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1 Introduction

Stability analysis and sensitivity analysis have important theory and application in opti-
mization theory. Roughly speaking, stability analysis investigates the continuity of a per-
turbation mapping or marginal function of optimization problems. However, sensitivity
analysis mainly studies the derivative and subdifferential expressions of a perturbation
mapping for optimization problems.

In the past decades, many scholars have carried out extensive research on the sensitivity
analysis of numerical optimization problems and obtained some research results, see [1-
6]. It is well known that the optimal value for a vector optimization problem is not unique.
Thus, various derivatives of set-valued mappings are usually applied to study derivatives
and differential expression of perturbation maps on vector optimization problems, see [7—
12]. On the one hand, the generalized derivatives and coderivatives for set-valued map-
pings have been used to study the sensitivity analysis of vector optimization problems.
Tanino [13, 14] studied the behavior of set-valued perturbation maps via the concept of
contingent derivative. Kuk, Tanino, and Tanaka [15, 16] further investigated sensitivity
analysis in vector optimization problems and extended Tanino’s results. Especially, Shi

[17, 18] investigated various sensitivity analysis results in vector optimization problems
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using the concept of TP-derivative which is called S-derivative by Chuong [19]. The re-
cent paper provides formulae for inner and outer evaluating of the S-derivative of the effi-
cient point multifunction in parametric vector optimization problems. On the other hand,
many scholars have studied sensitivity analysis of vector variational inequalities and vector
equilibrium problems by using the concept of contingent derivatives introduced by Aubin
[20]. Li et al. [21-24] investigated sensitivity analysis of vector variational inequalities by
virtue of a set-valued gap function of parametric vector variational inequalities. Li and Li
[25] obtained some results on sensitivity analysis via a set-valued gap function of paramet-
ric vector equilibrium problems. To the best of our knowledge, there have been no results
in the literature on sensitivity analysis of a vector equilibrium problem via S-derivative of
a set-valued mapping, and this is the motivation for our present work.

In this work, the S-derivative and the set-valued gap function are exploited to study the
sensitivity analysis of vector equilibrium problems. That is, we establish formulae for the
S-derivative of a perturbation mapping and solution mappings on parametric vector equi-
librium problems. The rest of the paper is organized as follows. In Sect. 2, we first provide
some basic definitions and notations from vector optimization and set-valued analysis.
In Sect. 3, we establish formulae of the S-derivative for a set-valued gap function of the
parametric vector equilibrium problems. In Sect. 4, the formulae of S-derivative on per-
turbation mappings for the vector equilibrium problems are given by using the formulae
of S-derivative in Sect. 3. Moreover, some examples are also simultaneously provided to
analyze and illustrate the obtained results. In Sect. 5, the formulae of S-derivative on a
solution mapping for the parametric vector equilibrium problems is further given under

some conditions.

2 Preliminaries

Throughout this paper, unless otherwise specified, let P, X, and Y be three Euclidean
spaces with the usual norms. Let C denote a nonempty, closed, convex, and pointed cone
in Y with apex at the origin and int C # J, where int C denotes the topological interior of C.
Furthermore, the origins of all Euclidean spaces are denoted by 0, the set of nonnegative
real numbers is denoted by R+, the set of the positive integer number is denoted by N.

Definition 2.1 ([26]) We say that y € Q C Y is called a C-minimal point of Q iff (22 —
{y}) N (-C) = {0}. The set of all C-minimal points of €2 is denoted by min¢ Q. An element
y € Q C Y is called a weakly C-minimal point of Q iff (2 — {y}) N (—intC) = #. The set of
all weakly C-minimal points of 2 is denoted by mini, ¢ Q.

Let F: P — 2Y be a set-valued mapping. The effective domain and the graph of F are
defined by

domF := {p € P|F(p) #@},
gphF:={(p,y) P x Y|y € F(p)}.

