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1 Introduction
For the research on the competition index, m-competition index, the scrambling index
and the generalized p-scrambling index, please refer to [1-3, 5, 6, 8,9] and [7, 11], respec-
tively. Cho et al. [6] defined the m-step competition graph of a digraph which is an exten-
sion of a competition graph. In 2009, Akelbek and Kirkland [2] defined and studied the
scrambling index of a primitive digraph and provided an upper bound on the scrambling
index of a primitive digraph. The m-competition index of a primitive digraph was intro-
duced by Kim [8]. Kim investigated the m-competition index of a primitive digraph and
gave an upper bound for the m-competition indices of primitive digraphs. In 2010, Huang
and Liu [7] gave the definition of the generalized p-scrambling indices for a primitive di-
graph which are a generalization of the scrambling index and m-competition index and
they provided some bounds for the generalized ji-scrambling indices of some primitive
digraphs. In this paper, we give some bounds for ;1-scrambling indices of some primitive
digraphs.

The outline of this paper is as follows: Some notation and notions used throughout this
paper are introduced in Sect. 2. In Sect. 3, we study the generalized p-scrambling indices
of the primitive digraphs with 4 loops.

2 Definitions and terminology
In this section, we introduce some definitions,notations which are needed to use in the
presentations and proofs of our main results in this paper.
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A digraph D consists of a nonempty set V = V(D) and an arc set E = E(D). In D,
loops are permitted but multiple arcs are not. A path P = x — y is a sequence of edges
{(x,v1), (v1,v2),..., (vk—1,)} in which all vertices are distinct. A cycle C is a closed path
with the first and the last vertices coincided. A walk from x to y is a sequence of arcs:
ey, ey,...,e; such that the terminal vertex of ¢; is the same as the initial vertex of e;,; for
i=1,2,...,k -1, denoted by W = x — y. The length of a walk or cycle is the number of
arcs. A walk W = x — y of length k is denoted by x LY 9. A cycle of length [ is denoted by
C;. The girth of D which has at least one cycle, is the length of a shortest cycle in D.

A digraph D is primitive with a walk of length k from each vertex x to each vertex y (not
necessarily distinct). The digraph D is primitive if and only if D is strongly connected and
the greatest common divisor of the lengths of its cycles is 1 (see [4]). For a positive integer
s, the sth power of D, denoted by DY, is the digraph on the same vertex set V(D) and with
an arc from i to j if and only if i = j in D. The scrambling index k(D) of a primitive digraph
D is the smallest positive integer k such that, for every pair of vertices u and v, there exists
a vertex w such that u - wand v => win D (see [2]).

Let D be a digraph with vertex set V and let k be a positive integer. A vertex w of D is a
k-step common prey for u and v if u K wandvS w. The k-step m-competition graph of
D has the same vertex set of D and an edge between vertices # and v if and only if there are
at least m distinct vertices vy, ..., Vv,, in D such that u —k> v;and v —k> vifori=1,2,...,m (see
[6]). The m-competition index c(D, m) of a primitive digraph D is the smallest positive in-
teger k such that, for every pair of vertices u and v, there are m distinct vertices vy, ..., v,, in
D such that u LY v;and v LY vifori=1,2,...,m (see[2]). That is to say, the m-competition
index of D is the smallest positive integer k such that the k-step m-competition graph is
complete.

Let P, denote the set of all primitive digraphs of order n.

Definition 2.1 ([7]) Let D € P,, and A, u be integers with 1 <A, u < n. For X C V(D), let
k)(f) be the smallest positive integer m such that there exist u vertices wy, wo,...,w, of D
such that x > w; (i=1,2,...,1) in D for every vertex x of X. Then

h(D, A, ) := min{k{" | X C V(D) and | X |=1} and

k(D, %, 1) := max{k{" | X C V(D) and | X |= A}

are called the Ath lower and upper p-scrambling indices of D, respectively. For conve-
nience, let kx (D) := k\'(D), h(D, 1) := h(D, 1, 1) and k(D, 1) := k(D, 1, 1).

Since k(D, 2) = k(D), in [7] Huang and Liu called 4(D, A, u) and k(D, X, 1) the generalized
wu-scrambling indices, /#(D, 1) and k(D, 1) the generalized scrambling indices of D in P,,.
As k(D,2,m) = c¢(D,m), the generalized p-scrambling indices are also generalizations of

the m-competition index.

3 Generalized p-scrambling indices

In [7], Huang and Liu investigated generalized scrambling indices of the primitive digraphs
with d loops. In this section, we study the generalized p-scrambling indices of the primi-
tive digraphs with d loops.
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For a vertex subset X C V/(D), define RP(X) to be the set of vertices in D reachable from
some vertices in X via a walk of length ¢.

