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1 Introduction and background

Throughout the paper, N and R denote the set of all positive integers and the set of all
real numbers, respectively. The concept of convergence of real sequences was extended to
statistical convergence independently by Fast [18] and Schoenberg [42]. This concept was
extended to the double sequences by Mursaleen and Edely [29].

The idea of Z-convergence was introduced by Kostyrko et al. [19] as a generalization of
statistical convergence. Das et al. [5] introduced the concept of Z-convergence of double
sequences in a metric space and studied some properties of this convergence. Tripathy
and Tripathy [45] studied Z-convergent and regularly Z-convergent double sequences.
Diindar and Altay [11] introduced Z,-convergence and regularly Z-convergence of double
sequences. Also, Diindar [7] introduced regularly Z-convergence and regularly Z-Cauchy
double sequences of functions. Recently, Diindar and Akin [8] introduced the notions of
R(Zy,, Ly )-convergence, R(I;",VZ,I;"V)—Convergence, R(Zyw,, Ly )-Cauchy, and R(I{;VZ,I‘})—
Cauchy double sequence of sets and investigated the relationship among them. A lot of
development has been made in this area after the works of [6, 9, 12, 13, 15, 20, 22, 23, 26,
28, 31-34, 36, 43].

Several authors have studied invariant convergent sequences (see, [4, 24, 25, 30, 35, 38—
41, 44]). Recently, the concepts of o -uniform density of the set A C N, 7, -convergence and
T-convergence of sequences of real numbers were defined by Nuray et al. [35]. The con-
cept of o -convergence of double sequences was studied by Cakan et al. [4], and the concept
of o -uniform density of A € N x N was defined by Tortop and Diindar [44]. Diindar et al.
[16] studied ideal invariant convergence of double sequences and some properties.
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Now, we recall the basic definitions and concepts (see [1-5, 9-15, 17, 19-21, 27, 34, 36,
37, 43-46]).

A double sequence x = (xy)kjen of real numbers is said to be convergent to L € R in
Pringsheim’s sense if, for any € > 0, there exists N; € N such that |x; — L| < &, whenever
k,j > N;. In this case, we write P — limy j_, o0 % = limy j_ 00 X1 = L.

A family of sets Z C 2" is called an ideal if and only if

(i) ¥ € Z, (ii) For each A,B € 7, we have A U B € T, (iii) For each A € 7 and each BC A,
we have Be 7.

An ideal is called nontrivial if N ¢ 7, and nontrivial ideal is called admissible if {n} € 7
for each n € N.

Throughout the paper we take 7 as an admissible ideal in N.

A family of sets F C 2" is called a filter if and only if

(i) @ ¢ F, (ii) For each A, B € F,we have ANB € F, (iii) Foreach A € F andeachBD A,
we have B € F.

For any ideal there is a filter 7 (Z) corresponding to Z, given by

F@)={MCN:(3AeD) (M=N\A)}.

An admissible ideal Z C 2" is said to satisfy the property (AP) if, for every countable
family of mutually disjoint sets {A;,A,,...} belonging to Z, there exists a countable family
of sets {B1,By,...} such that A;AB; is a finite set for j € Nand B = Ulofl BjeT.

A nontrivial ideal 7, of N x N is called strongly admissible ideal if {i} x N and N x {i}
belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Throughout the paper we take 7, as a strongly admissible ideal in N x N.

79 ={A CNxN:3m(A) e N) (i,j > m(A) = (i,j) ¢ A)}. Then Z? is a strongly admissible
ideal and clearly an ideal Z, is strongly admissible if and only if Z) C Z,.

An admissible ideal Z, C 2" satisfies the property (AP2) if, for every countable family
of mutually disjoint sets {E1, Es, ...} belonging to 7, there exists a countable family of sets
{F1,Fy,...} such that E;AF; € ), ie., E;AF; is included in the finite union of rows and
columns in N x N for eachj € Nand F = U]Ofl F; € 1, (hence F; € I, for each j € N).

Let o be a mapping of the positive integers into themselves. A continuous linear func-
tional ¢ on £, the space of real bounded sequences, is said to be an invariant mean or a
o-mean if it satisfies following conditions:

1 ¢(x) > 0, when the sequence x = (x,,) has x,, > 0 for all n,

2 ¢(e) =1, wheree=(1,1,1,...),and

3 ¢(xom) = P(xy,) for all x € €.