Definition 2.2 ([17]) Let (p,y) € gph F.
(i) The TP-cone to gphF at (p,y) is defined by

TP(gphF; (1_7;5’)) = {(P,y) ePx Y3t} C RﬂPn CPh Elyn € F(pn)

such that p, — p, t,(pn — P, yn —¥) — (P’J’)}-
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(i) The set-valued mapping DSF(p,) : P — 2Y is said to be the S-derivative of F at
(p,) iff gph DSF(p,y) = TP(gph F; (p, y)). Equivalently, ¥p € P,

TP(gph F; (9,7)) = {(,) € P x YI3{t,} CRy,pu C P, 3y, € Flpy)

such that p, — p, t,(py — P, yu — ¥) — (Pry)}~

Definition 2.3 ([27]) The domination property holds for F around p € P iff there exists a
neighborhood U of p such that

F(p) C mCinF(p) +C, Vpel.

We consider the following parametric vector equilibrium problem: find x € K(p) such
that

f(,x,9) € —C\{0}, VyeK(p),

where x is a decision variable, p is a perturbation parameter, f : P x X x X — Y is a vector-
valued objective function, and K : P — 2% is a set-valued constraint map, which specifies
a feasible decision set. The parametric vector optimization problem is a kind of special
case of the parametric vector equilibrium problem. For all x,y € K(p), we take

fp,xy) = h(p,y) - h(p, %),

where /1: P x X — Y is a vector-valued mapping. Then we may get the parametric vector-

valued optimization problem:
mcin h(p,y), VyeK(p).

We now introduce a class of set-valued gap functions for parametric vector equilibrium
problems. Define a set-valued mapping G : P x X — 2¥ by

Gp.x) = | fxy U0}

yeK(p)

A set-valued mapping V : P x X — 2Y is defined by
V(p,x) = mcin G(p,x), V(p,x) <€ gphK.

Proposition 2.1 The set-valued mapping V is a gap function of parametric vector equi-
librium problems.

Proof Take any z € C\{0}, x € K(p) and 0 € G(p, %), then we have
0 {z-C\{0}} N G(p,x).

Thus, z ¢ V(p,x) and then V(p,x) N {—C\{0}} = @, which shows that 0 € V(p, x).
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Using the definition of V, we have
0eVipx) < O0c€ mCinG(p,x) < G(p,x)N{-C}={0}.

So we get G(p,x) N {-C\{0}} = @, that is, f(p,x,y) ¢ —C\{0}, Vy € K(p). a

We give an example on the class set-valued gap functions for parametric vector equilib-

rium problems.

Example 2.1 Let P =X =Y =R and C = R,. Putting f(p,x,y) := x(p + ) and K(p) :=
[-Ipl,p]. So we get

Gpx) = | «p+y U0}

yeK(p)

Hence,

{2px}, ifp>0,x<0,
Vip,x) = 1)

{0}, otherwise.

It is easy to check that (1) becomes set-valued gap functions for the above parametric
vector equilibrium problems.

3 S-derivative of set-valued gap functions for parametric vector equilibrium
problems

In this section, we derive the formulas for computing S-derivative of the set-valued gap
function V for parametric vector equilibrium problems. We first need to compute S-
derivative of the set-valued mapping G + C.
Proposition 3.1 Let (p,x,z) € gph G. Assume that

D*G(p,%,2)(0,0) N (-C) = {0}. 2)
One has

D*G(p,%2)(p,x) + C = D*(G + C)(p,%.2)(p,%),  V(p,x) € P x X.
Proof Let us first prove that D’G(p,%,2)(p,x) + C C D5(G + C)(p,%,2)(p, ) for all (p,x) €

P x X.Forany p € P, z € DSG(p, %,2)(p, ) and ¢ € C, then there are sequences {t,} C R,
{(Pw,x4)} CP x X and {z,} C Y such that

Zy € G(men), (men) - (pﬁ_‘:); tn(pn _p;xn - X, Zy — 2) - (P,x, Z)'

It follows that

1
Zp + t_c € G(pn;xn) + C: (pn:xn) - @17_5):
n
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_ _ 1
In pn—p,xn—x,zwt—c—z — (p,x,z+¢).

n

Thus, z + ¢ € D5(G + C)(p, %, 2)(p, x). Now we justify the reverse inclusion. For all z € D5(G +
C)(p, %, z), there are sequences {t,} C R,, {(p,,x,)} CP x X, {z,} C Y and {¢,} C C such
that

