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1 Introduction

George and Veeramani [1, 2] have rectified in absorbing manner the structure of Menger
space and introduced a first countable Hausdorff topology on it, which is very popular in
contemporary research.

We present and discuss an appropriate concept for the generalized fuzzy Hausdorff dis-
tance of a given generalized fuzzy GV-metric space on the set of its nonempty compact
subsets. As an application, we use the concept of contraction on a generalized fuzzy GV-
metric space to define a new concept of the generalized fuzzy fractal spaces and prove an
interesting fixed point theorem in these spaces. In this paper, we present some results to

extend and get uncertain models of recent results discused in [3-5] and [6].

2 Basic notions and preliminaries
In this paper, we denote I = [0,1], I° = (0, 1), J = [0, 00), and J° = (0, 00).

Definition 2.1 ([7-9]) A mapping * : 12 — T is called a continuous t-norm (CTN) if
(i) * is associative and commutative;
(ii) * is continuous;
(iii) yx 1=y forall y €1

(iv) y*1 < %1 whenever j < j and: <1,1,,1/,) €.
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Some examples of CTNs are 1#pj =1 - j and 1%,y = min{z, j}. Note that: * j < 1%, for
1,jel.

Assume that for every {3 € I°, there exists / € I° (which does not depend on ¢) such that
the following inequality holds:

¢
1-D*---x(1-[)>1-88 foreach?e{2,3,...}. (2.1)

In this case, we say the CTN x has the (D) property (CTND); for example, *,; is CTND.
Now we consider a generalized fuzzy metric space in the George—Veeramani sense of
(GFGVM-space); for details and results on fuzzy metric spaces introduced by George and
Veeramani, we refer to [2, 10—13], and [14].

Definition 2.2 ([15]) The triple (S, G, *) is a GFGVM-space if S # @, * isa CTN, and G is
afuzzy seton S x S x § x J° such that for all w,x,y,z € Sand o, § in J°, we have:

(GGVEM-1) Gy .(0) €%

(GGVEM-2) Gy (0) =liffx =y =2z

(GGVEM-3) Gyyy(0) = Gy (o) for x # y;

(GGVEM-4) Gx,y,z(a) = Gx,z,y(a) = Gy,x,z(a) =

(GGVEM-5) Gy () : J° — I° is continuous;

(GGVEM-6) Gyyu(0 +8) = Gy z(0) * Gy (8).

Tian etal. [15] proved thatina GFGVM-space (S, G, *), we have that G,,,,(-) is increasing
forallx,y € S. For ¢ € I°, o € J°, and % € S, the set Bg(xo,&,0) = {y € S: Gyppp(@) > 1 -
&, Gxgxoy(t) > 1 — £} is called the neighborhood with center xy and radius ¢. Consider

T= {XCS:Vx eX,daeleecl® suchthath(x,s,a)CX}.

Then 7 is the topology induced by GFGVM G on S. Moreover, the local base {Bg(u, %, %) :
n=1,2,...} at u leads to the first countability of t. Also, they proved that every GFGVM-
space is Hausdorff.

Now we consider Cauchy sequences and completeness in GFGVM-spaces (S, G, *) (see
(15]).

(1) A sequence {a,} in S converges to a point a € § if for any « € J° and ¢ € I°, there is
an integer Ny € J° such that a,, € Bg(a, ¢, ) whenever n > N, ..

(2) A sequence {a,} in S is called a GFGV-Cauchy sequence (GFGVCS) if for any « € J°
and ¢ € I°, there is an integer N, . > 0 such that Gayamay (o) > 1—¢ whenever m, n,p > Ny ;.

(3) A GFGVM-space is said to be GFGV-complete if every GFGVCS is convergent in it.

Let {a,} be a sequence in S. Then the following statements are equivalent:

(i) The sequence {a,} in S converges to a point a € S;

(i) As n — 00, G, 4, 4(0) — 1 for each « € J°;

(ili) As n — 00, G4, 44(0) — 1 for each o € J°.