The mappings o are assumed to be one-to-one and such that ¢”(n) # n for all positive
integers n and m, where o™ (n) denotes the mth iterate of the mapping o at n. Thus, ¢
extends the limit functional on ¢, the space of convergent sequences, in the sense that
¢(x) =limx for all x € c.

In the case o is translation mappings o (1) = n + 1, the o -mean is often called a Banach
limit and the space V,, the set of bounded sequences all of whose invariant means are

equal, is the set of almost convergent sequences c.
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It can be shown that

m
Ve=3x=(x,) € loo: W}gnoo p” ;xak(n) =L, uniformlyin n ¢.
=1

Let A C Nand
sm=min|A N {0 (n),0%(n),..., 0" (m)}|
and
S =max|A N {o(n),0>(m),...,o" (n)} |-

If the limits V(A) = lim,,, o 2, V(A) = limy,_ oo %’” exist, then they are called a lower and
upper o -uniform density of the set A, respectively. If V(A) = V(A), then V(A4) = V(A) =
V/(A) is called o -uniform density of A.

Denote by Z, the class of all A € N with V(4) = 0.

Let Z, C 2N be an admissible ideal. A sequence x = (x) is said to be Z,-convergent to
the number L if, for every ¢ >0, A, = {k: |xx — L| > e} € Z,, that is, V(A,) = 0. In this case,
we write Z, — limg = L.

Let Z, C 2" be an admissible ideal. A sequence x = (x) is said to be Z-convergent to
the number L if there exists a set M = {m; < my < -+ -} € F(Zs) such that limy_, o %, = L.
In this case, we write 2 — limy = L.

Let AC N x Nand

Sn = n]1(1}n|A n {(a(k),o(j)), (02(/(),02(/')), s (am(k),a”(j))H
and

Sy = n}(z}x|A N {(o(k),a(j)), (az(k),GZ(j)), e (Um(k),a”(j))} |

If the limits exist, V3(A) = lim,, 00 722, Va(A) = 1im,,,, 00 SrZ“; exist, then they are called
a lower and an upper o -uniform density of the set A, respectively. If V5(A) = V,(A), then
Va(A) = Va(A) = V>(A) is called the o -uniform density of A.

Denote by Z3 the class of all A € N x N with V;(A4) = 0.

Throughout the paper we let Z C 2"*Y be a strongly admissible ideal.

A double sequence x = (xy;) is said to be Z,-invariant convergent or Z7 -convergent to L
if, for every & > 0, A(e) = {(k,)) : |y — L| > e} € Z7, that is, V5(A(e)) = 0. In this case, we
write Z§ —limx = L or x; — L(Z3).

A double sequence (xy) is Z; -invariant convergent or Z7 *-convergent to L if and only if
there exists aset M, € F(Z7) (N x N\M, = H € Z7) such that, for (k, /) € M>, limg o0 X%1j =
L. In this case, we write Z7* — limy j_, o %% = L or x; — L(Z5™).

A double sequence (xy) is said to be Z,-invariant Cauchy or Z7 -Cauchy sequence if, for
every ¢ > 0, there exist numbers 7 = r(¢), s = s(¢) € N such that A(e) = {(k, ) : |wgy — %] >
e} € 17, that is, V,(A(e)) = 0.
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A double sequence (x;) is Z3-invariant Cauchy or Z7*-Cauchy sequence if there ex-
ists a set My € F(Z7) (i.e., N x N\M, = H € ZJ) such that, for every (k,)),(r,s) € My,
limy s 00 1%k — %rs| = 0.

A double sequence x = (xy;) is said to be regularly (Z5,7)-convergent (r(Z,,Z)-conver-

gent) if it is 7,-convergent in Pringsheim’s sense and for every ¢ > 0 the following hold:

{keN: loex; — Lj| Zs} €1 forsomelL; € XandeachjeN,

{jeN: o — M| 28} €7 forsome My € X and each k € N.