Zy € G(pn;xn); (men) - (ﬁn’_c)’ tn(pn _prxn _7_6) Zpt+Cp— 2) — (prx’ Z)- (3)

If there is 19 € N such that c, = 0 for all # > ng, then z € D’G(p, %,z)(p, %). Otherwise, we
may suppose that ¢, 70, Vn € N. Assume further that

m -2 _cec\{o). @)

1
=00 |[cy|

Next, we prove that the sequence ||£,c,| is bounded, if not, assume that lim,,_, o, ||,¢, || =
+00. It holds that

b —P) X —X) tu(zZu+cu—2)  cn )

1
—(pn—prxy—%,2,-2) = (
Cn ' ’ ltucall * Ntwcall * ltucall llexll

Thus, we have
_ 1 _ _ _
Zy € G(men)x (men) - (P;x); C_(pn —PXn — X, 2y — Z) - (0’ 0; _C)'
n

Therefore, —c € DSG(p, %,7)(0,0), which contradicts (2). So our results are obtained. With-
out loss of generality, we may suppose that ||t,c,|| = a > 0. We get

_ _ _ _ _ _ C
tu(Pn — D %n —%,2,— 2) = (tn(pn = D) (X — %), t0(20 + €4 — 2) — ||Lucall ﬁ)
n

Combining this with (3) and (4), we have
Zy € G(pn:xn): (men) — ([_7;9_5): tn(pn _i), Xn —9_C, Zy — 2) — (p,x,z — ﬂC).

Thus, z — ac € D5G(p,x,z)(p,x). That is, z € DG(p,%,z)(p,x) + C, which completes the
proof. d

The following example illustrates that the condition in Proposition 3.1 is essential.

Example3.1 LetP=X=Y =R, C=R, and G: P x X — 2Y be defined by

{0}, ifp+x<0,
G(p,x):=
{p+x,—/p+x}, ifp+x>0.

Consider p =0, x = 0 and z = 0. By computing, we get

{0}, ifp+x<0,
D’G(p,%,2)(p,x) = 1] - 00,0], ifp+x=0,
p+x, ifp+x>0,

Page 5of 16
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S __ o Ry, ifprx=0,
D (G+C)p,x,2) =
R, ifp+x>0.

Then
D*G(p,%2)(0,0) N (=C) =] ~00,0].
When p + x > 0, we have

D’G(p,%,2)(p,x) + C = R,,

D3(G + C)(p,% 2)(p,x) = R.
Hence,

D5G(p,%,2)(p,x) + C #D5(G + C)(p, % 2)(p,x), asp+x>0.
Using Proposition 3.1 and reference [19], we give S-derivative formulas of V at the refer-
ence point via the set of C-minimal points or weakly C-minimal points of the S-derivative
of G at the corresponding point.
Theorem 3.1 Let (p,%,z) € gph V. Assume that G has the domination property around
(p, %). Suppose that one of the following conditions is satisfied:

(i) D*G(p,%2)(0,0)N (-C) = {0};

(i) G(p,x) is convex for (p,x) € U, where U is a neighborhood of (p, X).

One has
D’V (p,%,2)(p,x) D mCinDSG(p, %,2)(p,%).

Theorem 3.2 Let (p,%,z) € gph V. Assume for any (p,x,z) € TP(gph V; (p, x,2)) that

D*G(p,%,2)(p,x) N (z—intC) C {v € Z|Vt, C R, ¥{(pwxn)} CP x X, (5)
(men) - (ﬁ,?_c), tn(pn — D %Xn -X) — (P,x),
Elzn € G(pn:xn)’ tn(zn - 2) - V}' (6)
One has

DSV(p,%,2)(p,x)) C migDSG(p,Jc, Z)(p,x), Y(p,x)eP xX.
nt

Remark 3.1 We mention that our results in Theorem 3.1 and Theorem 3.2 are new, and
therefore they do not coincide with the existing ones in the literature (see [28—30] and the

cited references therein).

Page 6 of 16
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4 S-derivative of perturbation maps for parametric vector equilibrium
problems

In this section, we give a formula for computing the S-derivative of the perturbation map

in parameterized vector equilibrium problems by using the formulae of S-derivative in

Sect. 3. Finally we provide an example to analyze and illustrate these results.