Also, the following statements are equivalent:

(i) A sequence {a,} in S is a GFGVCS;

(ii) For any @ € J° and ¢ € I°, there is an integer N, > 0 such that G, 4,,.4,, (@) >1 - ¢

whenever n,m >N, ..
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Proposition 2.3 ([15]) Consider the GFGVM-space (S, G, *). Then the function G is con-
tinuouson S x S x § x J°.

Let (S,g) be a G-metric space (for more detail, we refer to [16—19] and [20]). Let G be
the function defined on S x § x S x J° by

o

G’;W(a) T +2(x,9,2)

forallx,y,z € Sand « € J°. Then both (S, G¢, xp) and (S, G¢, 1) are GFGVM-spaces (stan-
dard GFGVM-spaces). Consider the GFGVM-space (S, G, *). We denote by To(S), §o(S),
and Ry(S) the sets of nonempty subsets, of nonempty finite subsets, and of nonempty
compact subsets of (S, 7g), respectively.

Let X and Y be two (nonempty) subsets of a GFGVM-space (S, G, ). Fors € Sand « > 0,
we define Gy x,y(@) := sup{G;,(a) :x € X,y € Y}.

Lemma 2.4 Let (S, G,*) be a GFGVM-space. Then, foralls € S, X, Y € Ry(S), and o € J°,
there are xy € X and yy € Y such that

Gs,X,Y(a) = Gs,x(),yo (o).

Proof Let s € S, X,Y € Ro(S), and « > 0. By Proposition 2.3 the functions x — G, ()
and y = G, () are continuous. By the compactness of X and Y, there exist xy € X and
9o € Y such that

sup Gs,x,y(a) = Gs,xo,yo (a),
xeX,yeY

and thus

Gs,X,Y(Ol) = Gs,xo,yo (o). O

Lemma 2.5 Let (S, G, *) be a GFGVM-space. Then, for all s € S and X,Y € Ry(S), the

function o — G x,y(a) is continuous on J°.

Proof From the equality

Gs,X,Y(a): sup Gs,x,y(a)
xeX,yeY

and the continuity of the function o = G, () for all x € X and y € Y on J°, we get the
lower semicontinuity of « — G, x,y(«) on J°.

It suffices to show that o > G;x,y(«) is upper semicontinuous on J°. Consider « € J°
and a sequence {&,}, in J° converging to «. Lemma 2.4 implies that or every n € N, we
can find x, € X and y, € Y such that G,y y(«) = G, , (). Since X, Y € Ro(S), we can
find subsequences {x,, }x of {x,}, and {y,, }x of {y,}, and two points xo € X and y € ¥
such that x,, — xo and y,, — yo in (S, G, *). Hence lim; Gs,xnk,ynk (0t) = Gy (). Using
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Proposition 2.3, we get

11]1(T1 Gs,X,Y(ank) = Gs,xo,yo (Ol)
< Gsxy(a).
Consequently, @ — G, x,y(«) is upper semicontinuous on J°. O

Lemma 2.6 Counsider the GFGVM-space (S, G,*). Then for all X € Ry(S), Y,Z € Tp(S),
and o € J°, we can find xo € X such that

;Iel;é Gy, z(@) = Gy v z(@).

Proof Put § = infycx G,y ,z(«). Then we can find a sequence {x,}, in X such that § + % >
Gy,,v,z(a) for all n € N. Since X € :y(S), we can find a subsequence {x,, }x of {x,}, and
%o € X such that x,, — %0 in (S, G, *).

Let y € Y and z € Z. By Proposition 2.3, limy Gxnk,y,z(oz) = Gy yz(@). Since & + L

ni

Gx,, yz(e0) for each k € N, we get § > Gy y,-(«). Hence § = Gy, v,z(a). O
Now Lemmas 2.5 and 2.6 imply that the following result.

