k = Pe(uf - JAub),

Z = Pc, (u* - 3AYY),

0 = (g + Dk + (ks - Db o 17424
VK = Pc(o* - 3By0b),

pr=Pc(v* - 2B1v),

ak+l -argmm{z(k+1 (k0 +3lt- 0" teC,

where, for each k > 1, Cy is chosen as in Algorithm 4.2. Then, by Theorem 4.2, we know
that {x} converges to 0 € Q2 = Fix(S) N Fix(T) N GSVI(C, By, By) N VI(C, A).

5 Conclusions

In a real Hilbert space, let GSVI and CFPP represent a general system of variational in-
equalities and a common fixed point problem of a countable family of nonexpansive map-
pings and an asymptotically nonexpansive mapping, respectively. In this article, we have
suggested two new iterative algorithms based on the subgradient extragradient implicit
rule for solving the monotone bilevel equilibrium problem (MBEP) with the GSVI and
CFPP constraints, i.e., a strongly monotone equilibrium problem over the common solu-
tion set of another monotone equilibrium problem, the GSVI and the CFPP. The strong
convergence results for the proposed algorithms to solve such a MBEP with the GSVI
and CFPP constraints are established under some mild assumptions. Furthermore, in the
proposed method, the second minimization problem over a closed convex set is replaced
with the subgradient projection onto some constructible half-space, and a new approach
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for solving GSVI and CFPP via Mann (implicit) iterations is presented. As a consequence,
we have obtained the iterative algorithms for solving GSVI, VIP, and FPP.
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