Lemma4.1l LetpeP,x€Xandye Q={ye KP)|f(p,x,y) = 0}. Assume that f is contin-
uous and Fréchet differentiable at (p, x,y). Moreover, K is compact and that

DK (p,5)(0) = {0}. 7)

One has

D*G(p,%0)(px) = | {V/@ %) @.%9)y € DK@ H) D)}, Y(p.x)ePxX.  (8)

yeQ
Proof Let us first justify that (7) leads to the following:
D’G(p,,0)(0,0) = {0}. ©)

Assume to the contrary that DSG(p, %, 0)(0,0) # {0}, then there is zy € DSG(p, X, 0)(0,0)\{0}.
Hence, there are sequences {t,} C R,, {(py,x,)} C P x X and {z,} C Y such that

Zy € G(pn’xn)v (pmxn) - (1_979_6)7 tn(pn — Dy %n —%24) = (0,0,20).
Thus, if (p,;, x,,) = (p, %) forall n € N, we take ¢, € (0, min{%, @}), otherwise t,, = max{||p,, —

Pl llx = %11} Then ¢, — 0 and ||| — oo. By 2z, € G(pn,x,) for all n € N, there is
{(®n,%x,)} C P x X such that

Yn € K(Pn)» Zy :f(men,yn), Vn eN. (10)
Let
po=l w2 522t wnen (11

Since |lpu|l <1 and ||x,|| <1 for all » € N, we may suppose that p, — p € P and
X, — x € X. We prove that {y,} is bounded, if not, one may assume that ||y,|| — oco. For
any z € N, set

N Yn N Pn

Yn=T="7 Pn= "7 2;4:tn||5’n”) Zn:
175l 17l

e

Then £,9, = tupPuy tnn = tadns |9l = 1 foralln € Nand p,, — 0. Since X is finite dimension,
we may suppose that y, — y with ||| = 1. It is easy to see that

Pn=D+taPn=P+tubPuy  Yn=V+tdu =Y+ b, YneN.
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Hence,

Zn(pn _ﬁ)zzninﬁn :ﬁn_)oﬁ zn(yn__)_/) :tninj/n :5/;'1_)5’-
Thus, there are the sequences {£,} C R,, {(p,,¥:)} C P x X such that
yn ej((pn)’ pn_)ﬁr En(p}’l _I_a:yn_jl)ﬁ (0’5/)

This means that y € DSK(p, y)(0), which contradicts (7). So {},} is bounded. There is no
loss of generality in assuming that y, — y € X. By (10) and (11),

2o =f (D + tuPy X + tykn, § + tayy), YmeN.

Since f is Fréchet differentiable at (p, %, y), it holds that

lim 2 = i L@+ P X+ bk Y + L)

n—>o0 , n— 00 t,

= Vf(p, %) p,x3),

which contradicts || ’;—Z || = oo. Thus, (9) holds true. Note that (7) and (9) lead to (8) for
p =0. Hence, it is enough to prove (8) in the case p # 0. We now justify the inclusion

D*G(p, 0)(p,%) > | {V/®,25) %9y € D°K(B,3)(p)}, Vp#0.

yeQ
Take any p € P\{0} and y € DSK(p, ¥)(p). Set z := V£ (p,%,7)(p, %, %), ¥y € Q. We must show

that z € DSG(p, %,0)(p,x). Since y € DSK(p,%)(p), there are {t,} CR,, {p,} CPand y, €
K(p,) for all n € N such that

Pn—>D tpu =090 =5 — (p,y).
Putting p,, = t,(p, — p) and ¥, = t,(y, — ). Then p,, — p, p, = t,(p, — p) — p. So p #0 and
t, is unbounded. We may suppose that t, — co. Setting t, = é Then there are {f,} C R,,
{py} C P and {y,} C X such that

Zn = 0,pu—>pIn—>y, I+ an’rz eKp+ Zni)n)'
Set x,, = x for all n € N. By the definition of G, we have

2y = f(D + LDy X + L%y + EiY) € G(D + tupry X + E%,), VnmeN.