A double sequence x = (xy) is said to be r(Z;,7*)-convergent if there exist the sets M
F(@,), My € F(Z),and My € F(Z) (i.e, Nx N\ M € Z,, N\ M; € Z and N\ M, € 7) such

that the limits
lim g, lim x;, (jeN) and limxy (keN)
k,j— 00 k— o0 j—o00
(kj)eM keMy jeMa

exist. Note that if x = (xy;) is regularly convergent to L, then the limits limy_, oo lim;_, o0 %y
and limj_, o limy_, o %; exist and are equal to L.

A double sequence x = (xy;) is said to be regularly (Z,, Z)-Cauchy (r(Z,, Z)-Cauchy) if it is
T,-Cauchy in Pringsheim’s sense and for every ¢ > 0 there exist m; = m;(e), ny = m(e) € N
such that the following hold:

Aq(e) = {ke Nt %55 — %] = 8} €eZ (eN),

Ay(e)={jeN: |y — a1 | =6} €T (keN).

A double sequence x = (xy) is said to be regularly (Z3,Z7*)-Cauchy (r(Z;,Z*)-Cauchy) if
there exist the sets M € F(Z,), M; € F(Z),and M, € F(Z) (i.e, Nx N\M € Z,,N\M, € Z,
and N\ M, € 7) and for every € > 0 there exist N = N(¢) € N, s = 5(¢), t = t(¢), m; = mj(e),
m = ni(e) € N such that whenever &, j, mj, n; > N, we have

[cx; — Xt < & (for (k,), (s, t) € Mk, j,s, ¢t >N),

%> Xmys| < € (for each k € M; and eachj € N),

[%kj, %k, | < € (for each j € Mj and each k € N).

Lemma 1 ([16]) Suppose that x = (xy;) is a bounded double sequence. If x = (xx;) is 13 -
convergent to L, then x = (x;) is invariant convergent to L.

Lemma 2 ([16]) Let 0 < p < oo.
(i) Ifxgg — L([V2],), then xy — L(Z3).
(i) If (i) € €% and xi; — L(Z3), then xi; — L([V],).
(iii) If (xxj) € €2, then x; — L(ZF) if and only if x5 — L([V2],).

Lemma 3 ([16]) If a double sequence (xx;) is L3 *-convergent to L, then this sequence is

13 -convergent to L.
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Lemma 4 ([16]) LetZ7 have the property (AP2). If (xx;) is I3 -convergent to L, then (xy;) is
I9*-convergent to L.

Lemma 5 ([16]) If a double sequence (xyj) is I3 -convergent, then (xy) is an I3 -Cauchy

double sequence.
Lemma 6 ([16]) Ifa double sequence (xy;) is I3 *-Cauchy, then this sequence is I3 -Cauchy.

2 Main results

Now, we denote the notions of regularly invariant convergence, regularly strongly invari-
ant convergence, regularly p-strongly invariant convergence, regularly (Z,,Zf )-conver-
gence, regularly (Z}, Z9*)-convergence, regularly (Z,,Z3 )-Cauchy double sequence, regu-
larly (Z*,Z5*)-Cauchy double sequence and investigate the relationship among them.

Definition 2.1 A double sequence x = (xy) is said to be regularly invariant convergent
(r(o,02)-convergent) if it is invariant convergent in Pringsheim’s sense and the following
limits hold:

m

ngk(s)ﬂj(t) =L;, uniformlyins,
k=0

. 1
lim —
m—00 1l

for some L; € X and each j € N, and

1 n
lim — iy = Mg, iformly in ¢,

for some My € X and each k € N. Note that if x = (x4;) is r(c,02)-convergent to L, the
following limits hold:

1 m n
lim lim — iy =1L, if lyins,t,
im0 100 1 PIYDEMERT unitformly in s

k=0 j=0
and
n m
lim lim — X ki iy =L, uniformlyins,¢t.
n—00 m—00 WIN 0 k=0 ot ehel(t) ’ Y ’
=0 k=

In this case, we write

m " r(o,09)
r(o,07) — m}y}goo kZ Zoxak(s)ﬂ’(t) =L or xy5 —> L, uniformlyins,t.
=0 j=

Definition 2.2 A double sequence x = (xy) is said to be regularly strongly invariant con-
vergent (r[o, 02]-convergent) if it is strongly invariant convergent in Pringsheim’s sense

and the following limits hold:

. . .
W}gnoo p kX: |xak(s),a,-(t) —-L;| =0, uniformlyins,
=0
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for some L; € X and each j € N, and

1 n
lim — E X ion —Mi| =0, niformly in ¢,
n—-oo y “ 5 | ok (s),0/(2) kl uni y1
1:

for some My € X and each k € N.
Note that if x = (x;) is r[o, 03] -convergent to L, the following limits hold:

1y . .
Jim lim =33 9~ L1 =0, uniformyin s,
k=0 j=0
and
1 n m
lim lim — Z %5k (5)0i () = LI =0,  uniformly in s, .
0

n— 00 m—>00 M
j=0 k=

In this case, we write

2 - rlo,02]
rlo, 03] — m,ly}goo kXO: 2(): [%,k(5),0i) =Ll =0 or x5 —> L, uniformlyins,z.
-0 j=

Definition 2.3 Let 0 < p < co. A double sequence x = (xy) is said to be regularly p-
strongly invariant convergent (r[c, 0, ],-convergent) if it is p-strongly invariant convergent
in Pringsheim’s sense and the following limits hold:

m
W}EI;O % kZO: %,k (507 () = Ljl’ =0, uniformly in s,
for some L; € X and each j € N, and
1
nlggo - /ZzO: %k (507 () = Mkl =0, uniformly in t,

for some M € X and each k € N.
Note that if x = (xy;) is r[o, 03] ,-convergent to L, the following limits hold:

1 m n
. _— T . .
W}l_r)réonll)ngo p— kzzomk(s),g,(t) LI =0, uniformlyins,t,
=0 j=

and

1 n m
lim lim — E E iy —LIP =0, iformly in s, t.
nlﬁoom%oo i 2 2 % 5 & 5),0 (1) | uniformly in s
j=0 k=

In this case, we write

m.on rlo,02]p
rlo, o0, - mly}goo kX: XO: [%,k(5),0i) =Ll =0 or x5 —> L, uniformlyins,z.
=0 j=
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Definition 2.4 A double sequence x = (xy;) is said to be regularly ideal invariant conver-
gent (r(Z,, I3 )-convergent) if it is ideal invariant convergent in Pringsheim’s sense and for

every ¢ > 0 the following hold:
lkeN:|n-Lj|>¢} €T,

for some L; € X and each j € N, and
[jeN: |- M| > ¢} €T,

for some M € X and each k € N.

Note that if x = (x;) is r(Z5, Z3 )-convergent to L, then we write

N (2513
r(Z,,Z3) ~limx=L or wx; —> L.

Theorem 2.1 Suppose that x = (xyj) is a bounded double sequence. If x = (xy) is r(Ls, L3 )-

convergent, then x = (xyj) is r(o, 09)-convergent.

Proof Let x = (xy;) be a bounded double sequence and x = (x;) be regularly ideal invariant
convergent to L. Then x = (xy;) is ideal invariant convergent in Pringsheim’s sense and for

every ¢ > 0 the following hold:
lkeN:|w;-Lj|>¢}el,

for some L; € X and each j € N, and
[jeN: |- M| > ¢} el,

for some M € X and each k € N. Since x = (xy;) is ideal invariant convergent in Pring-
sheim’s sense, then by Lemma 1 x = (xy;) is invariant convergent to L.

Now, let ¢ > 0. We estimate

m

1
M(Wl,S) = ‘Z Zxak(s),aj(t) _L/
k=0

, uniformly ins,

for some L; € X and each j € N. Then we have

u(m, s) < ul(m,s) + u*(m,s),

where
1 m
Ml(m, S) = ; Z |xak(s)ﬂj(t) _Lll
k=0

‘xok(s),o'j(t) _Lj‘zg
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and
m

1
u*(m,s) = p- Z %5k (5),0i(e) — Ljl,  uniformly ins,

‘xok(s),a/(t) —L/‘\<6

for some L; € X and each j € N. Therefore, we have u?(m,s) < ¢ for every s = 1,2,.... The

boundedness of (x;;) implies that there exists K > 0 such that
|xak(s)’aj(t) —L1| < I(, (k,S = 1, 2,...),
then this implies that

