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1 Introduction and preliminaries

We start this section by recalling an interesting metric-type inequality due to Dragomir
and Gosa [7]. Let us first fix some notations. We denote by N the set of positive natural
numbers, thatis, N={1,2,...}. Forn € N, let

n
nn = (pl:pr»npn)E]Rn:pi ZO(ZZ 1,2,...,1’1), Zpizl
i=1

Theorem 1.1 (Dragomir—Gosa [7]) Let (X, d) be a metric space. Then, foralln e N,n > 2,
(p1,pP2,..,pn) € Ny, and {x;}, C X,

n-1 n n
> D i) < inf ) pid(, ). (1.1)
i=1 j=i+l i=1

Moreover, the inequality is optimal in the sense that the multiplicative coefficient C =1 on

the right-hand side of (1.1) (in front of inf) cannot be replaced by a smaller real number.

In the particular case where p; = % (i=1,2,...,n), (1.1) reduces to

n-1 n n
Z Z d(x;, %) < nig}f(;d(xi,x).

i=1 j=i+l

This inequality can be interpreted as follows. Let P be a polygon in a metric space with
n vertices, and let x be an arbitrary point in the space. Then the sum of all edges and

diagonals of P is less than # times the sum of the distances from x to the vertices of P.
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In the same reference [7] the authors provided some interesting applications of inequal-
ity (1.1) to normed linear spaces and pre-Hilbert spaces. For more results on metric in-
equalities, we refer to [1, 6, 12] and the references therein.

In this paper, we derive new inequalities in 2-metric spaces and 2-normed linear spaces.
In particular, we obtain an extension of Theorem 1.1 to the setting of 2-metric spaces and
provide a geometric interpretation of the obtained inequality.

Before stating and proving our results, let us recall briefly some basic notions related to
2-metric spaces and 2-normed linear spaces.

In 1963, Géhler [10] introduced the notion of 2-metric spaces as follows. Let X be a
nonempty set, and let D : X x X x X — R. We say that D is a 2-metric on X if the following
conditions are satisfied:

(Dy) forall x,y € X with x # y, there exists z = z(x, y) € X such that

D(x,y,z) #0;

(D,) D(x,y,z) = 0 when at least two elements of {x,y,z} C X are equal;
(D3) forallx,y,z€ X,

D(x,y,2) = D(x,2,y) = D(y, z,%);
(Dy) forallx,y,z,u € X,
D(x,y,2) < D(u,y,2) + D(x,u,2) + D(x,y, u).
In this case, the pair (X, D) is called a 2-metric space.
Let us mention some remarks following from properties (D;)—(Da).
e Given x,y,z € X, we denote by o (x, y,z) any permutation of the elements x, y, and z.
By (D3) we deduce that
D(x,y,2) = D(0(%,9,2)), %y.z€X.

e Letx,y,z € X. By (D3) and (Dy), for all u € X, we have

D(x,y,2)
< D(u,y,z) + D(x,u,z) + D(x,y,u)
<D(x,y,2) + D(u,x,2z) + D(u,y,x) + D(x,u, z) + D(x,y, u)

=D(x,y,2) + 2D(u, %, z) + 2D(u, y, x),
which yields
D(u,x,z) + D(u,y,x) > 0.
Taking u = y in this inequality and using (D,), we obtain

D(x,y,2) >0, x,y,z€X.
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Example 1.1 (see [10]) Let D: RN x RN xR¥N — R, N € N, N > 2, be the mapping defined

by
1 — — N
D(A1,A3,43) = §||A1A2 x A1A3zlly, Ay, Az Az eRY, (1.2)
where x denotes the cross product in RN, and || - ||, denotes the Euclidean norm in RN,

Then D is a 2-metric on X = RN, Note that D(A1, A,,A3) is equal to the area of the triangle
spanned by A;, A;, and As.

In the same reference [10], Gahler introduced the notion of 2-normed linear spaces as
follows. Let X be a linear space over R of dimension 1 <L < oo.Let ||-,-|| : X x X — Rbea
given mapping. We say that |-, -|| is a 2-norm on X if the following conditions are satisfied
forallx,y,z€ Xand A e R:

(N1) |l#,91l = 0 if and only if x and y are linearly dependent;

(N2) Nyl = lly> xll;

(N3) l1ax,yll = [Alllx, y1I;

(Na) I,y +zll < [l ¥11 + ll%, 2]l
In this case, the pair (X, ||-, -||) is said to be a 2-normed space.