Corollary 2.7 Consider the GFGVM-space (S, G, x). Let X, Y,Z € Ry(S) and o € J°. Then
we can find xo € X, yo € Y, and zy € Z such that

;2}; Gx, Y,Z (0[) = Gxo,y(),zo (a)

Proposition 2.8 Counsider the GFGVM-space (S, G, *). Then for all X,Y,Z € R(S), the

function o +— infycx Gy z is continuous on J°.

Proof The continuity of « > G,y z(«) on J° follows from Lemma 2.5, which implies the
upper semicontinuity of & > infyex Gy, z(cr) on J°.

It suffices to show that & — inf,cx G,y z(«) is lower semicontinuous on J°. Consider « €
J° and a sequence {«,}, in J° converging to «. Lemma 2.6 implies that we can find x,, € X
such that Gy, y,z(c,) = infyex Gs,v,z(a4). Since X € PRo(S), we can find a subsequence {x,,, }x
of {x,}, and %y € X such that x,, — %o in (S, G, *). Then Lemma 2.4 implies that we can
find yo € Y and zy € Z such that G,z (@) = Gy, y,z(), and then limy Gxnk'yoyZo (0tyy) =
Gio,y0.20 (@) by Proposition 2.3. Then for & € I°, we can find ko € N such that G5, (@) <
& + G, 0,20 (@) for every k > ko. So

inf Gx,Y,Z(a) =< Gxo,yo,zo (Ol)
xeX
<&+ Gy, vz(om)
=¢e+inf Gy, z(ay,)
xeX
for every k > ko. Hence « — inf,cx G, y,z(«) is lower semicontinuous on J°. O

Remark 2.9 Proposition 2.8 implies the continuity of @ — infjcy Gx,z(@) and o —
inf,cz Gx,y.(a) on J° for X, Y, Z € Ry(S).
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3 GFGV-Hausdorff distance on 93¢(S)
Consider the GFGVM-space (S, G, *). We define the function Hg on 9Ry(S) x Ro(S) x
MRo(S) x J° by

Ho(X,Y,Z,a) = min{ inf Gy (@), inf Gy,7(@), inf GX,Y,Z(a)}
xeX yeY zeZ

for X,Y,Z € Ry(S) and o € J°.

Lemma 3.1 Counsider the GEGVM-space (S, G,%). Letx €S, Y,Z € Ro(S), W € Ty(S), and
a,B €J°. Then

Grywla+B) = Gyzz(a) * Gy, v,w(B),
where z, € Z satisfies Gy z,7(0) = Gy z, 2, (0t).

Proof By Lemma 2.4, for z, € Z, we have G,z z(a) = Gy, .. (o). Now, for all y € Y and

w e W, we have

Gx,Y,W(a + ﬁ) > Gx,y,w(a + /3)

= Gx,zx,zx (or) sz,y,w(ﬁ)-

Then by the continuity of CTN x* we get

Gyy,wlo+ B) > Guzz(a) * Gy y,w(B). O

Theorem 3.2 Counsider the GFGVM-space (S, G, *). Then (Ro(S),Hg, *) is a GEFGVM-

space.

Proof Let X,Y,Z, W € 5y(S) and &, B € J°. By Lemma 2.6 there exist xy € X, yo € Y, and
Zo € Z such that

inf Gy .z = Gyyv, 20
xeX

infGX 7 = GX 7
ey B Y027

and
inf G =G .
;QZ X,Y,z X,Y 20
Then Hg(X,Y,Z,a) > 0. Furthermore, it is obvious that X = Y = Z if and only if

He(X,Y,Z,a)=1,and sowe get Hg(X, Y, Z,0) = Hg(X, Z,Y,a) =Hg(Y, X, Z,t) = - - - .
Now by Lemma 3.1 and the continuity of CTN * we have

inf Gy y,w(a + B) > inf G,z z(«) * inf G,,,y,w(B).
xeX xeX xeX
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Since {z, : x € X} C Z, we have infyex G,,,y,w(B) > inf,cz G,y,w(B). Then
inf Gyy,w(e + B) > inf Gyzz(@) * inf G,,y,w (B).
xeX xeX zeZ
In the same way, we obtain
yug Gy w o+ B) > yllellg Gy zz(@) * inf Gx,w(B)
and
inf Grywla +B) > Jnf Gu,zz(a) * inf Gzx,w(B).
Then it easily follows that
Hs(X,Y,W,a+ B)>Hg(X,Z,Z,a0) * H5(Z,Y, W, B).