Since f is Fréchet differentiable at (p, %, y), it holds that

lim £z = lim S @+ Lupprs X + Enon, § + EnYn
n«~n — ~

n—00 n—o0 t,

) o
=Vf(p,xy)(pxy) =z
Thus, there are {t,} C R,, {(py,x,)} C P x X and z, € G(p,, x,,) such that

(pn:xn) - (ﬁ!i): tn(pn —Dr%n —%2y) = (P»x,Z)o

This means that z € DSG(p, X, 0)(p, x).
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We now verify the reverse inclusion
D’G(p,%,0)(p,x) C | J{V/@ 25,5y € D’KB,5)(p)}, Vp#0.
yeQ

For all p € P\ {0}, take any y € D5G(p,x,0)(p,x). Then there exist sequences {t,} C R,
{(pu>x1)} C P x X and z,, € G(py, x,) for all n € N such that

(men) - (1_?;9_6); tn(pn _ﬁrxn _J_C;Zn) — (p,x,Z)-
Set
Pn=ty(pn — D), X, :=t(x, —x), VmeNlN.

Since p, = t,(p, — p) — p #0, it shows that {t,} is unbounded. Without loss of generality,
one may suppose that t, — 00. By z, € G(p,,, x,,), there exists {y,} C X such that

In €Kpn)s  zu=fOun%nsyn)y YmeN, (12)

Let y, = t,(y, — ¥). We prove that {¥,} is bounded. If not, we may assume that [, | — oco.
Foranyn e N, set

5/n= {114 ’ Anz %n ’ inz ”yn”; Zn
17, (172 tn

1
b

Then £,p, = 1';_:’ b = %, 19,1l =1 for all # € N and p,, — 0. Since ||y,,|| = 1 and X is finite
dimension, we may assume that ¥, — y and ||y|| = 1. It holds that

Pn=l3+?=1_9+75n s Y=Y+ =y +b,y, VnelN.

n t}‘l
Hence,

tn(pn —P)=Zn2nf7n 21’5”—)0, Zn(yn__)_/) zzninjln zj\/n_)y'

So, we have the sequences {t,} C R,, {(pu, y»)} C P x X satisfying y, € K(p,) forallm e N
and

Pn—> D Zn(pn -pyn—Yy) — (0,9).

That is, y € DSK(p, %)(0), which contradicts (7). Therefore, {y,} is bounded. We may sup-
pose that 7, — ¥ € X. Then we get the sequence {¢,} C R, {(ps,¥»)} C P x X such that
yn € K(py) for any n € N and

Pn—> D Zn(Pn -pYn=Y) = (B,Y),

which means that y € DSK(p,7)(p). By (12),

_ 1. I _ 1. _ 1. _ 1.
y+ =y, €K\ p+—pu ), Zn=flP+—DPwX+—%py+ =V, |-
t t, ty t t,

n n
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Since K is compact and f is continuous, we get ¥ € K(p) and f (p, %, y) = 0. Using the Fréchet
differentiability of f at (p, X, y), we have

)
= Vf(p,%3)p,x.3).

- 1~ = 1~ ~, 6 1z
S@+ DX+ XY + 1T
3 3 4 " 4
z= lim t,z, = lim T
Hn— 00 n—00 t_
n

Therefore, (8) has been established for p # 0.

Next, we give formulae for inner and outer evaluating of the S-derivative of the pertur-
bation map V in parameterized vector equilibrium problems by using the S-derivative of
the constraint mapping K and the Fréchet derivative of the objective function f. O

Theorem 4.1 Letpe P, x € X andy € Q ={y € K(p)|f(p,x,y) = 0}. Assume that f is con-
tinuous and Fréchet differentiable at (p,x,y) and G has the domination property around
(p, %). Assume further that one of the following conditions is satisfied:
(i) DSK(5,5)(0) = (0}.
(i) D5G(p,%,0)(0,0) N (=C) = {0} or G is convex at (p,x) € U, with U being a
neighborhood of (p, ).