K
whm,) < — {1 <k < m i i ~ Ll = ]

I(maxs |{1 S k S m: |xok(s),aj([) _L]| Z 8}'

m
S
=K,
m
and so (xy;) is o -convergent to L;.
Similarly, we can show that (xy;) is o -convergent to M. Hence, x = (xy) is r(o,02)-

convergent. O

Theorem 2.2 Let 0 < p < c0.
(@) If (xxj) is r[o, 09],-convergent, then (xy;) is r(Z,, 13 )-convergent.
(ii) If (xy) € 02, and (xxj) is r(Ly, L3 )-convergent, then (xy) is r[o, 03] ,-convergent.
(i) If (xxj) € 02, then (xx7) is r[o, 02],-convergent if and only if (xy) is r(L,13) is

convergent.

Proof (i) Let x = (x4j) be r[o, 0] ,-convergent. Then it is p-strongly invariant convergent

in Pringsheim’s sense and the following limits hold:

m
lim — iy — LilP =0, iformly in s,
Jim. p kXO: %5k 5),02) — Lyl uniformly in s

for some L; € X and each j € N, and

1 n
1 A= . .
nlgrolon EO %,k (5),0i(0) = Mkl” =0, uniformly in ¢,
j=

for some M; € X and each k € N. Since x = (x;) is p-strongly invariant convergent in
Pringsheim’s sense, then by Lemma 2 x = (xy;) is Z7 -convergent.
Also, for every e > 0, some L; € X, and each j € N, we can write

m m
Z |xak(s),a/(t) - Lf|p = Z |xak(s),a/(t) - Lf |p
k=1 k=1

‘xok(s),o'j(t) _lezg
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> &P |{k < m:\xyu,0i0) — Lil = €}

> ¢gP msax’ {k <m Xk oiey — Lil > SH

and
1 max, [{k < m: X,k i) — Ll = €}
— 2 Mkgai Ll = & -
k=1
_ pSm
m
for every s = 1,2,.... This implies lim,,_, 5 %”‘ =0, and so (xy;) is Z, -convergent to L;.

Similarly, we can show that (x;) is Z,-convergent to My. Hence, x = (xy) is r(Z5,Z3 )-
convergent.
(ii) Let (xg) € €% and (xy) be r(Z,;, I3 )-convergent. Then x = (x;) is ideal invariant con-
vergent in Pringsheim’s sense and for every ¢ > 0 the following hold:
{kENZ |xkj—Lj| 28} el,
for some L; € X and each j € N, and

{jeN:lxkj—Mk| ZS} eZ,

for some M € X and each k € N. Since x = (xy;) is ideal invariant convergent in Pring-
sheim’s sense, then by Lemma 2, x = (xy) is p-strongly o,-convergent. Let 0 < p < 0o and
& > 0. Since (xy;) is bounded, (x4;) implies that there exists K > 0 such that

|xok(5)y0/(t) - L]| < K (] S N)

for all k,s € N. Then, for every s = 1,2,..., we have

1 <& 1 ”
m D ket — Lil? = P Y Mekgoiw — Ll
k=1 =
Ixak(s)’o/'(t)_l‘jlze
1 m
o Y ke L
k=1
‘xck(s),c/(t)_L/‘kg

Kmaxs Itk < m: %k i) — Lil = €}l b P

m

S
<K=Z 4¢P,
m

Hence, we obtain

1 m
1 — o —L.P =
Jm Zk Wok(s)oite) — Lyt = 0
=1

uniformly in s, and so x = (xy;) is p-strongly o -convergent to L;.

Page 9 of 15
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Similarly, we show that (x;;) is p-strongly o-convergent to M. Hence, x = (xy) is
rlo,03],-convergent.
(i) This is an immediate consequence of (i) and (ii). O

Definition 2.5 A double sequence x = (xy;) is said to be regularly (Z},77*)-convergent
(r(Z},Z3*)-convergent) if and only if there exist the sets M € F(Z7 ), M; € F(L,) and M, €
F(Z,) (i.e, Nx N\ M e IJ, N\ M; € Z,, and N\ M, € Z,) such that the following limits

hold:
lim xy;, lim x; (jeN), and limx; (keN).
k,j— 00 k— 00 j—o00
(kj)eM keMy jeMy

Note that if x = (xy) is r(Z},Z5*)-convergent to L, then we write

r(z2.15%)
r(Z:,73%) -limx=L or xy3 — L.