By Proposition 2.8 and Remark 2.9 we conclude that @ > Hg(X, Y, Z, «), is continuous on
J°. Then (JRy(S), Hg, *) is a GFGVM-space. O

We call the GFGVM (Hg, *) the GFGV-Hausdorff distance on 2Ry(S).

Proposition 3.3 The GFGV-Hausdor{fdistance (Hge, *p) of the standard GFGVM (G¢, *p)
coincides with the standard GFGVM (G"s, xp) of the Hausdor(f distance

hy(X,Y,Z):= max{supg(x, Y,Z),supg(X,y,2),supg(X, Y, z)}
xeX yeY zeZ

on Roy(S).

Proof Let X,Y,Z € Ro(S) and o € J°, and let

o

G =—
57.2() a+gxY,Z)

for x € X. Now we have

inf G% (o) = inf “ - “ .
xex B xex\ o +g(x,Y,2) o +sup,. g, Y,Z)

Similarly, we obtain

o o
inf G% = inf = ,
yex x2(®) yleY(Oé +g(X,y,Z)> @ +sup,cy g(X,y,Z)

inf G% () = inf « - ¢
ez XV ez \a+g(X,Y,2) ) a+sup,.,g(X,Y,2)
Therefore Hge (X, Y, Z,a) = Gf(g’y,z(a). O

Now we present some examples to support our idea.
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Example 3.4 Consider the discrete G-metric g on S (see [18]) with |S| > 3. Let X, Y, and
Z be nonempty finite subsets of S such that X # Y(Y #Z or X # Z). Then (X, Y, Z) = 1,
and so, by Proposition 3.3, we get Hg, (X, Y, Z, ) = %5 forall @ € J°.

o+l

Example 3.5 Let g be the Euclidean G-metric on R (see [18]), and let X = [x1,%5], ¥ =
[y1,¥2], and Z = [z1, 23] be compact intervals. Then

hy(X, Y, Z) = max{|x; — y11, |2 — yal, |%1 = 211, [%2 = 2, |91 — 21, 192 — 22}

Now by Proposition 3.3 we get

o

Hoa(X,Y,Z,a) = —————
el o) a+h(X,Y,2)

forall « € J°.

4 GFGVCS

Now we assume that all  are CTND.
Lemma 4.1 Consider the GFGVM-space (S, G, *). For each u € 1°, define the function
E, cxy,2) = inf{a >0, Gy () >1 - ,u}

forx,y,z € S. Then:
(i) For any \ € 1°, we can find p € 1° such that

m-1

E; (505 Sm»Sm) < Z E,..G(SisSiv15Sis1)s
i=0
m-1

E;,G(50,50,Sm) < ) EG(sissisSiv1)  for all so,51,...,5m € S.
i=0

(i) Let {s,}, be a convergent sequence in (S,G,*). Then we have E; (s,84,5,) — 0 and
E; G(s4,8,8) = 0 and vice versa.
Also, if {s,} is a GFGVCS in (S, G, *), then it is a GFGVCS with E; G and vice versa.

Proof (i) For every A € I°, we can find p € I° such that

m

(I—p)*,...,x(1—p)>1—-A.