We now give some remarks following from (N;)—(Na):

e By (N;) and (N3), for all x,y € X and A, u € R, we have

A%, wyll = (ATl yll = Nl wx, Ayl
e If ||,-|| isa 2-norm on X, then the mapping D : X x X x X — R defined by
Dx,y,z)=lx-zy-zll, x%y,z€X, (1.3)

is a 2-metric on X. Note that if L = 1, then condition (D) is not satisfied by D. Namely,
by (N1), if X = span{a}, a € X, then for all %, ¥,z € X, there exist A, 4, ¥ € R such that

D(x,y,2) = D(Aa, pa, ya) = | (A - y)a,(u - y)a|| = |k - y) (- y)|la,all = 0.
e From the above remark and the positivity of D we deduce that

%yl =0, xy€X.
e Letx,y,z€ X and Ay, A, € R. By (N3) and (Ny) we have

IA1x + Aoy, 2l = llz, Arx + Aoyl
< llz, 21l + Iz, Aoyl

= Al zll + |2l lly, 2l

Hence by induction we deduce thatif x;,z€ X and A; € R, i=1,2,...,m, then

m
2y + Aoy + <+ + o 2l < Y il 2. (1.4)
i=1
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For more details about 2-metric spaces and 2-normed linear spaces, see, for example,
[2-5, 8,9, 11, 13—17] and the references therein.

2 Results and proofs
In this section, we state and prove our main results and provide some interesting conse-

quences.

Theorem 2.1 Let (X, D) be a 2-metric space. Then, for alln e N, n > 3, (p1,p2,---,Pn) €
I, and {x;}_; C X,

n-2 n-1 n n-1 n
Z Z Z PiPiPkD (i, xj, %) < ;2§Z ZP;‘}’/D(%, Xi> %j). (2.1)
i=1 joit1k=jr1 i=1 j=it1

Moreover, the inequality is optimal in the sense that the multiplicative coefficient C = 1 on
the right-hand side of (2.1) (in _front of inf) cannot be replaced by a smaller real number.

Proof Letn e N, n> 3, (p1,p2,...,pn) € Iy, and {x;}7; C X. Let x be an arbitrary element
of X. Forall i,j,k €{1,2,...,n}, we have

D(xir xj; xk) < D(xy xjr xk) + D(xit X, .?Ck) + D(xir .?C/‘, x)'

Multiplying this inequality by p;p;px and taking the sum from 1 to #, we obtain

n n n
Y 3N pipD@sxx0) <A+ B+ C, (2.2)
i=1 j=1 k=1
where
n n n n n n
A= Z Z ZPinPkD(x, Xj, Xk ), B= Z Z Z pipipk D, %, %)
i=1 j=1 k=1 i=1 j=1 k=1
and
n n n
C= PinPkD(xi,xj,x)'

i=1 j=1 k=1
Sine ) I, p; = 1, by the symmetry of D we deduce that
A=B=C= Z Zpiij(x,xi,xj). (2.3)
i=1 j=1
On the other hand, by (D;)—(Ds) we have

Z ZP:‘P/D(% Xy %)) = ZP:‘P/D(M Xy %)) + ZP:‘P/D(% Xiy %)

i=1 j=1 i<j j<i

=2 Z pipiD(x, %, %)),

i<j
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that is,

n n n-1 n
3> pipDExix) =2 > pipiD(x, xi, ). (2.4)

i=1 j=1 i=1 j=i+l

Similarly, we have

n n n
Z Z ZPinP/(D(xi, %, %)

i=1 j=1 k=1
= > pippkDi % %0) + Y pipipx Dl x5, %0) + Y pipypiDi, %7, %)
i<j<k i<k<j J<i<k

+ Y pipipk D % x0) + Y pipipxD (i x5, 50) + Y pipypiD(xis %5, %)
j<k<i k<i<j k<j<i