Let d be an integer with 1 < d < n and let P,(d) be the class of primitive digraphs
with # vertices and d loops. Let L, 4 (1 < d < n) be the digraph with vertex set V(L,4) =
{1,2,...,n} and arc set

E(Lya)={Gi+D1<i<n-1}U{mn D} U{G)In-d+1<i<n}.

Theorem 3.1 Let D € P,(d) and 1 < A\, u < n.

A+ -2, A+u<n+l,
n-1, d>MA+u>n+1,
h(D, ), ) <
n-1, d<in+1<i+pu<n+d,

Atu—d-1, d<,A+u>n+d,
and the bound can be attained by the digraph L, ;.

Proof Since D € P,(d), there exists a loop vertex u such that there isaset Y of > — 1 vertices
whose distances to uareat most A— 1. If A+ u < n+1,let X = Y U{u}. Then | X| = A. Since D
is strongly connected and u is a loop vertex, the minimum number of vertices that can be
reached from u at (14 — 1)-step in D is jt. Therefore, | (),.x Rf+u_2({x})| > w, which implies
that #(D, A, ) < A+ —2.

Ifd>Xand A + > n + 1, let X be a vertex set which contains A loop vertices. Since
each vertex in X is a loop vertex, we have R? | (X) = V(D). Therefore, |RY | (X)| = |V(D)| =
n >, which implies that (D, A, ) <A+ p —2.

If d < A, let Z be the vertex set of d loop vertices and X; C (V(D) \ Z) be the vertex set
of x; vertices whose shortest distance to vertices of Z is i, where 1 <i < A —d. Assume
Yoixi<i-d< Zgllxl, wherel<r<i-d LetX=ZUX,U---UX, U X,,;, where
X,.1 € X,,; contains x,,; vertices and Z;zl X; +X,,1 = A —d. Then | X| = A.

Ifd<iandn+1<Ai+u<n+d,since RC (Z) = V(D)and R? ;(X; N---N X, N X;pi1)
contains at least n — ) _/_; x; — X-11 = n — A + d vertices, we have R (X)|>n-r+d>p.
Therefore, h(D, A, i) < A+ —2.

Ifd<iand A + u>n+d,let k =A+ u —n—d. Notice that Rﬁ-p,—d—l(Xi) = V(D), for
l<i<klIfk>r+1,then|R, , (X)|=|V(D)|=n=>pu.

If k <r+ 1, then R, _, ,(X) = MR, o (X)] N R, 4.1(Xs1). Since
m;=k+1[R€+u-d—1(Xi)] n Rfm_d_l()_(,ﬂ) contains at least n — (3_}_;, &; + %,1) vertices, we
have |Rfﬂrd,1(X)| Zn—(k—d—Zfﬂxi)Zn—k+d+k=n—k+d+(A+/L—n—d)=u.
We thus arrive at #(D, A, 1) <A+ pu — 2.

On the other hand, consider the digraph L, ;. Lex X be a vertex set with A vertices. If X +
n<n+l, sinceRﬁ’j’Z_B(i) ={i,...,n,..., A+u+i—-n-3},forn—-d+1<i< nandRij’Z_S(i) =
(n-d+1,...,n,...,A+pu+i-n-3},forl <i<m-d+1, we obtain | ﬂxeXRij‘Z_g({x})l <
n—1.

Noticing that Rﬁ’_"g(i) ={i,...,n,...,.i-2},forn-d+1<i<n,and Rﬁ'_”g(i) ={n-d+
L..m..,i—2},for1 <i<n-d+1.1fd> X and A + u > n + 1, then, for any vertex
Rif‘g ({x}) contains at

L, . .
x € X, Rn_'g({x}) contains at most n — 2 vertices. Therefore, [,y
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most n— A — 1 vertices. As A + > n+1, we have | [ ),.x Riﬁg({x}ﬂ < p — 2. Consequently,
we obtain (D, A, 1) = A+ — 2.

Ifd<irand nm+1 <X+ u <n+d, we have for any set X, there is at least one vertex
x € X such that Rﬁ’jg ({x}) contains at most n — 3 vertices. Thus, (), Rflf’g ({x}) contains at
most 7 — A —2 vertices. Since A + 4 > n+ 1, we obtain | (), Riﬁg({x})l < 1 — 3. Therefore,
h(D, ) = A+ o —2.