For any given m € Z*, we put
E, c(sirsiv1,8i1) =, i=0,1,2,...,m—1.
It is obvious that for every ¢ > 0,

e
E,c(sir8ir1,8i01) < + P

Page 7 of 15



Alihajimohammad and Saadati Journal of Inequalities and Applications (2021) 2021:143

Fori=0,1,...,m -1, we have G, s;,, (@ + --) >1 - u, and so

Gig sy (00 + 01 + -+ + Uy + )

m

&€ £
= Gogs11 (O‘O + ;) * ok G| ssm (Olm—l + E)

m

> (1= )., x(1 = 1)

>1—-A.

Then

EyG(S0sSmsSm) S0+ Q1+ -+ + U1 + 6,

and so
m-1
E; (505 Sm»Sm) < ZE;L,G(SixShSi) te.
i=0

Taking the limit in (4.1) as ¢ |, 0, we get

m-1

EA,G(SOr Sm> Sm) = ZE;L,G(SD Siy Si)
i=0

for all sg, $1,...,8, € S.
Similarly, we get

m-1
E; (50,80, Sm) E E,G(8irSirSis1)
i=0

for all sy, $1,...,8, € S.
(ii) We have

s,s,,,s,, (77) >1-A EA,G(S, SuySn) < n

for every n > 0.
Similarly,

Gs,ss(M)>1-A < E, (50,88 <n

for every n € J°.

Lemma 4.2 Counsider the GFGVM-space (S, G, *). If
Gx,y,z(a) =C

forallx,y,ze Sand a € J°, then C = 1.

(4.1)

(4.2)

(4.3)

Page 8 of 15
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Proof Taking x =y =z in (4.3), we get C = 1. O

Consider the class of mappings ¢ : J° — J° thatare onto, strictly increasing, and ¢ () < &
forall a € J°.

Lemma 4.3 Consider the GFGVM-space (S, G, x). Then
inf{¢" (@) > 0: Gyyo(@) >1 -1} <¢"(inf{a > 0: Gy () > 1 - 1))
forallx,y,z€ S, »€l°, and n e N.
Proof Fix a € J° with Gy, (a) > 1 - A. Then ¢"(«) € J°. Also,
¢"(@) > inf{¢"(B) > 0: Gy () > 1 -1},
and so we have
o> (¢") 7 (inf{@"(B) > 0: Gry(B) > 1~ 1}).
Then
inf{a > 0: Gyy(@) > 1= 1) > (¢") 7 (inf{¢"(B) > 0: Guyo(B) > 1 - 1}),
and we conclude that
inf{¢”(a) >0:Gyy () >1 - k} < ¢”(inf{a >0:Gyy () >1 - A}) O
Lemma 4.4 Counsider the GFGVM-space (S, G, *). Suppose that {s,} C S satisfies
Gsitssme (qb”(oz)) > G5, (@) foralla e J°.
Then {s,} isa GFGVCS.

Proof Using Lemma 4.3, we get

E1,G (S Sns1Sns1)
=inf{@" (@) > 0: Gy, 1501 (@7 (@) > 1 — 1}
<inf{@" (@) > 0: Gy 5, (@) > 1 — e}
¢" (inf{a > 0: Gy 15, () > 1= 1 })

= ¢n (E/L,G(SO’ S1y Sl))

IA

for every pu € I°.
For every A € I°, there exists 6 € I° such that

EA,G(SnySm: Sm) (44)

< E0,6(Sm-1,5m>Sm) + E0,6(Sm-25Sm—1,Sm-1) + - -
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+ EG,G(SmSnJrlyanrl)

m-1

< Z¢i(E9,G(SOrSI;51))

i=n

-0
as m,n — oo. By Lemma 4.1, {s,,} is a GFGVCS. O

5 GFGV-fractal spaces
Hutchinson [21] considered the concept of fractal theory by studying the iterated function
system (IFS). This subject was generalized by Barnsley [22], Bisht [6], Imdad [23], and Ri

[5].

Definition 5.1 Consider the GFGVM-space (S, G, *). A mapping Q: S — S is said to be a
GFGV-¢-contractive mapping if

GQ(x),Q(y),Q(z) (¢(a)) > Gx,y,z(a)
forallx,y,z € Sand @ € J°.