Then, for any (p,x) € P x X, we have

DV (p,%,0)(p,%) > min | J{V/®,%7)p,%7)ly € DK@, 5)P)}- (13)
ye
Proof Using Lemma 4.1 and Theorem 3.1, we obtain the above results. O

Theorem 4.2 Letpe P, x € X and y € Q ={y € K(p)|f (p,%,y) = 0}. Assume that f is con-
tinuous and Fréchet differentiable at (p,x,y). Furthermore, (5) and (6) hold true. Then, for
any (p,x) € P x X, one has

D*V(p,%,0)(p,%) < min | J{Vf(®,%7)p.%2)ly € D°K,5)@)}- (14)
yEQ
Proof The proof follows from Lemma 4.1 and Theorem 3.2. g

Remark 4.1 The results on sensitivity analysis for vector equilibrium problems in Theo-
rem 4.1 and Theorem 4.2 are new because we use the S-derivative of a set-valued mapping,
while the other authors [24, 25, 31] used a contingent derivative and an adaptive subgradi-
ent for computing set-valued derivative formulae on some vector optimization problems.

Example4.1 Let T =[0,1]U{-1}U{2},P=R, X =R?% C=R2.f:R x R? x R? - R?,and
g 'R xR?2— R, t € T is defined as

fp,x,9) = 2p +x1 +y1,%2 + ¥2),  Va=(x1,%),5 = (y1,92) € RLVp e P.
&@x)i=tp—tx; —(1—t)xy, Vx=(x1,%) e R, VpeP.

Reference [19], for all (p,x) € P x X, we get

K(p) = {xeR2|—p+x1—2x2§0,2p—Zx1 +x2§0},
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G(p,x) = {z € R*| = 3p + (23 — x1) + (21 — 222) < 0,6p + (2%1 — %) + (22 — 221) < O}.
In particular, for p := 0 and X = (0,0),

K(p) = {x eR2|x; — 2%y < 0,-2%1 + % < 0},

G, %) = {z € R*|(2y2 — 1) + (21 — 222) <0, (291 — 32) + (22 — 221) <0},

and thus ¥ := (0,0) € K(p) and z:= f(p,%,y) = (0,0) € V(p, ). It is easy to check that G is
convex and G has the domination property. By simple computation, one has

D’Kp,3)p)={y eR?|-p+y1 -2y, <0,2p -2y +y2 <0}, VpeP.

Hence,

{Vf(,%5)(pxyly € D’K(p,5)(p)}
= {Vf 3, %5)(p) + Vof (0%, 7)) + Vi (0,%,5) )|y € D°K(p,)(p) }
= {ze R?| - 3p + (2x3 —x1) + (21 — 229) <0,

6p + (2x1 —x2) + (22 — 221) < 0}.
Moreover, for all (p,x) x P x X,

D’G(p,%,2)(p,x) = {zeR*| =3p+ (2w —x1) + (21 — 222) <0,

6p + (2x1 — %) + (22 — 221) < 0}.
Therefore, (8) is valid. Finally, using Theorem 4.1 and Theorem 4.2, we have
D’V(p,%2)(p,x) C {(4p,0)},  D°V(p,%2)(p,x) D {(4p,0)}, V(p,x) € P x X.
This shows that
D*V(p,%2)(p,x) = {(4p,0)}, V(p,x) € P x X.

5 S-derivative of solution mapping for parametric vector equilibrium problems
By the definition of gap functions for the parametric vector equilibrium problems and the
parametric vector optimization problems, it is not difficult to find that the solution sets
of these optimization problems can be unified via the following parametric variational
system:

E(p) = {x € K(p)Ir(p,x) € Qp,x)}, (15)

where Q: P x X — 2¥, K : P — 2% are set-valued mappings and r: P x X — Y is a vector-
valued mapping.

As we all known, r(p,x) € Q(p,x) can be regarded as a special class of generalized equa-
tions, which was first proposed by [32] and has been widely studied by scholars, because
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it provides a unified framework for the optimal solution of many optimization problems,
such as mathematical programming, complementarity problems, variational inequalities,
optimal control, multi-objective optimization problems, vectors variational inequalities,
vector equilibrium problems, and so on.

Using the results of Sect. 3, if r(p,x) = 0, Q(p,x) = V(p, x), then (15) becomes a solution
mapping of the parametric vector equilibrium problem

E(p) =[x e K(p)l0 € V(p,x)}.

Therefore, we first investigate the formulae of S-derivative for the parametric variational
systems in order to obtain the formulae of S-derivative for the parametric vector equilib-

rium problems.