=6 Zpipjka(xi’xpxk);
i<j<k

that is,
n n n n-2 n-1 n
Y DY pppDEux,x) =6 Y pipipkD(x x;,x). (2.5)

i=1 j=1 k=1 i=1 j=i+1k=j+1

Hence, using (2.2), (2.3), (2.4), and (2.5), we obtain

n-2 n-1 n n-1 n
YN poipcD@sx,x) <Y pipD, xi ).
i=1 j=i+1k=j+1 i=1 j=i+l

Since this inequality holds for all x € X, we deduce (2.1).
Suppose now that there exists a constant C > 0 such that

n-2 n-1 n n-1 n
> > > pepkDx,x) < Cinf Y Y pip Dl xi,) (2.6)
i=1 j=i+1k=j+1 R j=i+l

forallne N, n >3, (p1,p2,...,pu) € I, and {x;}; C X. Taking n = 3 in (2.6), we obtain

P1P2p3D(x1, %2, %3) < C[p1p2D(%, %1, %) + p1p3D(x, %1, %3) + papsDix, %2, 3) ]

for all (p1,p2,p3) € M3, {x;}>, C X, and x € X. In particular, for x = x; and (p1,p2,p3) =
2e-1,1-¢,1-¢), % < e <1, by (D,) we obtain

(26 = 1)(1 - £)*D(x1, %2, %3) < C(1 - £)*D(x1,%2,%3),
which yields
1
2e—-1<C, §<8<1.

Passing to the limit as ¢ — 17, we get that C > 1, which proves the sharpness of (2.1). [

Page 5 of 10
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Corollary 2.1 Let (X, D) be a 2-metric space. Then, for alln € N, n > 3, and {x;}_; C X,

n-2 n-1 n n-1 n
> > D) <minf Y % D, xi, ). 2.7)
i=1 j=i+1k=j+1 e j=i+1

Proof By (2.1) with

1
pi:_’ ie{l,z,...,n}r
n

(2.7) follows. 0

Corollary 2.1 has the following geometric interpretation.

Corollary 2.2 Let n € N, n > 3, and let A1,A,...,A,A be n + 1 points ofRN, N > 2.
Then the sum of the areas of all triangles with vertices belonging to the set of points {A; :
i=1,2,...,n} is less than n times the sum of the areas of all triangles such that one of the
vertices is the point A and the other vertices belong to the set of points {A;: i=1,2,...,n}.

Proof The result follows immediately from Corollary 2.1 by taking X = RN and D, the
2-metric defined by (1.2). 0

Corollary 2.3 Let (X,D) be a 2-metric space, n € N, n > 3, (p1,p2,...,pn) € I, and
{2}, CX. Let x € X be such that

D(x, xi,x/) <r, i,j e{1,2,...,n}, (2.8)

for somer > 0. Then

n-2 n-1 n n-1 n
D30 kD x5, 30) < (Z 3 pipj) r. (2.9)

i=1 j=i+lk=j+1 i=1 j=i+l
Proof By (2.1) we have
n-2 n-1 n n-1 n
S pippiDen a3 <Y > pipiD(, % %), (2.10)
i=1 j=i+] k=j+1 i=1 j=i+l

On the other hand, using (2.8), we obtain

n-1 n n-1 n
DN pipiDexix) <r Y > pipy. (2.11)

i=1 j=i+l i=1 j=i+l
Combining (2.10) with (2.11), (2.9) follows. O
Corollary 2.4 Let X be a linear space over R of dimension 1 < L < oo, and let |-,-|| be a

2-norm on X. Then, foralln e N, n > 3, (p1,p2,...,pn) € Iy, and {x;}, C X,

n-2 n-1 n n-1 n

> pippelei =% =l < inf Y7 Y pipyll = 00 = 1l (2.12)
i=1 j=i+1k=j+1 i=1 j=i+1
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Moreover, the inequality is optimal in the sense that the multiplicative coefficient C = 1 on
the right-hand side of (2.12) (in front of inf) cannot be replaced by a smaller real number.

Proof Consider the 2-metric D on X defined by (1.3). Then (2.12) follows by (2.1). a

Theorem 2.2 Let X be a linear space over R of dimension 1 < L < 0o, and let ||-,-|| be a
2-norm on X. Then, for alln e N, n > 3, (p1,pa,...,pn) € Ny, and {x;}, C X,