Definition 5.2 A GFGYV iterated function system (GFGVIFS) is a finite set of GFGV-¢-
contractions {21, Q2y,...,2,,} (m > 2) defined on a complete GFGVM-space (S, G, *).

Consider the given GFGVIES, if there is a unique nonempty compact set I' of the com-
plete GFGVM-space (S, G, ) such that " = [ J"; €,(I") in which I' is a fractal set called the
attractor of the respective GFGVIFS. The related attractor GFGVIES is called a GFGV-
fractal space.

Lemma 5.3 Counsider the GFGVM-space (S, G, *). Assume that Q : S — S is a mapping
such that

Gaw,am.26 (9(@) = Geyz(a) (5.1)
forallx,y,z€ S and o € J°. Then the sequence {Q2"(x)}:2] is GFGVCS.
Proof We use induction. In (5.1), taking y = z = Q(x), we get

Gaw, 02,0200 (@) = Graw,aw(@).

Let GQn(x Qn+l (%), Q1 (x (¢n( )) > GxQ (ot) Then

GQn+1 2,2 (x), Q1+ 2 (x (¢n+1 (Ol))
= Goanw),a@1),a@w) (¢ (4" (@)
> GQn 3,9+ (x), Q1+ 1 (x) (¢ (Ol))

> Grow (Ol)
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Put {s,};% = {Q"(x)};:29. Then {s,} is a sequence that satisfies the conditions of Lemma 4.4.
Therefore

Gs,,,sml,sml (¢n(05)) = Gso,sl,sl (O[),
and hence {s,};% = {Q2"(x)},;% is a GFGVCS. (N

Lemma 5.4 Consider the GFGVM-space (S, G, x) and GFGVF-¢-contractive map Q2 such
that

Gaw.am.a@ (#(@) = Gy (@) (5.2)
forallx,y,z€ S and a € J°. Then Q2 has a unique fixed point § in S.
Proof Lemma 5.3 and (5.2) imply that the sequence {Q2"(x)}%] is GFGVCS for eachx € §

and lim,,_, .o, Q"(x) =6 € S.

Letting %9 = x and x, = Q"(x) for each n > 1, since lim,_, ,oc 2"(x) = §, we have
limy,—s 400 Gx,,,5,5 (@) = 1 for each o € J°.
On the other hand, we have

GQ(B),le,xnﬂ (¢(Ol)) = GS,xn,xn (cr)
for each n € N and each « > 0. Then
Gaw)ss(P@)) = HEIPOO G8)sns 1o (P(@)) = HEIPOO Gispn () = 1

for each a > 0. Therefore § = Q2(8), that is, § is a fixed point of 2.

Now we prove that § is the unique fixed point of Q. If ¢ is another fixed point of €2, then
for any « € J°,

Gs5.0(@) = Gas),00),20) (@) < Gaw),ae).o0) (@)
On the other hand, since G,,,(«) is nondecreasing and ¢(«) < o, we have
Ga),26),20) (@) < Gap)ae).90) (@) = Gsse ().

Hence G5, () = C for all « € J°. From Lemma 4.2 we get C = 1. Therefore § = o, that s,
3 is a unique fixed point of €. d

Now we present an example illustrating our results; for more applications, we refer to
[11, 17, 24-29].