Theorem 2.3 Ifa double sequence x = (xy) is r(L}, L3 *)-convergent, then (xy) is r(Ls, L3 )-
convergent.

Proof Let (xy) be r(Z7,15*)-convergent. Then (xy;) is Z7 *-convergent, and so by Lemma 3
(xxj) is L3 convergent. Also, there exist the sets My, M, € F(Z) such that

(Ve >0) (Fko € N) (Vk = ko) (ke My) |y —Li| <€
for some L; and each j € N, and

(Ve >0) (Fjo e N) (Vj > jo) (€M) |xg— Myl <e
for some My and each k € N. Hence, we have

A(e) = {kGNI kaj—L,-l ZS} CH U {1,2,...,(/(0—1)}, (jGN),

B(e)={jeN:|xgg— M = e} CH,U{1,2,...,(o -1}, (keN)
for Hy,H, € Z,;. Since Z,; is an admissible ideal, we get
HiU{1,2,...,(ko-1)} €Z, and H,U{L,2,...,(o-1)} €L,

and therefore A(e) € Z, and B(e) € Z,. This shows that the double sequence (xy;) is
r(Zs, I3 )-convergent. (I

Theorem 2.4 Let 1, have the property (AP) and I have the property (AP2). If a double
sequence (x) is r(Zy, L3 )-convergent, then (xy) is r(Z}, 13 *)-convergent.

Proof Let a double sequence (xi;) be r(Z,, 13 )-convergent. Then (xy;) is Z3 -convergent,
and so by Lemma 4 (xy) is 75 *-convergent. Also, for each & > 0, we have

A(e)={keN:|ay-L| > e} €1,
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for some L; and each j € N, and
B(e) = {je N |xg — My | > 8} e,

for some My and each k € N.
Now put

Ay = {keN:|xy - L] > 1},

1 1
At:{k€N2;§|xkl’—Lj|<m}

for t > 2, some Lj, and each j € N. It is clear that A,, N A, =@ for m # n and A,, € Z, for
each m € N. By the property (AP) there is a countable family of sets {B;, By, ...} in Z, such
that A, A B, is a finite set for each n € Nand B=J;2, B, € Z,.

We prove that

lim x;; = Lj, someL;andeachjeN,
k—o0
keM

for M = N\B € F(Z,). Let § > 0 be given. Choose t € N such that 1/¢ < §. Then we have

t
{ke N: g — Lj| > 8} - an for some L; and each j € N.

n=1

Since A,, A B,, is a finite set for n € {1,2,...,t}, there exists kg € N such that

t t
(UB,,) N{k:k> kot = (UA,,) N{k:k> ko).
n=1 n=1

If k > ko and k ¢ B, then

t t
kéUBn and so kéUA,,.
n=1

n=1

Thus, we have |xy; — Lj| < % < 8 for some L; and each j € N. This implies that
lim Xij = lq
k— o0

for k € M. Hence, we have
75 fim =1

for some L; and each j € N,
Similarly, for the set

B(e) = {j e N: |xy — My| = ¢} € I,,,
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we have

Ir —jl_i)rgoxk,r = My
for some M and each k € N. Hence, a double sequence (xy;) is r(Z},Z3*)-convergent. [
Definition 2.6 A double sequence (xy;) is said to be regularly (Z,,Z3)-Cauchy double

sequence (r(Z,,Z3 )-Cauchy double sequence) if it is Z§ -Cauchy in Pringsheim’s sense and

for every e > 0 there exist numbers m; = m;(¢), ny = ni(e) € N such that

Aq(e) = {ke Nt %55 — %] = 8} €ly (jeN),

Ay(e)={j e N:|wy— a1 | = 6} €Z3  (keN).

Theorem 2.5 If a double sequence (xy;) is (15,13 )-convergent, then (xy;) is an r(Ls, 13 )-

Cauchy double sequence.