1 n n n-1 n
< 2 2 il — o=l < pu <D0 Pyl = %% = 1, (2.13)
i=1 j=1 i=1 j=i+1
where

n-2 n-1 n n
Pn=Y_> Y pippilwi—xxi—xell, %= pix
i=1 j=i+1 k=j+1 i=1
Proof Using (2.12) with x = x,,, we obtain
n-1 n
pu =Y D pibjlla, — %% =%l (2.14)
i=1 j=i+l
By (2.5) we have
1 n n n
Pn=2 DD D ppipkln = w3 = . (2.15)
i=1 j=1 k=1
On the other hand, using (N,), we obtain
n n n n n n
YN pwplai - xoxi—xill =YY prpi Y|y — w0, % — x] (2.16)
i=1 j=1 k=1 k=1 i=1 j=1
Next, by (1.4) we have that

> bl — xe), % —

Jj=1

> pitw — w0, - x| =

j-1

= [l%y — xp, 2 — k|| (2.17)

Hence it follows from (2.15), (2.16), and (2.17) that

1 n n 1 n n
Pnz DO pipillxy - xexi — x| = 3 DD pipillny - % -l (2.18)
k=1 i=1 i=1 j=1
Finally, (2.13) follows from (2.14) and (2.18). O

For our next result, we need some notations.
Given three points A4, B,C € RY, N > 2, we denote by A(4, B, C) the area of the triangle
with vertices A, B, and C.
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Let n € N, n > 3. For n points A, A,,...,A, € RN, let

n
S(A1,As,...,Ay) = Z AAp A, A),  Apa =A1, A=A

i=1

We introduce the set
Aw={{A1As,..., A} CRY : S(A1,Ay,...,Ay) = 1}

and the quantity

n-2 n-1 n
W= inf Z} %_,Zf A Ay Ay).

Theorem 2.3 Foralln € N, n > 3, we have that o, > {3.

Proof First, for all A, B, C € RN, we have
A(A,B,C)=D(A,B,C),

where D is the 2-metric defined by (1.2). On the other hand, given {A1,As,...,An} € Ay,
forallj e {1,2,...,n}, by (Ds), we have

(A A/+1;A1+2) <D(P A/+17A1+2) +D(A P, A1+2) +D(AjrAj+le)

forall P € {A;,A,,...,A,}. Taking the sum over j from 1 to 1, we get that

n n n
S(A1,Az,...,An) <Y D(P,Aji1,Ajia) + ) D(A; P Ajio) + Y D(A}, Ajin, P,

j=1 j=1 j=1
that is,
n
1< ZD(P AjirAjiz) + ZD(A P,Aji2) + ) D(Aj,Aj1, P). (2.19)
j=1 j=1 j=1
Notice that
n+l
ZD(P AjsAj) = ) D(P, Ay Ajun)
j=1 j=2

n
= Y " D(P,Aj,Aji1) - D(P, A1, As) + D(P, Ayi1, Apia)

n
=Y D(P,Aj,Aj1) - D(P, A1, As) + D(P, Ay, Ay)

n
= ZD(P,A/‘:A/H)'
j=1
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Hence by (2.19) we obtain

n n
1<2) D(P,AjAj1) + Y D(P,AjAja). (2.20)
j=1 j=1

On the other hand, we have

n n n
ZD(P;A]‘;A]'H) =< Z ZD(P’Aj;Ak) (2.21)
j=1 j=1 k=1
and
n n n
> _D(P,AjAjs) < ) D(P Ay Ap). (2.22)
j=1 j=1 k=1

Therefore, using (2.20), (2.21), and (2.22), we get that

1<3 Z XM:D(P,A,,Ak).

j=1 k=1

Next, taking the sum over P € {A;,A»,...,A,}, we obtain

n<3 Z Z Zn:D(Ai,A,-,Ak). (2.23)

i=1 j=1 k=1
Notice that by (2.5) we have

n-2 n-1 n

YYD DAL ALA)=6Y ) Y DAL AjAg). (2.24)

i=1 j=1 k=1 i=1 j=i+l k=j+1
Combining (2.23) with (2.24), we deduce that

n-2 n-1 n

n<18) 3" > D(AyA; AL,

i=1 j=itlk=j+1
which yields the desired estimate. O

3 Conclusion

We obtained new inequalities in the setting of 2-metric spaces and 2-normed linear spaces.
Namely, we first derived an analogous version of Theorem 1.1 for 2-metric spaces (see
Theorem 2.1). Moreover, we provided a geometric interpretation of our obtained result
(see Corollary 2.2). We also presented some interesting consequences following from The-
orem 2.1. Next, we considered a problem related to the estimates of areas of triangles and
derived a new inequality (see Theorem 2.3).
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