Ifd<Xand A+ u>n+d, we have Rii’i_d_z(i) =V(Lyq), for2n+2 - A —-pu <i<mn,
and Riﬁ’ifdQ(i) ={n-d+1,...,n... A +u+i-n—-d-2},for1 <i<2n+2—-A-p.
Thus, for any vertex set X of A vertices, there is a set Y C X of at least n + 1 — u vertices,
such that, for any vertex y € Y, Rﬁj’z_ 4->({y}) contains at most A + u + y — n — 2 vertices,
where 1 <y <2n+2—-A— pu. It follows that ﬂyeyRi’l’Z_d_z({y}) containing at most u — 1
vertices. Therefore, | (), oy Rii‘ifdfz({x}ﬂ < |ﬂy€YRi'j'Z7d72({y})| < u — 1. It follows that

h(D, A, ) = A + u — 2. This completes the proof. a

Lemma 3.2 ([10]) Let D € P,(d) and ¥ # X C V(D). Then, for nonnegative integers i, j, t,
k, we have RiD(X) = szj(R}D(X))for i>j,and | UfZORf’(X)I > min{|X| + k, n}.

Theorem 3.3 Let D € P,(d) and 1 < A, u < n. Then

k(D, 3, 1) < n-19E1, wsd
S |n+p-d-1, pu>d,

and the bound can be attained by the digraph L, ;.

Proof Let X C V(D) be a vertex set of any A vertices. Set X = {v1,vy,..., v, }.
Case 1. If u < d.
For any vertex v; € X, since D € P,(d) € P,, by Lemma 3.2,

— 1
n-[ 4

U RP(n))
t=0

d- 1
zn_(L}L
A

where i = 1,2,...,A. Let % =k’ + a where k' is a nonnegative integer and 0 < a < 1.

Therefore, if 0<a < 1,

>An-kK)-nA-1)=n-d+pn+ira-1.

ﬁ[ﬁze?(w)}

i=1 t=0

Since Aa > 1,

—k' -1

t=0

>n—d+ .

gl

Rf({wn}

Ifa=0,

zk(n—k’+1)—n(k—1)zn—d+,u+)»—l.
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Since A > 1, we have

>n—d+ .

ﬁ[ﬁze?(w)}

i=1 t=0

It follows that there are at least w loop vertices wuj,uy,...,u, such that u; €
ﬂ?zl[U?;(f "' RP({v;})], where i = 1,2,..., . That is to say,

=

p
(VR (i)
i=1

Therefore, k(D, A, jt) < n— f%].
Consider the digraph L, ;. Let

d— —
”:”‘[Lﬂ and k(@]
A A

Then we consider the following two subcases.
Subcase 1. If A <d + 1.
When A =1, then £ =n—d + u — 1. Noting that
Rfffl({l}) ={n-d+1,n-d+2,...,.n—-d+u-1}
then
Lin,d
R (1) =~ 1.
When A =2, as
R™((1)) = {n-d+1,...n—k)
and
Rfff’({n—k* —u+2}) = {n—k* —u+2,...,n1,...,n=2kF -+ 1},
we have
L, L, % *
|Rt_’1d({1}) ﬂRt_'ld({n—k —,u+2})| = |{n—k —/,L+2,...,Vl—1}| =u-1
WhenA=3,ifn —2k*—pu+1l<n—-d+1,thenk*=1,t=n-1.Let
X = {1,]1—/(* —M+2yu} - V(Ln,d)’
where u € V(L,,4) \ {1,n - k* — u + 2}. Then |X| = 3. Since

RM((1) = {n-d+1,...n—k")
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and

Ry (fn-k —p+2)) = {n—k = p+2m 1, n =2k -+ 1},
we have

R () AR (=K —p+2)) = [n—K —p+2,...,n— k).

Thus,

R (1)) MR8 ({n— k" — e+ 2))] = - 1.

MR ()] <

xeX

Ifn-2k*—pu+1>n-d+1,thenn-2k*—pu+l<n—-d+k*+1<n—k*—u+2. Let
X={Ln-kK-p+2,n-d+k*'} S V(Lya),
where u € V(L,4) \ {1,n—k* — u + 2}. Then |X| = 3. Since

R (1)) ={n-d+1,....n-k},
R({n—-d+k*+1))={n-d+k*+1,...,n1,...,n—d)

and
Rff’ld({n—k*—u+2}):{n K'—u+2,...,m1,. .,n—2k*—u+1},
we have

ﬂR () = {n-k —p+2,....n-k*},

xeX

which implies

ﬂRf"f({x})‘ =p-1.

xeX

When A =4,ifn—-2k*—u+1<n-d+1,thenk*=1andt=n-1. Let
X={Ln—-p+Lu,u} S V(Lna),
where u1,uy € V(L,4) \ {1,n — u + 1}. Then |X| = 4. Since
Rfff’({l}) ={n-d+1,....,n-pu+1,...n-1}
and