Proof Let (xij) be r(Z5,Z3)-convergent. Then (xy;) is Z7 -convergent, and by Lemma 5, it

is Z§ -Cauchy double sequence. Also, for every ¢ > 0, we have

& &
Al(i) = {keN:lxkj—L,«l > 5} €1,

for some L; and each j € N, and

P P
Az(g) = {j€N3|xk/—Mk| > 5} €1,

for some My and each k € N. Since 7, is an admissible ideal, the sets

€ e
Al(i) ={keN:|xkj—Lj|<§}

for some L; and each j e N, and

€ , €
A§<§> = {]EN: loer; — M| < E}

for some M and each k € N are nonempty and belong to F(Z,). For m; € A{(3), (j € N

and m; > 0) we have

L1t
[%m;i — Ljl < 2

for some L; and each j € N. Now, for each ¢ > 0, we define the set

Bi(e) = {k e N: |y —xmjl > €}, (jeN),
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where m; = mj(¢) € N. We must prove B;(¢) C A1(5). Let k € By (¢). Then, for m; € A{(3),
(j € Nand m; > 0) we have
& =< |xkp — Xyl < | — Lyl + % — Lj]
bty = Ly +
< |xg—Li| + =
kj = Lj D)
for some L; and each j € N. This shows that § < [xz; — L;|, and so k € A;(5). Hence, we have

Bi(e) C A1(5).
Similarly, for each & > 0 and for n; € A5(3) (k € Nand n; > 0), we have

&
[k, — Ml < 3

for some My and each k € N. Therefore, it can be seen that

By(e) C Az(%),

where
By(e) = {j € N: |xsj — xaw | > €},

where n; = ni(¢) € N and each k € N.
Hence, we have Bi(¢) € Z, and By(¢) € Z,. This shows that {x;} is 7(Z,,Z7)-Cauchy
double sequence. d

Definition 2.7 A double sequence (xy;) is regularly (Z},Z7*)-Cauchy double sequence
(r(Z},Z3*)-Cauchy double sequence) if there exist the sets M € F(Z3), M, € F(Z°) and
M, € F(Z°) (that is, N x N\M = H € 7§, N\M; € Z,, and N\M, € I,;) and for every
& >0, there exist N = N(e), s = s(¢), t = t(e), m; = m;(e), nx = ni(e) € N such that whenever
k,j,s,t,mj, nxy = N, we have

|xkj_xst| <& (fOI’ (k,j),(s,t)EM,k,j,s,tZN),
%15 — Xmyj| < € (for each k € M; and each j € N),
ki — %k, | <& (for each j € M, and each k € N).

Theorem 2.6 If a double sequence (xy) is r(1},17*)-Cauchy double sequence, then (x;) is
r(Zy, L3 )-Cauchy double sequence.

Proof Since a double sequence (xy;) is r(Z}, Z3*)-Cauchy, then (xy) is Z3 *-Cauchy implies
I3 -Cauchy by Lemma 6. Also, since (xy) is r(Z,Z5*)-Cauchy, there exist the sets M; €
F(Z°?) and M, € F(Z?) (that is, N\M; € Z, and N\M, € Z,), and for every ¢ > 0, there
exist N = N(e), m; = m;(e), ny = ni(e) € N such that we have

| — 2omyj| < & (for each k € M; and each j € N),

[%xj — %k, | <& (for each j € M and each k € N),
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whenever k, j, mj, iy > N. Therefore, Hy = N\M; € Z, and Hy = N\M, € Z; we have
A(e) = {keN:|wy -2yl = e} CHIU{L2,..,(N-1)}, (jeN)

for each k € M; and
Ax(e)={j e Nt |wy —ap | > 6} CH,U{1,2,...,(N-1)}, (keN)

for each j € M. Since Z, is an admissible ideal, H; U {1,2,3,...,(N - 1)} € Z, and H, U
{1,2,3,...,(N — 1)} € Z,. Hence, we have A;(¢) € Z, and A,(¢) € Z,, and so (xy;) is an
r(Zs,Z3)-Cauchy double sequence. O

3 Conclusions

We investigated the concepts of regularly invariant convergence types and regularly ideal
invariant convergence and Cauchy sequence types. These concepts can also be studied for
the lacunary sequence in the future.
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