Definition 5.1 ([32]) The set-valued mapping Q is said to be like-Lipschitz at (p,%,z) €
gph Q iff there exist a constant y > 0 and a neighborhood U at (p,x) and a neighborhood
V at z such that

Qp1,%1) NV C Qp2,%2) + ¥ (Ilp1 = pall + %1 = x211),  V(p1,%1), (P2, %2) € UL

Definition 5.2 ([25]) The set-valued mapping E is said to be Robinson metric regular
relative to the set-valued mapping K at (p,x) € gph E iff there exist a constant p,y >0 and
a neighborhood U at (p, x) satisfying d(r(p, x), Q(p, x)) < y, we have

d(x,E(p)) < pud(r(p, x), Qp,x)).

Theorem 5.1 Let (p,x) € gphE, z = r(p, x). Assume that r is Fréchet differentiable at (p, x),
E is Robinson metric regular relative to the set-valued mapping K at (p,x) € gphE and Q
is like-Lipschitz at (p, %,z) € gph Q. Assume further that (7) holds true. Then, for any p € P,
we have

DE(p,%)(p) = {x € D’K(,%)(p)|Vr(p,®)(p,%) € D°Qp, %,2)(p, %) }. (16)
Proof Let us first justify that (7) leads to the following:
D*Q(p,%,2)(0,0) = {0}. (17)

Assume the contrary of (17), then there is zo € D°Q(p, x,z)(0,0)\{0}. Hence, there are se-
quences {t,} C R, {(pn,x,)} C P x X and {z,} C Y such that

Zn = r(pmxn) € Q(pn: xn)7 (pmxn) - (17)’9-6)’ tn(pn _l_/}ixn _9-6: Zn — 2) - (0: 0: ZO)'

Thus, if (p,,x,) = (p,x) for all n € N, we take ¢, € (0, min{%, ”Z”—n_z”}), else £, = max{||p, —

Pl lx, —%||}. Then ¢, — 0 and || || = oo. Let

~ -p L X=X
7 LI S W SRS \§

tn tn
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Since ||p,]l <1 and ||%,|| <1 for all n € N, we may suppose that p, — p € P and %, —
x € X. Since r is Fréchet differentiable at (p, x), it holds that

. Zy—Z o r(p+typu,x+ tx,) —r(p,x
hm n - lim (10 nFn n n) (P )
n—>o00 [, n—00 ty

= Vr(p,x)(, %).

which contradicts || Z';f || = co. Combining this with (7) and (17), we have (16) holds true

for p = 0.
Hence, it is enough to prove (16) in the case p # 0. Take any p € P\{0} and x €
DSE(p,x)(p). Then there are {t,} CR,, {p,} C Pand x, € E(p,) for all # € N such that

Pn—=> D bn(pn—Pr%n —X) = (p,%). (18)
By x,, € E(p,), there exists {x,} C X such that

Xn € K(pn),  2n = 1(ns%n) € Q(Drs Xn). (19)
This means that there are {t,} C R,, {p,} C P, x, € K(p,) such that

Pn—> Dy bn(pn =Dy %n —X) = (p,%).

Thus, x € DSK(p,%)(p). Since p, — P, pn = ta(pu — P) — p, and p #0, t,, is unbounded. We
may suppose that £, — o0o. Set x,, = t,(x,, — X). By (19), we have

_ 1. _ 1. cof 1. _ 1.
rlp+ —pwx+ —X% + =D X+ —%, ).
PP ;o p t,,p" PR

n n n

Using (18) and r is Fréchet differentiable at (p, x), it holds that

= Vr(p,x)(p, x).

_ P LB AR - ()
lim t,(z, —z) = lim
n—0oQ

n—0o0 i
t
Thus, there are {t,} C R, {(pn,x,)} C P x X and z, € Q(p,, x,,) such that
(pn: xn) - (ﬁ!i)x tn(pn _17]7xn _9-6: Zn — 2) e (pix’ V’(ﬁr&)(l?:x))
This means that V7(5,%)(p, x) € DSQ(p, %, 2)(p, x).
We now verify the reverse inclusion. For each p € P\{0}, take any y € D°K(p, ¥)(p) and

z = Vr(p,x)(p,x) € DSQ(p, %,2)(p, x). Then there exist sequences {t,} C R, {(ps,%,)} C P x
X and z,, € Q(py, x,,) for all n € N such that

B xn) = B:%),  tapn— D, %0 — %, 2, — Z) > (P, %,2).