Rff'f’({n—,u+1}) =n-p+1,...,m1,... . n—pu-1},
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we have
’Rff’f’({l}) ﬁRf_”f({n—pL+l})’ = ‘{n—pc+ 1,...,n—1}’ =u—
This implies

(R (%)) < - 1.

xeX

Ifn—-d+k*+1>n-2k*—pu+1>n-d+1,letting
X={Ln-k'—p+2,n-d+k*+1,w} S V(Lya)
where we V(L)) \ {L,n—k* — pu +2,n—d + k* + 1}, we have |X| = 4. Since

R ={n-d+1,...,n—k*},
Rff’f’({n—d+k*+1}) = {n—d+k*+1,...,n,1,...,n—d},
RL

ld({n w— k*+2}) = {}’l—pL—k*+2,...,l’l,1,...,l’l—2k*—/L+1},

R ()R ({n— =k +2)) R ({n—d+ k" +1)) = [n—k* = pu+2,...

Thus,

& ()| <

xeX

Ifn—d+k*+1<n-2k*—p+1,letting
X={Ln-d+k'+Ln—k"—pu+2,n-2k"— p+2} CV(Lya),

we have |X| = 4. Since

:|{n—k*—,u+2,n—k*—u+3,...,n—k*}|:u—l.

R () NR ({n-p—k* +2)) R ({n-d+k* +1})| < p-1.

R ={n-d+1,...,n-k*},

R({n-d+k 1)) ={n-d+k+1,..,n1,...,n-d},

R (fn-k—p+2)) = {n-p—k*+2,..,m1,.n =2k - p+1},
Ry ({n-2k"—pu+2)) = {n—2k" = +2,...,m1,...,n =3k -+ 1},

Page 7 of 13
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When A >5,if n—2k* — u+1<n—d+ 1, letting
X= {1,n—k*—u+2,v1,...,m_2} CV(Lya),
wherev; e V(L) \{Ln—-k* —pn+2}fori=1,2,...,A — 2, then |X]| = A. Since
R((1) ={n-d+1,...,n-k*)
and
Rff’ld({n—k*—u+2}) ={n-p-k*+2,..,m1,...,n-2k"—pu+1},
we have

(R () € R (W) R ({n ==k +2))) = {n =K —p+2,...,n -k},

xeX

which implies that

=u-1

ﬂ Rf,”’ld ({x})

xeX

Ifn-d+k*+1>n-2k*—pu+1>n-d+1,letting
X={Ln-d+k+Ln—k—pu+2,v1,...,vi-3} S V(Lua),
where v; e V(L) \{Ln—-d+k*+1L,n—k*—u+2},fori=1,2,...,1 -3, then | X| = A. As

R () ={n-d+1,....n-k},

R({n-d+k*+1)) = {n-d+k+1,..,n1,...,n-d),
and

Rrd({n—kr—p+2))={n-p-k+2..,m1,...,n-2k"—p+1},
we have

R () NR ({n—p—k* +2)) R ({n—d+k*+1)) = {n-k*—p+2,...,n—k*}.
Thus,

< |[R () R ({n-p -k +2)) R ({n—d+ k* +1})| = - 1.

ﬂ Rff’fl({x})

xeX

fn-(r+D)k*—p+l<n—-d+k*+1<n-rk*—p+1land2 <r<x-3,letting

Y = {1,n—d+k*+l,n—k*—,u+2,n—2k*—;L+2,...,n—rk*—u+2} C V(Lya),
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and
X= (Y U {Vl, e Vk—r—2}) - V(Ln,d)x

wherev; € V(L, )\ {Ln—-d+k*+1,n—k*

i=1,2,...,k —r -2, then |X| = . Since
R (1)) ={n-d+1,...,n-k},
R({n-d+k*+1)) = {n-d+k+1,..,n1,...
andforl <i<r,
Ry ((n—p—ik*+2)) = {n-p—ik*+2,...
we have
ﬂRtl ) ={n-k—p+2,....n-k}.
reY
Thus,

(R (1))

xeY

< [N 00| -

xeX

Ifn—-d+k*+1<mn-(r-2)k*—p+1,letting

X= {1,n—d+k*+l,n—k*—u+2,n—2k*—/L+2,...,n—

we have |X| = 1. Since
R (1) ={n-d+1,...,n-k},
R({n—d+k+1)) ={n-d+k +1,...,n1,...
forl<i<i-2
Ry ({n-p—ik*+2)) = {n-p—ik*+2,...,m1,...

andn—-d+k*+1>n—-(A-1)k* -+ 1, we have
mR {x} = n K —u+2,.. ,n—k*}.
xeY

Therefore,

MR ()

yeY

)| = me"id({x})‘ =p-

xeX

—u+2,n=2k*—u+2,...