Example 5.5 Let S = C(I) be the set of all continuous functions defined on I. Define G on
Sx8§x8xJby

. o
Glult) = ?éﬂf(a 1u(8) — V()] + V() — w(d)] + [W() — u(3)] )



Alihajimohammad and Saadati Journal of Inequalities and Applications (2021) 2021:143 Page 12 of 15

for u,v,w e S and o € J°. Then

o

Guvw = .
() o + supgy [u(8) — v(8)| + supyey [v(8) — w(8)| + supycy [w(8) — u(8)]

We denote
glu,v,w) = sup|u(8) - V(8)| + sup|v(8) - w(8)| + sup|w(8) - u(8)|.
Sel sel Sel

It is obvious that (S, g) is a complete G-metric space [16, 27]. Then (S, G, *a1) is a GFGVM-
space.
Let ¢(ar) : J — J be defined as ¢(ar) = <.

a+l
Consider the following integral equation:

1
Q(u(&)):/o p@,0)f(o,u(0))do, o€l (5.3)

Suppose that the following conditions are satisfied:
(i) p: I x I - R* is continuous.
(i) f: I x R — R* is continuous.

(iii) There exists a constant A > 0 such that
[ (8,1) = £(8,v)] < Au—v|

forall § e Tand u,v e R.
(iv) Alpllco < 717, Where

Iplloo = sup{p(8,0):8,0 €1}
Then, under conditions (i)—(iv), integral (5.3) has a unique solution in C(I).

Proof First, consider €2: S — S. It is clear that € is well defined (i.e., for u € S, we have
Q(u) € S). Then we have

Gau(s),ame)ams) (@)

. (@)
=inf
?e‘u<¢<a) 120u(8)) - 20(E)] + 120:8)) — Qw(®))] + [2(w(8)) — 9(u<5))|>
- (#(@) / (#(@) + sup|2(u(®) - 2(v(9))|
Sel

+ sau%)‘Q(v(S)) - Q(W(S))| + saug) |Q(w(8)) — Q(M(5)) )

= (¢(a))/(¢(a) + <ssl;[;

1 1
/ p((S,o)f(a,v(a)) do —/ p(5,o)f(cr,w(<7)) do
0 0

1 1
/0p(8,o)f(o,u(o))d0—/op(S,J)f(o,v(o))dJ

+ sup
del

1 1
/Op(S,a)f(a,w(o))da—/o p(S,o)f(o,u(a))da

+ sup
sel

)
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= (¢(a))/<¢(a) + (5,3131) /Olp(S,o)(f(a,u(a)) ~f(0,v(0)))do

1
/ p©,0)(f(0,v(0)) —f (0, w(0))) do

0

+ sup
sel

+ sup
sel

[ 28,000 0,w00) 1 (0,1t0))

)

1
> (¢) / (¢(a> . (x sup [ p(6,0)[ut0) (o) do
sel Jo
1
+ksup/ p(5,0)|v(a)—w(o)|do
0

sel

1
+ A sup/ p(8,0)|w(0) - u(a)| dcr)).

sel JO

Using the Cauchy—Schwarz inequality, we have
1 1 31 , 1
/ p(8,0)|ulo) - v(o)|do < </ p2(8,g)d<j) (/ (|ulo) = v(o)| do)?
0 0 0
< [|plloo sup|u(8) — v(8)|.
sel

In the same way, we have

1
/0 p(0,0)|v(a) = 0)] do = Ipl sup]6) — wiS)
and
1
/0 (0,0)|wle) - (o) dor < [l suplw(5) - (5.
Replacing (5.5), (5.6), and (5.7) in (5.4), we obtain that

Gaw.am.am(¢(@))

1
> (@) / (9@ + (2500 [ p06,0)|ute) - (o) o

1
+ksup/ p(5,0)|v(a)—w(o)|do
sel JO

1
+ A sup/ p(8,0)|w(0) - u(a)| dcr))

sel JO

p(a)

(5.4)

(5.5)

= ¢(@) + Alplloo(supsey [4(8) = v(S)| + supsey [V(8) — w(8)| + supsey [w(8) — u(3)])

_ o)
o) + Allpllocg (e, v, w)

o

a+l
1

T oad P migwv,w)

Page 13 of 15
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o

a+g(u,v,w)

Gu,v,w(a)'

By Lemma 5.4  has a unique fixed point, that is, Q(u) = u, and so u is the unique solution
of equation (5.3). O
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