Since p,, — p, pn := ty(p, — p) = p # 0, it shows that {t,} is unbounded. Without loss of
generality, one may suppose that t, — co. Put

Zn =—5 Pn :i) + Zn~n; 5‘:;’1 = tn(xn _9_5): zn = tn(Zn _2)
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Then we have
Xp—> X,20— 2, KXp =%+ Enkn, Zy = Z + L2y
Since z, € Q(p,,, x,), we have
Z+ 020 € QP + LyPy X + Ly%0).
By x € DK (p,%)(p), there exist {t,} C R,, {p,} C P and x/, € K(p/,) such that
vy b talpy — P, — %) — (.5).
Set
Po=tup,-P),  E =ta(x,-X).
Then we have
Dp—=piy =% py=prlib, %, =X+,
Combining with ), € K(p),), we get X + £,%,, € K(p + t,p,). Since Q is like-Lipschitz at
(p,%,z) € gph Q, there exist constants a;,a; > 0 and § > 0 such that b, € B(0,5) and z, €
QP + typy, % + L,%y) for all n > ny satisfy
Z+luZn =2, + tn(ﬂl ||Pn -p, H +a; ||x,, -, ”)bn'

Since E is Robinson metric regular relative to K at (p,x) € gphE, there are £ >0,y >0, a
neighborhood U of (p, x) satisfies d(r(p, x), Q(p, %)) < ¥, we have

d(x,E(p)) < nd(r(p,%), Qp ). (20)

Since r is Fréchet differentiable at (p,x), then there is 7y € N such that, for all n > ngy, we

have

A ]

n

Hence,

d(r(p + 1Dy % + 10,), QB + 1ab X + T,,))

<|r(B+ 8B, % + Ea,) =2 = EuZn + Lular || pn — P, || + @] xn =, | ) Ba]| = £:B(0),

where

Bn) = H Vr(p, %) (Pn %n) + M

=2+ (ar][pn =2 + a2 =5, ]) 6
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By (20), we have
d(% + L%, E(p + Ea,)) < nd(r(p + Lap, & + £,%,), QB + Ll X + £,7,)) < uE,B(n).

So there is ¥ + £,&, € E(p + £,p,,) + (ut,B(n) + £2)B(0,8), which means that there exists
b, € B(0, §) such that

) =%+ by, — By (B () + £,) b, = %), — £, (nB(n) + £,)b,, € E(p + E,),).

Since (uB(n) + £,)|1b,|| converges to 0, this means that there are sequences {t,} C R,,
{p,,} C P and ¥, € E(p;,) such that

Py — bota(p), — D% — X) = tu(p), — %), — X — (/LB(VI) +1,)0') = (p,%).
This shows that x € DSE(p, X)(p). O

Corollary 5.1 Assume that all conditions in Theorem 4.1 and Theorem 5.1 are satisfied.
Then, for any p € P, we have

D’E(p,%)(p) > {x € D°’K(p,%)(p)|Vf (2, %5)(p,%,5) & —C\{0},y € D°K(5,5)(p)}-

Corollary 5.2 Assume that all conditions in Theorem 4.2 and Theorem 5.1 are satisfied.
Then, for any p € P, we have

D*E(p,%)(p) C {x € D°K(p,%)(p)|Vf (5, %7) (0 %,y) & —intC,y € D°K(p,7)(p)}.

6 Conclusion

In this paper, we have dealt with the sensitivity analysis on vector equilibrium problems.
S-derivative estimations on a perturbed mapping for the parametric vector equilibrium
problem are given via a set-valued gap function. Moreover, we derive S-derivative es-
timations of a solutions mapping of the parametric vector equilibrium problems by S-
derivative estimations of a kind of the parametric variational system. However, how to
investigate the sensitivity analysis of the parametric vector equilibrium problems by using
other set-valued derivatives is still an interesting problem.
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