,n,1,...

Page9of 13

,n—rk* — p +2} for

,V[—d},

=i+ DK" =+ 1},

(=2 =42} S V(Lya),

,Vl—d},

,n—(i+1)k*—u+l},
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From the above, we have k(L, 4, A, 1) > n — {%'l, it follows that k(L, 4, A, ) = n —

[,

Subcase 2. If A >d + 1.
If A >d+1,thent=n-1.1Itis easy to see that

R™(1)) ={n—-d+L,n-d+2,...,n-1},
RM(12) =tn-d+1L,n—-d+2,..,n},
for3<i<A-—d,

R (h=d)) =tn-d+1,..,n1,...,A—d -2}
andfori=n-d+1,...,n,

({l})—{z, oml, . i=2).

Let

Xi1={1,..,A-d,n—-d+1}, Xo={n-d+2,...,n} and X=X;UX,.

Then |X| = A. Since

R () =tn-d+Ln-d+2,...,n-1)

xeXy

and

ﬂR () = (m1,...,n—d -1},

x€Xy

we have [,y Rfff ({x}) = ¢. Therefore,

d- 1
k(Ln,d: )\’ /J/) >n-— ’7++—‘7
it follows that
d- 1
e [£251],

Case 2. If u>d+ 1.
Let X C V(D) be a vertex set of any A vertices. Set X = {v1,vy,...,v,}. For any vertex
v; € X, since D € P,(d) € P,, by Lemma 3.2,

n-1

URP (1))

t=0

>n-1+1=n,
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where i = 1,2,...,A. Therefore, each loop vertex u; € |, RD({VZ}) where i = 1,2,...,d.
Then

{ur, uy,...,uy} C (mR {v, )

Since uy, us,...,u, are loop vertices, there are at least  — d vertices wq, wy,. e Wyd and
¢ {u1,uy,...,uy} such that

D
w1, wa, oo wyay SRy ({un, iz, ... ua}),

wherei=1,2,...,u —d. It follows that

A

ﬂ RS+/A—d+1 ({Vl})

i=1

>d+u—d=pu.

We thus arrive at
k(D,A, ) <nm+pu—d-1.

Next we consider the digraph L, ;. Let X € L, ; be a vertex set of A vertices and set
X={1,2,...,A}. Lett=n+u—d-1.Sincefori=2,...,n—d,

Rffid({l}) =n-d+1,...,mn1,...,u-d-1) ngfid({i}),
andforj=n-d+1,...,n,

R = (1, om),
we have

ﬂR (n—-d+1,...,n,1,...,u—d~-1},

xeX

which implies that

ﬂR {x}‘

xeX

Therefore, k(L,, 4, A, 1) = n + pt —d — 1. It follows that
k(Lyg, o) =n+pu—d-1.
Combining the proofs of Cases 1 and 2, the theorem follows as expected. d

Theorem 3.4 Let D € P, with girth s. Then

n-—s+n-1-15%])s, r<s

n—s+n-1-1%F])s, A>s.

k(D, A, ) <
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Proof Let C, be a directed cycle of length s in D). Consider the digraph D). Choose any
r vertices wi, wy, ..., w, of C,. Let % =k+ % where 0 <b <r—1.In DY, since w; is a loop

vertex, IRf?jk_l{wiH >n-k=n-"F+ % where i = 1,2,...,r. Therefore

! - b
ﬂRfik_l{Wi} Zr<n—n M+—)—(r—1)n=u+bzu.
r

r
i=1

It follows that

r
ﬂ Rﬁ_k_m{wi} > M.
i=1

For any A vertices vi,va,..., vy € V(D), there is a walk of length n—s from v; to a vertex u; of
Cswherei=1,2,...,A. If L <s,then |uj, uy,...,u,| < Aandif A > s, then |ug, uy, ..., u;| <s.

Hence,

k(D0 1) < n-s+n-1-15%])s, r<s,
n-s+n-1-[=E)s, r>s. O

4 Conclusions

In this paper, we studied j1-scrambling indices of primitive digraphs and gave some bounds

for the Ath lower and upper p-scrambling indices of primitive digraphs with d loops. How-

ever, the digraphs attaining the sharp upper bounds are not determined completely. For a

general given primitive digraph, its p-scrambling indices are not given. It would be nice

to settle these problems in further research.
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